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LOCALIZATION OF THE SFT INSPIRED NONLOCAL
LINEAR MODELS AND EXACT SOLUTIONS
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A general class of gravitational models driven by a nonlocal scalar field with a linear or quadratic
potential is considered. We study the action with an arbitrary analytic function F(O,), which has both
simple and double roots. The way of localization of nonlocal Einstein equations is generalized on models
with linear potentials. Exact solutions in the Friedmann—Robertson—-Walker and Bianchi I metrics are
presented.
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INTRODUCTION

Recently a wide class of nonlocal cosmological models based on the string field theory
(SFT) (for details see reviews [1]) and the p-adic string theory [2] emerges and attracts a lot of
attention [3-21]. Due to the presence of phantom excitations, nonlocal models are of interest
for the present cosmology. Generally speaking, models that violate the null energy condition
(NEC) have ghosts, and therefore are unstable and physically unacceptable. Phantom fields
look harmful to the theory and a local model with a phantom scalar field is not acceptable
from the general point of view. Models with higher derivative terms produce well-known
problems with quantum instability [22,23]. An idea that could solve the problems is that
terms with high-order derivatives can be treated as corrections valued only at small energies
below the physical cut-off [24,25]. This approach implies the possibility to construct a UV
completion of the theory and requires detailed analysis.

Note that the possibility of the existence of dark energy with wpg < —1 is not excluded
experimentally. Contemporary cosmological observational data [26] strongly support that
the present Universe exhibits an accelerated expansion providing thereby an evidence for a
dominating dark energy component with the state parameter

wpg = — 1.0 +£0.2. (1)

The present cosmological observations do not exclude an evolving parameter wpg. More-
over, the recent analysis of the observation data indicates that the varying in time dark energy
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with the state parameter wpg, which crosses the cosmological constant barrier, gives a better
fit than a cosmological constant [27] (see also [28,29] and references therein).

To obtain a stable model with wpg < —1, one should construct the effective theory with
the NEC violation from the fundamental theory, which is stable and admits quantization.
From this point of view, the NEC violation might be a property of a model that approximates
the fundamental theory and describes some particular features of the fundamental theory.
With the lack of quantum gravity, we can just trust string theory or deal with an effective
theory admitting the UV completion. It can be considered as a hint towards the SFT inspired
cosmological models (details about the string cosmology see in reviews [30]). Note, also,
that not only the string inspired cosmological models obey nonlocality [31].

In the flat space-time, nonlocal equations are actively investigated as well [32-35]. Note
that differential equations of infinite order were began to study long time ago [36,37].

The purpose of this paper is to study gravitational models with a nonlocal scalar field.
We consider a general form of nonlocal action for the scalar field with a quadratic or linear
potential, keeping the main ingredient, the analytic function F(O,), which in fact produces
the nonlocality in question, almost unrestricted.

The possible way to find solutions of the Einstein equations with a quadratic potential
of the nonlocal scalar field, is to reduce them to a system of Einstein equations describing
many noninteracting local scalar fields [7, 14] (see also [18,20]). Some of the obtained local
scalar fields are normal and other of them are phantom ones. In this paper we generalize the
algorithm of localization, proposed in [14,20], on the case of a linear potential. Note that the
ways of localization in the case of a linear potential and in the case of a quadratic potential
with a linear term, considered in [16], are different.

The paper is organized as follows. In Sec.1 we describe nonlocal cosmological models.
In Sec.2 we propose the algorithm to find particular solutions of the nonlocal Einstein
equations, solving only local ones, and prove the self-consistence of it. Any solution for
the obtained system of differential equations is a particular solution for the initial nonlocal
Einstein equations. Exact solutions in the Friedmann—Robertson—Walker and Bianchi I metrics
are presented in Sec.3. In Conclusion we summarize the obtained results and propose
directions for further investigations.

