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We review some recent results obtained in studying superspace formulations of 2D N = (4,4)
matter-coupled supergravity. For a superspace geometry described by the minimal supergravity multiplet,
we first describe how to reduce to components the chiral integral by using «ectoplasm» superform
techniques as in arXiv:0907.5264 and then we review the bi-projective superspace formalism introduced
in arXiv:0911.2546. After that, we elaborate on the curved bi-projective formalism providing a new
result: the solution of the covariant type-I twisted multiplet constraints in terms of a weight-(—1,—1)
bi-projective superfield.

PACS: 04.65.4+¢
INTRODUCTION

In the literature, two superspace frameworks have been developed to study supersymmetric
field theories with eight real supercharges. They go under the names of harmonic superspace
(HS) [1,2] and projective superspace (PS) [3,4]>. Although in some respects similar, the
two formalisms differ in the structure of the off-shell supermultiplets and the supersymmetric
action principle. For these reasons the two approaches often prove to be complementary one
to each other®. This proves to be confirmed when one considers curved extensions of the HS
and PS approaches.

An HS description of 4D N = 2 conformal supergravity was given twenty years ago [8].
This is based on a prepotential formulation but its relationship to standard, curved superspace
geometrical methods has not been elaborated in detail yet. On the other hand, first for five-
dimensional [9, 10] and then for four-dimensional [11, 12] supergravity we recently proposed
a PS approach to study supergravity-matter systems in a covariant geometric way*. In many
respects the PS formalism resembles the covariant Wess—Zumino superspace approach to
4D N = 1 supergravity [20] even if the PS supergravity prepotential structure is still not
completely understood.

Together with the formulation of general supergravity-matter systems in superspace, one
has to face the problem of reduction to components which is important for many applications.

1E-mail: gtm@umd.edu

2See [5] for a review on flat 4D N = 2 projective superspace.

3For global supersymmetry, the relationship between the harmonic and projective superspaces has been described
in [6]. See also [7] for a recent discussion.

4See [13-16] for recent developments and applications. Note that the curved PS is built on the superconformal
projective multiplets of [17,18], for a curved geometry projective superfields were first used in studying field theory
in 5D N = 1 anti-de Sitter superspace [19].
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Even if in principle trivial, in supergravity theories, the components reduction of supersym-
metric actions has always represented a challenging technical task. At the present time, the
state-of-the-art methods are represented by superspace normal coordinates [21-24] and the
so-called «ectoplasm» [25-27] techniques'. As described in [23,24], a crucial property of the
normal coordinates approach is its universality. On the other hand, the ectoplasm, which is
based on the use of superforms, is a very general method to construct locally supersymmetric
invariants [25,26]. Moreover, in conjunction with additional ideas, the ectoplasm technique
has proven to be flexible enough to provide the most efficient approach to component reduction
in supergravity [27].

As part of a program aimed to develop efficient off-shell superspace formulations for
matter-coupled supergravity theories with eight real supercharges in various dimensions, this
year we studied some topics in the case of 2D A = (4,4) supergravity [28,29]. A better
understanding of locally conformal matter systems coupled to 2D N = (4,4) supergravity
is interesting in studying WZNW/Liouville-type systems, nonlinear sigma models and N =
(4,4) noncritical strings. Moreover, being some aspects of 2D superspace supergravity simpler
compared to D > 2, a better understanding of the 2D case could shed light on unclear aspects
of the higher dimensional cases.

The main scope of this note is to review some results we recently obtained in [28,29]. In
particular, in [29], by using ectoplasm techniques, we derived the chiral action principle in
components for the case of the minimal supergravity geometry of Gates et al. [30].

In [28] the main result is represented by the formulation of a curved bi-projective super-
space for 2D N = (4,4) conformal supergravity extending the flat case studied in [31-34]2.
This includes the definition of a large class of matter multiplets coupled to 2D N = (4,4)
conformal supergravity and a manifestly locally supersymmetric and super-Weyl invariant
action principle in bi-projective superspace’.

At the end of the paper, we include a new result. Elaborating on the curved bi-projective
formalism of [28], we provide the solution of the covariant type-I twisted multiplet (TM-I)
constraints [31,37,38] in terms of a weight-(—1, —1) bi-projective superfield. This is a new
interesting development of [28] considering, for example, that the TM-I is the constrained
prepotential of the type-II twisted multiplet [38,39] which describes the supergravity conformal
compensator.

The paper is organized as follows. In Sec.1 we review the superspace geometry of the
minimal multiplet of [30]. According to [29], in Sec.2 we describe how to derive the 2D
N = (4,4) superspace integration measure in components by using the ectoplasm technique.
Section 3 is devoted to a review of the bi-projective superspace formalism of [28]. We then
conclude with Sec.4 which contains the bi-projective prepotential for the covariant TM-I.

I'We refer the reader to [24] and [27] for a more detailed list of references on normal coordinates and ectoplasm
techniques.

21t is worth to note that for 2D N = (4,4) supersymmetry, harmonic superspace has been introduced in [35].
A prepotential formulation for 2D A" = (4, 4) conformal supergravity has been given in the so-called bi-harmonic
superspace [36].

