IMucem B DYAS. 2011. T.8, Ne3(166). C.467-483

OU3UKA BJIEMEHTAPHLIX YACTUII 1 ATOMHOI'O AOPA. TEOPUA

COMMON STRUCTURES OF QUANTUM FIELD
THEORIES AND LATTICE SYSTEMS THROUGH
BOUNDARY SYMMETRY

B. Aneva

Theory Division, CERN, Geneva, Switzerland,
INRNE, Bulgarian Academy of Sciences, Sofia, Bulgaria

The sine-Gordon model and affine Toda field theories on the half-line, on the one hand, and the
X XZ spin chain with nondiagonal boundary term and interacting many-body lattice systems with a
flow, on the other, have a common characteristic. They possess nonlocal conserved boundary charges,
generating the Askey—Wilson algebra, a coideal subalgebra of the bulk quantized affine symmetry. We
argue that the boundary Askey—Wilson symmetry is the deep algebraic property allowing for integrability
of the physical system in consideration.
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A rich family of quantum field theories, known as quantum affine Toda models, possess
quantum affine symmetry, solitons, and integrable boundaries. In the presence of general
boundaries, the quantum symmetry, and the integrability of the model as well, are broken.
However, with suitably chosen boundary conditions, a remnant of the bulk symmetry may
survive, and the system possesses hidden boundary symmetries, which determine a K matrix,
a solution to the boundary Yang—Baxter equation and allow for the exact solvability. Such
nonlocal boundary symmetry charges were originally obtained for the sine-Gordon model [1]
and generalized to affine Toda field theories [2], and derived from spin chain point of view
as commuting with the transfer matrix for a special choice of the boundary conditions [3]
or analogously as the one-boundary Temperley—Lieb algebra centralizer in the «nondiagonal»
spin 1/2 representation [4]. The derivation of the nonlocal charges used the algebraic tech-
nique based on the quantum affine symmetry in the bulk and the known boundary reflection
K matrices. They were obtained as coideals of the bulk quantum symmetry and interpreted
as generating a new symmetry.

In a recent paper [5], we have defined the Askey—Wilson (AW) algebra as a coideal
subalgebra of the quantum affine U, (sl(2)). We have constructed a K matrix in terms of the
Askey—Wilson algebra generators, which satisfies a boundary Yang—Baxter equation (known
as a reflection equation). As an example of an Askey—Wilson boundary symmetry, we have
considered a model of nonequilibrium physics, the open asymmetric simple exclusion process
with most general boundary conditions. This model is exactly solvable in the stationary state
within the matrix product ansatz to stochastic dynamics, and it can be shown that the boundary
operators generate the Askey—Wilson algebra. The model is known [6] to be equivalent to the
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integrable spin 1/2 X X Z chain with general boundary terms (in the proper parameterization),
whose bulk Hamiltonian (infinite chain) possesses the quantum affine symmetry U,(su(2)).
The results of Baseilhac and Koizumi [7] for the X X Z spin chain boundary Askey—Wilson
algebraic relations follow from the asymmetric exclusion process boundary algebra for the
particular values of the structure constants.

In our opinion, it is quite remarkable that affine Toda field theory (a special case of
which is the sine-Gordon model), the X X Z spin chain, and the interacting lattice many-body
system with a flow have the common characteristic of possessing a quantum affine symmetry
U,(sl(2)) (or U,(su(2)) in the bulk and boundary nonlocal charges generating an Askey—
Wilson algebra, a coideal subalgebra of the quantum group bulk symmetry. The existence
of an operator-valued reflection matrix, expressed in terms of the AW algebra generators
and satisfying a boundary Yang—Baxter equation, is the deep algebraic property behind these
models allowing for integrability. This puts forward a connection to a Bethe Ansatz (BA)
solution for the spectrum of the relevant physical quantities.

There is a natural homomorphism to the Askey—Wilson algebra of a tridiagonal algebra
(TD), known as deformed Dolan—Grady relations or deformed Onsager algebra. Recently
Baseilhac and Koizumi [8] have explicitly constructed the deformed analogue of the Onsager
algebra for the X X Z spin chain. Using the representation theory of the g-Onsager algebra
they diagonalize the transfer matrix of the spin 1/2 X X Z chain of L sites, with general
integrable boundary conditions, and generic anisotropy parameter g, with |g| = 1. They argue
to have obtained the complete exact spectrum from the roots of the characteristic polynomial
of dimension 2.

In this paper, we consider a different spectral problem exact solution for a system with
boundary symmetry based on the Askey—Wilson algebra. The importance of the AW alge-
bra related spectral problem is motivated by the identification of one of the generators with
the second order difference operator for the AW polynomials in the basic representation.
The difference equation for the AW polynomials [9] becomes equivalent to the diagonal-
ization problem for a general quadratic form in the quantum group generators (commonly
interpreted as the Hamiltonian of a proper physical system). We present a diagonalization
of the ASEP transition rate matrix (Hamiltonian) by Bethe Ansatz procedure for the sec-
ond order difference operator for the Askey—Wilson polynomials and obtain the complete
spectrum for the lattice system with boundary AW symmetry, namely the asymmetric sim-
ple exclusion process (the X X Z spin chain). The algebraic scheme can be applied to any
system with the boundary Askey—Wilson algebra. In our opinion, however, due to the ul-
timate relation of the ASEP to the AW polynomials, already manifest in the exact solution
at the stationary state, the proposed solution is the most appropriate for this nonequilibrium
system.

