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ˆ¸¸²¥¤μ¢ ´  ¶·μ¡²¥³  ¸ÊÐ¥¸É¢μ¢ ´¨Ö ±μ´Í¥´É·¨Î¥¸±¨Ì Í¥´É· ²Ó´ÒÌ ±μ´Ë¨£Ê· Í¨°, £¥μ³¥É·¨-
Î¥¸±¨ ¨§μ¡· ¦ ¥³ÒÌ ¶· ¢¨²Ó´Ò³¨ ³´μ£μÊ£μ²Ó´¨± ³¨ · §³¥·´μ¸É¨ n ¨ 2n, ¢²μ¦¥´´Ò³¨ ¤·Ê£ ¢
¤·Ê£ . 	¥μ¡Ìμ¤¨³Ò¥ ¨ ¤μ¸É ÉμÎ´Ò¥ Ê¸²μ¢¨Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö É ±¨Ì Í¥´É· ²Ó´ÒÌ ±μ´Ë¨£Ê· Í¨° ¶μ-
²ÊÎ¥´Ò ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³¥Éμ¤μ¢ ±μ³¶ÓÕÉ¥·´μ°  ²£¥¡·Ò.

The problem of existence of the concentric central conˇgurations, geometrically represented by
regular polygons with the dimension n and 2n, enclosed into each other, is investigated. Necessary and
sufˇcient conditions of existence of such central conˇgurations are obtained using the computer algebra
system Mathematica.

PACS: 45.20.D

„¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ´μ¢ÒÌ μ£· ´¨Î¥´´ÒÌ § ¤ Î ±μ¸³¨Î¥¸±μ° ¤¨´ ³¨±¨
¶·¨´ ¤²¥¦ É ± ±² ¸¸Ê ´¥¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ [1, 2]. „²Ö ¶μ¨¸±  ÉμÎ´ÒÌ Î ¸É´ÒÌ ·¥Ï¥-
´¨° É ±¨Ì Ê· ¢´¥´¨° �. “¨´É´¥·μ³ ¡Ò²  · §· ¡μÉ ´  É¥μ·¨Ö £μ³μ£· Ë¨Î¥¸±¨Ì ·¥Ï¥´¨°,
ËÊ´¤ ³¥´É ²Ó´Ò³ ¶μ´ÖÉ¨¥³ ±μÉμ·μ° Ö¢²Ö¥É¸Ö ¶μ´ÖÉ¨¥ Í¥´É· ²Ó´μ° ±μ´Ë¨£Ê· Í¨¨ [3].
‡ ³¥É¨³, ÎÉμ ²Õ¡ Ö Í¥´É· ²Ó´ Ö ±μ´Ë¨£Ê· Í¨Ö Ö¢²Ö¥É¸Ö ÉμÎ´Ò³ ·¥Ï¥´¨¥³ ´ÓÕÉμ´μ¢μ°
¶·μ¡²¥³Ò n É¥² ¨ 2n É¥². � §¢¨É¨¥ ¸¨¸É¥³ ±μ³¶ÓÕÉ¥·´μ°  ²£¥¡·Ò, ± ±μ°, ´ ¶·¨³¥·,
Ö¢²Ö¥É¸Ö ¸¨¸É¥³  Mathematica [4], ¶μ§¢μ²Ö¥É ¸¤¥² ÉÓ ¶μ¨¸± ´μ¢ÒÌ Í¥´É· ²Ó´ÒÌ ±μ´Ë¨£Ê-
· Í¨°,   ¸²¥¤μ¢ É¥²Ó´μ, ¨ ´μ¢ÒÌ ÉμÎ´ÒÌ Î ¸É´ÒÌ ·¥Ï¥´¨° ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
£· ¢¨É Í¨μ´´ÒÌ ³μ¤¥²¥° ¢¥¸Ó³  ÔËË¥±É¨¢´Ò³.

