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INTEGRABLE STRING MODELS WITH CONSTANT
SU (3) TORSION

V. D.Gershun1

Akhiezer Institute for Theoretical Physics, NSC ®Kharkov Institute of Physics and Technology¯,
Kharkov, Ukraine

We used the local invariant chiral currents to obtain new integrable string equations for string WZW
model type with SU(3) constant torsion. We solved the Burgers equation of motion for the ˇrst invariant
current in terms of the Lambert function. We show that string model with SU(n), n > 3 constant
torsion is not integrable, because procedure of decomposition of nonprimitive invariant chiral currents
to primitive currents is the procedure of introduction of inˇnite-dimensional matrix of the second-kind
constraints in the bi-Hamiltonian approch to integrable systems.

PACS: 11.25.Yb; 11.25.ÄW

INTRODUCTION

Integrable boson string models in the background ˇelds were considered in the σ-model
approach or by the method of effective background ˇelds (Tseytlin, Arutyunov, Frolov [1Ä3]).
In the ˇrst approach, the equation of motion for string coordinates is solved for the given
background ˇelds. In the second approach, background ˇelds are solutions of the boson part
of supergravity equations. In this paper, the third approach based on the method of chiral
invariant currents is presented [4Ä10]. We will consider string model in the curve space
of transverse coordinates with constant torsion, deˇned by metric and additional background
constant torsion, deˇned by topology of string space (e.g., a string model in the background
gravity ˇeld with constant torsion and the background antisymmetric ˇeld). At ˇrst, we
consider 	at string in the conformal and in the light-cone gauges, and after this we consider
curve string in the curve space of transverse coordinates. In this case we avoid difˇculty
connected with additional constraints on the background ˇelds. A string model is described
by the Lagrangian

L =
1
2

2π∫
0

[
δαβgab(X)

∂Xa

∂xα

∂Xb

∂xβ
+ εαβBab

∂Xa

∂xα

∂Xb

∂xβ

]
dx.
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The target space local coordinates Xa(x), a = 1, . . . , 24 belong to certain given smooth
24-dimensional manifold M24 with nondegenerate metric tensor and xα = {t, x}

gab(X(x)) = gba(X(x)), Bab(X(x)) = −Bba(X(x)).

The string equations of motion have the form:

gab(Ẍb − X ′′
b ) + Γabc(ẊbẊc − X ′bX ′′c) + HabcẊ

bX ′c = 0,

Γabc =
1
2

(
∂gab

∂Xc
+

∂gac

∂Xb
− ∂gbc

∂Xa

)
,

Habc =
∂Bab

∂Xc
+

∂Bca

∂Xb
+

∂Bbc

∂Xa
,

where Habc is the total antisymmetric tensor. Let us introduce the repers ea
μ such that

gab(X(x)) = δμνeμ
a(X(x)))eν

b (X(x)),

where μ, ν = 1, . . . , n are indexes of tangent space to manifold Mn on some point Xa(x).
The repers eμ

a(X) and their inverse ea
μ(X) satisfy the conditions:

eμ
aeb

μ = δb
a, eμ

aeaν = δμν .

The Hamiltonian has the form:

H =
1
2

2π∫
0

[δμνJ0μJ0ν + δμνJμ
1 Jν

1 ] dx,

where canonical currents have the form

J0μ(X) = ea
mu(X)(pa − Bab(X)X ′b), Jμ

1 (X) = eμ
aX ′a,

pa(t, x) = gabẊ
b + BabX

′b,

here pa(x) is canonical momentum, and the canonical Poisson bracket (PB) is:

{Xa(x), pb(y)} = δa
b δ(x − y).

They satisfy the equation of motion

∂0J
μ
1 − ∂1J

μ
0 = Cμ

νλJν
0 Jλ

1 ,

∂0J
mu
0 − ∂1J

μ
1 = −HμνλJν

0 Jλ
1 .

Last term in the equation of motion describes the anomaly.
The canonical currents satisfy following relations:

{J0μ(x), J0ν (y)} = Cλ
μνJ1λ(x)δ(x − y) + HμνλJλ

1 δ(x − y),

{Jμ
0 (x), Jν

0 (y)} = Cμν
λ Jλ

1 (x)δ(x − y) + δμν ∂

∂x
δ(x − y),

{Jμ
0 (x), Jν

1 (y)} = Cμν
λ (x)Jλ

1 (x)δμν ∂

∂x
δ(x − y).
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Here Cμ
νλ is the torsion.

