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LIGHT QUARK FRAGMENTATIONS INTO THE PIONS
A. K. Edemskaya a, 1, D. V. Naumov b, 2, O. B. Samoylov b, 3

a Irkutsk State University, Irkutsk, Russia
b Joint Institute for Nuclear Research, Dubna

We discuss a process of hadronization of light quarks into charged pions in e+e− annihilations and
in deep inelastic scattering of charged leptons and neutrino off nucleons. We write the corresponding
semi-inclusive cross sections of pions production in terms of quark fragmentation functions and fracture
functions. We suggest a new method of measurements of fragmentation and fracture functions based
on analysis of semi-inclusive data.
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INTRODUCTION

Quark fragmentations in hard scattering processes are determined in terms of fragmentation
functions [1]. Fragmentation functions are dimensionless functions that describe the ˇnal-state
single-particle energy distributions in hard scattering processes like e+e− annihilation. This
reaction provides a clean theoretical identiˇcation of the fragmentation function, which can
be written for a hadron of type h as

Fh(z, s) =
1

σtot

dσ

dz
(e+e− → hX), (1)

where z = 2Eh/
√

s � 1 is the part of the c.m. energy
√

s carried by hadron (in practice,
the approximation z = zp = 2ph/

√
s is often used). Its integral with respect to x gives the

average multiplicity of those hadrons:

〈nh(s)〉 =

1∫

0

dxFh(z, s). (2)
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The fragmentation function can be rewritten also in terms of quark fragmentation functions
Dh

q ≡ Dh
q (z) into ˇnal hadron h. The quark fragmentation function Dh

q (z) is interpreted as
a probability for a quark q to produce a hadron h carrying a fraction of energy z with the
following normalization:

∑
q

1∫

0

dz zDh
q (z) = 1.

In what follows we restrict our considerations of ˇnal hadrons to charged pions only. In
e+e− annihilations via γ, Z exchange their fragmentation function reads [2]

Fπ±

ee (z, s) =
1

σee
0

∑
q

Cq

[
Dπ±

q + Dπ±

q̄

]
=

=
1

σee
0

[
(Cd + Cu)(Dπ+

u + Dπ+

d ) + 2CsD
π+

s + 2CcD
π+

c

]
, (3)

where σee
0 = 2

∑
q

Cq , Cq = [e2
q + 2eqvevqρ1(s) + (v2

e + a2
e)(v

2
q + a2

q)ρ2(s)] Å leading order

coefˇcient for each quark with charge eq in unit of positron charge, vi = T3i−2ei sin2 θW and
ai = T3i are the vector and axial electroweak couplings, and ρ1(s), ρ2(s) are Z-resonance
part to cross section. In the second line of (3) we neglected contributions from the third
family of quarks and explicitly used the isotopic invariance for Dh

q functions. One could

recognize from (3) that Fπ+

ee = Fπ−

ee due to the isotopic invariance which suggests

Dπ+

u = Dπ+

d̄ = Dπ−

d = Dπ−

ū , Dπ+

d = Dπ+

ū = Dπ−

u = Dπ−

d̄ ,

Dπ+

s = Dπ+

s̄ = Dπ−

s = Dπ−

s̄ , Dπ+

c = Dπ+

c̄ = Dπ−

c = Dπ−

c̄ .
(4)

The fragmentation functions Fπ±

�p(n) can be measured in both charged leptons and neutrino

Fπ±

νp(n) and antineutrino Fπ±

ν̄p(n) deep inelastic scattering (DIS) off proton (neutron). Such

measurements are complementary to those at e+e− annihilations and provide new information.
As one could notice, e+e− processes are sensitive to Dh

q + Dh
q̄ combinations only while DIS

processes could give access to individual quark fragmentation functions. In addition, the latter
provide a scan over various Q2. However, an interpretation of fragmentation functions in
terms of Dh

q is not as straightforward as one usually assumes due to contributions from target

remnants [3]. As an outcome, the functions Dh
q measured in e+e− processes can be different

from those measured in DIS due to absorbtion of effects of target remnants fragmentation.
The fragmentation of target remnant leptonÄnucleon DIS can be taken into account with the
help of more involved object Å fracture function [4]. The fracture function Mh(z, xBj, Q)
does depend not only on z but also on Bjorken xBj and on Q =

√
Q2.