� ¸¸³ É·¨¢ ¥É¸Ö ¸²¥¤ÊÕÐ Ö ´ÓÕÉμ´μ¢  ±μ²ÓÍ¥μ¡· §´ Ö § ¤ Î  (3n + 1) É¥². ’¥² 
P0, P1, . . . , P3n ¸ ³ ¸¸ ³¨ m0, m1, . . . , m3n ¢§ ¨³´μ ¶·¨ÉÖ£¨¢ ÕÉ¸Ö ¤·Ê£ ¤·Ê£μ³ ¢ ¸μ-
μÉ¢¥É¸É¢¨¨ ¸ § ±μ´μ³ ¢¸¥³¨·´μ£μ ÉÖ£μÉ¥´¨Ö, ¨ ¨Ì ¤¢¨¦¥´¨¥ ¶·μ¨¸Ìμ¤¨É ¢ μ¤´μ° ¶²μ¸-
±μ¸É¨. ‚ ¸¢μ¥³ ¤¢¨¦¥´¨¨ É¥²  P1, . . . , P2n μ¡· §ÊÕÉ ¶· ¢¨²Ó´Ò° 2n-Ê£μ²Ó´¨±,   É¥² 
P2n+1, . . . , P3n μ¡· §ÊÕÉ ¶· ¢¨²Ó´Ò° n-Ê£μ²Ó´¨±, ¢²μ¦¥´´Ò° ¢ 2n-Ê£μ²Ó´¨±. ‚¸¥ É¥² 
· ¢´μ³¥·´μ ¢· Ð ÕÉ¸Ö ¢μ±·Ê£ É¥²  P0 ¸ Ê£²μ¢μ° ¸±μ·μ¸ÉÓÕ ω. „²Ö n = 3 ¨ n = 4 ¤ ´´Ò¥
±μ´Ë¨£Ê· Í¨¨ ¨§μ¡· ¦¥´Ò ´  ·¨¸Ê´±¥.

� ¸¸³μÉ·¨³ ¢μ¶·μ¸ μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ Í¥´É· ²Ó´ÒÌ ±μ´Ë¨£Ê· Í¨° [3] ¤²Ö ÔÉ¨Ì ³μ-
¤¥²¥° ¢ ´¥¨´¥·Í¨ ²Ó´μ° ¢· Ð ÕÐ¥°¸Ö ¤¥± ·Éμ¢μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É P0xy. ’ ± ± ±
¸ÊÐ¥¸É¢μ¢ ´¨¥ Í¥´É· ²Ó´ÒÌ ±μ´Ë¨£Ê· Í¨° ¶·¨ ¶·μ¸É¥°Ï¨Ì ¶·¥μ¡· §μ¢ ´¨ÖÌ ´¥ § ¢¨¸¨É
μÉ μ·¨¥´É Í¨¨ ¨ · §³¥·μ¢ Ë¨£Ê· [3], ¤²Ö Ê¤μ¡¸É¢  ¢Ò¡¥·¥³ ¢ ·¨ ´É, ¸μμÉ¢¥É¸É¢ÊÕÐ¨°
·¨¸Ê´±Ê.
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Šμμ·¤¨´ ÉÒ ¢¥·Ï¨´ 2n-Ê£μ²Ó´¨±  ¨ n-Ê£μ²Ó´¨±  § ¤ ÕÉ¸Ö Ëμ·³Ê² ³¨

xk = 1 cos
2π(k − 1)

2n
, yk = 1 sin

2π(k − 1)
2n

, zk = 0, k = 1, 2n,

xk = α cos
2π(k − 1)

n
, yk = α sin

2π(k − 1)
n

, zk = 0, k = 2n + 1, 3n,

0 < α < 1 Å ¶ · ³¥É·, μ¶·¥¤¥²ÖÕÐ¨° · §³¥· n-Ê£μ²Ó´¨± .