1. MODEL SETUP

The four-dimensional action with a quadratic or linear potential, motivated by the string
field theory, has been studied in [7,8,14-16,18,20,21]. Such a model appears as a linearization
of the SFT inspired model in the neighborhood of an extremum of the potential (see [18]
for details). For linear models, solving the nonlocal equations using the technique, proposed
in [14], is completely equivalent to solving the equations using the diffusion-like partial
differential equations [16]. By linearizing a nonlinear model about a particular field value,
one is able to specify initial data for nonlinear models, which one then evolves into the full
nonlinear regime using the diffusion-like equation [16].

In this paper we study nonlocal cosmological models with a quadratic potential, in other
words, a linear nonlocal model, which can be described by the following action:

R 1 /1
S = /d4x\/—_ga' (m + P (§¢7(Dg)¢ - V(¢)> - A) : (2)
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where Gy is the Newtonian constant: 877Gy = 1 /MI%, where Mp is the Planck mass;
o’ is the string length squared; g, is the string coupling constant. We use the signature
(—,+,+,+), gu is the metric tensor, R is the scalar curvature, A is the cosmological
constant. The potential is an arbitrary quadratic polynomial: V (¢) = Co¢? + C1¢ + Co. The
Beltrami-Laplace operator U, is applied to scalar functions and can be written as follows:

1
O, = —90,v—9g9""0,. 3)
g \/_—g I 99

The function F is assumed to be an analytic function, therefore, one can represent it by
the convergent series expansion:

F(Og) =Y fa0 4)
n=0

The function F may have infinitely many roots manifestly producing thereby the nonlocal-
ity [13,18]. This model has been studied in [7,18] with an additional condition that all roots
of the function F are simple. In this paper we consider double roots as well. To clarify the
interest to consider the case of double roots let us study a trivial example with

]:(Dg) - (Dg - Jl)(Dg - JQ)- (5)

In the Minkowski space-time for ¢, depending only on time, we obtain the following
equation of motion:

(0} — J1) (07 — J2)o(t) = 0. (6)

This fourth-order differential equation is equivalent to the following system of two second-
order equations:

(07 = I =0, (9} = J2)o(t) = £(1). (7)
The first equation has the general solution
£(t) = ByeV/it 4 Bye Vit (8)
where B and B are arbitrary constants. So, we get the following second-order equation
in
’ (02 — Jo)p(t) = By eVt 4+ Bye Vit 9)
In the nonresonance case (two simple roots J; and J) we get
$(t) = BreV' + Bye Vit 4 ByeV 2t 4 Bye VR, (10)
whereas in the resonance case (one double root Jo = J7) the general solution is

$(t) = BreV" + Bye V! 4 ByteY ! 4 Byte VY, (11)

where Bj are arbitrary constants. This trivial example shows that behavior of solutions in
the cases of one double root and two simple roots are essentially different and one cannot
approximate double roots by two simple roots, which are at a very small distance. Resonance
phenomena are important and actively studied in various domains of physics.
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2. ALGORITHM OF LOCALIZATION
2.1. Einstein Equations. From action (2) we obtain the following equations:

G =81GN (T — Agu) s (12)
dv

F(Og)¢ = @’ 13)

where G, is the Einstein tensor.
The energy-momentum (stress) tensor 7},,,, which is calculated by the standard formula

2 08

T,=——=—, (14)
: V=g g1
can be presented in the following form:
1 po
T = (B + o = guw (97 Epo + W), (15)
where
1 [e'e) n—1
Euw =5 fn)_ 0,000,070, (16)
n=1  1=0
wely iml or-lg—Log2 Ly (17)
:52 g0y — 58"+ V(9).
In the case of the zero potential V' (¢) = 0, using the equation
(o]
F(O))¢ =0, <= fop=—>_ fu0)'0, (18)
n=1

one can obtain that W for V' (¢) = 0 is equal to

anZD mio) (19)

nl

The formula for energy-momentum tensor with Wy has been proposed in [7] (see also [18]).
The main idea of finding the solutions to the equations of motion is to start with equa-
tion (13) for V(¢) = 0 and to solve it, assuming the function ¢ is an eigenfunction of the
Beltrami-Laplace operator O,. If O,¢ = J¢, then such a function ¢ is a solution to (13) if

and only if
F(J)=0. (20)

