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HIGGSLESS ELECTROWEAK MODEL
AND CONTRACTION OF GAUGE GROUP

N. A. Gromov!
Department of Mathematics, Komi Science Center UrD, RAS, Syktyvkar, Russia

A modified formulation of the Electroweak Model with 3-dimensional spherical geometry in the
target space is suggested. The free Lagrangian in the spherical field space along with the standard
gauge field Lagrangian form the full Higgsless Lagrangian of the model, whose second order terms
reproduce the same experimentally verified fields with the same masses as the Standard Electroweak
Model. The vector bosons masses are automatically generated, so there is no need in special mechanism
of spontaneous symmetry breaking.

The limiting case of the modified Higgsless Electroweak Model, which corresponds to the contracted
gauge group SU(2; j)xU(1) is discussed. In the framework of the limit model Z-boson, electromagnetic
and electron fields are interpreted as external ones with respect to W -bosons and neutrino fields. The
W -bosons and neutrino fields do not affect these external fields. The masses of all the particles remain
the same, but the field interactions in the contracted model are more simple as compared with the
standard Electroweak Model.

PACS: 02.20.-a

INTRODUCTION

The Standard Electroweak Model based on gauge group SU(2) x U(1) gives a good de-
scription of electroweak processes. One of the unsolved problems is the origin of electroweak
symmetry breaking. In the standard formulation, the scalar field (Higgs boson) performs
this task via Higgs mechanism, which generates mass terms for vector bosons. Sufficiently
artificial Higgs mechanism with its imaginary bare mass is a naive relativistic analog of the
phenomenological description of superconductivity [1]. However, it is not yet experimen-
tally verified whether electroweak symmetry is broken by such a Higgs mechanism, or by
something else. The emergence of large number Higgsless models [2-7] was stimulated by
difficulties with Higgs boson. These models are mainly based on extra dimensions of different
types or larger gauge groups. A finite electroweak model without a Higgs particle which is
used as regularized quantum field theory [8,9] was developed in [7].

One of the important ingredients of the Standard Model is the simple group SU(2). More
than fifty years in physics there is well known the notion of group contraction [10], i.e., limit
operation, which transforms, for example, a simple or semisimple group to a nonsemisimple
one. From the general point of view, for better understanding of a physical system it is useful
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to investigate its properties for limiting values of their physical parameters. In partucular, for
a gauge model one of the similar limiting cases corresponds to a model with contracted gauge
group. The gauge theories for nonsemisimple groups which admit Lie algebras invariant
nondegenerate metrics were considered in [11,12].

In the present paper, a modified formulation of the Higgsless Electroweak Model and its
limiting case for contracted gauge group SU(2;j) x U(1) is regarded. Firstly, we observe that
the quadratic form ¢'¢ = ¢% 1 + ¢4 = R? of the complex matter field ¢ € Cy is invariant
with respect to gauge group transformations SU(2) x U(1), and we can restrict fields on the
quadratic form without the loss of gauge invariance of the model. This quadratic form defines
three-dimensional sphere in four-dimensional Euclidean space of the real components of ¢,
where the non-Euclidean spherical geometry is realized.

Secondly, we introduce the free matter field Lagrangian in this spherical field space,
which along with the standard gauge field Lagrangian forms the full Higgsless Lagrangian
of the model. Its second order terms reproduce the same fields as the Standard Electroweak
Model but without the remaining real dynamical Higgs field. The vector bosons masses are
automatically generated and are given by the same formulas as in the Standard Electroweak
Model, so there is no need in special mechanism of spontaneous symmetry breaking. The
fermion Lagrangian of the Standard Electroweak Model is modified by replacing of the fields
¢ with the restricted on the quadratic form fields in such a way that its second order terms
provide the electron mass and neutrino remains massless.

