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OU3UKA BJIEMEHTAPHBIX YACTUIl U ATOMHOI'O SAJPA. TEOPUA

ON FERMIONIC TILDE-CONJUGATION RULES
AND THERMAL BOSONIZATION.
HOT AND COLD THERMOFIELDS
S. E. Korenblit', V. V. Semenov

Department of Theoretical Physics, Irkutsk State University, Irkutsk, Russia

A generalization of Ojima tilde-conjugation rules is suggested, which is useful for the thermofield
bosonization. The notion of hot and cold thermofields is introduced to distinguish different thermofield
representattions giving the correct normal form of thermofield solution for the finite-temperature Thirring
model with correct renormalization and anticommutation properties.

Ipennoxeno 06o0IIeHne P BHJI TUIbA -compsikeHust OXuMbl, ynoOHOE Ul TepMOIoneBoit 6030-
HU3 IIMU. BBenenne MoHATHI «TOPSYNX» U «XOJOTHBIX» TEPMOIIONEH MO3BOISET P 3TUY Th UX IPEACT B-
JIEHUS! ¥ IPUBOIUT K KOPPEKTHOH HOPM JIbHOH (pOopMe TEpPMOIOIEBBIX pelIeHHi Moaean TUPpUHT mpu
KOHEYHOH TeMIlep Type C Ip BHJIBHBIMU CBOMCTB MH HTHKOMMYT THBHOCTH U IIEpPEHOPMHPOBKH.

PACS: 11.15.Tk

1. THERMODYNAMICS OF IDEAL 1-DIMENSION GASES

From the standard course [1] it is known that equilibrium thermodynamics of the free
massless bosons in the 1-dimension box L coincides with that of the free massless spin-1/2
fermions at the same temperature k57" = 1/< only for both zero chemical potentials 1), () =
0 [2], giving a simplest example of thermal bosonization for pressure P, internal energy U
and entropy S:

D _Usp T Smyw 20 0
(B)V(F) L 3g2hc7 kBL Sghc’
_ Np),p) :
however, for n(p) (r) = T h =2nh, ¢ — speed of light: 2)
1 o 1 _
i _ —n(B)ghc/Q _ = ( n(p)chc/4 .
H(B) . In (1 e ) » MF) . In(e 1) . 3)

Thus, «equilibrium» here means also that both systems for the same ¢, L have the same P, U, .S
and other thermodynamic potentials. The condition gy = 0 for arbitrary temperature implies
an infinite boson density, 7(p) + oo, corresponding to specific case of thermodynamic limit
N(py — 00, L — oo for bosonic «picture». The «equilibrium» fermion pressure (1) actually
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is a sum of partial ones for left fermions and right antifermions with opposite values of
chemical potentials p* = d4(p) [11]:

_ 772 /J’%F) + —
Py =P +P = sche T he and for Ny + Ny = Nip), 4)
the «equilibrium» for Gibbs potentials reads as
—7\7(J[w)/fr + Ny = (N(J[w) - N(})) wry = Ngypsy = 0, (5)
which takes place for gy # 0, only if N(}) = Nipy. (6)

Nevertheless, pi(py — 0 for 7(p) = 4In2/(chc). We want to point out that for nonzero
temperature the usual infrared regularization parameter L acquires physical meaning as ther-
modynamical parameter of the box size, so corresponding dependence requires additional care.

2. ON FERMIONIC TILDE-CONJUGATION RULES

Following Ojima [10], let us start with simplest fermionic oscillator, which has only two
normalized states |0), |1), with energy 0 and w, annihilated or created by fermionic operators
b,b': b|0) = 0, and |1) = b'|0), {b,b'} = 1, {b,b} = 0. The temperature vacuum appears
as a normalized sum of tensor products of two independent copies of these states [00), |11),
weighted with corresponding Gibbs and relative phase exponential factors [10], so that for
{b,b#} =0 (b¥ = b,bT):

00) + ei®ew/2|11)

0())(r) = ——— —— 53 = cos? (1 +ei® tanﬂngT) 00) = V;&NO@,
[<oo|oo> +e—W<11|11>]
(7
where
tan® d(k',¢) = e, w=w(k'), (8)
V;(IF) =exp {e'* tan ¥ G } exp {—In(cos® ¥) G5} exp {—e T tany G_}, )
- - 1 o~
G =, G =B = (G Ga= 3 (b*b+bfb— 1) , (10)
G4, G_] =2G3, [G3,G+] =+Gy, (11)
thus, 4 ‘
Vﬂ_&,) = exp {19 [e@G+ — e*@G,]} =V_y(r) (12)