The latter condition is known as the characteristic equation. Note that values of roots of
F(J) do not depend on the metric. In this paper we show how the case of an arbitrary
quadratic potential V' (¢) can be analyzed with the help of roots of the function F(.J).
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Let us denote simple roots of F as .J; and double roots of F as .J,. We seek a particular
solution of equation (13) in the following form:

N, No ~
Go= di+ Y ok 1)
=1 k=1
where o
(Og — Ji)gi =0, (O — J)*dr = 0. (22)

The fourth-order differential equation (O, — J;,)(O, — Ji)dx = 0 is equivalent to the
following system of the second-order equations:

(Dg - jk’)&k’ = Pk, (Dg - ka)sﬁk =0. (23)

Without loss of generality we assume that for any i; and iy # 4; conditions J;, # J;,
and J;, # J;, are satisfied.

2.2. Zero Potential V(). It is convenient to consider the cases C; = 0 and Cy # 0
separately. In this Subsection we consider the case of zero potential (C; = 0), the case of a
linear potential is considered in the next Subsection.

Modifying values of f; and A, we can transform action (2) with the potential V' (¢) =
Cy¢? 4 Cy to the action with zero potential. So, without loss of generality, we can put Cy = 0
and Cp = 0 and use the energy-momentum tensor for ¢y, which has been calculated in [20].
It has been obtained that for any analytical function F(J), which has simple roots J; and
double roots .J;, and for any ¢ given by (21), the energy-momentum tensor is

;u/ (bO p,v (Z (bz + Z ¢k> Z ¢z + Z (24)

where all T),, are given by (15), and

]-"’( ) JiF'(Ji)

Eu (b)) = uiOudis W) = = 7, (25)

_ 11 j B B 1 j
B = T (9,600,004 0diouen) + T o000 0
W (o) = wéf)k VL + <Jk}—12(Jk) + 4 S:]k)> @2, 27

The primes in (25)—(27) denote a derivative with respect to J: F' = dF/dJ, F" = d*F /dJ?
and F""" = d®F /d.J3. The result has been obtained for an arbitrary metric.
Considering the following local action:

N1 No
_ 4 . Q
Stoe = /d :c\/_<16ﬂG A> +;&+;Sk, (28)

where

1 F'(J;
Si=— ? /d4x\/__g# (g“"@u@&,gbi + Ji(ﬁ) ’ (29)

o
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~ 1 f” j - ~
Semmgg [ 1ovg (W (* (ududpn + 0.60000) +

F"(J JeF" (Jk) ~ I F" (Je) | F'(I
+ 1(2 k)au%ausﬁk) + %(k)d)k% + < b 12( k) + i k)> wi) , (30)

we can see that solutions of the Einstein equations and equations in ¢, ¢~>k, and ¢y, obtained
from this action, solve the initial system of nonlocal equations (12) and (13). Thus, we
obtain that one can find special solutions of nonlocal equations by solving the system of local
(differential) equations.

To clarify physical interpretation of local fields ék, and ¢y, we diagonalize the kinetic
terms of these scalar fields in (28). Expressing g?)k and ¢y, in terms of new fields & and xy:

o = N:%(jk) ((]:"(jk) - %fﬁl(jk)) &k — (]:N(jk) + %F"@c)) Xk) s 0k = &t Xhs
31

we obtain the corresponding Sy, in the following form:

]_—-//(jk)
4

~ 1
k=~ 92 /d‘laj V=4I <9W (0u€r0uEr — O Xk OuXk) +

# 2 (@) = 37006 - (/00 + 37" () ) 6+ )+

+ <J’“f12(‘]k) + L f’”) (£k+xk)2>. (32)

It is easy to see that each S}, includes one phantom scalar field and one standard scalar
field. So, in the case of one double root we obtain a quintom model. In the Minkowski space
appearance of phantom fields in models, when J(0O) has a double root, has been obtained
in [32]. If F(J) has simple real roots, then positive and negative values of F’(.J;) alternate,
so we can obtain phantom fields and, in the case of two simple roots, a quintom model.