We would like also to note that the implementation of the second order difference operator
for the AW algebra related spectral problem was briefly mentioned in [10]. The careful reader
will notice that it was done assuming the constraint abcd = ¢ for the parameters of the AW
polynomials. This constraint is the defining condition of a finite-dimensional representation
of the Askey—Wilson (tridiagonal) algebra and is unacceptable for the ASEP. The nontrivial
point in the diagonalization we propose is the construction of a finite-dimensional represen-
tation of the tridiagonal algebra without imposing conditions that restrict the physics of the
nonequilibrium system. We comment also on the relation to the solution, obtained in [11] for
even number of lattice sites.
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We will use the definition of the Askey—Wilson algebra as a coideal subalgebra of the
quantized affine algebra U,(sl(N)), N > 3. (The case N = 2 was considered in [5].)
Let wu;,,v;,,k;,¢ = 0,...,N — 1 be some scalars. The AW algebra is defined by the
homomorphism to the level zero Uq(sAZ(N)) [12] (with Chevalley basis Eii, H;)

A =w B g TP o Er g P kg i=0,.. N1 (1)
so that the generators A;,i =0,..., N — 1 satisfy

[[A’L'7 Aj]q; Az]q = _p’LAj - W;A’L - 7737 (3)
[Aj7 [A, Aj]Q]q = —pjAi - W;'Aj - 77;"

where [A;, Aj], = ¢*/?A;A; — ¢ V2A;A;, 0 <4, j < N, is the ¢ commutator and the
structure constants are representation-dependent

—pi = uivi(g —q~ )%, (4)
wj. = (q1/2 _ q—1/2)2ki]qu—li(’i)—li(j)7 (5)
= (g — ¢ ) uvikyg 0D gt = (g — g7 uguskig 0 TRO) (6)

with eitheri = 0,1,...,N—2and j =i+1lori=0,j = N—1. The Uq(sAl(N)) representation
module V is of type 1 [13], i.e., V = @,V,, with weight space V,, = (v € V|q¢fiv = ¢#v),
a joint eigenspace of the commuting operators ¢i, i = 0,..., N — 1. The explicit form of
the structure constants for the AW algebra as a coideal of U,(sl(2)) is given by the formulae
(31)—(34) in [5], where it has been found that the structure constants depend on the quadratic
Casimir element [14], l?, (for details, see [5]).

The tridiagonal algebra, generated by the elements (1), is obtained by taking the commu-
tator, respectively with A; and A;, in the first and second lines of (3) and is defined by the
relations

[Ai, [AilAi, Ajlglg-1] = pilAis Ajl,

@)
[Aj, [Aj, [Aj, Ailglg—] = pi[Aj, Adl,

together with (2) and p; given by (4).

From the explicit realization of the operators A;, it follows that they generate a linear
covariance algebra for the U, (sl(N)), which has the property of a coideal subalgebra. From
the comultiplication of U, (sl(N)) one has

AA) =T A+ (A —kI)@q¢ B, i=0,...,N—1. )

1. TWO-DIMENSIONAL FIELD THEORY MODELS

The sine-Gordon model is a free bosonic conformal field theory, with the agtion on
the whole line (with ¢(—oc,t) = 0), with the perturbing operator ®Pt(z, t) = eF¢(@:t) 4
e (1) where [; is the Toda coupling constant. The U,($l2) symmetry of the sine-Gordon
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, , 2im(1—(2)\ .

model with deformation parameter ¢ = exp T is generated by the charges
1 ~ 1 0 - _

Qr = — [ (Jr —Hy),Qe = — [ (Jx — Hy) together with the topological charge
am L a5

(o) — —
T = o | dxd,¢. The explicit expressions of the currents J.,Jy, Hy Hy are given by
T — 00

formulae (3.5), (3.6), and (3.7) in [2]. The charges are related to the conventional basis in
U,(3l2) Q+ = E*q" Q4+ = E*q~H,T = H. The Neumann boundary conditions 0,¢ = 0
at x = 0 restrict the sine-Gordon model to the half-line z > 0, but the model was found to
be classically integrable with rather more general boundary conditions

0z = i06Xp (e_ eiBe(0) _ €+ e_i[%(o’t)) ; )

which is a perturbation to the Neumann boundary conditions S¢ = SNeumann + 2—><
s

[ dt®! (1), with the boundary perturbing operator P (¢) = e_ eiB9(0:t) 4 ¢\ e’iﬁf(o’t).
It has been shown in [2] that with these boundary conditions, the nonlocal charges, Q+ =

_ A 1— 32
Qx +Qx +éxqTT, where ey = ;;i (Tﬁ)

gebra of U,(8lz). It is now straightforward to show that the algebra of the charges Q- is the
AW algebra with two generators

, are conserved and generate a coideal subal-

A=Q+Q +éq", A =Q +Qiy+éq " (10)

with structure constants corresponding to the value (of the U, (3l5)) Casimir [{, = ¢*/24¢~1/2
p=p"=—(a—q ") (1n

w=(¢"*—q1/?)? (€+€7 +(¢"* + q’l/z)z) , (12)
n=n"=(@-q¢ ") (e +&) (13)

A Hamiltonian, describing a sine-Gordon model on the half-line coupled to a nonlinear
oscillator at the boundary (i.e., dynamical boundary), was proposed in [15] and has been
shown to be integrable at the classical level. The model was then studied at the quantum
level [16], and nonlocal charges Er corresponding to the dynamical case were constructed,
which were natural extensions to the known nondynamical ones [2]. These nonlocal charges
have been shown to be coideals of U,(5l2) and to obey the algebraic relations

4+ q DEE & —EE £ 8 = (4 PPE

. o A N . (14)
(q+q NEELE —E28, —E,E2 = =(¢"P +q P8y,

where ¢ = i2u(q — 1)/A2, A = 2/(3% — 1, p is the boundary perturbation parameter and
q = exp (—27i/B?). These relations define the AW boundary algebra of the dynamical
model with structure constants

p=p"=—"+q??, (15)
w =0, n=n"=0. (16)
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The more general class of models is the affine Toda field theory associated to every affine
Lie algebra of rank N and defined by the Euclidean action for an N-component boson field
in two dimensions

