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1. MOTIVATION

Since 2008 there has been a rather intensive activity in the study of three-dimensional
superconformal theories describing the interaction of Chern—-Simons gauge fields with matter
supermultiplets. This activity was inspired by the papers by Bagger and Lambert [1-3],
Gustavsson [4] and by Aharony et al. (ABJM) [5] which made a breakthrough in the
construction of d = 3 conformal gauge theories with A/ = 8 and N/ = 6 supersymmetries.
By now the dust around this activity seems to settle down and one may pause and calmly
overview the developments of this subject.

One of the main motivations behind this activity comes from the AdS,/CFT3 correspon-
dence, which involves M-theory and, in particular, multiple M2-branes. The hope is that in
this way one can make progress in understanding the M-brane theory as a possible micro-
scopic formulation of M-theory, as well as to get a deeper insight into the structure of type
IIA string theory compactified to AdS, backgrounds.

One of the first persons who addressed the problem of understanding the effective world-
volume theory of multiple M2-branes from this perspective was John Schwarz. In the pa-
per [6] of 2004 he formulated main properties of the theory of multiple M2-branes and tried to
construct it. The main features of the theory of N M2-branes conjectured by J. Schwarz are:

e This should be a 3d gauge theory with N = 8 linearly realized supersymmetries and
the superconformal symmetry OSp(8|4). The argument is based on the fact that D = 11
supergravity has the maximally supersymmetric solution with the geometry of AdS; x S7
supported by a nonzero flux of the 4-form gauge field strength. The isometry group of this
solution is OSp(8|4). In a dual picture this solution arises as a large-N (or near horizon)
limit of a stack of N parallel M2-branes in (orbifolded) flat D = 11 space-time, that by Mal-
dacena’s AdS/CFT correspondence conjecture is described by a maximally supersymmetric
superconformal theory.
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e The R-symmetry of the N' = 8 supersymmetric theory should be SO(8) since a single
M2-brane has 8 scalar modes in a vector representation of SO(8) which correspond to 8
directions in D = 11 transversal to the M2-brane worldvolume.

e The gauge group of the theory should include U(N), with N corresponding to the
number of M2-branes or, in the dual picture, to N units of magnetic flux through the
7-sphere. This argument has not found a direct evidence in D = 11 M-theory yet, but comes
from the observation that M-theory is a strong coupling limit of type IIA string theory and,
correspondingly, the M2-brane theory is a strong coupling limit of a low-energy effective
worldvolume theory of N coincident D2-branes. The latter is known to be a maximally
supersymmetric U(N) Yang-Mills theory in three dimensions. This theory is not conformal
since the 3d YM coupling is dimensionful, but it is believed to have a strong-coupling
(or, equivalently, infrared) limit in which the theory becomes conformal and describes the
collection of M2-branes in D = 11. Further analysis has shown that the gauge group of N
coincident M2-branes is, actually, U(N) x U(N).

e The physical content of the theory of N coincident M2-branes should comprise 8 scalars
in fundamental representation of the gauge group as well as their superpartners, 8 Majorana
spinor fields. The gauge field, if present, cannot be dynamical, because of the conformal
invariance and supersymmetry. Hence it should be described by the conformally invariant
Chern—Simons action which does not bring physical degrees of freedom.

e Finally, the M2-brane theory should be invariant under parity transformations, since its
D2-brane counterpart is parity invariant. As was pointed out by J. Schwarz, this requirement
(at least naively) is in contradiction with the assumption that the gauge field should be of the
Chern—Simons type, since the latter violates parity.

Independently of the problems regarding the formulation of the M2-brane theory, the
construction of maximally supersymmetric and conformally invariant d = 3 theories describing
Chern—Simons gauge fields and their interaction with matter supermultiplets are interesting
problems per se, and they were approached in several papers [6—14]. The net result was the
construction of Chern—Simons models with up to A/ = 3 supersymmetries. The breakthrough
in the construction of N' = 8 and N/ = 6 Chern—Simons-matter models has been made
only relatively recently in [1-4] and [5]. Less supersymmetric N = 4 theories have been
constructed in [15,16]. The BLG and ABJM constructions (and their subsequent analysis)
solved, in particular, the problem of parity conservation and identified the structure of the
gauge symmetry of the models which are intended to describe multiple M2-branes in certain
D = 11 backgrounds.