3Note that in this note we will focus on the geometry given by the minimal supergravity multiplet of [30] even if
the bi-projective superfields were first defined in [28] on a new extended superspace geometry having tangent space
group described by the SO(1,1) x SU(2)r, x SU(2)r group.
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1.2D NV = (4,4) MINIMAL SUPERGRAVITY IN SUPERSPACE

In this section we review some aspects of the off-shell 2D A/ = (4, 4) minimal supergravity
multiplet first introduced in [30]. We focus on the curved superspace geometry underlining
the minimal supergravity. For our 2D notations and conventions the reader should see [28].

Consider a curved 2D N = (4,4) superspace, which we will denote by M?/*%. This
is locally parametrized by coordinates 2 = (2™, 6#* /), where m = 0,1, u = +,— and
1 = 1,2. In the light-cone coordinates the superspace is locally parametrized by zM =
(xt+, 2,07 0+ 67, 0). The Grassmann variables are related one to each other by the
complex conjugation rule (6#*)* = §*.

In [30] the tangent space group was chosen to be SO(1,1) x SU(2)y where M and V;;
denote the corresponding Lorentz and SU(2)y generators. The covariant derivatives V4 =
(VasVai, V) (or V4 = (Vy4, V=, Vi, Vi, V_;, VL)) of the minimal geometry are

Va=Ea+QaM+ (D) 4" Vi (L.1)

Here E4 = Eo™(2)0) is the supervielbein, with 9y = 0/902M, @ 4(z) is the Lorentz
connection and (®y,)4*!(z) is the SU(2)y, connections. The action of the Lorentz generator
on the covariant derivatives is

1 . _ 1 . _
[M7 va’i] = Q(WJ)Qﬁvﬁia [M7 v’;] = 5(’y3)(¥5v237 [Ma va] = 6abvb; (128.)

1 _ 1_.
[M, Vii] = i§Vii, [M,V;] = i§V§[, [M,v?] == jZV++. (12b)

The generator V;; acts on the covariant derivatives according to the rules
1 = 1,
Vi, Vai] = gci(wul), Vi, Vol = —55(Wa”a [Vki, Va] = 0. (1.3)

It is worth to note that the operator Vj; generates a diagonal SU(2)y subgroup inside a
SU(2)r x SU(2)r whose generators L;; and R;; satisfy

1 _ 1. _ .
(L, Vi) = 5Citkv10); L, Vi ] = 500941y [Lr, Vo] = L, VL] = 0, (1.4a)

1 _ . 1. _
R, V_i] = §Ci(kv,l), Ry, VL] = —55@@71)7 [Rii, Vil = [Ry, Vi ] = 0. (1.4b)

Moreover, it holds [Ly;, V] = [Rii, Vo] = 0. In terms of L;; and R,;; the generator V;; is
Vit = Lg + R (1.5)

The generators L;; and R;; will be largely used in Sec. 3.

Note also that in [28] an extended supergravity multiplet has been formulated whose
superspace geometry is based on the SO(1,1) x SU(2); x SU(2)r tangent space group.
The minimal multiplet arises from the extended one after partially gauge fixing the super-
Weyl transformations and gauge fixing the local chiral SU(2)¢ transformations generated by

1
Crt = Ly — Ryy, [Cri, Vai] = aci(k('yg)aﬁvﬁl)- (1.6)
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The minimal supergravity gauge group is given by local general coordinate and tangent
space transformations of the form

6kVa=1[KVa, K=KVo+ KM+ (Kyv)"Vy, (1.7)

with the gauge parameters obeying natural reality conditions, but otherwise arbitrary super-
fields. Given a tensor superfield U(z), with its indices suppressed, it transforms as

Skl = KU. (1.8)
The minimal covariant derivatives algebra has the form
[Va,VB} =Ta“Veo + RapM+ (Ry) gV, (1.9

where Ty is the torsion, R4p is the Lorentz curvature and (Ry)ap® is the SU(2)y
curvature.

In [30] it was proved that the off-shell 2D N = (4,4) minimal supergravity multiplet is
described by the constraints’

{Vaiy Vit = —4iCijCogNM + 4i(v*)0gNVij, (1.10a)
{Vai, Vi = 2067 (¥")apVa — 467 (iCapT + (7*)apS) M + 4 (i(7*)apT + CapS) Vi,
(1.10b)

Var Vol = (i70)3S + ean(1)3T ) Vo = ean(1" VAN V5
+ (Ya) J (Vi NIM — eap () H(VEN) Vi, (1.10¢)
1 _ _ _
[Va: Vol = —5€a (i(V*N)Voi + i(VIN)VE+
i Oé(k ! N_i_(l’(k,_l N
+(gI7 TN = ST T ) M
i - = i -
# (U o TN = {0 o VEIN ) M+
+ (877 + 88> +8NN)M). (1.10d)
Here the dimension-1 components of the torsion obey the reality conditions
(N*=N, (T)"=7, (8)"=S. (1.11)

The N, S and T superfields are Lorentz scalars and are invariant under SU(2)y transfor-
mations.