We recall the definition and properties of the contracted group SU(2; j) in Sec. 1. In Sec.2,
we modify step by step the main points of the Electroweak Model for the gauge group
SU(2;7)xU(1). We find transformation properties of gauge and matter fields under contrac-
tions. After that, we obtain the Lagrangian of the contracted model from the noncontracted
one by the substitution of the transformed fields. The limiting case of the modified Higgsless
Electroweak Model is regarded in Sec.3. When contraction parameter tends to zero j — 0 or
takes nilpotent value j = ¢, the field space is fibered [16] in such a way that electromagnetic,
Z-boson and electron fields are in the base whereas charged W-bosons and neutrino fields
are in the fiber. In the framework of the limit model the base fields can be interpreted as
external ones with respect to the fiber fields in the sence that the fiber fields do not affect the
base fields. The field interactions are simplified under contraction.

1. CONTRACTED SPECIAL UNITARY GROUP SU(2; j)

Let us regard two-dimensional complex fibered vector space ®2(j) with one-dimensional
base {¢1} and one-dimensional fiber {¢2} [15]. This space has two Hermitian forms: first
in the base ¢1¢; = |¢1]? and second in the fiber ¢o¢po = |p2|?, where bar denotes complex
conjugation. Both forms can be written by one formula

T ()B(5) = |611* + 52| ¢2|?, (1)

where ¢f(j) = (41, j¢2), parameter j = 1,. and ¢ is nilpotent unit ;> = 0. For nilpotent unit
the following heuristic rules be fulfiled: 1) division of a real or complex numbers by ¢ is not
defined, i.e., for a real or complex a the expression a/: is defined only for @ = 0, 2) however
identical nilpotent units can be cancelled ¢/¢ = 1.
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The special unitary group SU(2;7) is defined as a transformation group of ®2(j) which
keeps invariant the Hermitian form (1), i.e.,

o= )= (% W) () =i,

detu(j) = a]* + 72181 =1, u(j)u'(j) = 1.

The fundamental representations of the one-parameter subgroups of SU(2;7) are easily
obtained

)

Cosjbi z'sinjbi
w(oj)=em 0= 2 2], 3)
isin=— cos—
2
cos — sm‘ﬁﬂ
us(ag; j) = e 20) = N )
—sin=—= cos—
2 2
. o - ez 0
The corresponding generators
. i (0 1 .1
Tl(j)j§<1 0>]§7—17
) b0 —1 )

. 1 (1 0 1
T3(j) - 5 ( 0 -1 ) - 57—3;

with 7, being Pauli matrices, are the subject of commutation relations

[11(7), T2()) = =5°T3(9),  [T3(7), T1(7)] = ~T2(5), [T12(), T3] = ~T1(5), (D

and form the Lie algebra su(2;j) with the general element

. 5 . 1 as j(a1 - iag) trs
TG) = Y til) = (i ) =m0 @
There are two more or less equivalent ways of group contraction. We can put the
contraction parameter equal to the nilpotent unit 5 = ¢ or tend it to zero ;7 — 0. Sometimes
it is convenient to use the first (mathematical) approach, sometimes the second (physical)
one. For example, the matrix u(j) (2) has nonzero nilpotent nondiagonal elements for j = ¢,
whereas for 7 — 0 they are formally equal to zero. Nevertheless, both approaches lead to the
same final results.
Let us describe the contracted group SU(2;¢) in detail. For j = ¢ it follows from (2) that
detu(t) = |a|? =1, i.e., a = e!?, therefore

ult) = ( 5 o ) 8= +ifs €C. ©)
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Functions of nilpotent arguments are defined by their Taylor expansion, in particular, cos tz =
1, sintxz = 1x. Then one-parameter subgroups of SU(2;:) take the form