An interesting outcome of the BLG construction is that it has brought to the attention of a
wide community of theoretical and mathematical physicists a new gauge symmetry structure
based on the so called 3-algebra that generalizes the notion of the Lie algebra. The 3-algebras,
and, in general, n-algebras were introduced by V.Filippov [17]. They are intimately related
to the Nambu bracket [18] whose algebraic structure is that of an «oo-algebrax.

Another aspect of the BLG model which has been studied rather intensively is its possible
interpretation as an effective description of the dynamics of a single M-theory five-brane,
rather than of multiple membranes. This relation has been studied from different perspectives.
In this contribution we discuss a proposal put forward in [19-21] and further developed in [22].
It is based on the version of the BLG model in which the gauge symmetry is promoted to
an infinite-dimensional group of so-called volume-preserving diffeomorphisms. We shall
show that indeed, somewhat surprisingly, the BLG model, which is a three-dimensional
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theory of scalar and spinor fields interacting with gauge fields associated with the group
of volume-preserving diffeomorphisms, can be reinterpreted as an effective six-dimensional
theory whose physical content is the same as that of an M5-brane propagating in a certain
eleven-dimensional superbackground. A related construction based on a mass-deformed BLG
model was considered in [23].

2. N = 8 SUPERCONFORMAL CHERN-SIMONS-MATTER THEORY

Let us start with a brief review of main properties of the Bagger—Lambert—Gustavsson
model. It is a 3d theory which is conformally invariant and N' = 8 supersymmetric. Therefore,
the superconformal symmetry of the BLG model is the supergroup OSp(8]4). The model
contains eight bosonic fields X?(z%) (I = 1,...,8; a = 0,1,2) and 16 fermionic (3d
Majorana spinor) fields W(z) taking values in an n-dimensional (fundamental) representation
of a gauge algebra g. They interact with a Chern-Simons gauge field A,(x) (a = 0,1,2)
valued in the adjoint representation of g. Therefore, the matter fields carry the index A =
1,...,n of the fundamental representation, X i(az), U4 (x), and the gauge field carries a
couple of indices A, B of the adjoint representation, namely A;“B ().

The spinor (16-component) index of W(x) is implicit. As soon as the construction should
be related to the description of M2-branes in eleven dimensions, it is convenient to regard
U,(x) as 32-component spinors subject to the k-symmetry constraint which singles out 16
independent components

r'rir?e = -, (2.1)

where T'* (a = 0,1,2) are 32 x 32-component gamma matrices along the worldvolume
directions of the 3d theory. Together with eight T'Y (transverse to the worldvolume) they
form a complete set of D = 11 gamma matrices.

The model has eight g-valued scalar degrees of freedom and eight g-valued fermionic ones
forming an N = 8 supermultiplet with the linearized ' = 8 supersymmetry transformations
having the form

X1 =iel! W, 60 =D, XTT e + O(X3 e), (2.2)

where € is the 16-component supersymmetry parameter, I'* and I'! are 11-dimensional gamma
matrices, and D, = J,+ A, is the gauge-covariant derivative. The Chern—Simons gauge fields
do not carry any physical degrees of freedom. The physical content of the BLG model and
its symmetries are similar to those of a certain number of coincident membranes propagating
in 11-dimensional superspace. This matching of the physical spectra and the symmetries is
the basis of the conjecture that the BLG model provides us with an effective worldvolume
description of coincident membranes in 11-dimensional M-theory.

Further analysis of the BLG model actually showed that the requirement of the N/ = 8
supersymmetry of its action drastically constrains the choice of the gauge groups. Actually,
there are essentially only two options ':

i) The gauge group of local symmetries is SO(4) ~ SU(2) x SU(2), or U(2) x U(2).
So the gauge-symmetry index A takes four values. In this case the model describes two
coincident membranes [27];

IThe possible choice of the gauge symmetry becomes much wider if one renounces positive definiteness of the
3-algebra quadratic form [24-26].
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ii) The gauge group is a group of volume-preserving diffeomorphisms in an internal
three-dimensional space. The gauge-symmetry index A gets replaced by the dependence of
the fields of the model on three continuous parameters y® (¢ = 1,2,3). In this case the
model describes infinite number of coincident membranes which, according to the assumption
of [19-21], can blow up to a single 5-brane.

We shall be interested in the second possibility. So, our fields now depend on three
space-time coordinates 2% and three internal coordinates 3¢

X (x,y), W(z,y), Aylz,y). (2.3)

Note that the gauge field carries both the 3d space-time and the internal space index.