S—i/d2 a¢5¢+i/d2 Nijlx i a6 (17)
= I z o ijoe p|—1 |a?|a] ,

where the exponential interaction potential is expressed by the simple roots «;,7 = 0,...,
N — 1, X is the mass parameter, and 3 is the coupling constant. The quantum symmetry

Uq(,s;l(N)) is generated by the topological charges T; = 2£ [ dz ;0,¢ and the nonlocal
7r

—0o0
1 ~ 1 % - —
conserved charges Q; = yp | (J; = Hj), Q; = yp [ (J; — Hj), where j =0,...,N —1,

Qi = Et¢"/2, Q; = E; ¢"/?, T; = H;. The explicit expressions for J;, .J;, H;, H; are
given by the formulae (4.4), (4.5), and (4.6) in [2]. The linear combinations @); + @Q; are
parity invariant and conserved on the half-line with Neumann boundary conditions. Adding to

. . A
the action a boundary perturbation S = SNeumann + o [dt dPt (t), where @D (1) =

N-1 3
> €jexp <—§Oéj - ¢(0, t)), we obtain a more general boundary condition
7=0

N—-1 PN
A 10
0z = =iy 2} €j0Lj €Xp (—5% : ¢(0,t)>, r=0. (18)
=
The new conserved charges are
A - Aoéi (1 — 32
Qi=Qi+Qi+é&q", &= b (Aiﬁ), 1=0,...,N—1. (19)
2re B2

The nonlocal charges of the affine Toda field theory generate the AW algebra with N gener-
ators and with structure constants given by (no summation over repeated indices)

pi = pir1=—(g—q "), (20)
Wip1 = (ql/Q o q71/2)26i€i+1qu,(i)fu(H*l)’ (21)
= (g = g g O = (g g7 e T )

The nonlocal charges of the affine Toda field theory generate the tridiagonal algebra with
structure constants p; given by Eq. (20).

2. THE X XZ SPIN CHAIN AND THE OPEN ASYMMETRIC SIMPLE
EXCLUSION PROCESS (ASEP)

The ASEP is an interacting many-body system with wide range of applications [17, 18].
It is described in terms of a probability distribution P(s;,¢) of a stochastic variable s; at
asite v = 1,2,...,L of a linear chain. On successive sites, particles hop with probability
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go1dt to the left, and g;odt to the right. The event of hopping occurs if out of two adjacent
sites one is a vacancy, s; = 0, and the other, s; = 1, is occupied by a particle. The
symmetric process is the lattice gas model of particles hopping between the nearest-neighbour
sites with a constant rate g. The asymmetric simple exclusion process with hopping in a
preferred direction is the driven diffusive lattice gas of particles moving under the action
of an external field. The process is partially asymmetric if there is a different nonzero
probability of both left and right hopping, go1 = ¢, gio = 1, and totally asymmetric if
all jumps occur in one direction only, ¢ = 0. In the case of open systems, the lattice
gas is coupled to external reservoirs of particles of fixed density, and additional processes
can take place at the boundaries. Namely, at the left boundary ¢ = 1 a particle can be
added with probability «dt and removed with probability ~ydt, and at the right boundary
i = L it can be removed with probability 5 dt and added with probability § dt. The time
evolution of the system is governed by the master equation dP(s,t)/dt = > T'(s,s")P(s',t)

which is mapped to a Schrodinger equation in imaginary time for a quantum Hamiltonian
with the nearest-neighbour interaction in the bulk and single-site boundary terms. A relation
to the integrable spin 1/2 X XZ quantum spin chain is obtained through the similarity
transformation for the transition rate matrix I' = —qUu_lH xxzU, (for details, see [6]);
Hxxz is the Hamiltonian of the U,(su(2)) invariant quantum spin chain with anisotropy

A = —1/2(qg+q~') and with the added nondiagonal boundary terms B; and Br: Hxxz =
L-1

—1/2 3 (ofof +0lo) —Aciof+h(o}f, 1 —0]7)+A)+DB1+Bp, where h = 1/2(g—q7Y).
1

The e)Zplicit relation of the boundary terms to the transition rates of the ASEP is given in [11].
The steady state properties of the ASEP are studied within the Matrix Product State Ansatz
(MPA). The idea is [19] that the stationary probability of a given configuration (s1, so, ..., sL)
<w|DleS2 ...Dg, |1}>
Zr
matrices D, = Dy if s; =1, and D, = Dy if s; = 0, satisfying the quadratic (bulk) algebra
DDy — qDoD; = 21Dy — D129, with boundary conditions of the form and zg + 1 =0

can be exactly obtained as the expectation value P(s) = , in terms of

(D1 = 6Do)|v) = wolv), (w[(aDo —vD1) = (wlzo. (23)

The exact solution in the stationary state was related to Askey—Wilson polynomials [20].
Emphasizing the equivalence of the open ASEP to the U,(5u(2)) XX Z invariant quantum
spin chain with added general boundary terms, we have shown [21] that the boundary operators
generate the AW algebra with the structure constants

p=a3B5q  (¢"? + ¢ V32, p* = adavg M (¢ + g VP)?, (24)
—w=23(8-0)(y — a) — 23 (By + ad)(¢"* — ¢/*)Q, (25)

-0 )
0= 2 (o - g+ o)

—7)(as
n =g+ g7 )} (av(ﬂ -0)Q+ (aql/z)iaq_‘l_/QQ’Y)) :