1 a2 (R
ug(ag;e) = Liﬂ 12 , us(ag;l) = _L% 12 . (10)
2 2

The third subgroup does not changed and is given by (5). The simple group SU(2) is
contracted to the nonsemisimple group SU(2;¢), which is isomorphic to the real Euclid group
E(2). First two generators of the Lie algebra su(2;¢) commute [T7(¢),T2(¢)] = 0 and the
rest commutators are given by (7). For the general element (8) of su(2;:) the corresponding
group element of SU(2;) is as follows:

as
-y .4 . ag
e 13— sin — _
u(t) =" = . a2 |, a=ai+iaeC. (11
Li— sin = e i3

as

The actions of the unitary group U(1) and the electromagnetic subgroup U(1)ey, in the
fibered space ®5(¢) are given by the same matrices as on the space P, namely,

i i
u(f) = Y = ( ¢ Qﬁ ) , Uem(Y) = 9 = ( 607 ? ) , (12)

where Y = (i/2)1, Q =Y + T5.
Representations of groups SU(2;¢), U(1), U(1)em are linear ones, that is, they are realized
by linear operators in the fibered space ®5(¢).

2. ELECTROWEAK MODEL FOR SU(2;j) x U(1) GAUGE GROUP

The fibered space ®5(j) can be obtained from P by substitution ¢ — jdo in (1), which
induces another ones for Lie algebra su(2) generators 77 — jT1, To — jTa, T35 — T5. As
far as the gauge fields take their values in Lie algebra, we can substitute gauge fields instead
of transformation of generators, namely,

Al — AL A2 jAL. A — A% B, — B, (13)

These substitutions in the Lagrangian L of the Higgsless Electroweak Model [13] give rise to
the Lagrangian L(j) of the contracted model with U(2;j) = SU(2;5) x U(1) gauge group

L(j) = La(j) + Ls(5), (14)

where
_L 2 L > 2__1-2 1\2 | 212 \2 32_1 2
LA(])_ 2g2tr(FH’/(j)) +2g12tr(BH’/) - 4[.7 (F/,Ll/) +.7 (F,u,y) +(Fy,1/)] 4(BH’/)

5)
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is the gauge fields Lagrangian and

Lo(i) = 5(Dud(i))! D) (16

is the free (without any potential term) matter field Lagrangian (summation on the repeating
Greek indexes is always understood). Here D), are the covariant derivatives

3
Du¢(j) = 0,00i) +9 <Z Tk(]'Mﬁ) ¢(j) + 9'Y Buo(j), an
k=1

where T)(j) are given by (6) and Y = (i/2)1 is the generator of U(1). Their actions on
components of ¢(j) are given by

Dyt = 0un + 5 (943 + 'BL)on + 525 (A}, —iA3) o,

. ; (18)
i ig )
Dyug2 = Oudo — 5 (945 = ¢'By)ga + 5 (A, +iA0)61.
The gauge fields
3 . 3 . 1 . 492
Ca) -\ 2k _ 1 Ap, j(Ap - ZA;J,)
k=1
> o o /i BM 0
Bu(z) =g'YBu(z) = ¢'5 ( 0 B, )
take their values in Lie algebras su(2; j), u(1), respectively, and the stress tensors are
: : , , i F3 J(FL —iF?)
Fu(@;5) = Fuu(; Au(@;3), Av(@; )] =95 | o1 [ S SR I
o) = Fouaid) + (o) Al ) = 5 (o™ i 7T
(20)

B,, =0,B, - 0,B,,
or in components
1 _ 71 2 43 342
FHI/ - ‘/C.p,l/ + g(Ap,Al/ - ApAy)v
Fp, = Fp, + 9(A454, — ALAD), 1)

Fuy = Foy + 29(AL A — ALA)),

where .7-"5,/ =0,AF — 8,,A/’j.

The Lagrangian L(j) (14) describes massless fields. In a standard approach, to generate
mass terms for the vector bosons the «sombrero» potential is added to the matter field
Lagrangian L4(j = 1) (16) and after that the Higgs mechanism is used. The different
way [13] is based on the fact that the quadratic form ¢f¢ = p? is invariant with respect to
gauge transformations. This quadratic form defines the 3-dimensional sphere S5 of the radius
p > 0 in the target space @5 which is Cy or Ry if real components are counted. In other
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words, the radial coordinates R x Ss are introduced in R4. The vector boson masses are
generated by the transformation of Lagrangian L(j = 1) (14) to the coordinates on the sphere
Ss and are the same as in the standard model. Higgs boson field does not appear if the sphere
radius does not depend on the space-time coordinates p = R = const [13]. For p # const
the real positive massless scalar field — analogy of dilaton or kind of Goldstone mode — is
presented in the model [14].