In the end we would like to interpret these 2% and y% as coordinates of a six-dimensional
space-time x# = (2%, y%) associated with the worldvolume of an M5-brane.

Under the volume-preserving diffeomorphisms of the coordinates 3%

0y = —g&"(x,y) (2.4)
the fields X! (x,y) and ¥(x,y) transform as follows:
50 = g&°(x,9)0: 2, (2.5)
where ® stands for X' or WU, g is a coupling constant in the theory and
¢ = e No(z,y) (2.6)

are local gauge parameters such that 9 £¢ = 8516"“"385 A: = 0, which is the volume-preserving
condition. From Eq. (2.5) it follows that X/ and ¥ transform as scalars.

A defining property of the volume-preserving diffeomorphisms is that if ®; (¢ = 1,2,3)
are scalar fields with respect to the volume-preserving diffeomorphisms, their Nambu bracket

{‘131, (bg, @3} = 6('16&8@(1)185(1)28&(1)3 (27)

is also a scalar field. This property is used for constructing diffeomorphism invariant inter-
acting terms for the matter fields in the action of the model.

The gauge field A, ;(x,y) transforms under the volume-preserving diffeomorphisms and
under additional gauge transformations with the parameter A, (z,y) as follows:

§A ;= 0al\y — OyNa + gE°0: Ay + 9(0,€°) Aqe. (2.8)

To construct gauge-invariant kinetic terms for the matter fields in the action and to describe
their gauge coupling, one introduces the covariant derivative of a scalar field ¢ along the 3d
space-time directions z

Do® = 0,® — g{A;, 2", &} = (0 — gB."0:)®, (2.9)

where _
B, = "9, Age. (2.10)
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The definition of the covariant derivative D, can be extended to any tensor field 7" [28]
DT =0a—9gLp,)T, (2.11)

where L, is the Lie derivative along the vector field (B,)%. It follows from (2.10) that B,%
is a divergenceless field in the additional three directions 3¢

9aBo% = 0. (2.12)

The ingredients introduced above plus an explicit form of the supersymmetry transforma-
tions of the matter fields (2.2) and the gauge field A ;

2
5XT = ielW, 60 =D, X TT e — %{XI,XJ, XKDy ke, (2.13)
6A,; = —i(el I 1), X' (2.14)

allow one to construct the following N' = 8 supersymmetric BLG-like action [19-21,28]:

: 1 4
S = _/ d*x /d3y (5 (D X')? + %{XI, X7, X5y

N =

+=e® B4y Ay + % e e, i Ba" Byt B + LF) . (2.15)
where L stands for fermionic terms.

We see that the model described by the action (2.15) can be treated as six-dimensional
with the six-dimensional space-time being parametrized by the coordinates o = (2%, y"). The
manifest space-time symmetry of this construction is SO(1,2)x.SO(3). It is a subgroup of the
6d Lorentz group SO(1, 5) which is explicitly broken down to SO(1,2) x SO(3). In [19-21]
it was conjectured that the above action describes a 6d worldvolume dynamics of a 5-brane of
M-theory in an eleven-dimensional supergravity background with a nonzero constant gauge
field C5 along three spacial directions yd of M5, i.e., Cabc' =1/g €4ic» Which breaks the
SO(1,5) Lorentz invariance down to SO(1,2) x SO(3). The mass deformed version of this
model considered in [23] has been interpreted as an M5-brane wrapping an S® sphere rather
than interacting with the constant background gauge field. To verify these conjectures, one
should first of all compare the field content of the given model with that of the M5-brane. So
let us leave the BLG model for a moment and review basic properties of the M5-brane.

3. M5-BRANE FROM THE BLG THEORY

Together with the M2-brane, the M5-brane is a fundamental extended object in eleven-
dimensional supergravity (or M-theory). It preserves 1/2 supersymmetry of the eleven-
dimensional superbackground, which from the M5-brane worldvolume perspective means that
the six-dimensional M5-brane effective theory possesses 16-supersymmetries. The worldvol-
ume field content of the M5-brane is given by five scalar fields X*(z*) (u =0,1,...,5 and
it =1,...,5), which describe transverse fluctuations of the M5-brane in eleven-dimensional
space-time, 16-component fermionic field ¥ (z*), which on the mass shell has 8 physical
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degrees of freedom, and an antisymmetric (so-called chiral) gauge field A, (x) whose field
strength F},,» = 30|, A,y is self-dual on the 6d worldvolume. In the linear approximation
the self-duality condition is just the conventional six-dimensional Poincaré duality relation

1 .