	¥μ¡Ìμ¤¨³Ò¥ ¨ ¤μ¸É ÉμÎ´Ò¥ Ê¸²μ¢¨Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö ´¥¨´¥·Í¨ ²Ó´ÒÌ ¶²μ¸±¨Ì Í¥´-
É· ²Ó´ÒÌ ±μ´Ë¨£Ê· Í¨° ¤²Ö ²Õ¡μ° ³μ¤¥²¨ (Î¨¸²μ É¥² n Å ¶·μ¨§¢μ²Ó´μ¥ Î¨¸²μ) ¨³¥ÕÉ
¢¨¤ [2] ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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(
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Δ3
k,s

− xs

r3
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)
− (m0 + mk)xk

r3
k

⎞
⎠ = −Wxk,

I

⎛
⎝ n∑

s=1
s �=

(
ys − yk

Δ3
k,s

− ys

r3
s

)
− (m0 + mk)yk

r3
k

⎞
⎠ = −Wyk,

k = 1, 2, . . . , 3n.
Δ2

k,s = (xk − xs)2 + (yk − ys)2, r2
s = x2

s + y2
s ,

(1)

£¤¥ I Å ¸Ê³³ ·´Ò° ³μ³¥´É ¨´¥·Í¨¨ ¸¨¸É¥³Ò É¥², ËÊ´±Í¨Ö W Ö¢²Ö¥É¸Ö  ´ ²μ£μ³ ¶μÉ¥´-
Í¨ ²  ¢ ´¥¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É [2]:

I =
n∑

k=1

mk(x2
k + y2

k + z2
k)2,

W =
1
2

n∑
k=1

n∑
s=1
s�=

mkms

Δks
+

1
2

n∑
k=1

n∑
s=1
s�=

mkms(xkxs + ykys + zkzs)×

×
(

1
r3
k

+
1
r3
s

)
+

n∑
k=1

(m0 + mk)mk

rk
.

‚ · ¡μÉ¥ ¶μ± § ´μ [5], ÎÉμ ¥¸²¨ É¥² , · ¸¶μ²μ¦¥´´Ò¥ ¢ ¢¥·Ï¨´ Ì ³´μ£μÊ£μ²Ó´¨±μ¢,
¨³¥ÕÉ · ¢´Ò¥ ³ ¸¸Ò: mi = m1(i = 1, . . . , 2n), mi = m2(i = 2n + 1, . . . , 3n), Ê¸²μ¢¨Ö (1)
¢Ò¶μ²´ÖÕÉ¸Ö Éμ²Ó±μ ¶·¨ m2 = 0, É. ¥. É¥²  P2n+1, . . . , P3n, ´ Ìμ¤ÖÐ¨¥¸Ö ¢ ¢¥·Ï¨´ Ì n-
Ê£μ²Ó´¨± , ¤μ²¦´Ò ¨³¥ÉÓ ´Ê²¥¢Ò¥ ³ ¸¸Ò ¨, ¸²¥¤μ¢ É¥²Ó´μ, ´¥ Ö¢²ÖÕÉ¸Ö £· ¢¨É¨·ÊÕÐ¨³¨.



726 ƒ·¥¡¥´¨±μ¢ …. �., ‡¥³Íμ¢  �.ˆ.

’ ±¨³ μ¡· §μ³, ¶·¨ · ¢´ÒÌ ³ ¸¸ Ì É¥² ´¥ ¸ÊÐ¥¸É¢Ê¥É Í¥´É· ²Ó´μ° ±μ´Ë¨£Ê· Í¨¨ ¤²Ö
´ Ï¥° ³μ¤¥²¨.

� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  ³ ¸¸Ò É¥² ¢ ¢¥·Ï¨´ Ì 2n-Ê£μ²Ó´¨±  · ¸¶·¥¤¥²¥´Ò ¸²¥¤ÊÕ-
Ð¨³ μ¡· §μ³: ¢ n ¢¥·Ï¨´ Ì, ²¥¦ Ð¨Ì ´  ²ÊÎ Ì, ¶·μÌμ¤ÖÐ¨Ì ¨§ Í¥´É·  ±μμ·¤¨´ É Î¥·¥§
¢¥·Ï¨´Ò n-Ê£μ²Ó´¨± , ³ ¸¸Ò · ¢´Ò m1,   ³ ¸¸Ò ¢ μ¸É ²Ó´ÒÌ n ¢¥·Ï¨´ Ì · ¢´Ò m2.
�Ê¸ÉÓ ³ ¸¸Ò ¢¥·Ï¨´ n-Ê£μ²Ó´¨±  · ¢´Ò m3.

’μ£¤  ´¥μ¡Ìμ¤¨³Ò¥ ¨ ¤μ¸É ÉμÎ´Ò¥ Ê¸²μ¢¨Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö Í¥´É· ²Ó´ÒÌ ±μ´Ë¨£Ê· -
Í¨° (1) ¶μ¸²¥ ´¥μ¡Ìμ¤¨³ÒÌ Ê¶·μÐ¥´¨° ¶·¨´¨³ ÕÉ ¢¨¤[

n∑
k=2

(
x2(x2k−1 − x1)

Δ3
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Δ3
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)
+
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r3
1
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Δ3
2,1

]
m1 +

[
x2(1 − x2)

r3
2

+
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Δ3
1,2

+

+
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k=2

(
x2(x2k − x1)

Δ3
1,2k

− x2k − x2

Δ3
2,2k

− x2k(x2 − 1)
r3
2k

)]
m2+

+

[
3∑

k=2n+1

n

(
x2(xk − x1)

Δ3
1,k

− xk + x2

Δ3
2,k

− x2(1 − xk)
r3
k

)]
m3 = 0,

[
−x1x2n+1

r3
1

+
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r3
2n+1

]
m0−

(2)

−
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+
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r3
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)
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1
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Δ2n+1,1

]
m1+

+

[
n∑
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(
x2n+1(x2k − x1)

Δ1,2k
− x2k − x2n+1
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+
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r3
2k

)]
m2+

+

[
3n∑

k=2n+2

(
x2n+1(xk − x1)

Δ1,k
− xk − x2n+1

Δ2n+1,k
+

xk(1 − x2n+1)
r3
k

)
+

[7pt] +
x2n+1(x2n+1 − x1)

Δ1,2n+1
+

x2n+1(1 − x2n+1)
r3
2n+1

]
m3 = 0.

‘¨¸É¥³  (2) Ö¢²Ö¥É¸Ö ¸¨¸É¥³μ° ¤¢ÊÌ Ê· ¢´¥´¨° ¸ Î¥ÉÒ·Ó³Ö ´¥¨§¢¥¸É´Ò³¨ m0, m1,
m2, m3, ¶μÔÉμ³Ê μ´  ¨³¥¥É ¡¥¸±μ´¥Î´μ¥ Î¨¸²μ ·¥Ï¥´¨°. 
Ê¤¥³ ·¥Ï ÉÓ ÔÉÊ ¸¨¸É¥³Ê,
´ ¶·¨³¥·, μÉ´μ¸¨É¥²Ó´μ m1, m2, ¸Î¨É Ö m0, m3 § ¤ ´´Ò³¨ ¢¥²¨Î¨´ ³¨.