The components of the dimension-1 torsion obey differential constraints imposed by the
Bianchi identities. At dimension-3/2 the Bianchi identities give

. ; . A 1_.
VaiN =0, Vi§= %(73)§V}3N, ViT = —5ViN. (1.12)

IThe algebra of covariant derivatives here is written according to the notation of [28] and is equivalent to the one
given in [30] up to trivial redefinitions of the torsion superfields.
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We conclude this section by noting that, besides the SO(1,1) x SU(2)y tangent space
group transformations, the minimal supergravity multiplet provides a representation of the
superconformal group through local super-Weyl transformations. This is completely analogue
to the analysis of Howe and Tucker [40]: super-Weyl transformations are «scale» variations
of the covariant derivatives such that the torsion constraints remain invariant. In the case
of the 2D N = (4,4) minimal supergravity multiplet, the super-Weyl transformations are
generated by two real superfields S, S;; = Sj;, (S)* =S, (S;;)* = S¥, through the following
infinitesimal variation of the spinor covariant derivative [28,30]:

- 1 )
0Vai = 58Vai + (128! Vj + ()4 (V4iS) M + (VG S) Vi (1.13)

The first term in the previous equation is a local superscale transformation, while the second
term is related to a compensating chiral SU(2)¢ transformation of the covariant deriva-
tives [28]. The S and S;; superfields have to satisfy the differential constraint

1
(VaiSk) = == (7*)5Ci(kv ) S- (1.14)

2
This is the dimension-1/2 differential constraint of a twisted-II multiplet [38,39].
To ensure the invariance of the supergravity constraints, the dimension-1 torsion compo-
nents of the minimal multiplet have to transform according to the following rules [28]:

SN = SN + %(’y:’))V‘S(VVkVIES), (1.152)
5T = ST + 116(73)“‘([%% vhS), (1.15b)
5S =SS + %([vv,ﬁ VHS). (1.15¢)

The transformations of the V¢, covariant derivative can be trivially obtained by complex
conjugation of (1.13), while for the vector covariant derivative it holds

0V, =SV, + %(%)vé(vvks)@lg + %(%)76(?§S)V5k, + eab(VIS)M — £44(V'S*) V.
(1.16)

2. ECTOPLASM AND 2D N = (4,4) SUPERSPACE INTEGRATION

The aim of this section is to review the results of [29] about the component reduction of the
chiral integral in 2D N = (4,4) minimal supergravity. According to the ectoplasm paradigm
for component reduction of superspace actions in supergravity, the search of supersymmetric
invariants is related to the study of closed superforms [25]'. Before the description of the
results in [29], let us give a brief review of the ectoplasmic construction of supersymmetric
actions.

Note that a mathematical construction giving the formal, but physically uncomplete, bases for the ectoplasm
methods can be found in the theory of integration over surfaces in supermanifolds developed in [41-43].
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Consider a curved superspace M° with d space-time and § fermionic dimensions, and

let M9 be parametrized by local coordinates z™ = (x™,0"), where 7 = 1,...,d and
i=1,...,4. The corresponding superspace geometry is described by covariant derivatives
Va=(Va,Va) =Es+ @4, Es:=FE}0y, ®4:=4]=FE)®y. (2.1)

Here J denotes the generators of the structure group (with all indices of Js suppressed),
E4 is the inverse vielbein, and ® = dzM®,; = FEA®, the connection. The vielbein
EA = dzME4{, and its inverse F4 are such that EY EP = 6% and E{,EY = 6). The
covariant derivatives obey the algebra

[Va,Vg}=T{3Ve + Rag-J, (2.2)

with TACB the torsion, and R4 p the curvature.
Next, consider a super d-form

1 1
J= EdZMd AN Iy, = JEAd Ao NEM A, (2.3)
constrained to be closed
d
dJ =0« V[BJAl...Ad} — §T[%A1|JC|A2...Ad} =0. 2.4)

Then, consider the following integral over the bosonic space-time coordinates:
1 d m1...Mq 1 d mi...Mq Ad A1
S = a d“xe T g = a d“xe By Byt a4y (2.5)

Due to the closure of the super d-form J, the functional .S turns out to be such that: (i) .S is
independent of the Grassmann variables 6’s; and (ii) .S is invariant under general coordinate
transformations on M®® and structure group transformations. Now, define the component
vielbein as e;% = Ej,° lo=o where its inverse es™ is such that embei)ﬁ = 521, eaenl = 52.
If one defines the gravitini fields according to U8 = —e;,MEH% lo=0, the functional (2.5)
can be rewritten as

, (2.6a)

1 R R
S=5 /dd:ceml'”demdAd By M4,
: 0=0

d(d2— Dy

1 I ) o
= E /ddxe lgr-da <J&1...fzd - d\I/[zlaJddz..,dd + @2a2\11@1a1 J@lazaguﬁd—l—

4+ ...+ (—)d\II&dad ~'~\I/&1&1J@1,,,&d> s (26b)

6=0

where e~ ! = [det e@m]_l. Besides the closure condition (2.4), depending on the case under
consideration, the superform J obeys some additional covariant constraints imposed on its
components J4,..4,. In cases related to component reductions of superspace actions, the
components J4,. 4, are all function of a single superfield £, spinor covariant derivatives of
it and torsion components. The maximum number of derivatives of £ in a given component
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Ja,..a, depends on its mass dimension. The cohomology equation (2.4) iteratively defines
the J4,.. .4, components with higher dimension in terms of derivatives and torsion multiplying
the lower dimensional components.