F/,Ll/)\ = 5 Epviafy Faﬁ'y = F/,U/)\) (316)
while in the full nonlinear theory the self-duality condition becomes a nonpolynomial relation
between the field strength F3 and its Hodge-dual F3. This relation has different (though
equivalent) forms in the on-shell superembedding description of the M5-brane [29-31] and
in its Lagrangian formulation [32-37].

The gauge symmetry
0A,, =0, Ay — 0L A, (3.17)

and the self-duality of the field strength imply that the gauge field A, carries three physical
degrees of freedom. Hence, the M5-brane has 8 = 3 + 5 bosonic and 8 fermionic physical
degrees of freedom, i.e., the same number as the BLG model with the gauge group of volume-
preserving diffeomorphisms. The difference is that the latter has 8 physical scalar modes and
the auxiliary gauge field A ;, while on the M5-brane worldvolume the eight bosonic physical
modes are redistributed between five scalar fields X* and three physical modes of the gauge
field A,,. Therefore, to be able to relate the BLG model to the M5-brane (and assuming
that their fermionic sectors match), one should redefine the fields of the bosonic sector of the
former to match the bosonic field contents of the latter. Such a redefinition was found in [19].

It is natural to identify the gauge field A ; of the BLG model with the corresponding
component of the M5-brane chiral gauge field A,, = (Aaw, A4, A,;) subject to the 3 + 3
splitting of the SO(1,5) vector index p. It remains to find an analogue of the components
Agp and A ; among the scalar fields of the BLG model. As we shall see, the gauge field A,y
does not directly appear in the BLG construction. In this formulation it is a pure gauge degree
of freedom which is set to zero. The field A,; and the five scalar fields X" are identified as
follows [19]. We split the eight BLG scalar fields X’ (=, y) into three fields X ¢ and five fields
X'(x,y) and assume that the latter are associated with the five transversal scalar modes of the
M5-brane, while the former three are along the M5-brane worldvolume directions associated
with y%. Obviously, such a splitting breaks the SO(8) R-symmetry of the BLG model down
to SO(3) x SO(5) with SO(5) being the R-symmetry of the M5-brane theory.

Since X%(z,y) are along the M5-brane worldvolume, the static (vacuum) MS5-brane con-
figuration should correspond to «vacuum» values of X %(z,y), which are proportional to y¢,
and fluctuations around the static solution are described by functions of the form

X4 = lyd—f—Ad(x,y) = lya+ la‘“’C'A,-,C., (3.18)
g g 2
where in the right-hand side we have dualized the vector field A% into the antisymmetric
tensor A;. which is naturally assumed to be associated with the corresponding component
of the M5-brane chiral gauge field. The transformation properties of A;. under the volume-
preserving diffeomorphisms are such that X transforms as a scalar (2.5) taking into account
the variation (2.4) of the coordinate %, namely

§A; = Dal\y — o + g€ 0 Ay (3.19)
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At this point we should note that the association of the BLG model fields A ; and A, ;
with corresponding components of the M5-brane gauge field is not direct. This can be
seen by comparing the gauge transformations (3.17) of the M5 gauge field with the gauge
transformations of A ; and A_;, Egs. (2.8) and (3.19). They only coincide when g = 0. This
means that the direct correspondence of the gauge fields of the two models is only possible
in the free-field limit, while in the nonlinear case the relation with the M5-brane is much
more subtle and requires further study and understanding (see, e.g., [19-23, 38,39] for the
discussion of this issue).

To construct a gauge theory in six-dimensional space-time, one needs the gauge-covariant
derivatives D,, = (Dg, D;). The derivative D,, is already defined in (2.9). Following [19,21],
we define the derivative D, as

2 ; .
D0 =L e (0, xP X%}, (3.20)

D) Eabe

where X @ is defined in (3.18). It is important to realize that the covariant derivative defined
in such a way (3.20) transforms any scalar field ® to a scalar field. Moreover, one can check
explicitly that the r.h.s. of (3.20) starts from the plain derivative J; plus terms depending on
the gauge field A;. The derivative (3.20) can be rewritten in the following way:

D, & = det M M; 00, ®, (3.21)

where ] ) ] )
M = g0 X0 = 6% + g0, AL (3.22)