is a standard form of operator of the coherent state for group SU(2) [3]. This observation
allows one to identify the algebra (12) as «quasi-spin» algebra [4], with the cold vacuum |00)
as its lowest state for representation with «quasi-spin» 1/2, and the state |11) as the highest

one:
~ 1 1 ~ 11
1 1 111 1 1
G3 27 2> 2‘2a2>7 G(:|: 27 2> 0 ( )
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The unique appearing arbitrary relative phase ® reflects now the fact that the quantum state
is not a vector, rather a ray. Thus, the thermal vacuum (7), as a coherent state, is annihilated
by operator G_, as well as by operators:

b(s) = V;(}) bVy(r) =bcost) — be’® sin ), s
2(§) = VI;(%)EV@(F) = bcost + biet® sin .

Up to now the E#~ is only notation that does not define any operation. To fix it as an
operation: b (<) — b(s), one should choose the value of ®. The popular choice ® = 0 leads to

complicated tilde-conjugation rules for the fermionic case, different from the bosonic one [9].
The Ojima choice ® = —7/2 gives the same rules for both bosonic and fermionic cases [10].
We see now that the choice ® = 7/2 is also good and, as well as the original Ojima’s

one, satisfies the properties of antilinear homomorphism and the condition b(s) = b(c). It
seems very convenient for the purposes of bosonization that the tilde operation has the same
properties for both Fermi and Bose cases. As a byproduct, we observe a useful interpretation of
the thermal vacuum, defined by Bogolubov transformation (7), as a coherent state, obtained by
coherent SU (2) rotation of vacuum states for all Fermi oscillators as a lowest quasi-spin states,
around the unit vector u = (sin @, cos P, 0), on the angle —24: V;(}) =exp [i20 (u- G)] [3].

Analogous picture may be obtained for bosonic temperature Bogolubov transformation
Vs (p) leading to connection between the bosonic thermal vacuum and coherent state for the
discrete series representation of group SU(1,1) [3]. However, for this case the numerator
in (7) contains a countable number of terms with countable number of arbitrary phases
®,, [10]. The coherent state of the type (9), (12) would be obtained only for countable
number of coherent choices: ®,, — n®, n = 0,1,2,... We did not find a reason to prefer
this choice instead of the usual one ®,, = 0 [9, 10].

3. HOT AND COLD THERMOFIELDS

So, at finite temperature, in the framework of thermofield dynamics [9] it is necessary
to double the number of degrees of freedom by providing all the fields ¥ with their tilde
partners W. According to [9], the resulting theory will be determined by the Hamiltonian
H[V, V] = H[¥] — H[¥], where H[V] = H*[U*], with H[V] = Hopy(2°) + Hpw)(2?), so
that for Thirring model [7] H; g, = Hyg and Hyg = —Hyg,. Though the substitution
like (15), for the free massless Dirac thermofields, x(z) — x(z,¢), also does not change [9]
the form of the free operator: Ho[x, X] = Ho[x] — Ho[X], these free fields, generally speaking,
are not now thg physical fields of this QFT model [5,11], and, as is well known [5,9], each
term H[U] in H[V, U] must be equivalent in a weak sense to the free Hamiltonian of massless
(pseudo) scalar fields (¢(z)), ¢(z), at least at T' = 0.

For any functional F [¥] of Heisenberg fields (HF) in the given representation of physical
fields ¢ (z), — dynamical mapping (DM), ¥(x) = Y[¢(z)] [9] for the zero temperature, to
be interesting in the matrix elements for the thermal vacuum of the type

(0()IF [ (@)]0(5)) = (00]VyF[W(2)]V;[00) = (00| F [Vo(x)V5][00),  (16)
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we come to formal mapping:
Vol(2)Vy ! = U(a, <) =T Vo)V '] = T [(x, [-]9)] (17)
onto the «cold» physical thermofield:

P(x,[-]0) = Vo(x)V; !, (18)

essentially with the same coefficient functions as for the initial DM ¥(z) = T[¢)(z)], contrary
to [9,10], thus transferring so all the temperature dependence from the state (7) onto these
«cold» physical thermofields. However, to compute the matrix element (16), it is necessary
to substitute into the r.h.s. of (16), (17) the cold physical thermofields (18) again in terms
of the initial physical fields () via obtained from (18) their linear combinations, analogous
(but not the same!) to Egs. (15), and reordering again the so obtained operator with respect
to the initial physical fields ¢)(x). The same operations also convert the formal mapping (17)
into temperature-dependent DM over the cold vacuum |00), and precisely in such sense we
call further the r.h.s. of (17) again as DM.