The complex space ®o(j) can be regarded as 4-dimensional real space Ry(j). Let us
introduce the real fields

o1 =r(1+is), @2 =12+ i) (22)
The substitution ¢ — j¢o induces the following substitutions:
Y1 — JY1, 2 — gb, Y3 — bz, T o (23)

for the real fields. - -
For the real fields, the form (1) is written as 72(1 + ¢%(j)) = RZ%, where ¥%(j) =

G2 (% 4+ 3) + 13, therefore

SO (24)

VI+92())

Hence there are three independent real fields 1(j) = (j11,ji2,%3). These fields belong
to the space Ws(j) with non-Euclidean geometry which is realized on the 3-dimensional
«sphere» of the radius R in the 4-dimensional space R4(j). The fields ¢(j) are intrinsic
Beltrami coordinates on ¥3(j). The space ¥5(j = 1) = S5 has nondegenerate spherical
geometry, but U5(j = ¢) is fibered space of constant curvature with 1-dimensional base {3}
and 2-dimensional fiber {11,192} [16], the so-called semispherical space [17], which can be
interpreted as nonrelativistic (1 + 2) kinematics with curvature or Newton kinematics [18].

The free Lagrangian (16) transforms to the free gauge invariant matter field Lagrangian
Ly(j) on W3(5), which is defined with the help of the metric tensor g;(j) [13] of the space

Us(j)

P P o A P i Crlks )
(L+92(5)% (L+92(5)% (L+92(5))% 7
9122921:LM, 9132931=M, 9232932=Lw2¢.3
(1 +92%(4))? (1 +92(4))? (1 +192(4))?
in the form

RS ‘ .
Ly(j) = > > 96(G) Do () Dyutbr (j) =
k=1
_ RO+ 92G))Dut(1))? = (), D (4))?] (25)
2(1+42%(5))
The covariant derivatives (17) are obtained from the representations of generators for the
algebras su(2), u(1) in the space W3 [13] with the help of the substitutions (23)

- ; —j(1+ j%97) i [ —i(Ws + j21is)
Ty(j) = 3 J(s — j2is) |, To(j) = 3 —j(1+5%¢3) )
—52 (12 + h11b3) 32 (1 — arh3)
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- J(=2 + 113) ~ i [ W2+ aes)
T3ip(j) = 3 J(W1 +bat)3) : Yy(j) = 3 J(W1 — bat)3)
1+ 92 —(1+v3)

and are as follows:

Dythy = Optby = 5 (2 + vr0s) Byt

+ L [0+ DAL = (s + Pora) A2 — (02 — ) 43)

Dypa = 0utp2 + %(1/11 — 2)3) B+

+ 2 [(s = 20rum) AL — (1 + 203 A2 + (b1 + Yavn) A3] . (26)

/
Dytbs = Otbs — L (1403 Bt

g . ;

+ 5 252 (W2 + rta) A + 77 (1 — avs) A7 + (14 93) A
The gauge fields Lagrangian (15) does not depend on the fields ¢ and therefore remains

unchanged. So the full Lagrangian (14) is given by the sum of (15) and (25).