Remark 1. If 7(J) has an infinity number of roots, then one nonlocal model corresponds
to infinity number of different local models. In this case the initial nonlocal action (2)
generates infinity number of local actions (28).

Remark 2. We should prove that the way of localization is self-consistent. To construct
local action (28) we assume that equations (22) are satisfied. Therefore, the method of
localization is correct only if these equations can be obtained from the local action Sjo.. The
straightforward calculations show that

6SIOC 6SIOC 4
=0 = O P = Jz 5 = =0 = O =J .. 33
5on g9 ¢ N 9Pk = Jror (33)
Using (33) we obtain
0Sloc ~ - -~
2 = 0 & Ogfr = Judr + @r- (34)

Ok
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So, the way of localization is self-consistent in the case of F(.J) with simple and double
roots [20]. The self-consistence of similar approach for F(J) with only simple roots has been
proven in [14,18].

In spite of the above-mentioned equations, we obtain from .S, the Einstein equation:

Gp,v =8rGnN (T;w((bo) - Ag;w) ) (35)

where ¢y is given by (21), and T}, (¢o) can be calculated by (24).

So, we obtained such systems of differential equations that any solutions of these systems
are particular solutions of the initial nonlocal equations (12) and (13).

2.3. Linear Potential 1/ (¢). Let us consider the model with action (2) in the case C # 0.
For the string field theory inspired form of F(O), the case fo # 0 has been considered in [16].
In this case the effective potential: —fy¢?/2 + V(¢) + A, is a quadratic potential. Using
the condition fy # 0, we boil down the case with an arbitrary C to the case with C; = 0.
Indeed, we work in a new scalar field

&

X=¢— — (36)
0

and get the energy-momentum tensor in the form (15) with

1 & ~ .
Eu 52 Z 0! xd, 001y, (37)
n=1 =0

1 0 n—1 f 02

_ - Ol yOn—? _JO 2 ~1
11 2;%; R e Ry (38)

It is easy to see that

F(O)p = Cr <= F(O)x =0. (39)

The constant C?/(2f,) can be considered as a part of the cosmological constant. Thus, in
terms of x we obtain a model without linear term and can conclude that at fy # O the adding
of a linear term to the potential shifts the scalar field on the constant and changes the value
of cosmological constant.

Let us consider the case fy = 0. In this case J = 0 is a root of the characteristic
equation (20). It is easy to show, that the function

X = ¢+, (40)

where ¢g and v are solutions of the following equations:

C
F(O)go =0, O™ = fl (1)
m is the order of the root J = 0, satisfies
F(O)x = Ch. (42)

The function ¢¢ is given by (21), but the sum does not include ¢;,, which corresponds to
the root J = 0, because this function cannot be separated from 1. We consider the cases
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of m =1 and~ m = 2. In the last case, when J = 0 is a double root, we denote the
function 1) as .

To localize the Einstein equations, one should calculate the energy-momentum tensor
for x:

T (X) = Ty (¥) + Ty (o) + T30 (¥, G0).- (43)
Let us calculate
1> ol
W) =3 22 3 OLX0p X + C1x. (44)

To simplify notation, we choose ¢y = ¢;, where J; is a simple root, the generalization to
an arbitrary ¢y is straightforward. In the case of the simple root J = 0, we have Oy = C4/ f;
and
_ 20F

FWG) + Y T 0TI 60 Gl + 1), (45)
n=2

Using

S SR 0 = S s = Cuo = (C“T L) _ 01) b = ~Cioi,  (46)
! n=1

=N fidi
we obtain
W+ i) = W () + W(ds), (47)
where W (¢;) is given by (25), and
W(y) = Crip + fjfcf : (48)
i
Similar calculations give
By (X) = B (¥) + By (o), (49)
where
B () = 3 0,000, (50)