	 ¶·¨³¥·, ¤²Ö n = 3 ¶μ²ÊÎ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ·¥Ï¥´¨Ö:⎧⎪⎪⎨
⎪⎪⎩

m1 =
λ1

λ4
m0 +

(
λ2 +

(−4 + 5
√

3)λ3

λ4

)
m3,

m2 = −λ1

λ4
m0 +

λ3

λ4
m3,

(3)
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£¤¥

λ1 =
(−4 + 5

√
3)(1 − α3)

4
√

3α2
,

λ2 =
4
√

3
4 − 5

√
3

(
4α

(−1 + α2)2
− 2 − α

(1 − α + α2)3/2
+

2 + α

(1 + α + α2)3/2

)
,

λ3 =
(

4α

(−1 + α2)2
− 2 − α

(1 − α + α2)3/2
+

2 + α

(1 + α + α2)3/2

)
×

×
(

−1
(−1 + α2)2

− α√
3

+
1 + 2α

(1 + α + α2)3/2

)
+

5
√

3 − 4
4
√

3
×

×
(

1√
3α2

− α

(α − 1)2
− α(2 + α)

(1 + α + α2)3/2

)
,

λ4 =
91 − 40

√
3

4
√

3

(
− (15 + 4

√
3)α

12
− 4α

(α2 − 1)2
− 2α − 1

(1 − α + α2)3/2
+

2α + 1
(1 + α + α2)3/2

)
.

’ ± ± ± ¶ · ³¥É·Ò m1, m2 ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶μ²μ¦¨É¥²Ó´ÒÌ ¶ · ³¥É·μ¢ m3,
α ¤μ²¦´Ò ¶·¨´¨³ ÉÓ Éμ²Ó±μ ¶μ²μ¦¨É¥²Ó´Ò¥ §´ Î¥´¨Ö, ³Ò ¨³¥¥³ μÎ¥¢¨¤´Ò¥ ´¥· ¢¥´¸É¢ 

m1 � 0, m2 � 0. (4)

‚ÒÎ¨¸²¥´¨Ö ¶μ± § ²¨, ÎÉμ ³´μ¦¥¸É¢μ §´ Î¥´¨° ¶ · ³¥É·μ¢ α, m3, Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥
Ê¸²μ¢¨Ö³ (4) ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ n, ´¥ ¶Ê¸Éμ. 	 ¶·¨³¥·, ¤²Ö n = 3 ¶·¨ α = 0,1 ¤²Ö
¢Ò¶μ²´¥´¨Ö ´¥· ¢¥´¸É¢ (4) §´ Î¥´¨¥ m3 ¤μ²¦´μ Ê¤μ¢²¥É¢μ·ÖÉÓ ¸μμÉ´μÏ¥´¨Õ m3 > 0,  
¶·¨ α = 0,6 Å ¸μμÉ´μÏ¥´¨Õ 0 < m3 < 0,050469 (´¥ ´ ·ÊÏ Ö μ¡Ð´μ¸É¨, ³Ò ¶μ² £ ¥³
m0 = 1).

‚ÒÏ¥¨§²μ¦¥´´μ¥ ¶μ§¢μ²Ö¥É ¸Ëμ·³Ê²¨·μ¢ ÉÓ ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥.
�¥μ¡Ìμ¤¨³Ò³¨ ¨ ¤μ¸É ÉμÎ´Ò³¨ Ê¸²μ¢¨Ö³¨ ¸ÊÐ¥¸É¢μ¢ ´¨Ö Í¥´É· ²Ó´ÒÌ ±μ´Ë¨£Ê· -

Í¨°, £¥μ³¥É·¨Î¥¸±¨ ¨§μ¡· ¦ ¥³ÒÌ ¶· ¢¨²Ó´Ò³ 2n-Ê£μ²Ó´¨±μ³ ¨ ¢²μ¦¥´´Ò³ ¢ ´¥£μ ¶· -
¢¨²Ó´Ò³ n-Ê£μ²Ó´¨±μ³, · ¸¶μ²μ¦¥´´ÒÌ ¢μ ¢· Ð ÕÐ¥°¸Ö ±μμ·¤¨´ É´μ° ¸¨¸É¥³¥ P0xy,
Ö¢²Ö¥É¸Ö ¢Ò¶μ²´¥´¨¥ Ê¸²μ¢¨° (2), (4).

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �””ˆ, ¶·μ¥±É º07-01-00126.
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