This matrix Mdi’ plays an important role because it is used to convert a vector-like field 0, ®
into a scalar-like field D, ®.
Now we are ready to define the components of the six-dimensional field strength of A,,,,

H/u/p = (Habc; Habc'; Habc" H(lbé)~ (3.23)

In fact, only the components H ;. and H_;. can be defined at this point because we have

no field A, in the action (2.15). These components appear in the commutators of the
gauge-covariant derivatives [19,21],

[Da, D)@ = —g*{ My, X7, @}, (3.24)
[Da, Dyl® = =g {H7. X7, 2} (3.25)

They have the following explicit expressions in terms of the gauge fields:
His = DA + 5 (0,479, A — 9 A0, A") + ey 00,470 470, A° =
1
= E(detM —-1), (3.26)

Hai)c' = 80‘41}& — 8514,10' + 80'14(11') — gadéf8d-Aaé8f-Ai)C. = gdl')c',D(le' (3.27)

It is easy to see that in the limit g — 0 the components (3.26) and (3.27) of the field strength
coincide with (3.31) and (3.32) below.
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It is quite straightforward to check that the action (2.15) can be rewritten as
S = _/d% (E(Daxb)Q + %{Xl,XQ,X3}2+

1
+

2—92 + EabCBaaabAca + gdet Baa> =

1

2
1 i 1 1 . .

=- / d°z (f{abcﬂabc + ﬁHﬂ,é?w{“"“ + ieabCBaaabAcd + g det B;‘) . (3.28)

The action (3.28) deserves several comments.
e As was conjectured in [19-21] and proved in [22], the action (3.28) describes a chiral
gauge field whose nonlinear field strength ., obeys the usual self-duality condition

1 -
Hp,u/\ = 5611«1’/\04677'[&57 = H'w))\. (3.29)

o The action (3.28) depends only on the components H ;. and H;., while the compo-
nents Hgpe and Hgpe remained undefined. Further we will show, following [22], that these
components can be uniquely defined in such a way that the complete field strength H,,,,, does
satisfy the self-duality condition (3.29) and the Bianchi identity.

e The action (3.28) has a noncovariant form because of the explicit presence of the gauge
potential A, rather than the field strengths only. The use of the components Hgp. and Hgpe
allows one to rewrite the action in a gauge-covariant form [22].

3.1. Six-Dimensional Self-duality in the Linear Case. Let us now concentrate on the free
field limit of the action (3.28). We will show that the self-duality condition (3.16) arises as
the solution of the gauge field equations derived from the action (3.28). This exercise is quite
simple, but it clearly explains the general procedure which remains roughly the same in the
nonlinear case as well.

In the limit ¢ — 0 the action (3.28) reduces to

_ 1 . F\abe _ i ) abeé

S = 4Fabc'(F f) 12 w7 (3.30)

where
Fie = 0aAyy — OpAa + 0cA (3.31)
Fape = Oaie — Oy Aac + Oe Ay, (3.32)

_ 1 _
Fabe = 5Eabeies /™" (3.33)
and

Jave = OaApe — Op A (3.34)

Here e44c and €,;, are the antisymmetric unit tensors invariant under SO(1,2) and SO(3),
respectively.

Note that the tensor (3.34), as well as the Lagrangian (3.30), does not contain the com-
ponents A, of the gauge potential. Because of this the Lagrangian (3.30) is invariant under

the gauge transformations

é

6A,, = 0Ny — Oyha, 0A,; = Dl — OjAs (3.35)
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only modulo a total derivative. We can restore the complete gauge invariance of the La-
grangian, following [22], by extending the tensor (3.34) to the fully fledged gauge-invariant
field strength

Fope = 8aAbc' - 8bAac' + 8C'Aab7 (3.36)

introducing the field strength
Fabc = aaAAbc - abAAac + a0140,17 (337)

and adding to the Lagrangian certain terms depending on Ag;, in such a way that they enter the
Lagrangian as total derivatives and hence do not modify corresponding equations of motion.
With these terms the action takes the form
1 S 1 T
§=-7 /d% [Fabé(F“bc — Py gFai,é(F“bc — Pyl (3.38)
Since the component A, enters this action under a total derivative, in addition to the con-
ventional gauge symmetry (3.17), the action (3.38) is also invariant under the following local

transformations:
5Aab = (I)ab(l’p'). (339)

The equations of motion obtained from (3.38) have the following form:

08

0 = 9 (Fbe — frabey — 3.40
S A ( ) (3.40)
05 _ o 9, Fbe 1 9, Fabe — . (3.41)
5Aab

It can be shown [19,22] that, with the use of the gauge symmetry (3.39), these second-order
equations reduce to the first-order self-duality condition (3.16). Thus, the action (3.38) indeed
describes the free chiral two-form gauge field in six dimensions.