The function ¢q is given by (21) and satisfies equation (13) with C; = 0, therefore, we
use Wy instead of W to calculate T, (¢o) and obtain equality (24).
So, we get

T (W, 00) =0  and T, (X) = Ty (V) + Tpu(co)- (51)
In the case of the double root J = 0, we have equation

0y =1,

27 . Z1 52
TR T el "
f2
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We obtain ~
Tuu(f() = Tuu(d)) + Tuu(¢0)a (53)

B () = % (F0u00,7 + 0,00,7) + Fsdrd7) (54)

f3C1
Jo

The obtained formulae allow one to generalize the algorithm of localization, proposed
in [20] to the case C; # 0. For an arbitrary quadratic potential V (¢) = Ca¢* + C1¢ + Co,
there exists the following algorithm of localization:

e Find roots of the function F(J) and calculate orders of them.

e Select a finite number of simple and double roots.

e Change values of fy and A such that the potential takes the form V (¢) = Cy¢.

e Construct the corresponding local action. In the case Cy = 0, one should use formula
(28). In the case Cy # 0 and f # 0, one should use (28) with the replacement of the scalar
field ¢ by x (formula (36)) and the corresponding modification of the cosmological constant.
In the case Cy # 0 and fy = 0, the local action is the sum of (28) and either

W() = J;QTQ—FC o+

(55)

1 C?
Su= 5z J v (B9 oy 20w+ BEL)
o 1
in the case of simple root J = 0, or
C
S; = d4x\/_< Y (fo(008, T + ODOuT) + [30,78,T)+ for+ 2C19 + f3f1 >

in the case of double root J = 0. Note that in the case C; # 0 and fy = 0, the local action
(28) has no term, which corresponds to the root J = 0.

e Vary the obtained local action and get a system of the Einstein equations and equations
of motion. The obtained system is a finite order system of differential equations, i.e., we get
a local system.

e Seek solutions of the obtained local system.

3. EXACT SOLUTIONS

3.1. Root of F(O) in the Case of the SFT Inspired Models. The particular forms of
F(Og) are inspired by the fermionic SFT and the most well understood process of tachyon
condensation. Namely, starting with a nonsupersymmetric configuration, the tachyon of the
fermionic string rolls down towards the nonperturbative minimum of the tachyon potential.
This process represents the non-BPS brane decay according to Sen’s conjecture (see [1] for
details). From the point of view of the SFT, the whole picture is not yet known and only
vacuum solutions were constructed. An effective field theory description explaining the rolling
tachyon in contrary is known and numeric solutions describing the tachyon dynamics were
obtained [35]. This effective field theory description does capture the nonlocality of the SFT.
Linearizing the latter Lagrangian around the true vacuum one gets a model which is of main
concern in the present paper. The SFT inspired form of the function F(O,), which has the
nonlocal operator exp(0d,) as a key ingredient:

Fsrr(Qy) = €20, + 1 — ce®s, (56)
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where ¢ is a real parameter and c is a positive constant, has been considered in [8, 14, 16].
The form of the term (e9¢)? is analogous to the form of the interaction term for the tachyon
field in the SFT action.

The characteristic equation Fgpr(J) = 0 has the following solutions:

Jn = —2%2 <2+§2Wn (—ge—”fz)) , (57)

where n is an integer number, W, is the ns branch of the Lambert function satisfying a
relation W (z)e"W () = 2. The Lambert function is a multivalued function, so Fspr(.J) has
an infinite number of roots. Parameters £ and c are real, therefore if J,, is a root of Fgpr(J),
then the complex adjoined number J} is a root as well.