1. CHARGED LEPTONS AND (ANTI)NEUTRINO SEMI-INCLUSIVE DIS

The generalized expression for the fragmentation functions Fπ±

�p(n)(z, xBj, Q) taking into
account the fracture function reads as follows:

Fπ±

�N =
1

σ�N
0

∑
q

e2
q

[
x

(
fN

q Dπ±

q + fN
q̄ Dπ±

q̄

)
+ (1 − x)

(
Mπ±

q,N + Mπ±

q̄,N

)]
, (5)
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where N = p, n are nucleons; e2
q Å squared coupling constants of the corresponding process

for the given quark (electric charge in units of positron in case of γ exchange or a combination
of γ and Z-boson couplings in case of γ, Z interference), fp,n

q ≡ fp,n
q (x, Q) are their parton

distribution functions, Mπ±

q,N ≡ Mπ±

q,N (z, xBj, Q) and σ�N
0 ≡

∑
q

e2
qx

[
fN

q + fN
q̄

]
.

In total, one has 16 fragmentation functions: Dπ±

u , Dπ±

d , Dπ±

s , Dπ±

c , Dπ±

ū , Dπ±

d̄
, Dπ±

s̄ , Dπ±

c̄

and 24 fracture functions: Mπ±

d,N , Mπ±

s,N , Mπ±

u,N , Mπ±

d̄,N
, Mπ±

s̄,N , Mπ±

ū,N describing production of

π± in lepton nucleon DIS. We neglect contributions from scattering off c quark in nucleon
and thus Mπ±

c,N , Mπ±

c̄,N functions are neglected. However, not all of D and M functions are
independent. Indeed, the isotopic invariance suggests apart of conventional fp

u = fn
d , fp

d = fn
u

12 equalities for fragmentation functions (4) and 15 equalities for fracture functions:

Mπ±

d,p = Mπ∓

u,n, Mπ±

u,p = Mπ∓

d,n, Mπ±

d̄,p = Mπ∓

ū,n, Mπ±

ū,p = Mπ∓

d̄,n ,
(6)

Mπ+

s,p = Mπ+

s̄,p = Mπ−

s,p = Mπ−

s̄,p = Mπ+

s,n = Mπ+

s̄,n = Mπ−

s,n = Mπ−

s̄,n .

Therefore, in general the fragmentation function Fπ±

�N (z, xBj, Q) is described by 4 quark

fragmentation functions (Dπ+

d , Dπ+

u , Dπ+

s , Dπ+

c ) and 9 fracture functions (Mπ+

d,p , Mπ−

d,p ,

Mπ+

u,p , Mπ−

u,p ,Mπ+

d̄,p
, Mπ−

d̄,p
, Mπ+

ū,p , Mπ−

ū,p , Mπ+

s,p ). In total, one has 13 unknown functions

to ˇt four data sets in �N → π±X semi-inclusive DIS. Let us write down explicitly four
fragmentation functions Fπ±

�N (z, xBj, Q):

Fπ+

�p =
1

σ�p
0

[
x

(
(e2

dd + e2
uū)Dπ+

d + (e2
dd̄ + e2

uu)Dπ+

u + e2
s(s + s̄)Dπ+

s

)
+

+ (1 − x)
(
Mπ+

d,p + Mπ+

d̄,p + Mπ+

u,p + Mπ+

ū,p + 2Mπ+

s,p

)]
, (7)

Fπ+

�n =
1

σ�n
0

[
x

(
e2

d(u + ū)Dπ+

d + (e2
dū + e2

ud)Dπ+

u + e2
s(s + s̄)Dπ+

s

)
+

+ (1 − x)
(
Mπ−

u,p + Mπ−

ū,p + Mπ−

d,p + Mπ−

d̄,p + 2Mπ+

s,p

)]
, (8)