Let us now consider the case of 2D N = (4,4) minimal supergravity. On general grounds
we can easily construct a locally supersymmetric invariant as

S = / d?xd*0d*0E'L, E~':=[Ber E4M] 7, (2.7)

where L is a scalar and SU(2)-invariant but otherwise unconstrained superfield.
For practical application, one is interested to have the previous action principle ready for
components reduction. In particular, we want to find two fourth-order differential operators

A® and 5(4) such that
1 _
S = —/d%eflA(‘*)D(‘*)z‘ : 2.8)
2 =0

Here with ®|yp—o we indicate the limit where all the Grassmann variables in a superfield ®

are set to zero. In (2.8) the operator 5(4) defined by

D = (V0 1 4iN(1%)*") V) 2.9)
is the chiral projection operator satisfying
ViDWY = Vi (?@)aﬁ + 4¢N(73)°‘ﬁ) V2w =0 2.10)

for any general scalar and SU(2)-invariant superfield . Here the operator vfg is
v = Lo, (Vi) + v 211
afB 5 i aVg + BVal - (2.11)

The chiral projector (2.9) for the minimal supergravity was recently computed in [44] by
Gates and Morrison.

The operator A() is called the «chiral» density projector operator. We computed it in [29]
by using ectoplasm techniques. The fact that there exists the factorization AD™ in (2.8)
is due to the existence of covariantly chiral superfield and integration over the chiral subspace
for the 2D N = (4,4) minimal supergravity!. In the ectoplasm framework the factorization
results are trivial.

The construction of the density projector operator using ectoplasm lies in the existence of
a «chiral» closed two-form which is function of an unconstrained covariantly chiral superfield
U such that V{,U = 0. The chiral superfield U plays the role of the chiral Lagrangian and

can be thought as 5(4)£ by using the chiral projector.

'One expects similar factorizations every time invariant subspaces of a given curved superspace exist.
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The components J4p = (Jmﬂj, Jm‘é, nyé, Joib, nyb, Jab) of the closed super two-form
we are interested in turn out to be

T = (20)0s VP — CapCP () V] ) U. 2.120)
= _%Ebc(’yc)avvfykv@)iklﬁ (2.12b)

1 _ .
Jur = —5za (VO +4iN (V) U, (2.12¢)
Jaipi = Jaily = Jaiv = 0. (2.12d)

Here we have introduced second- and fourth-order spinorial derivative operators via the
equations

V) =5 (Ve Vi + Ve VE), V) =

1 ) |
ij — 9 (Vw‘V} +V,;V7), v — §v(2)klvl(fl)-

(2.13)

N =

The complex closed super two-form (2.12a)—(2.12d) satisfies Eq.(2.4) where the super-
gravity geometry is the 2D NV = (4,4) minimal one of Sec. 1. A way to derive (2.12a)—(2.12d)
is to first take the following ansatz for the lower dimensional componentsl: Jaigj = Jmé =0,
J}yjﬁ = (a(73)a5V§]2») + bCagCij (73)7‘5V(725) + CagcijF) U, where F' = (blN + 62N+
b3S + b47) and a,b, by, by, b3, by are constants. Imposing the closure equation (2.4) on
the components J 45, one fixes the constants and iteratively expresses the higher dimensional
components Jy;p, Jéb and J,, in terms of derivatives of the lower dimensional one. This
procedure gives the result (2.12a)—(2.12d).

It would be interesting to rederive the previous closed super two-form by using the
powerful arguments recently developed in [27] and, in particular, find a 2D N = (4,4)
«chiral» closed super 1-form such that from its square wedge product one can derive the
closed 2-form just introduced.

To conclude, let us give the component form of the action (2.8) by using the ectoplasm
functional (2.6b). In the 2D N = (4,4) case, Eq. (2.6b) becomes

1 —1_a 7o Tt ai ToaT i J
S =5 [ doeTe® (Jup = 2 (Bl Ton + 6a Jost) — Buf ] T -

200 0] Ty = Va0 Taiss) |, @14)

By using the previous expression, Egs. (2.12a)—(2.12d) and the chiral superfield U = 5(4)&

"In [29] we derived a real closed super two-form which is function of U and its antichiral complex conjugate
U. It is easy to observe that the chiral and antichiral sectors are algebraically independent under Eq.(2.4). Then,
relaxing the reality condition, one can find the closed super two-form (2.12a)—(2.12d) with computations equal to the
one given in [29]; the result is in fact identical but with the antichiral sector formally turned off.
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one finds the component action (2.8) to be

S= [ oot (V94 NGV 4 L0100, Ty T

- I —(4
—e BP0 (1)ap VY = Se g bg(ﬂ”évﬁ?) | . @19

The terms in the brackets then define the «chiral» density projector operator A4,

3. CURVED BI-PROJECTIVE SUPERSPACE

In Sec.1 we have reviewed the geometric description of 2D A = (4,4) minimal super-
gravity in superspace [30]. Let us now turn to discuss a large family of off-shell supermul-
tiplets coupled to supergravity, which can be used to describe supersymmetric matter. We
introduced them in [28] under the name of covariant bi-projective supermultiplets. These
supermultiplets are a curved-superspace extension of the 2D multiplets introduced in the flat
case in [31-34]. The formalism possesses clear similarities with the bi-harmonic superspace
approach of [35,36]. Moreover, curved bi-projective superspace is a 2D extension of the
curved projective approach recently developed in the cases of 5D N = 1 supergravity [9,10]
and 4D N = 2 supergravity [11,12].