Note that, though the action (3.38) does not possess manifest six-dimensional Lorentz
symmetry SO(1,5) but only SO(1,2) x SO(3), on the mass shell the full 6d Lorentz in-
variance gets restored, since the self-duality condition (3.16) is SO(1,5) invariant. This
prompts to look for a hidden 6d Lorentz symmetry of the action. And indeed there is such
a symmetry [22]. Since the action is manifestly invariant under the SO(1,2) x SO(3)
subgroup of SO(1,5), it is enough to check its invariance under the variation of the
gauge fields with the Lorentz parameters \,® = —\’, corresponding to the coset genera-
tors SO(1,5)/5S0(1,2) x SO(3). In the gauge A,, = 0 the action turns out to be invariant
under the following transformations:

A% = A APE 1 \Y(0,0° — 20p) A% + N jad (et — Fead),

. . . . (3.42)

SA® = —NZA 4 N AP 4 N (2p0° — 2°0,) A,
which are the SO(1,5)/S0(1,2) x SO(3) Lorentz transformations modified by the last
term in § A% proportional to the (anti-)self-dual component of the field strength. Hence,
on the mass shell (when the self-duality condition is satisfied) the transformations take the
conventional form.
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Note that the Lagrangian formulation of the dynamics of the six-dimensional self-dual field
based on the action (3.38) is different from the formulation considered previously in [40-43].
In the previous formulation the chiral field action was constructed by breaking manifest
SO(1,5) Lorentz symmetry down to SO(5) or SO(1,4), i.e., by splitting the SO(1,5) vector
indices into 1 + 5, and not into 3 + 3 as in the case considered above. In [43] the complete
SO(1,5) covariance of the action was restored by introducing a single auxiliary scalar field. It
turns out that also in this new alternative formulation the SO(1,5) covariance can be restored,
but for this one now needs a triplet of auxiliary scalar fields (see [22] for details).

The actions of the two formulations differ by terms quadratic in (anti-)self-dual compo-
nents of the gauge field strength. Thus, on the mass shell the two formulations are equivalent.
It would be of interest to understand whether the difference of the two chiral-field actions
off the mass shell may lead to different results upon quantization. For instance, the two
formulations may complement each other when the chiral field is considered in topologically
nontrivial backgrounds.

3.2. Nonlinear Self-duality. Let us turn back to the action (3.28) and show that also in the
presence of the nonlinear terms it describes a chiral gauge field in six-dimensional Minkowski
space. The equations of motion which follow from this action are

D H®E 4+ Dy HE = 0, (3.43)
DaHai)é 4 Ddei)é =0. (344)

Our goal is to show that the general solution to these equations reduces to the self-duality of
the nonlinear field strength Hs3. We start with Eq. (3.43) and multiply it by Mgld to get

Mgld IDa'):((le' + M;ld Dd Habé =0. (345)

In view of the definition (3.27) of the field strength H¢ = —H%4¢ and the identity (3.21),
the second term of this equation can be written as a total partial derivative

Mc,—ldDd’]—(dbé = det MEédch-_ldMa_lbabDbe -
_ Ed’bc'ab(MC,f'Dbe_) _ %5dbéab(M¢f5fakHbdk)- (3.46)
The first term of (3.45) can also be presented as a total partial derivative
Mgld D, = 8bac]Mé—1d'DaDCXc' _ _ebacé_di)daa(aa A+ ggi)éf.Bchf)7 (3.47)

where B¢ is defined in (2.10).