(26)

where () is the central element of the finite-dimensional U,(su(2)) representation. The
left boundary operator and right boundary operator, being shifted AW algebra generators



Common Structures of Quantum Field Theories and Lattice Systems through Boundary Symmetry 473

DY = A* + o — v and D = A + 3 — 4, have a diagonal and a tridiagonal (infinite-
dimensional) representations, respectively, with basis the AW polynomials p,, n = 0,1,...
The parameters a, b, c¢,d of the AW polynomials are uniquely related to the four boundary

rates, namely a = ki (o, 7),b = k1 (06,9),¢c = k_(a,7),d = k_(53,0), where

—u—l—v—l—(l—q)i\/(u—v—(l—q))2+4uv.

kg (u,v) = o

(27)

The corresponding AW algebra for the X X Z spin chain, proposed and studied in [10], is a
particular case of the ASEP boundary AW algebra. It is generated by the operators

1 ~ . 1 -
A=—Q4+Q-, A"=Q-+—Qy, (28)
Co Co
where c( is an arbitrary parameter and structure constants are given by

1/2 4 g=1/2)2
p=pf = %7 (29)

W)

—, =n"=0, (30)
colg—q7") =

W= —

where w() = (g7+1/2 4 g=771/2) is the value of the U, (sl2) Casimir in the spin j represen-
tation.

The tridiagonal algebra as a coideal subalgebra of the U,(5/(2)) for the X X Z chain with
general boundary terms was considered in [22] with p = p* = k k_, where k;,k_ belong
to the boundary parameters at the left end of the chain.

We point out the different form of the structure constants in the boundary AW algebras
for the ASEP and X X Z spin chain. Despite the equivalence of the ASEP to the X X Z spin
chain, through a similarity transformation, they describe different physics. A relation among
the structure constants of the type p = p* is unacceptable for a model of nonequilibrium
physics, as the ASEP is, because it will restrict the physics of the system. On the other hand,
we have proved in [5] that the solution of the AW operator-valued K matrix to the boundary
Yang-Baxter equation requires p = p*. The AW operator-valued K matrix is essential for
the transfer matrix formalism. Within the framework of the latter, the exact spectrum of the
X X Z spin chain was derived in [8] in the parameterization of six (two real and two complex)
boundary parameters and ¢ — a phase. It may seem likely that using the property of the
ASEP AW (TD) algebras with p # p* one can rescale the generators to obtain equal structure
constants and then try to implement the construction of [8], taking care of the proper ASEP
parameterization. The AW algebra is very important for the exact solution of the ASEP in
the stationary state, where the form of the functions of the model parameters defining the
phase diagram were determined for the first time from the boundary symmetry representation
properties. In view of this, we develop an exact spectral problem solution based on the
boundary algebra and using the zeros of the AW polynomials to provide an independent
treatment of the stochastic dynamics.

The tridiagonal algebra approach provides a unifying scheme for the exact description
of the various versions of the asymmetric simple exclusion process. The AW algebra of
the open ASEP with incoming and outgoing particles at both boundaries, whose structure
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constants are given by (25)—(27), is the general algebra from which the boundary algebras
of the particular processes follow as limit cases. This is due to its irreducible modules,
namely the Askey—Wilson polynomials, that are the most extensive generalizations known of
orthogonal polynomials. Hereafter, we denote the boundary algebras of the ASEP i) with
general boundary conditions — AW («,~, 3, 6; q); ii) with only incoming particles at site 1
and only outgoing particles at site L — AW (q, 3,q); iii)) AW (PBC;q) — with periodic
boundary conditions. The boundary algebra AW (v, 3, ¢) with generators A, A* is represented
in the space with basis the Al-Salam—Chihara polynomials depending on two parameters a, b.
The structure constants of the algebra have the form

p=0, p=abg'(g—q¢")? w=n=n"=0 (31)

with
a = k4(a,0), b= r4+(5,0). (32)

The unique relation to the model parameters follows as a special case of (27) for y = § = 0.
The exact stationary solution of the process was obtained in [23] without any relevance to
the boundary algebra. From the point of view of the present algebraic treatment, the Jacobi
matrix C' = Dy + D; solving the eigenvalue equation for the Al-Salam—Chihara polynomials
in [23] coincides upto a shift with the operator A in the tridiagonal representation. The other
particular case is the ASEP on a chain of L sites with periodic boundary conditions. This
is given by the algebra AW (p,q;) in a space with basis the big ¢-Hermite polynomials for
the representation of the generators A, A*. In the periodic case, the number of particles N is
conserved and the density parameter in the bulk is p = (IN)/L. The relation of the parameter

—5—(1—
a of the big ¢g-Hermite polynomials H,,(z;a) to the density parameter a = M is

p
the limit case of the corresponding relation for the AW polynomials with b = ¢ = d = 0. The
structure constants of the boundary algebra AW (PBC) q) have the form

p=0,  p=agtg—q¢ " w=n=n"=0 (33)

In all three cases the exact solution in the stationary case is due to the calculation of the
relevant physical quantities exploiting the orthogonality relation of the corresponding poly-
nomials with respect to a positive measure. These are polynomials orthogonal (on the unit
circle) and with a resolution of unity with respect to the corresponding positive measure
(see [24] for details). The calculation of the relevant quantities has similar structure. To
find, e.g., the normalization factor to the stationary probability distribution, one considers the
orthogonality condition as the contour integral and performs the asymptotic analysis. In this
way, the expressions for the normalization factor Z; were obtained in [20] for the general
case of ASEP boundary conditions and in [23] for only incoming particles at the left bound-
ary and only outgoing at the right one. We present here the exact stationary solution of the
asymmetric process on a chain of L sites with periodic boundary conditions ¢ = L +¢. In this
case, the normalization factor to the stationary probability distribution is given in the form
Tr (Do + D1) = Tr A, where the trace has to be taken in the auxiliary Hilbert space with
respect to the vector |1)g, i.e., Tr A = (1|A|1). Using the resolution of unity in the space
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with the big g-Hermite polynomials as the basis we have