It is useful to introduce auxiliary isotwistors coordinates u{” € C%\{0} and v € C?\{0}
in addition to the superspace coordinates z™ = (2™, 6"* 6#). All the coordinates u’, vP
and zM are defined to be inert under the action of the structure group.

The next step is to introduce superfields which are functions of 2 and also of the extra
u® and v® variables and have well-defined supergravity gauge transformations. We define
a weight-(m,n) bi-isotwistor superfield U™ (z, u® UE) to be holomorphic on an open
domain of {C?\{0}} x {C?\{0}} with respect to the homogeneous coordinates (u’, v; v®) for
CP! x CP!, and be characterized by the conditions:

(i) it is a homogeneous function of (u®,v®) of degree (m,n), that is,
U(m’n)(zacL u@jvﬁﬂ) = (CL)mU(M,n)(Z’u@’,UEE), CrL € (C\{O}a (3121)
U™ (20, crv®) = (cr)"U™™ (2,u® 0F) | cp e C\{0}; (3.1b)

(ii) the minimal supergravity gauge transformations act on U (™™) as follows (remember that
Vi = (Lyy + Ry))):

SU™™ = (K9Ve + KM+ (Ky)Hvy) utmm), (3.2a)
1
(m,n) _ _ 00 _ (m, n)
LU ") = =5 (u; ul)D mugug ) U (3.2b)
RuUmm — -1 __ (v eF D32 = nofufy) U, (3.2¢)
2(vFB) (K70) (k70

My — ™ 2— " prman) (3.2d)
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where we have introduced

.0 .0
oo _,6i BB _  Bi
D% =u VT D" =v S (3.3a)
(u®u®) == uu$ #£0, (BB == v®E £ 0. (3.3b)

The previous equations involve two new isotwistors u© and v= which are subject to
the only conditions (3.3b) and are otherwise completely arbitrary. One can prove that, due
to (3.1a), the superfield (L, U (m’")) is independent of u® even if the transformations in (3.2b)
explicitly depend on it; similarly (R U™) is independent of v=. Then V3, U™ and,
in particular, 6xU(™™) are independent of u© and v=. One can prove that the homogeneity
condition is closely related to (3.2b), (3.2c) and the independence of u® and v5. The reader
should see [11] for a more detailed discussion on the SU(2) transformations of isotwistor-like
superfields. Note that, even if the supergravity gauge group of the minimal multiplet possesses
only SU(2)y transformations in (3.2a), it is useful to keep manifest the SU(2)r and SU(2)g
parts [28].

Using the u, v isotwistors, one can define the covariant derivatives

V? = u?Vi, ?f = u??i, v .= U?VL v .= viaa?’;. (3.4)
A crucial property of 2D bi-isotwistor superfields is that the anticommutator of any of the
covariant derivatives V¥, V¥, VB, V& is zero when acting on U™ It holds

0={ve,viumm = (ve veumn = (vy vEUmn = (3.5)

The proof of this important relation is given in [28]. With the definitions (i) and (ii) assumed,
the set of bi-isotwistor superfields results to be closed under the product of superfields and
the action of the V?, v?, VE VB derivatives. In fact, given a weight-(m,n) U™
and a weight-(p, ) U®% bi-isotwistor superfields the superfield (U™ U P9) is a weight-
(m + p,n + q) bi-isotwistor superfield. Moreover, the superfields (VEU(™™), (VEU(mn)
and (VBU(™), (VEU (™)) are respectively weight-(m + 1,n) and weight-(m,n + 1)
bi-isotwistor superfields.

Due to (3.5), one can consistently define analyticity constraints. Let us then introduce
2D N = (4,4) covariant bi-projective superfields. We define a weight-(m,n) covariant
bi-projective supermultiplet Q(m’")(z,uea,vaa) to be a bi-isotwistor superfield satisfying (i),
(i), (3.1a)—(3.2d) and to be constrained by the analyticity conditions

vEQUT = VEQImT =0, VEQUmM = VEQI™M ~o. (3.6)

The consistency of the previous constraints is indeed guaranteed by Eq. (3.5).

For the coupling to conformal supergravity, it is important to derive consistent super-Weyl
transformations of the matter multiplets. One can prove that the transformation (remember
that Cij = (L” — R”))

6Qmm) = (—m ;— s Sklckz> Q(mm) (3.7)
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preserves the analyticity conditions (3.6). Note the presence of the SU(2)¢ term in (3.7)
which is due to the compensating SU(2)¢ transformations that appear in the super-Weyl
transformation of the minimal supergravity covariant derivatives (1.13).