Fπ−

�p =
1

σ�p
0

[
x

(
(e2

dd + e2
uū)Dπ+

u + (e2
dd̄ + e2

uu)Dπ+

d + e2
s(s + s̄)Dπ+

s

)
+

+ (1 − x)
(
Mπ−

d,p + Mπ−

d̄,p + Mπ−

u,p + Mπ−

ū,p + 2Mπ−

s,p

)]
, (9)

Fπ−

�n =
1

σ�n
0

[
x

(
e2

d(u + ū)Dπ+

u + (e2
dū + e2

ud)Dπ+

d + e2
s(s + s̄)Dπ+

s

)
+

+ (1 − x)
(
Mπ+

u,p + Mπ+

ū,p + Mπ+

d,p + Mπ+

d̄,p + 2Mπ+

s,p

)]
. (10)
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One could also generalize expressions for νN and ν̄N semi-inclusive DIS taking into account
the fracture functions:

σνN
0 Fπ±

νN =
∑

q=d,s
q′=u,c

(
|Vq′q|2 xfN

q Dπ±

q′ + (1 − x)Mπ±

q,N

)
+

+ (1 − y)2
∑
q̄=ū

q̄′=d̄,s̄

(
|Vqq′ |2xfN

q̄ Dπ±

q̄′ + (1 − x)Mπ±

q̄,N

)
, (11)

σν̄N
0 Fπ±

ν̄N =
∑

q̄=d̄,s̄
q̄′=ū,c̄

(
|Vq′q|2 xfN

q̄ Dπ±

q̄′ + (1 − x)Mπ±

q̄,N

)
+

+ (1 − y)2
∑
q=u

q′=d,s

(
|Vqq′ |2xfN

q Dπ±

q′ + (1 − x)Mπ±

q,N

)
, (12)

where

σνN
0 =

∑
q=d,s
q′=u,c

|Vq′q|2xfN
q + (1 − y)2

∑
q̄=ū

q̄′=d̄,s̄

|Vqq′ |2xfN
q̄ ,

σν̄N
0 =

∑
q̄=d̄,s̄
q̄′=ū,c̄

|Vq′q|2xfN
q̄ + (1 − y)2

∑
q=u

q′=d,s

|Vqq′ |2xfN
q .

Equations (11), (12) can be rewritten taking into account isotopic relations (4), (6):

σνp
0 Fπ+

νp = Dπ+

u x
(
d|Vud|2 + s|Vus|2 + (1 − y)2ū|Vus|2

)
+ Dπ+

s x(1 − y)2ū|Vud|2+

+ Dπ+

c x
(
d|Vcd|2 + s|Vcs|2

)
+ (1 − x)

(
Mπ+

d,p + Mπ+

s,p

)
+ (1 − x)(1 − y)2Mπ+

ū,p, (13)

σνn
0 Fπ+

νn = Dπ+

u x
(
u|Vud|2 + s|Vus|2 + (1 − y)2d̄|Vus|2

)
+ Dπ+

s x(1 − y)2ū|Vud|2+

+ Dπ+

c x
(
u|Vcd|2 + s|Vcs|2

)
+ (1 − x)

(
Mπ−

u,p + Mπ+

s,p

)
+ (1 − x)(1 − y)2Mπ−

d̄,p , (14)

σνp
0 Fπ−

νp = Dπ+

d x
(
d|Vud|2 + s|Vus|2 + (1 − y)2ū|Vus|2

)
+ Dπ+

s x(1 − y)2ū|Vud|2+

+ Dπ+

c x
(
d|Vcd|2 + s|Vcs|2

)
+ (1 − x)

(
Mπ−

d,p + Mπ+

s,p

)
+ (1 − x)(1 − y)2Mπ−

ū,p , (15)

σνn
0 Fπ−

νn = Dπ+

d x
(
u|Vud|2 + s|Vus|2 + (1 − y)2d̄|Vus|2

)
+ Dπ+

s x(1 − y)2ū|Vud|2+

+ Dπ+

c x
(
u|Vcd|2 + s|Vcs|2

)
+ (1 − x)

(
Mπ+

u,p + Mπ+

s,p

)
+ (1 − x)(1 − y)2Mπ+

d̄,p , (16)