Cμ
νλ =

∂eμ
a

∂xb
(eb

νea
λ − ea

νeb
λ) =

(
∂eμ

a

∂xb
− ∂eμ

b

∂xa

)
eb

νea
λ.

The chiral currents satisfy the equation of motion:

∂0J
μ
1 − ∂1J

μ
0 = Cμ

νλJν
0 Jλ

1 ,

∂0J
μ
0 − ∂1J

μ
1 = −HμνλJν

0 Jλ
1 .

Last term in the equation of motion describes the anomaly. Let us introduce chiral currents:

Uμ = δμνJ0ν + Jμ
1 , V μ = δμνJ0ν − Jμ

1 .

Equations of motion in the light-cone coordinates

x± =
1
2
(t ± x),

∂

∂x± =
∂

∂t
± ∂

∂x

have the form:

∂−Uμ = −(Cμ
νλ(X) + Hμ

νλ(X))UνV λ,

∂−V μ = (Cμ
νλ(X) − Hμ

νλ(X))UνV λ.

The chiral currents satisfy the following relations:

{Uμ(x), Uν(y)} =
1
2
[(3Cμν

λ + Hμν
λ )Uλ − (Cμν

λ + Hμν
λ )V λ]δ(x − y) + δμν ∂

∂x
δ(x − y),

{V μ(x), V ν(y)} =
1
2
[(3Cμν

λ − Hμν
λ )V λ − (Cμν

λ − Hμν
λ )Uλ]δ(x − y) − δμν ∂

∂x
δ(x − y),

{Ua(x), V b(y)} =
1
2
[(Cμν

λ + Hμν
λ )Uλ + (Cμν

λ − Hμν
λ )V λ]δ(x − y).

Here Hμνλ is additional external torsion.
This relation forms the algebra if both internal and external torsions are constant. Here

are two possibilities
Hμν

λ = −Cμν
λ :

{Uμ(x), Uν(y)} = Cμν
λ Uλδ(x − y) + δμν ∂

∂x
δ(x − y),

{V μ(x), V ν(y)} = Cμν
λ (2V λ − Uλ)δ(x − y) − δμν ∂

∂x
δ(x − y),

{Uμ(x), V ν(y)} = Cμν
λ V λδ(x − y).

Hμν
λ = Cμν

λ :

{Uμ(x), Uν(y)} = Cμν
λ (2Uλ − V λ)δ(x − y) + δab ∂

∂x
δ(x − y),

{V μ(x), V ν(y)} = Cμν
λ V λ − δμν ∂

∂x
δ(x − y),

{Uμ(x), V ν(y)} = Cμν
λ Uλδ(x − y).
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The chiral currents Uμ in the ˇrst case and V μ in the second case form the KacÄMoody
algebras. Equations of motion in light-cone coordinates have the form

Hμ
νλ = −Cμ

νλ, ∂−Uμ = 0, ∂+V μ = 2CμνλUνV λ,

Hμ
νλ = Cμ

νλ, ∂+V μ = 0, ∂−Uμ = −2CμνλUνV λ.

1. INTEGRABLE STRING MODELS WITH CONSTANT TORSION

Let us come back to commutation relations of chiral currents. We use Latin letters
in this section instead of Greek for simplicity. Let torsions Ca

bc(X(x)) �= 0 and Cabc =
fabc are structure constants of simple Lie algebra. We will consider string model with
constant torsion in light-cone gauge in the target space. This model coincides to principal
chiral model on a compact simple Lie group. Evans, Hassan, MacKay, and Mountain [11]
constructed local invariant chiral currents as polynomials of initial chiral currents of SU(n),
SO(n), SP (n) principal chiral models. Their article was based on the work of de Azcarraga,
Macfarlane, MacKay, Perez Bueno [12] about invariant tensors for simple Lie algebras. We
have considered total symmetrical invariant chiral currents of SU(n) group. We shown
that the inˇnite set of nonprimitive invariant charges are not commuting and they cannot
be considered as Hamiltonians in a bi-Hamiltonian approach to integrable systems. Only
consistent system has SU(3) torsion.

Let ta are 3 ⊗ 3 traceless Hermitian matrix representations of the generators SU(3) Lie
algebra:

[ta, tb] = 2ifabctc, Tr (tatb) = 2δab.

Here is additional relation for su(3) algebra:

{ta, tb} =
4
3
δab + 2dabctc, a = 1, . . . , 8.

Invariant tensors may be constructed as invariant symmetric polynomials on su(3):

dm = d(a1...a) =
1
m!