On the contrary, the standard computation way [9, 10] implies the substitution into the
Lh.s. of (16) of the inverse to (15) linear expressions of physical fields ¢)(z) in terms of
the «hot» physical thermofields, v (z, [+]s) = V; "4 (x)Vy, given by (15), and reordering the
so obtained operator with respect to this hot physical thermofield over the thermal («hot»)
vacuum (7), (8). Of course, such operations give DM for the initial HF W(z) over this thermal
vacuum. To avoid some ambiguities [12—14], one should carefully distinguish the hot and
cold physical thermofields ¥ (z, [+]).

The kinematical independence of tilde-conjugate fields ¥ means

{ve@. ¥ W}|, =0 {v@) 9w} =0 (19

(z—y)?<0

20=y0

and corresponds to the above independence of their Hamiltonians and their HEqs. This allows
one to consider a solution only for one of them. Since the thermal transformations Vy g,
Vs (B) do not depend on coordinates and time, they can be applied directly to zero temperature
HEq of Thirring model [8], resulting! in the same HEqs for the new HF (17):

000 (2,<) = [W(a,), HW, U] | = [BIPY) + 979 Ty (0,0)| W(z0),  20)

or
20cWe(w,<) = —igJ g (2, 6) Ve (@), =+ @1

for each &-component of the field that are also related to the corresponding current compo-
nents as

0 1
Tegy(:6) = Ty (@, 6) + ETyy (w56) — 20, (2, 6) Ve (x,6), &=+ (22)
"Here: ot = (2% 2'); 2% =, A = c = 1; 8y = (8o,01); for ghv: g00 = —g1t = 1; for e*:
Ol = —el0 =1, T(z) = ‘IIT(x)'yO; A0 =01, v = —iog, ¥° = 404! = o3, Y#45 = —eH¥,,, where o; —

Pauli matrices, and  — unit matrix; 2¢ = z° + £z, 20¢ = 20/0x¢ = dg + €01, Pt = —idy, E(P') =~°P1;
summation over & is nowhere implied.
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Thus, to integrate these HEqs, we can consequently repeat all the steps of our previous
works [8] with the same linearization, renormalization and bosonization conditions (here w
means week equality):

0 v w ﬂ 0 Tv
V(e (@) — 37 Y G (25 6), (23)
Too(@r) = _lim JE (@5e@),6) = TG (#:9) + (24)

that for the same subsequently renormalized (normal ordered) current

T (,6) = T Ty (2:8,6) = T (), (25)

Tl (,6) = T Ty, (2:6,6) = Tl (), (26)

where at first % =¢!' — 0, when &' =¢°, 2 =—-22>0, for 27)

Ty (w50,6) = 23 (@) [T(x + a,6)7" U (w,6) — (O[T(2 + a,)7" ¥(2,9)|0)],  (28)

leads again to the linearization of both equations (20) and (21) in the representation of these
free fields x(z,<) with the same free bosonization rules:

Tbo (<) = %3”%0(“) = —%e“”&aﬁ(m, S), (29)
~ 2
To5(,6) = \/—#’wﬁ (25,5). (30)

The thermofields ¢(z,s) and ¢(z,¢) are defined in (40) below as unitarily inequivalent
representations of the massless scalar and pseudoscalar Klein—Gordon fields: 0,0"¢(z,s) =
0, and 9,,0"¢(x,s) = 0, and are taking again mutually dual and coupled by the symmetric
integral relations:

o(z,s) _ 1 7 1 1 1 80(311,1‘07§)7
() }——i/dye(r —y)ao{ 6 (s 20c) (31)
with corresponding charges
0 \_ n [ y ¢ (y*,2%,9)
Os(s) } =dm )y A<L>a°{ 6 (y',2%<) [ Az (32)
¢(—OO,$0,§) - QS(OO,ZL'O,§)
Azzi { QO(—OO,.’EO, §) - (p(OO,.’EO, §). (33)

Right and left fields ¢* (2°,<) and their charges Q°(c) are defined again by linear combina-
tions [5]:

P (5,6) = 5 plas) — €0la,c)] for €=, G4

[O(s) = £05(s)] = £2¢° (2 £ 00,¢) . (35)

N =
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The fields ¢(z,5), ¢(x,5), ©(x¢,<) and their charges obey the commutation relations that
do not depend on temperature, for example:

[(p(m, $), Oop(y, g)] ’IOZyD - [¢($, $), 0o (y, g)] |10:yo = 25(371 - yl)’ (36)
20 _ 40

(0., 910 6)] = [6(2,6), 60,9 =~ g (@), @)

[ (5,60 (r0)] = = Jels = oeer, [0, Q5 ()] = See (3®)

Moreover, the same commutation relations take place for their tilde partner, that remain
kinamatically independent also at finite temperature. So, up to now we cannot distinguish the
hot and cold physical thermofields.