Tr (Do + D))" =
= () i () el () Do+ D, 39

dmiz

where the measure w is according to Eq.(3.18.2), Sec.3.18 in [24]. There is no essential
difference in the technique already applied in [20,23], and the result for the case of periodic
boundary conditions is

+ a—l + 2)L
Zr, ~ (1/a?; Oo—(a 35
L=~ (1/a%q) R (35)
For the current J ~ (1 — q)ﬁ one has
a
J=(0=-qpn(p-1) (36)

for0 < p<1/2and 1 > p > 1/2 with Jyax = (1 — ¢)/4 at p = 1/2. The uniform
distribution in the case of a partial ASEP on a ring is known. Apart from the existence
of a current in the steady state there are no correlations and no phase transitions. However
the physics becomes less trivial for the time-dependent process. We will show that within
the tridiagonal approach one obtains a solution to the ASEP to describe the dynamics of the
afore-mentioned processes.

The dynamics of the ASEP is governed by the master equation with the transition rate
matrix I" whose non-negative off-diagonal elements are the probability rates. As was pointed
out in [18], if one can diagonalize the matrix I', all probabilities at all times can be found
due to the formal solution of the master equation |P(s,t)) = exp (tT')|P(s,t =0)). T'is a
stochastic intensity matrix with the property that the columns (rows) sum up to zero. Hence
it can be related to a positive Markov matrix 1 + I" with the largest eigenvalue \p.x = 1 due
to probability conservation and all other eigenvalues (or their real parts) |\| < 1 according to
Perron—Frobenius theorem.

The importance of the AW algebra related spectral problem is motivated by the represen-
tation of the generator A* as the second order difference operator for the AW polynomials,
commonly interpreted as the Hamiltonian (H) of a proper physical system [9]. For the
transition matrix of the ASEP we have I' = — H.

We first summarize the most important formulae and notations about the representations
of the AW algebra with two generators A, A* which we will need in the following. Let p,, =
pn(x;a,b, c,d) denote the nth Askey—Wilson polynomial [25] depending on four parameters

a,b,c,d
B g ", abedg" ! ay,ay™t |
Pn =4 O3 < ab. ac. ad l7; q (37)

with pg = 1, x = y+y~ " and 0 < ¢ < 1. There is a basic representation of the AW
algebra [26] in the space of symmetric Laurent polynomials f[y] = f[y~!] with a basis
(po, p1,- - .) as follows:

Aflyl = (w+y ") flyl, A*flyl = DSy, (38)
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where D is the second order g-difference operator [25] having the Askey—Wilson polynomials
pn as eigenfunctions. It is a linear transformation given by Df[y] = (1 + abedq™1) fly] +

o) (flayl = flv]) + ey ")(fla ] — fly]) with

(1 —ay)(1 —by)(1 —cy)(1 —dy)

y) = (39)

#w) =)0~ a?)

and D(1) = 1 + abedq™!. The eigenvalue equation for the joint eigenfunctions p,, reads
Dpn = Appn: A, =" + abedg™ ™!, (40)

and the operator A* is represented by an infinite-dimensional matrix diag (A§, AT, A3, .. .).
The operator Ap,, = xp,, is represented by a tridiagonal matrix, denoted .4, whose matrix
elements enter the three-term recurrence relation for the Askey—Wilson polynomials

TPn = bppni1 + anPn + cpPn—1, p-1=0. 41)
We will only need the explicit form of the matrix elements b,, of A

p — (1—abg")(1 —acg”)(1 — adg™)(1 — abedg" ") (42)
n- a(l — abedg® = 1)(1 — abedg®™) .

In diagonalizing the transition matrix we have to keep in mind that I' is not Hermitian
and has different left and right eigenvectors. In [21], we proved that the quantum affine
Uq(su(2)) is the hidden symmetry of the ASEP in the bulk. Hence the boundary conditions
define the boundary operators D¥ and D® as shifted coideal elements of the bulk quantum
affine Uq(su(2)). Accordingly, the left boundary vector is the left eigenvector of the shifted
generator A* of the AW algebra in the diagonal representation, and the right boundary
vector is the right eigenvector of the shifted generator A of the AW algebra in the diagonal
representation. The importance of the AW algebra for the steady state exact solution is the
identification of the bulk matrix Dy + D; with the generator in the tridiagonal representation.

Proposition 1. The exact solution of the ASEP is achieved in the auxiliary space of
symmetric Laurent polynomials, where the operator

D+ DR =(A"+a—9)+(A+8-9) (43)

is interpreted as the transition rate matrix of the process. It is assumed that A is in the
tridiagonal representation of the AW algebra while A* is in the diagonal representation (or
equivalently A is diagonal and A* is tridiagonal in the dual representation of the AW algebra).

The diagonal generator of the AW algebra is responsible for the eigenvalue zero in the
stationary state, while the tridiagonal generator is relevant for the time-dependent description
of the process. This is justified by the observation that in the basic representation the
tridiagonal Jacobi matrix when properly rescaled by /—~/« and shifted by (a—vy—(1—¢q))/«
has the property of an intensity stochastic matrix. We have
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due to
at+a 4+ (a—y—(1-q)=0 (45)

with solution

ai:—(04—7—(1—Q))i\/2(ocj—v—(1—cn)2+4af 46)

This is consistent with the unique relation of the four parameters of the AW polynomials to
the ASEP model parameters obtained in the previous work as a consequence of the boundary
vector definition in the stationary state, namely ay = ki(«,v). Thus the Askey—Wilson
polynomials belong to the class of random walk polynomials [27] providing a basis for the
stochastic matrix 1 + I" with the property a,, + b, + ¢, = 1.