For small fields, the second order part of the Lagrangian (25) is written as

. R? - 2 R? 3 ) 2
LYG) = = [((056)D] = 5 3 [Duin)®] @7)
k=1
where linear terms in covariant derivates (26) have the form
1) _ g _ 9 1 2 9
(D;ﬂ/h)( ) o p«wl - §AH - _5 <A/J« - ;a;ﬂ/Jl) - _iAua
1) _ g2 9 2 2 g 20
(D“wQ)( )= 2 — §Au ~— 79 <Au - ; /ﬂ/’2> = _EA”’

g g
(Dutps) M) = 0t + 5‘4/?1 —5Bu=5V9P+ 922

1
2
The new fields

_ gA) — 9'Bu+ 20,3 4 g A} +gB,

N N R

Wi = (A=), 2,

are transformed as
+ 1yt
W —=iW,, Zu— Z,, A, — Ay,

and Lagrangian (27) is rewritten as follows:

L _ 2 R*g? R%(g% + ¢"?)
v =) T T

— 2
WiW, + —=(2,)".
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The quadratic part of the full Lagrangian

Lo() = LPG) + L2 () = 2 (Fu ) -

1

2
: mz
4

2 (Z)" +

(Zw)® +
+j2{ LW, ms Wi, }sz+j2Lf, (28)

where

R R
mw =2, mz =g +g", (29)

27 2
and 2, = 0,2, — 0,2y, Fuy = 0pAy—0, A, W5y, = 0,WF—0,WF are Abelian stress
tensors, describes all the experimentally verified parts of the standard Electroweek Model but
does not include the scalar Higgs field.
The interaction part of the full Lagrangian in the first degree of approximation is given by

LG) =719 + 1],

where the third-order terms of the gauge field Lagrangian (15) are

3 g . _ _
E - ‘ﬁ{ W Wik =WEW) (o' A +92,) -
V2, N . _ :
- 7 (9"Ap +92,) [W,w (Oip2 —i0u91) + W;w(alﬂh + Zavwl)] -
2ig _
g Wi LW s
2/2 : _ .
- \/m [ l“’( u¢2 Zauwl) + WHV (3u¢2 + Zalﬂbl)] 8uw3+
i 4
+ (9,-7'—#1/ + ngW) {Z [(VVJ)Q - (V[/;f)Q] + ?3M1/118V1/)2+

+§ [WJ(anQ - Za”wl) + Wp,_ (anQ + Zauwl)} }}a

and those of the matter field Lagrangian (25) are
g2~ g?

g+12

R?%g

¥ =
2v2

{W: [w?,(am 0,01) — (s — i)yt

9 (9A. —9'Z,)
/92 + g/2

9> —g”
g+12

(Y2 — Z1P1) + Wu_ WB (8/L¢2 + iauwl)_

9 (9A. —9'Zy)

/g2 + g/2
1
+§\/ 9*+ 97, (V10u1h2 — %@ﬂﬂl)} .

(2 + 191)0,1h3 + (V2 +i1)1)
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The fermion Lagrangian of the standard Electroweek Model is taken in the form [19]

Lr = LIi7,D,L; + elit,D,e, — helel (67 Li) + (Lip)e,], (30)

e . . . .

where L; = < yl ) is the SU(2)-doublet, e, is the SU(2)-singlet, h. is constant and
e,l

ér, e, Ve are two-component Lorentzian spinors. Here 7, are Pauli matricies, 79 = 79 = 1,

Tk = —Tg. The covariant derivatives D,L; are given by (17) with L; instead of ¢ and
D,e, = (9, + ig'B,)e,. The convolution on the inner indices of SU(2)-doublet is denoted
by (¢'Ly).

The matter field ¢ appears in Lagrangian (30) only in mass terms. When the gauge group
SU(2) is contracted to SU(2;7) and the matter field is fibered to ¢(j), the same takes place
with doublet L;, namely, the first component e¢; does not change, but the second component
is multiplied by contraction parameter: v.; — jv.;. With the use of (22), (24) and these
substitution, the mass terms are rewritten in the form

heR
V1 +92(j)

43 (eIeT — eiel) + ij2 [wl (y;f’le,a — 611/671) + i1)g (Vi’le,« + 611/671)} } , (3D

helel (6! ) La(9)) + (L[ (7)o )ex] = {efei+efe,+

where the SU(2)-singlet e, does not transform under contraction.