Substituting (3.46) and (3.47) into Eq. (3.45), we get the Bianchi-like equation which,
upon taking off the total derivative (in topologically trivial spaces), produces the duality
relation 1

pbaé _ 5 cbed jach M, = Fbac (3.48)
where H_; is

Have = My " (Fy + gﬁaékfdfggkgbaaAaéadAbf) =
= M7Y(F, i+ ge4ai Ba"By’).  (3.49)

a
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At this step the components A,; of the gauge potential have appeared in F,; as a result of
the integration of Eq. (3.45). Substituting the above duality relation back into Eq. (3.43), we
get the Bianchi identity

Dy H™ + DyH = 0. (3.50)

We can now proceed and solve the second field equation (3.44). Multiplying it by Mad € dies
we get

M;%e 3, DaH 4 2M, 9D H; 55 = 0. (3.51)

Using the definition (3.26) of H_;. and the identity (3.21), one finds that the second term of

abe
this equation is a total derivative

MDD Hss = éaa((det M)? —1), (3.52)

where in the r.h.s. we have introduced the unit constant to ensure that the integral of (3.52)
does not diverge when ¢ — 0 and det M/ — 1. Similarly, one can check that the first term
in (3.51) is also a total derivative modulo the duality relation (3.48). Upon some algebra we
finally get

Mo € g5 DaH™ = 04 (€700 Ave = SH 0 ™ = g BV F y — 497 det B')+

j 1
+ 2D, (Mdd (Daxd -3 5“bCHde->) . (3.53)

Notice that the first term is a total derivative and the last term is proportional to the duality
relation (3.48). Therefore, when the duality relation (3.48) is satisfied, Eq. (3.51) can be
integrated to produce the last missing field strength Hgpc,

1
1—|—detM><

1 . . .
X <§6“chabc — gHabc.Habc — gaabCBabed-7 — 4¢° det Bab) =

1
6 Eabc Habc =

1 L 4 g be b b 2 b)
= € Fape — S H ;) . HY — g B, F, ;, — 49~ det B , (3.54)
2+ (9/6)€abcHabe (3 abe = 5 M ap g a L'yep g a

where I ;; and Fyp. are the linear parts of the field strength. In view of this definition, both
the duality relation

1
Hipe = g Cabe % Hape (3.55)
and the Bianchi identity
Da ﬂabc' + Da H(’zbc’ =0 (356)

are satisfied. As a result, we have shown that the field strength 7, with the SO(1,2) x
SO(3) components defined in (3.26), (3.27), (3.49) and (3.54) satisfies the self-duality con-
dition (3.29).
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3.3. Gauge-Covariant Action. The knowledge of the explicit form (3.54) of H,p. allows
us to rewrite the action (3.28) (modulo total derivatives) in the equivalent but gauge-covariant
form

1 o1
— 6 - . abé . abe
S = /d x <8Habc-7‘{ + _12Hab(;H -

1 abc abé 1 abc
—mE H(lbcH(ibc’E — 1—295 Habc) . (3.57)

Note that, as one can check directly, the potential A,; enters the action (3.57) only under a
total derivative and hence can be dropped out modulo boundary terms. This means that the
action (3.57) is invariant under the local symmetry (3.39).

Note also that the last term in (3.57) is of Chern—Simons type and it can be interpreted
as a coupling of the 5-brane to the constant background field C'3 which has the nonzero
components C,;, = (1/g)e,;, along the y* directions of the 5-brane. It can thus be rewritten
in the Chern—Simons form similar to that of the M5-brane action

1 1
d6 _— abc abe = — 3
/ x12g€ Hb Z/HS/\C&

where the field strength H3 and C5 are regarded as D = 6 three-forms. The presence of the
constant background field C3 obviously breaks the D = 6 Lorentz invariance.
The action (3.57) is invariant under the following gauge transformations:

InAzy = 0aly — Ao + g€ DAy,
SaA,; = 0al\j — Oy Na + gE DA, + g(0; €°) Aue, (3.58)
A Aah = Dalp — Dphg + g & 0 Aab + g (Aai OpE° — Ape 0,£°).

These transformations are nothing but a noncommutative deformation of usual (Abelian)
ones (3.35). It is well known that similar noncommutative Abelian gauge symmetry arises in
noncommutative electrodynamics associated with an effective action for the bosonic string in
a constant antisymmetric B-field [44]. In [44] it was shown that one can make a nonlocal
redefinition of gauge fields and parameters to bring the noncommutative gauge transformations
to the standard form of the Abelian transformations. Such a field redefinition is usually
referred to as the Seiberg—Witten map. A similar Seiberg—Witten map for the model under
consideration (3.57), which relates the gauge transformations (3.58) and (3.35), was considered
in [21] in the assumption that it is associated with a single 5-brane in a strong constant C'3-
field background. The relation of this model to the complete nonlinear formulations of the
M5-brane [29-31,35-37] remains to be clarified yet.
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