Let us also remind that, if Q(m’")(z,u@,vaa) is a bi-projective multiplet, its complex
conjugate is not covariantly analytic. However, one can introduce a generalized, analyticity-
preserving conjugation, Q("") — Q™) defined as

QU™ (u® By = QUmm) (u_@ —a® o8 - @Eﬂ) , (3.8a)
1% = ioau®, 7P =gy UEE, (3.8b)

with Q™) (u®, U_EE) the complex conjugate of Q"™ and u_@,vﬁﬂ the complex conjugates
of u®, v®. Then Q(mm)(z, u®, vEE) is a weight-(m, n) bi-projective multiplet. One can see

that @(m’") = (=1)m*+2Q(™") | and therefore real supermultiplets can be consistently defined
when (m + n) is even.

The simplest example of bi-projective superfield is given by the covariant twisted-1I
multiplet (TM-II) [28]. Consider a superfield T;; satisfying a set of analyticity-like differential
constraints [39]

ViwTi; = VT =0, VowTiiy = V-Tiij) = 0. (3.9

The superfield T;; is a Lorentz scalar and possesses the SU(2) transformations
1 1
LT = 3 s, Rulyy = Ecj(kTMly (3.10)

Note that T;; has no symmetry conditions imposed in the 7 and j indices but satisfies the
reality condition (7;;)* = T%.

We have already seen an example of TM-II described by the super-Weyl transformation
parameters (S, S;;) constrained by (1.14). In fact, if one decomposes T;; in its symmetric
and antisymmetric parts T;; = W;; + (1/2)C;; F, where W;; = Wj; and both W;; and F
are real (W;;)* = W%, (F)* = F, then the constraints (3.9) are equivalent to (1.14) with
(F,W;;) taking the place of (S, S;;).

By contracting the u®, v® isotwistors with T;;, the superfield T3z, u,v) is defined as

T8y, v) = uPoFTY. (3.11)

Then, the analyticity conditions (3.9) are equivalent to (3.6). Moreover, the SU(2) trans-
formations (3.10) can be written exactly as Egs. (3.2b), (3.2c) with T®® considered as a
weight-(1,1) isotwistor superfield. Therefore, T®® satisfies all the conditions of a weight-
(1,1) bi-projective superfield. By definition 7® describes a regular holomorphic tensor field
on the whole product of two complex projective spaces CP* x CP!. More general multiplets
can have poles and more complicate analytic properties on CP' x CP'. For instance, one
can easily define 2D bi-projective superfields with infinite number of superfields in a way
completely analogue to the more studied curved 4D-5D cases [9-12]. The twisted-II multi-
plet plays a special role also because it represents the conformal compensator for the minimal
supergravity.
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The constraints of the covariant TM-II can be solved in terms of a prepotential described
by the so-called covariant twisted-I multiplet (TM-I) [28]. The TM-I can be described by
the superfields W, P and @ that are defined to be invariant under the action of the Lorentz
M and SU(2)s L;j, R;; generators. Moreover, the TM-I superfields are chosen to be
invariant under super-Weyl transformations SW = 6P = 6Q = 0 and enjoy the following
constraints! [31,37,38]:

_ . 1 _ _
VIW =0, VouQ==(")"VexW, VaiP=-—
Q) =

%vmv‘v, (3.12a)
Q. (3.12b)

2
W)y =w, (P)=P, (

In (3.12a) we have omitted some constraints that can be obtained by complex conjugation.
The superfield 7% of the TM-II can then be described in terms of a TM-I by the aid of the
following equations [28]:

T8 = u@oITY = —u@oF Ve, VW = iu?vja[vi,vj_]w = uPoF(Ty)" = (Te8).

(3.13)

RS

We can now provide a bi-projective superfield action principle. This is invariant under
the supergravity gauge group and super-Weyl transformations. Let the Lagrangian £(-%) be
a real bi-projective superfield of weight-(0,0). Consider a TM-II described by 7% with
W, (W) the chiral superfield of the TM-I prepotential. Associated with £(>-0), we introduce
the action principle

X _
_ ® 7 .® M, H 2, 58 WWw (0,0) -1 _ M
S=13 j{(u du )}{(v dv )/d zd 6E(T@E)2£ . E'=Ber(E4M). (3.14)

By construction, the functional is invariant under the rescaling u$’ (t) — cr,(t) u$ (t), for an ar-

bitrary function cz,(¢) € C\{0}, where ¢ denotes the evolution parameter along the first closed
integration contour. Similarly, (3.14) is invariant under rescalings v (s) — cr(s) v (s), for
an arbitrary function cg(s) € C\{0}, where s denotes the evolution parameter along the
second closed integration contour. Note that (3.14) has clear similarities with the action
principles in four- and five-dimensional curved projective superspace [9-12].