σν̄p
0 Fπ+

νp = Dπ+

d x
(
d̄|Vud|2 + s̄|Vus|2 + (1 − y)2u|Vus|2

)
+ Dπ+

s x(1 − y)2u|Vud|2+

+ Dπ+

c x
(
d̄|Vcd|2 + s̄|Vcs|2

)
+ (1 − x)

(
Mπ+

u,p + Mπ+

s,p

)
+ (1 − x)(1 − y)2Mπ+

d̄,p , (17)
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σν̄n
0 Fπ+

νn = Dπ+

d x
(
ū|Vud|2 + s̄|Vus|2 + (1 − y)2d|Vus|2

)
+ Dπ+

s x(1 − y)2d|Vud|2+

+ Dπ+

c x
(
ū|Vcd|2 + s̄|Vcs|2

)
+ (1 − x)

(
Mπ−

d,p + Mπ+

s,p

)
+ (1 − x)(1 − y)2Mπ−

ū,p , (18)

σν̄p
0 Fπ−

νp = Dπ+

u x
(
d̄|Vud|2 + s̄|Vus|2 + (1 − y)2u|Vus|2

)
+ Dπ+

s x(1 − y)2u|Vud|2+

+ Dπ+

c x
(
d̄|Vcd|2 + s̄|Vcs|2

)
+ (1 − x)

(
Mπ−

u,p + Mπ+

s,p

)
+ (1 − x)(1 − y)2Mπ−

d̄,p , (19)

σν̄n
0 Fπ−

νn = Dπ+

u x
(
ū|Vud|2 + s̄|Vus|2 + (1 − y)2d|Vus|2

)
+ Dπ+

s x(1 − y)2d|Vud|2+

+ Dπ+

c x
(
ū|Vcd|2 + s̄|Vcs|2

)
+ (1 − x)

(
Mπ+

d,p + Mπ+

s,p

)
+ (1 − x)(1 − y)2Mπ+

ū,p. (20)

2. COMBINED ANALYSIS

As one can see, these additional 8 observables depend on the same 4 fragmentation and 9
fracture functions. Fit of experimental data gives an access to these functions. The ˇt is what
one should do having a limited amount of experimental data sets. Such ˇts should assume
functional forms of D and M functions with usually quite large number of free (generally
correlated) parameters. This results in an additional uncertainty due to unknown form of the
fragmentation and fracture functions.

We observe however (and this is the main result of our work) that combining one ob-
servable Fπ±

ee (z, s) from e+e− annihilations, four observables Fπ±

�N and eight observables

Fπ±

νN , Fπ±

ν̄N , one has in total 13 observables which are linear combinations of 13 unknown
fragmentation and fracture functions. Thus, hosting 13 observables into a vector F , one can
relate it with a vector of 13 unknown fragmentation and fracture functions D through the
matrix E with matrix elements which can easily be recovered from equations (3), (7)Ä(10)
and (13)Ä(20):

F = ED, (21)

which can trivially be solved at every point z, xBj, Q as

D = E−1F . (22)

Such a method is free from assumptions about a functional form of the fragmentation and
fracture functions. Thus, in general it has a potential to measure these functions with smaller
uncertainties.

CONCLUSIONS

We explicitly derived expressions for fragmentation functions of charged pions produced
in both charged lepton and (anti)neutrino DIS off protons (neutrons) taking into account
contributions from fracture functions. We suggest a combined analysis of 13 data sets of π±

production from e+e− annihilations, charged leptonÄnucleon DIS and (anti)neutrinoÄnucleon
DIS to measure 13 unknown functions: 4 quark fragmentation functions (Dπ+

d , Dπ+

u , Dπ+

s ,

Dπ+

c ) and 9 fracture functions: (Mπ+

d,p , Mπ−

d,p , Mπ+

u,p , Mπ−

u,p , Mπ+

d̄,p
, Mπ−

d̄,p
, Mπ+

ū,p , Mπ−

ū,p , Mπ+

s,p ).
The proposed combined analysis is free from explicit assumptions of functional dependence
of these objects.
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