We consider now the eigenvalue equation (42) for the operator D for a polynomial of a
given finite degree n (with (y) from (41))

e(y) (P (ay) — pn (@) + 2y ) Pn(@"y) = pu(y)) = (¢ = 1)(1 — ¢ 'abed)pn(y) (47)

and use the procedure of algebraic Bethe Ansatz [9]. Expanding the function p,, as a product
of its zeros

=T -vm)w—v.") (48)
m=1

gives the Bethe-Ansatz equation for the zeros of the Askey—Wilson polynomials

(yx — a)(yx — b)(yx — ) (yx — d) b (o — v (ayey — 1)
(ayx — D) (byr — Dleyr — D(dyp — 1) 1:[# (g — qu) (yry — q) @

The second order AW difference operator is exactly solvable and these equations are valid for
any L < 25 4 1, so that for any L there is exactly one polynomial (48). This means that for
each L(< 2j + 1) the Bethe equations have exactly one solution for the set yi, k= 1,..., L.

The diagonalization procedure can be summarized in the following steps:

1. We use the unique solution for the AW zeros Bethe-Ansatz equation to obtain a discrete
set of AW polynomials in the space of Laurent polynomials of a given degree.

2. We impose a condition for the finite-dimensional representations of the TD algebra in
the space with discrete set of AW polynomials as the basis.

3. We relate the finite-dimensional representation of the TD algebra with the irreducible
2L _dimensional representation of the quantum affine symmetry in the bulk.

To terminate the three-term recurrence relation at any finite (n+ 1) = L for a discrete set
of AW polynomials (p[y] = p[y~!]), due to pr[y] = 0, we have to set b, = 0 in the matrix
representing the operator A, without imposing restrictive conditions on the model parameters.
Note that for the X X Z spin chain this can be done directly by the vanishing of any of the
factors in the numerator of b, e.g., 1 — abedq™~* = 0 (with the proper identification of the
AW parameters a, b, ¢, d with the parameters of the X X Z boundary terms, this is the second
factor of the X X7 BA condition [11]). For the ASEP one can use the parameter o = ( in
the stationary state to rescale a — (a, b — (b, ¢ — (¢, d — (d. With |¢| < 1, this has no
effect on the Bethe equations and does not change the identification of the parameters a, b, ¢, d
with the boundary probability rates. In the factor (1 — abg™) of the matrix element b,, we can
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redefine (2ab as a new parameter ¢ treating it independent of a, b, and ¢, so that the factor
(1 — ¢%abg™) in the numerator of b,, becomes (1 — tq™). The condition to terminate the AW
algebra ladder representation due to b,, = 0 becomes

tq" = 1. (50)
We thus obtain a discrete set of AW polynomials p,,(zk,a,b,c,d|t,q);n =0,1,..., L — 1,

L-1
such that > wgp,(zk)pm(xr) = 0 for distinct n, m. Then we will have, if z = xy,
k=0
zpr—1(r) = ap—1pr—1(x) + cL—1pr—2(x), (51)

which for general x will define a polynomial

L—1
pr(z) = const H (x — zg). (52)
k=0

For each xi, the condition (50) with n = L — 1 determines a finite-dimensional representation
(of dimension L) of the AW (and the TD) algebra. The representing matrices for A, A* in
the tridiagonal, diagonal representation are finite L x L square matrices. The eigenvalues of
the diagonal matrix have eigenspaces of dimension 1. We want to relate this representation
to the highest weight irreducible representation of the U,(5u(2)) with deformation parameter
q. (Note the change of the deformation parameter from ¢'/2 to ¢.)

With each zero y; from the unique solution to the Bethe equations we associate a two-
dimensional irreducible representation Vi (x;;po, p1) of Uy(5u(2)). According to the theorem
of Chari and Pressley [28], the tensor product representation of dimension 2% Vj(z1) ®
Vi(ze) ® ... ® Vi(zr) is irreducible and possesses the highest weight vector 2 generating
an L + 1 dimensional subrepresentation whose associated unique polynomial is such, that

L-1
with x, — x;l it coincides with (42) for the choice const = (1) [] x,;l. (To simplify
k=0

notations in what follows we keep xj to denote xp = (yx + ykfl)’l.)
From the action of A, Ap,(xx) = zipn(xr),n = 0, 1, it follows that the module V; is an
eigenvector of A (but not of A*)

AV1 (l‘k) = kal(xk). (53)

On the tensor product of two irreducible modules V; (z;) ® Vi (xy) the operator A will act by
means of the coproduct

A(A) =4, QT +1® Ap, + A;, ® Ap,. (54)

Iterating the coproduct we obtain the action of the operator A on the tensor product. (We
denote the n-fold iteration by A = A A = (A ® I""2)A=1D) with ("2 = [ ©
...® I(n — 2 times).) To make the formulae more transparent, we denote the first two terms
in (54) by Ap(A). We have

AP(A) =310 D @ A, @ 1070 (55)
k=1
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The complete set of eigenvalues of A on the tensor product of n representations V; will be
given by subsequent action of the operators

AP A AAT TV A+AT VA A, AR ATTR AW L AT AR g AR A0 (56)

where k=1,....n—1and AV = AR A®...® A ( times), for | = k or | = n.