The action (3.14) can be proved to be invariant under arbitrary local supergravity gauge
transformations (1.7). The invariance under general coordinates and Lorentz transformations
is trivial. One can prove the invariance under the two SU(2)r and SU(2)g, and then
SU(2)y in (1.7), transformations. By using that under super-Weyl transformations E varies
like §F = 2SE and the transformations 6£(0:0) = —SkC,, £00) 5798 — (§ — gk, )TeH
and §W = W, one sees that S is super-Weyl invariant. Moreover, it is important to note that
one can prove [28] that if £(>0) is a function of some supermultiplets to which the TM-II

Note that the covariant TM-I constraints given here are equivalent to the differential constraints (1.12) of the
torsion components N, S and 7 of the minimal supergravity multiplet. However, the two multiplets possess a crucial
difference: the superfields (W, P, Q) are invariant under super-Weyl transformations, while (N, S,7) are not and
transform inhomogeneously according to (1.15a)—(1.15¢). This difference emphasizes that, even if they consistently
satisfy the same differential constraints, (W, P, Q) are matter superfields, while (N, S, S) are supregravity torsion
components.
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compensator does not belong, then the action S is independent of the superfields 7%, W
and W chosen.

It would be clearly of interest to reduce the bi-projective action principle (3.14) to com-
ponents and find the bi-projective density operator analogously to the chiral action of Sec. 2.
One could derive the action (3.14) in components by using the «projective-invariance» tech-
niques similarly to the 5D /' =1 [9] and 4D N = 2 [16] cases. Alternatively, and more
interestingly, one could use ectoplasm [25-27] or normal coordinates techniques [23,24].

4. A BI-PROJECTIVE PREPOTENTIAL FOR THE COVARIANT TM-I

This section is devoted to some new results on the bi-projective superspace formalism
of [28]. In particular, here we give the solution of the covariant twisted-I multiplet con-
straints (3.12a) in terms of a weight-(—1, —1) real but otherwise unconstrained bi-projective
superfield V(=1:=1)_ Although in this paper for simplicity we are focusing on the minimal
supergravity described in Sec. 1, it is important to point out that all the results in this sec-
tion remain true without any modifications if one considers the extended SU(2)r x SU(2)r
superspace supergravity geometry of [28].

Let us start by giving the result. Consider the superfields

1 (u®du®) (UEdUEE) SoeBy,(—1,—1)
= 17 § (o5 7{ ey VIvEV Y, (4.15a)
1 (u®du®) [ (vBdo®) =6 oB(—1,—1)
X = _m]{ o f{ gy ViV (4.15b)

these turn out to describe a covariant twisted-I multiplet where the superfields P and @ have
been reabsorbed into the complex superfield X defined as

X=Q+iP, X=(X) (4.16)

According to (4.15a), (4.15b), and provided that V(=1:=1) is a weight-(—1, —1) bi-projective
superfield, the W and X superfields are invariant under Lorentz, SU(2)r, SU(2)r and
super-Weyl transformations. Moreover, they satisfy the following differential constraints:

VLW =0, ViX =0, ViX=-ViW, (4.17a)
VLW =0, V_iX =0, ViX =V.W. (4.17b)
The previous equations, once used (4.16), are indeed equivalent to (3.12a).
Let us provide some details of the proof that, as stated above, W and X defined in terms

of V(=1.=1) satisfy all the properties of the covariant TM-1.
First, let us note that it holds

H 8

D du® B Jy 8
Analogously, the integral § (u®du®) ]{ (vFdv®)

Weu?) [ (o)
can freely anticommute the derivatives and consider only the commutator part in Eqgs. (4.15a),

W?, V?}V(_l’_l) is also zero. Then, one
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(4.15b). Equation (4.18) can be proved by using the minimal covariant derivatives algebra,
the following relation:

YeBy(—1,-1) _ _Dee(u@vEl)v(—l,—l) _ DEE(vEEue)V(_l’_l), (4.19)

which easily follows from (3.2b), (3.2c), and by using the fact that it holds

B 4 B
7{ (&zd:;)l)% L) =0, 7{ %Dggféo)@%:o (4.20)

for any function f]go)(uea) homogeneous of degree zero in u® and any function fg) )(UE)
homogeneous of degree zero in v®.

It is important to note that W and X do not depend on the isotwistors «© and v=, even
if they explicitly appear on the right-hand side of (4.15a), (4.15b). In particular, (4.15a),
(4.15b) are invariant under arbitrary «projective» transformations of the form

© ,® _, (O P _fa O
(u7,uy) — (uy,u;”)Pr, Py = ( b cr ) € GL(2,0), (4.21)
W3, 0®) = (B, o) Py, Pr = ( ar 0 ) € GL(2,C). (4.22)
bR CR

These transformations express the homogeneity with respect to u®, v and the independence
of u®, v5. The invariance of (4.15a), (4.15b) under the a and c part of the transformations
is trivial. Let us see that it is true also for b-transformations. For example, consider
8, v° = brv® in (4.15a)

1 (W®du®) [ (Bd®) om0
- ’ = 4.2
S W 4W27{ ) 74 gy VIRV 0, (4.23)

which is zero being V(~1=1) a bi-projective superfield. By using (4.18) and then consid-
ering the by -transformation, it similarly holds that §,, W = 0. Analogously, the invariance
under (4.21), (4.22) of the right-hand side of (4.15b) follows.