3. LIMITING CASE OF HIGGSLESS ELECTROWEAK MODEL

As was mentioned, the vector boson masses are automatically (without any Higgs mecha-
nism) generated by the transformation of the free Lagrangian of the standard Electroweak
Model to the Lagrangian (14), (15), (25) expressed in some coordinates on the sphere W3 ().
And this statement is true for both values of contraction parameter j = 1,:. When contraction
parameter tends to zero j2 — 0, then the contribution of T -bosons fields to the quadratic
part of the Lagrangian (28) will be small in comparison with the contribution of Z-boson
and electromagnetic fields. In other words, the limit Lagrangian includes only Z-boson and
electromagnetic fields. Therefore charged WW-bosons fields do not affect these fields. The part
Ly forms a new Lagrangian for W-bosons fields and their interactions with other fields. The
appearance of two Lagrangians L; and Ly for the limit model is in correspondence with two
Hermitian forms of fibered space ®5(¢), which are invariant under the action of contracted
gauge group SU(2;¢). Electromagnetic and Z-boson fields can be regarded as external fields
with respect to the W-bosons fields.

In mathematical language the field space {A,,, Z,, Wj[} is fibered after contraction j = ¢
to the base {A4,, Z,,} and the fiber {Wf} . (In order to avoid terminological misunderstanding
let us stress that we have in view locally trivial fibering, which is defined by the projection
pr: {Au, 2, W} — {A,, Z,} in the field space. This fibering is understood in the context
of semi-Riemannian geometry [16] and has nothing to do with the principal fiber bundle.)
Then Ly in (28) presents Lagrangian in the base and L is Lagrangian in the fiber. In general,
properties of the fiber depend on the points of a base and not on the contrary. In this sense,
fields in the base are external ones with respect to fields in the fiber.
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The fermion Lagrangian (30) for nilpotent value of the contraction parameter j = ¢ is also
splited on electron part in the base and neutrino part in the fiber. This means that in the limit
model, electron field is external one relative to neutrino field. The mass terms (31) for j =
are

(gt ; __heBR i et bia(e e — e
heler (@' () Li(1) + (L ()¢())er] = ——==5lere; + e er +itps(e; Ter —ere)]. (32)

V1493

Its second-order terms heR(eIel_ + el_Ter) provide the electron mass m. = h.R and neutrino
remains massless.

Let us note that field interactions in contracted model are more simple as compared with
the standard Electroweak Model due to nullification of some terms.

CONCLUSIONS

The modified formulation of the Electroweak Model with the gauge group SU(2) x U(1)
based on the 3-dimensional spherical geometry in the target space is suggested. This model
describes all experimentally observed fields and does not include the (up to now unobserved)
scalar Higgs field. The free Lagrangian in the spherical matter field space is used instead of
Lagrangian with the potential of the special «sombrero» form. The gauge field Lagrangian
is the standard one. There is no need in Higgs mechanism since the vector field masses are
generated automatically.

We have discussed the limiting case of the modified Higgsless Electroweak Model, which
corresponds to the contracted gauge group SU(2;j) x U(1), where j = ¢ or j — 0. The
masses of all the experimentally verified particles involved in the Electroweak Model remain
the same under contraction, but interactions of the fields are changed in two aspects. Firstly,
all field interactions become more simpler due to nullification of some terms in Lagrangian.
Secondly, interrelation of the fields becomes more complicated. All fields are divided into
two classes: fields in the base (Z-boson, electromagnetic and electron) and fields in the fiber
(W-bosons and neutrino). The base fields can be interpreted as external ones with respect
to the fiber fields, i.e., Z-boson, electromagnetic and electron fields can interact with W-
bosons and neutrino fields, but W -bosons and neutrino fields do not affect these fields in the
framework of the limit model.

This work has been supported in part by the Russian Foundation for Basic Research, grant
08-01-90010-Bel-a and the programme «Fundamental Problems of Nonlinear Dynamics» of
Russian Academy of Sciences.
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