S Tr (ta1 · · · tam),

where S Tr means completely symmetry-product of matrices, and d(a1...am) is totally sym-
metric tensor and m = 2, 3, . . . ,∞. Another family of invariant symmetric tensors, named
®d-family¯ [14], is based on the product of the symmetric structure constant dabc of su(3)
algebra:

d(a1...am) = db1
(a1a2

db1b2
a3

· · ·dbm−2bm−3
am−2

d
bm−3

am−1am),

here m = 4, 5, . . . ,∞.
Here are two primitive invariant tensors on SU(3). The invariant tensors for m � 3 are

functions of primitive tensors. Evans et al. introduced local chiral currents based on the
invariant symmetric polynomials on simple Lie groups:

Jm(U) = da1···amUa1 · · ·Uam ,
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where U = taUa and a = 1, . . . , 8. It is possible to compose the invariant symmetric
polynomials Jm(U) to basis invariant currents Cm(U):

C2(U) = ηabU
aU b, C3(U) = dabcU

aU bU c,

Cm(U) = db1
a1a2

db1b2
a3

· · ·dbm−3
am−1am

Ua1Ua2 · · ·Uam ,

where m = 4, 5, . . . ,∞. The author obtained the following expression for local invariant
chiral currents Jm(U):

J2 = 2C2, J3 = 2C3, J4 = 2C4 +
4
n

C2
2 , J5 = 2C5 +

8
n

C2C3,

J6 = 2C6 +
4
n

C2
3 +

8
n

C2C4 +
8
n2

C3
2 ,

J7 = 2C7 +
8
n

C3C4 +
8
n

C2C5 +
24
n2

C2
2C3,

J8 = 2C8 +
4
n

C2
4 +

8
n

C3C5 +
8
n

C2C6 +
24
n2

C2C
2
3 +

24
n2

C2
2C4 +

16
n3

C4
2 .

The commutation relations of invariant chiral currents Jm(U(x)) show that these currents
are not densities of dynamical Casings operators. We considered the basis family of invariant
chiral currents Cm(U), and we proved that invariant chiral currents Cm(U) form closed
algebra under canonical PB, and corresponding charges are dynamical Casimir operators. The
commutation relations of invariant chiral currents Cm(U(x)) and Cn(U(y)) for m, n = 2, 3, 4
and for m = 2, n = 2, 3, . . . ,∞ are the following:

{Cm(x), Cn(y)} = −mnCm+n−2(x)
∂

∂x
δ(x − y) − mn(n − 1)

m + n − 2
∂Cm+n−2(x)

∂x
δ(x − y).

The commutation relations for m � 5, n � 3 are the following (we show one formula for
C8 on the right side as an example only):

{C5(x), C3(y)} = −[12C6(x) + 3C6,1(x)]
∂

∂x
δ(x − y)−

− 1
3

∂

∂x
[12C6(x) + 3C6,1(x)]δ(x − y),

{C5(x), C4(y)} = −[16C7(x) + 4C7,1(x)]
∂

∂x
δ(x − y)−

− 3
7

∂

∂x
[16C7(x) + 4C7,1(x)]δ(x − y),

{C6(x), C3(y)} = −[12C7(x) + 6C7,1(x)]
∂

∂x
δ(x − y)−

− 2
7

∂

∂x
[12C7(x) + 6C7,1(x)]δ(x − y),

{C5(x), C5(y)} = −[16C8(x) + 8C8,1(x) + C8,2(x)]
∂

∂x
δ(x − y)−

− 1
2

∂

∂x
[16C8(x) + 8C8,1(x) + C8,2(x)]δ(x − y),
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{C6(x), C4(y)} = −[16C8(x) + 8C8,3(x)]
∂

∂x
δ(x − y)−

− 3
8

∂

∂x
[16C8(x) + 8C8,3(x)]δ(x − y),

{C7(x), C3(y)} = −[12C8(x) + 6C8,1(x) + 3C8,3]
∂

∂x
δ(x − y)−

− 1
4

∂

∂x
[12C8(x) + 6C8,1(x) + 3C8,3(x)]δ(x − y).

The new dependent invariant chiral currents C6,1, C7,1, C8,1 −C8,3, C9,1 −C9,4, C10,1 −
C10,7 have the form (we show formulas for C8 on the right side as an example only):

C8,1 = [dk
μνdkl

λ dln
ρ ][dm

σϕ][dp
τθ]d

nmp(U8)μνλρσϕτθ,

C8,2 = [dk
μν ][dl

λρ][d
n
σϕ][dm

τθ]d
klpdnmp(U8)μνλρσϕτθ,

C8,3 = [dk
μνdkl

λ ][dn
ρσdnm

ϕ ][dp
τθ]d

lmp(U8)μνλρσϕτθ.