To obtain a compete set of 2 eigenvectors with 2© eigenvalues for any finite n,
0 < n < L, we associate with each lattice site 7 a basis vector po(zy) if a site is empty
(occupation number s; = 0) or p;(xy) if there is a particle on the site (occupation number
s; = 1). A state ¥(x1,x2,...,xr) of the ASEP on the lattice of L sites corresponding to
any configuration given by the set s;,, S;,, . .., $;,, is identified with the U,(5u(2)) irreducible
tensor product representation

1/)(%1,%2,...,%[/):V1($1)®...®V1($L) (57)

with the highest weight vector generating the 25 = L subrepresentation.

The highest weight vector of the considered U,(5u(2)) tensor product evaluation repre-
sentation has the form Q = po(z1)po(z2) -+ po(zr). The discrete set of AW polynomials
satisfy the three-term recurrence relation (41) with po(z) = 1 for x = x;. Hence Q is a
constant vector and is an eigenvector of the operator A* with the eigenvalue determined by
the condition D(1) = 1 + abedg™*

A*Q = (1 + abedg™ ). (58)

This property is related to the ground state of the system. Namely, a proper shift of A* will
produce a unique state with eigenvalue zero (the steady state of the ASEP).

By construction the state 1)(x;) becomes an eigenvector of the operator A to be interpreted
as the Hamiltonian in the auxiliary space of the physical system. It acts on it by means of
the coproduct. Namely, the action of the iterated coproduct according to (56) gives the

L

eigenvalues Y x, in the one occupation number zero s; = 0 (one spin down) sector, the
k=1
A ® A-type operator terms in (56) give the values ) z;x; in the two occupation numbers
i<y
zero (two-spin down) sector and so on. The action of A according to (56) yields all the
eigenvalues whose number is

L
L — (59)
St

from which the eigenvalue equation with the corresponding distinct eigenvalues for the state
Y(x1, T2, ..., xr) follows:

L
AY(xy,xa,...,21) = Zmi—l—Zmimj—i—...—l—mlmg---mL Y(x1,z2,...,zL).  (60)
i=1

i<j

With the interpretation of A as the Hamiltonian, Eq. (60) yields the energy eigenvalues.
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The considered algebraic BA, based on the unique solution of the Bethe equations (49),
yields for any n + 1 = L an exactly solvable two-boundary value spectral problem with the
identification of L with the spin value 2j of the finite-dimensional highest weight evaluation
representation of U,($u(2)). There are two limit cases. The first one is n — oo, L fixed.
This limit is obtained by treating ab dependent on a, b, 1 — abg™ # 1 so that b,, # 0 when the
infinite-dimensional representation of the AW algebra is restored corresponding to a finite-
dimensional representation of U,1,2(5u(2)). The thermodynamic limit for finite lattice systems
with added boundary terms is conventionally obtained by letting . — oo. In our scheme we
start from the very beginning with models in the infinite volume/infinite chain with quantum
affine U,1/2(8u(2)) symmetry which is manifest. Boundary conditions break the infinite
volume symmetry. However, with suitably imposed boundary conditions, a remnant of this
symmetry survives and is encoded in the nonlocal conserved charges, elements of the coideal
AW subalgebra of U,1/2(3u(2)), defined through the homomorphism to the quantized affine
Uq1/2 (§U(2))

We can now use this prescription to obtain the complete set of eigenvectors with distinct
eigenvalues for the transition matrix of the open ASEP. For a finite-dimensional representation
of the AW (TD) algebra from the infinite-dimensional one, we use the set of zeros, denoted
it =1,..., L, of an AW polynomial of degree L for the particular choice of parameters
in terms of the boundary probability rates, a = ky(a,7), b = ki(5,9), ¢ = k_(a,7),
d =k_(f3,6). Result: In the auxiliary space of symmetric Laurent polynomials p,, of order
n, 0 < n < L —1, the ASEP transition matrix is identified with the representation of the
right boundary operator A + 3 — § and the left boundary operator A* + o« — v in the dual
representation. There is a representation of dimension 2% for any finite L, where the transition
rate matrix I' (the Hamiltonian H, respectively) has a unique ground state (€2,0,0,...,0) of
eigenvalue zero which is the eigenstate of the right boundary operator, to be identified with
the ASEP stationary state and 2° — 1 eigenstates of the right boundary operator with real
distinct eigenvalues given by

E=a-vy-(1-q+

L
+ 1—qz + (1= @i+ + (1= drdy--2p |, (61)

i<j

where £ V=g + Ui ! and §j; satisfy the Bethe-Ansatz equation

(9 — Ca)(§i — Cb) (G — Ce)(§i — ¢d) ﬁ (qyi —y)(qyiy — 1) 62)
(Cagi — 1)(¢byi — 1)(Cegi — 1) (k- (Cdyi — 1) i (yi — qui) Wiy — q)
g2

with a suitable choice for { = and k4 (u,v) given by (27). In this

k+ (Cl, C)k-l- (ba d)
representation the time-dependent ASEP transition matrix is a left stochastic Markov matrix
T'py = 1 44T for the (one step) infinitesimal time d¢ transition.
There is a dual representation in the auxiliary space of symmetric Laurent polynomials p,,,
0 < n < L -1, of dimension 2F, where the transfer matrix I'j; (the Hamiltonian H,
respectively) has a unique eigenstate (£2,0,0,...,0)* of eigenvalue zero which is the eigenstate
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of the left boundary operator and 2 — 1 nonzero eigenvalues. The complete set of eigenvalues
are the same as (61) up to the shift term where & —y — (§ — 4. In the dual representation the
ASEP transition matrix is a right stochastic Markov matrix I'y; = 1 + ¢T.

We note that we can shift by 2y + (1 — ¢) + 2§ the boundary operators to produce the
terms o+ 34+ 6 in (61) which will correspond to the solution in [11], in a different basis,
as given for the energy eigenvalues in the one spin sector. Apart from the shift, the latter
is inferred from the X X~Z BA solution for even L and needs, in addition, a wavenumber
counting function. Exploring the boundary symmetry of the lattice system we have obtained
the complete set of eigenvalues of the transition matrix (the Hamiltonian) for any finite L.