The Lorentz invariance of (4.15a), (4.15b) is trivial. Let us prove the SU(2) invariance.
By using (3.2c), (1.4a) and then (4.20), one can prove

1 (u®du®) (vEdUEE) e YGY) soeB
W=—-—— D VYVEV -1,-1) — . 424
R 472 7{ (u®u®) 7{ (’UEUEI) Z(UEEUE) - 0 ( )

In a very similar manner one obtains W and X under the action of Ly; and Ry;.

By using Egs. (1.13), (1.4a), (1.4b), (3.2b)—(3.2d), (3.6) and (4.20), it is not difficult to
prove that W and X in (4.15a), (4.15b) are invariant under super-Weyl transformations. We
leave this computation to the reader.

To prove that W and X describe a covariant TM-I, it is left to prove that (4.17a), (4.17b)
are satisfied. Let us prove that W in (4.15a) is chiral. By using

(u@ue)(S; = (u@iuje - u?uei) (4.25)
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and the analyticity of V(=1~1, we find

= ]_ (u@du®) ('UEEd'UEE) ]. @i (O o 1wB Sired wo1vB
V+W: m% (u@ue)Q% (UEUE) <§u {V+,V+}V_ - {V+,V+}V_+

+uPVE{VY, ??}) vELT o (4.26)

By considering that it holds
(Vi,Vi} =0, {V,V.}=—4CYTM —4TVY (4.27)
and
YEBY (L= — pE8 (@ By (=11, (4.28)
which follows from (3.2b), (3.2c), one easily obtains
VLW = 0. (4.29)

Similarly, one finds that Vi W =0 and then Vi, W = 0. Analogously, it can be derived that
ViX =0and V_; X =0. o
Let us now turn our attention to the equation V_; X = —V_;W in (4.17a). We obtain

1 (WPdu®) [ (W) (o ccocn oo woro8
VW= 4727( (u@ue)Q]{ Ci) (ui VOVOVE — uf{v¥ voIvEL

+uP VYV, V?}) vELTD 0 (4.30)

By using the minimal supergravity anticommutators

(ViV} =2iCV 1, {V4i,V_;} = 4iCySM — 4C,; T M + 4TVi; — 4iSVy;,
4.31)

it follows that

1 [ @®du®) [ () [ uf ocoer o0 o8 ) p-1-1)
eriW = 4—7_[_2% (u@ue) % (Q)EEUE) <(u@ue)V+V+V + QZU,L- V++V> \%4 .
(4.32)

Next, we compute V4 ; X

- 1 (u®du®) [ (vBdv®) - oen - o eO
Uk = g f Gt § Gy (T VRVROZ (TR 90

WSV, VOV + uOVOTE, vE}) PELeD (433
One can simplify the previous equation and prove that WX = —VfFW. Analogous compu-

tations can be used to derive V! X = V? W. Then, W and X in Eqs. (4.15a), (4.15b) satisfy
all the defining properties of the covariant type-I twisted multiplet.
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Let us conclude by giving some comments on the results of this section. First of all,
the prepotential solution of the TM-I has clear analogies with the weight-zero real projective
prepotential of the chiral field strength of an Abelian vector multiplet in 4D N = 2 superspace
supergravity [11,12]. We remind that in the 4D case, the projective prepotential V(©) possesses
the gauge freedom 0,V = A© 4+ A©® where A(®) is a weight-zero covariantly arctic
superfield and AO s its analyticity preserved conjugate. The 4D arctic superfield A(©) is
such that in the north chart of CP! it does not possess any poles. In our 2D bi-projective
case the solution (4.15a), (4.15b) turns out to possess a gauge freedom

GV LD = AT REED AT L RO, (4.34)

generated by the superfields A(Lflfl)(u@7 v®) and Ag{lfl)(u@, v®) together with their con-
jugates. Here the superfields A(L_l_l) and Ag%_l_l) are such that A(L_l_l) does not possess

poles on the north chart of the left CP! having homogeneous coordinates u® and A(Lflfl)
does not possess poles on the north chart of the right CP! having homogeneous coordi-
nates v®. In this way either the u® or the v® contour integral in the definition of the field
strengths (4.15a), (4.15b) is zero.

Considering that the covariant TM-I describes a prepotential for the TM-II, it is clear
that one can solve the type-II twisted multiplet constraints in terms of V(=1~1) by using
Eqs.(4.15a) and (3.13)'". Now, given a TM-II described by the superfield T®® and its
projective prepotential V(—1—1)one can construct an action by considering the bi-projective
Lagrangian?

L:(O/O) — V(_lv_l)T@Ba. (4.35)

The action (3.14), with the previous Lagrangian, is then invariant under (4.34).

To conclude we stress again that, if one considers the SO(1,1) x SU(2)r x SU(2)r ex-
tended supergravity geometry of [28], all the main results in this section, in particular (4.15a),
(4.15b), remain unchanged even if the computations described here become a bit more com-
plicated.
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't is worth noting that in the flat case a similar prepotential solution of the TM-II constraints has been described
by Siegel in [45] by using a form of bi-projective superspace.

2Here the TM-II and its prepotential do not have to be the supergravity conformal compensator; this is why we
have used the bold characters to distinguish it by the one in (3.14).
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