If J=Jyis a multiple root, then at this point Fgpr(J) = 0 and Fpr(J) = 0. These
equations give that

~ 1 1
Jo==——= 58
=3 @ (58)
hence the root .Jy is a real number. .Jy is a double root because:
Flop(Jo) = —dee?™o #£ 0, (59)

The function Fspr(J) has a double root if and only if ¢ = (£2/2) e(2/8°=1),

Roots of Fspr(J) do not depend on metric. In the Minkowski space-time these roots
have been studied in [8]. The function Fgpr always has an infinity number of complex roots.
Let us consider real roots of Fspr. There are three different cases:

o If ¢ < 1, then for any values £ the function Fspr(J) has two simple real root: one is
positive, another is negative.

o If c =1, then J = 0 is a simple root at £2 # 2. A positive root exists if and only if
€2 > 2. At €2 < 2 a negative root exists. If £2 = 2, then J = 0 is a double root.

o If ¢ > 1, then Fgpr(J) has

— two negative simple roots for £2 < £2,

— a negative double root for £2 = ¢2,

— no real roots for £2 > £2 > ¢2,

— a positive double root for £2 = £2,

— two real positive roots for £2 > ¢2, where

2= 2 2 2
! W_i(—exp(=1)/c)’ 2 Wo(—exp(=1)/c)’

To illustrate the dependence of the parameter £2 on real roots we introduce the function
9(J;0):

(60)

, ce?l—1
g(‘]) C) - f - J )
and plot g(J, c) as a function of J at three different values of ¢ (see the Figure).
Let us consider special values of £2 and ¢, which have been obtained in the SFT inspired
cosmological model. From the action for the tachyon in the SFT [38] the following equation
has been obtained [39]:

(61)

(—€262 +1) = 3e~ /4, (62)
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The dependence of the function g(.J,c), which is equal to €2, on J at ¢ = 1/2 (@), ¢ = 1 (b) and
c=3(c)

where 1
€= ——— g ~ 0.9556. (63)
4ln [ —=
(:’ME)
Substituting J = —@&?%/8, we obtain Fspr with e = 863 and ¢ = 3. At c = 3 we

obtain that £ = 0.6080355395 and &5 = 14.16157383. Therefore, &5 > E2pp > £2, so there
exists no real root at these values of parameters.

3.2. Exact Solution in the Friedmann—Robertson—Walker Metric. Let us consider the
Einstein equations, which correspond to a real simple root J; in the Friedmann—Robertson—
Walker metric [14]:

/
3H? = %2(‘]1) (¢>2 + J1¢2) 4 87GA,
(64)
. 47TG.7:/(J1) .
== Td)Q’

where a dot denotes a time derivative.
Exact real solutions of this system have been obtained in [9, 14]. In our notations these
solutions are as follows:

At J; >0,
V3Jig2 Jig2
t)= + ——2_(t—t Hit)= ——=>—(t—t 65
o) 6rCF () 1) ) 6rCF () 1) 6>
where t( is an arbitrary constant. These solutions exist only at
Jig2
A= — ——2¢—. 66
A F(T,) (66)

At J; = 0, summing the first and the second equations of (64), we obtain:

H = 87GA — 3H?. (67)
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The type of solution depends on the sign of A:

e A=0,
! o) = Oy £ — L%y (68)

B = = 55y TGF(0)

where tg and C’l are arbitrary constants.
e If A > 0, then we obtain solutions:

Hi(t) = LG;:GA tamh (2/67GA(t — fo) ) (69)
— 92 -
o1(t) =+ WFO’(O) arctan (sinh (2\/ 6mGA(t — to))) + Cs (70)
and
Hi(t) = L(S;:GA coth (2\/67TGA(t - to)) : 1)
- 2 -
di(t) = + #Of'(o) In (tanh (\/67TGA (t— to))) + Oy, 72)

hereafter to and Cs are arbitrary real constants.
e In the case A < 0, we obtain the following real solution:

Hy(t) = — ﬂ tan (2\/ —67GA(t — to)) , (73)

2 -
P2(t) = + #‘Op(o)arctanh (sin (2\/ —6mrGA(t — to))) + Cs. (74)