The special cases are immediately obtained from (61). The transition matrix of the process
with particles only incoming at left and only outgoing at right is the limit case v = § = 0
in (62) with z; being the simple zeros of the Al-Salam—Chihara polynomials. There is a left
and right stochastic Markov matrix, whose eigenvalues are related by a shift and should not
be considered as different ones. In the case of the ASEP on a ring the tansition matrix is
a double stochastic Markov matrix, where the eigenvalues of I" are obtained from (61) with
a=p, =~v=20=0, and #; being the simple zeros of the big g-Hermite polynomials.

It is well known that the transition matrix of the ASEP being a positive stochastic matrix
has real eigenvalues or, if complex, they appear in conjugate pairs. In our scheme the ASEP
transition matrix is related by a (real) shift to the operator A + A* in the space of Laurent
polynomials which is self-dual with respect to the AW duality. In view of this property,
the zeros of the AW polynomials and their limit cases provide the most adequate fitting
for modelling the stochastic dynamics. Our study strengthens the conviction [20] about the
intimate relationship of the ASEP with the AW polynomials.

We stress once again the difference in the way the finite-dimensional representation of
the AW (TD) algebra needed for the BA is obtained. We have used the general scheme
where no relation among the model parameters appears so that we can apply it to models
of nonequilibrium physics. For the X X Z chain the condition for the finite-dimensional
representation of the AW algebra follows directly from the three-term recurrence relation and
coincides with the previously found BA condition [11]. The considered prescription for the
diagonalization of the transition matrix in this paper provides an opportunity for independent
treatment of stochastic dynamics which will be very useful for description of the many-species
systems.

To summarize, we have developed an algebraic Bethe Ansatz based on Bethe equations
for the Askey—Wilson polynomials with a unique solution for any n + 1 = L (including
L =0, any finite L = 2j and L = oo), which yields a complete set of 2% eigenvectors with
distinct eigenvalues and a unique ground state of transition matrix (equivalently Hamiltonian)
operator. We have illustrated the algebraization of the difference eigenvalue equation for
the AW polynomials on lattice systems, but the procedure is rather general and should work
for any system with boundary AW symmetry. The developed BA scheme will produce a
diagonalization of the proper Hamiltonian in the auxiliary space for the sine-Gordon model
and quantum affine Toda field theory as well.
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APPENDIX

We show the validity of the derived formula for the ASEP for the cases L = 2,7 =§ =0,
0 < g < 1and g=0. In the configuration space the transition rate matrix [11] has the form

—a 16} 0 0
10 —a-B-q 1 0

r=| ., . 1o (63)
0 a 0 -p

and is diagonalized with eigenvalues Ao = 0, a pair of complex conjugate roots Aj, Ao
and a real \3. The nonzero eigenvalues are the distinct roots of the cubic characteristic
polynomial equation which is solved by using the Cardano formulae after the substitution
Ni= N\ — 1/3(2a+ 28 4 ¢ + 1), with A3 = —~):1 — . We spare the details and omit the
rather long explicit expressions for the roots A;. In the (auxiliary) representation space of
the boundary deformed Dolan—Grady algebra, the transition rate matrix I'aw is diagonalized
with the discrete set of AW polynomials po(z),pi(x) as the basis. It has the form diag
(zo, 21, %2, x122), where g = 0 and x1, 2o are the simple roots of the (second order) AW
polynomial ps(z,a,b,|q) [25] in the interval (0,7/2). The transition rate matrix I" and the
diagonalized matix ['aw have determinants equal to zero. The one-to-one correspondence
requires that both matrices have equal traces

Tr(T)=—-2a—-20—-—q¢—1. (64)

Equality of the traces is achieved due to the rescaling and shifting properties of the boundary
operators in the representation space. By separating the constant Cy = —a — 3, corresponding
to a shift of the eigenvalue zero, the equality of the traces requires the relation

—(1+q)(a+b)—qla+b)’-(1—-q?=-a-pF-q—1 (65)

(where a, b are the rescaled parameters by (qab)_l/Q); on the r.h.s. of (65) —a—F—qg—1=
Tr (T') — Cp. From the stationary state we have a = (1 —¢)a™! —1,b= (1 —¢)37! — 1.
These relations follow from the representation of the boundary algebra where the stationary
state corresponds to the eigenvalue zero of the transition matrix. The shift of the eigenvalue
zero amounts to a change of the steady state parameterization. We recall that the dominant
contributions in the physical quantities of the exact stationary solution [20] in terms of the
AW polynomials are expressed in terms of the parameter a only, if @ > b (or in terms of b
only if b > a). For the time-dependant process, as a consequence of (65), the parameters a, b
obey

q'/*(a +b)
Vab

and one has either a = (1—¢q)a~t—1, or b = (1—¢q)3~ ! —1. The relation (66) is equivalently
written as

=—(1+q¢)+2v/3+a+3-2(1—9) (66)

q"/?(a+b)
Vab

The correspondence for the totally asymmetric process follows straightforward as the ¢ = 0
limit of the above formulae. Besides, it can be verified independently with the help of the

=—(14+¢q) £2y/1—(Tr () - Co). (67)
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parameterization a/b = (1/3) exp (v/2a + 28) (up to O(a?, 3%)). After the proper rescaling
by 14 ¢ this parameterization works also in the ¢ # 0 case with ¢ = (1/3) exp (—v/h), which
amounts to adding —2h under the square root for a/b. This proves that the L = 2 transition
rate matrices in the configuration and the auxiliary space describe the same process.
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