In the Figure we show the graphic image of invariant chiral currents Cm(U) and the
difference between C8 and C81 − C83.

Invariant chiral currents

Let us note that these PBs are PBs of hydrodynamic type. The ultralocal term with
antisymmetric structure constant fabc in commutation relation of chiral currents Ua does not
contribute to commutation relations of invariant chiral currents because of totally symmetric
invariant tensors d(a1...am). Therefore chiral currents Cm(U(x)) form closed algebra under
canonical PB.

The new dependent invariant chiral currents and the new dependent totally symmetric
invariant tensors for SU(3) group can be obtained under different order of calculation of
trace of the product of the generators of su(n) algebra. Let us mark the matrix product of
two generators ta, tb in round brackets:

(tatb) =
2
3
δab + (dc

ab + if c
ab)tc.
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The expression of invariant chiral currents Jm(U) depends on the order of the matrix
product of two generators in general list of generators. For example:

J8 = Tr [t(tt)tt(tt)t] = 2C8 +
4
n

C2
4 +

8
n

C3C5+

+
8
n

C2C6 +
24
n2

C2C
2
3 +

24
n2

C2
2C4 +

16
n3

C4
2 ,

J8 = Tr [(tt)(tt)t(tt)t] = 2C8,1 +
4
n

C2
4 +

4
n

C3C5+

+
24
n2

C2C
2
3 +

12
n

C2C6 +
24
n2

C2
2C4 +

16
n3

C4
2 ,

J8 = Tr [(tt)(tt)(tt)(tt)] = 2C8,2 +
4
n

C2
4 +

16
n

C2C6,1 +
32
n2

C2
2C4 +

16
n3

C4
2 ,

J8 = Tr [t(tt)(tt)(tt)t] = 2C8,3 +
12
n

C2C6 +
8
n

C3C5 +
24
n2

C2
2C4 +

24
n2

C2C
2
3 +

16
n

C4
2 ,

where t = taUa. Because the result of calculation does not depend on the order of cal-
culation, we can obtain relations between new invariant chiral currents and basis invariant
currents Cm(U):

C6,1 = C6 +
2
n

C2
3 − 2

n
C2C4,

C8,1 = C8 +
2
n

C3C5 −
2
n

C2C6,

C8,2 = C8 +
4
n

C3C5 −
4
n

C2C6 −
4
n2

C2C
2
3 +

4
n2

C2
2C4,

C8,3 = C8 +
2
n

C2
4 − 2

n
C2C6.

The family of invariant chiral currents Cm(U(x)) satisˇes conservation equations

∂−Cm(U(x)) = 0.

2. NEW INTEGRABLE STRING EQUATIONS

Let us apply hydrodynamic approach to integrable string models with constant torsion.
In this case we must consider the conserved primitive chiral currents Cm(U(x)), m = 2, 3
as local ˇelds of the Riemann manifold. The nonprimitive local charges of invariant chiral
currents with m � 3 form the hierarchy of new Hamiltonians in bi-Hamiltonian approach to
integrable systems. The commutation relations of invariant chiral currents are local PBs of
hydrodynamic type.

The invariant chiral currents Cm with m � 3 for the SU(3) group can be obtained from
the following relation:

dklndkmp + dklmdknp + dklpdknm =
1
3
(δlnδmp + δlmδnp + δlpδnm).
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The corresponding invariant chiral currents for SU(3) group have the form:

C2n =
1

3n−1
(ημνUμUν)n =

1
3n−1

(C2)n,

C2n+1 =
1

3n−1
(ημνUμUν)n−1dklnUkU lUn =

1
3N−1

(C2)N−1C3.

The invariant chiral currents C2, C3 are local coordinates of the Riemann manifold M2.
The local charges C2n, n � 2 are the invariant subalgebra of algebra charges C2n,C2n+1 and
they form hierarchy of Hamiltonians. Let us introduce new notation

f(x) = C2(U(x)), g(x) = C3(U(x)),

Hn(tn) =
1

2n(2n − 1)

2π∫
0

fn(x, tn)dx, n = 2, . . . ,∞.

The new nonlinear equations of motion for chiral currents are the following:

∂f

∂tn
+ fn−1 ∂f

∂x
= 0,

∂g

∂tn
+

3
2n − 1

gfn−2 ∂f

∂x
+

1
2N − 1

fn−1 ∂g

∂x
= 0.