The stability of the exact solutions, obtained in the Friedmann—Robertson—Walker met-
ric [14], has been analysed in [40].
3.3. Exact Solutions in the Bianchi I Metric. In Bianchi I metric with the interval

ds® = —dt* + a3(t) da? + ad(t) dod + a3(t) da?, (75)

the Einstein equations, which correspond to the simple root J = 0, have the following form:

F'(0) .
H\Hy + H\Hs + HyHs = 87Gy <%¢2 + A> , (76)
o
: > 7 2 F'(0) :»
o
- > 7 2 F'(0) ;o
H1+H1 +H2+H2 +H1H2:87TGN W(ﬁ —A 5 (78)
: > 7 2 '(0) 55
Hy + Hi + H3 + Hy + HiH3 = —87GN 2—g2¢ A, (79)

where Hy, = ay/ag, k = 1,2,3. Note that F'(0) # 0.
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Our goal is to find exact solutions to system (76)—(79). Of course, there exist isotropic
solutions, which coincide with exact solutions in the Friedmann—Robertson—Walker metric.
For those solutions Hq(t) = Ha(t) = Hs(t). At the same time, exact anisotropic solutions
do exist.

For A = 0, we obtain the following solution:

Co+C+1
1(t) Co(t —ty) 2(1) Co(t —to)’ () I

\/—TFGN}—/(O) (élég +C24+C+Cy+ 1)
47TGNg(,.7-"(O)C~'2

o(t) = + In (@(t - to)Q) +Cs, (8D

where C’l, C’g, C’g, and to are arbitrary constants.
For all 7'(0) < 0, we obtain that ¢(t) is a real function at

5 ~ C2+Ci+1
Gr>-1, Cy>0 or Cy<—1, —Ar@®l

> Cy > 0. 82
Gl 2 (82)

For F7(0) > 0, we obtain that ¢(t) is a real function at
Ci<-1, Co>—————

Let us consider the case of positive A = 1/87G . There exists not only the following
isotropic solution:

Hy(t) = Hao(t) = Hs(t) = % tanh (\/ﬁ(t - to)) : (83)

but also an anisotropic one

Hg(t) = L coth <§(t - to)) 5 (84)

Hg(t) = ZL\/g <tanh (?(i’ - to)) + coth (?(ﬁ — ﬁo))) .

The corresponding scalar field is real at 7/(0) > 0 and is equal to
~ ~ 1

olt) = Cax - /27 G2 F'(0)

where C is an arbitrary real constant.

(ln (e\/g(t_t‘)) +1)—In (eg(t_t“) —1)—In (eg(t_t‘)) + 1)) ,
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CONCLUSION

The main result of this paper is the generalization of the algorithm of localization on
nonlocal models with linear potentials. This algorithm is proposed for an arbitrary analytic
function F(Oy), which has both simple and double roots. We have proved that the same
functions solve the initial nonlocal Einstein equations and the obtained local Einstein equa-
tions. We have found the corresponding local actions and proved the self-consistence of our
approach.

It is interesting to consider nonlocal models with an arbitrary analytic F(0O,), without any
restrictions on the order of roots. The consideration of simple and double roots allows us to
make the conjecture that the existence of local actions, which correspond to a nonlocal action,
does not depend on the order of F(O,) roots and the method of finding particular solutions
of the nonlocal Einstein equations can be generalized on a nonlocal action with an arbitrary
analytic F(O,).

In the case of simple roots, exact solutions in the Friedmann—Robertson—Walker metric
have been found in [14] (their stability is considered in [40]). In this paper, we present
exact solutions in Friedmann—Robertson—Walker and Bianchi I metrics. The algorithm of
localization does not depend on metric, so it can be used to find solutions in other metrics. For
example, the well-known Fisher solutions [41] (see also [42,43]), which are static spherically
symmetric solutions for gravitational system with a massless scalar field, are solutions of the
nonlocal Einstein equations (12), (13) for any F(J), which has a simple root Jy = 0.
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