The ˇrst equation for function f(x, tn) is generalized unviscid Burgers' equations [15]; in
component

∂f

∂t2
+ f

∂f

∂x
= 0,

∂f

∂t3
+ f2 ∂f

∂x
= 0.

They have the following solutions:

f(x, tn) = hn[x − tnfn−1(x, tn)]

and h(x) is the periodical arbitrary function of x.
For simplicity we introduce new variables

fn = yn, n = 2, . . . ,∞.

New equations of motion for functions y(x)n coincide, and they do not depend on n:

∂yn

∂tn
+ yn

∂yn

∂x
= 0

(no sum); in component

∂y2

∂t2
+ y2

∂y2

∂x
= 0,

∂y3

∂t
+ y3

∂y3

∂x
= 0, . . .

The ˇrst equations are n Burgers equations. General solutions are:

yn = hn[x − tnyn(x, tn)].
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Here there are a lot of solutions in terms of rational functions for hn which led to algebraic
equations for functions yn. But these solutions do not satisfy periodical bound conditions.
In general case, these equations are solved by numerical methods. However, here are weak
solutions for small-times intervals. Let us introduce periodical initial conditions

yn(x, 0) = h0(x, 0), h0(x) = h0(x + 2π),

yn(x, t) = h0[x − tnh0(x)] + O(tn).

For example, in the ˇrst approximation on t we obtained the following solutions:

h0(x) = eix, yn = eix − tne2ix, h0(x) = sinx, yn = sin x − 1
2
tn sin 2x.

Here is one exact solution of the Burgers equation with periodical bound conditions in
terms of the Lambert function [16]. Let

yn(t, x) = hn[x − tnyn(x, tn)],

where a is arbitrary parameter. The Burgers equation can be rewritten in the following form:

Yn = Zn eZn , Yn = itn ea+ix, Zn = itnyn.

The inverse transformation Zn = Zn(Yn) is deˇned by the W Lambert function Zn = W (Yn):

yn(x, t) =
−i

tn
W (itn ea+ix).

Let us remember that fn(x, tn) = yn, f(x) = UaUa, and Ua, a = 1, . . . , 8 are initial
chiral currents. The equation of motion for the second invariant currents g(x) has the form

∂g

∂tn
+

3g

2n − 1
∂yn−1

∂x
+

yn−1

2n − 1
∂g

∂x
= 0,

∂g

∂t2
+ g

∂y1

∂x
+

y1

3
∂g

∂x
= 0,

∂g

∂t3
+

3g

5
∂y2

∂x
+

y2

5
∂g

∂x
= 0,

The construction of integrable equations with SU(n) symmetries for n � 4 has difˇculties
of reduction of nonprimitive invariant currents to primitive currents. Let us consider the
generating function

A(x, λ) = det (1 − λU(x)) = expTr ln (1 − λUa(x)ta).

We obtained the following expressions for nonprimitive chiral currents Cn:

SU(4) : C5 → 2
3
C2C3, C6 → 1

6
C2

3 +
1
2
C2C4, C7 → 1

3
C2

2C3 +
1
6
C3C4,

C8 → 7
36

C2C
2
3 +

1
4
C2

2C4, C9 → 1
6
C3

2C3 +
1
36

C3
3 +

1
6
C2C3C4.

SU(5) : C6 → − 3
50

C3
2 +

4
15

C2
3 +

7
10

C2C4, C7 → − 3
50

C2
2C3 +

11
30

C3C4 +
3
5
C2C5,
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C8 → − 9
250

C4
2

4
25

C2C
2
3 +

9
25

C2
2C4 +

1
10

C2
4 +

4
15

C3C5,

C9 → − 13
250

C3
2C3 +

16
225

C3
3 +

61
150

C2C3C4 +
3
10

C2
2C5 +

1
10

C4C5.

However, the nonprimitive charges are not commuting. They are not Casimirs and we cannot
consider them as Hamiltonians. Consequently, only string model with constant SU(3) torsions
is integrable one. The reason of noncommutativity of nonprimitive currents is explained by
procedure of decomposition of nonprimitive currents to functions of primitive currents. This
procedure in the formalism of Poisson brackets is the procedure of introduction of inˇnite
number of the second-kind constraints. It is very hard or it is impossible to obtain the inˇnite-
dimension matrix of the second-kind constraints and its inverse to construct Dirac brackets,
in terms of which nonprimitive charge must commute.
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