The kinematic independence of the tilde partners is breaking and the difference between the
hot and cold physical thermofields appears on going to the «frequency» parts of corresponding
fields ©S*) (2¢,¢) and their charges Q%*)(). It manifests itself in the commutators of
annihilation (+) and creation (—) (frequency) parts, defined by annihilation and creation
operators over the initial cold vacuum |00) for the pseudoscalar fields [8]: ¢(k')|00) =
¢(k1)|00) = 0, for both hot [+] and cold [—] thermofields, in the form

10(6)) = V() [00) = Vi) [~9][00), tanh® = e~ 9 = 9(k';5), (39)
p(a; [£]6) = Vi e(@)Vis) = ¢ (25 [£]) + 0! (a3 [£]6), (40)

and so on for all other fields, with corresponding Fourier expansions and commutators, where
we put corresponding = into respective braces, k* = |k!|:

A (2 [)e) = —= / 0 (—€k) [eoshoe (k1) ' 5 (41)

- sinh ﬁg(kl)eikoms], o) (xs;[i]g):{wsm (xs;[ik)}T’ (42)

D (a5 (1)) = — = / di (—€k") [cosh vz (k') ' 5 (43)
¥ ' 2m 2k0
o N - t
Fsinhe (k1) e * | G6O) (a8[1]e) = {50 (o5 1) |, @4
Q) = Jim iS5 [ k16 (~ek?) [coshie (K1) o 7' (45)

+sinh 9 (k') ek] 5r (K, QS ([#s) = {Qﬂ*)([i]g)}T, (46)

QS ([+)e) = lim —ig / dk'0 (—¢k*) [coshﬂz(kl)ei’“%‘)i (47)

+sinh de (k') e—ik%‘)] 5r (K1), Q¢ ([+]s) = {@5(+)([i]<)}T~ (48)
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Here the 2¥-dependence of charge frequence parts is fictitious and unphysical. It is the artefact

of space regularization (32) and should be removed at the end of calculation.
Only for hot [+] thermofields one has

()8 (53 [+1)¢¥ (73 [+16)10()) = (0l (), (7)[0) =
= [fH)(s), (pf/(_)(T):| - 5f_jf’D(—)(s - 7).

But for both of them (here D(7)(s) = lim D7) (£s,¢; 1))

S—00

(001 (53 () (73 [216)100) = [€0)(s: [E]e), o€ ) (3 o) |

[ (53 (<) , o ) (73 2H6) | = (
= () tee {n (in s (Dets =) - 0)) ) g6}
(5 (55 16) 5 (5 410)] = (21) 25 HO (s = 1), 650m) =
- (;1)%55,5, {m (w% sinh
(59 (53 [10) P (3 o) | =

(
= (:I:l)[:l:l]i(&,g/ {m (cosh (E(s - T))) - f(c,uz)} ;

S

[0 s 14100, @€ ) (110)] = Shcer = — [B) (s [416), @€ P ([1s)]
{@5&)(8; [i]c),@gm([ik)} = (F1)[*1]d¢.¢ (EEOQZ s) ’

(@569 (110), Q€ P ([)0)] = (EDardge = [ ([£10), QP (1419)]

(@469 (1216), @4 ) ([0)] = (D) Ftasde e = [ @O (1), ¢ P ([19)|.

Here the following quantities are defined:

Tkt 2 2 o\
g(@ﬂl): Wmﬁ——ln —), ,u1=,u1609 — 0,
M1

Jim g (<, p1) =0,
Tdet 1 2

=) ———"F+——~=———1n2 0

f(ga :u2) / L0 Sinh(§k0/2) S/iz nz, w2 — U,

M2

Jim f(<, p2) =0,

L—oo

T o1 1
()= [ (”C_) EH' _ LR (KL), lim 6, (k') = 6 (),

(49)
(50)

(51

(52)

(53)
(54)

(55)

(56)
(57)

(58)
(59)

(60)

(61)

(62)

(63)

(64)
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where
ap = w/dkl (5, (kY)? = W/dtt(Z(t))Q =rlf, I> = /dtt" (A(1)*,(65)
0 0 0
[e%e) (5L( 2
ai :ao—|—27r/dk1 ka2 SR = 0 —|—27r/dtt t/L (66)
0
L S
A A
—> 2l 61 L+O<(L) ) L — oo, 67)
o M 7 _@m?
ag = W/dk k Sinh(cK0/2) dttblnh (tc/20) = (68)
0 0
L m S G\3
AL (T T\ A S -
:>27r10g+(6 s+ 0<(L)), L — , (69)

where C5 is the Euler-Mascheroni constant. The value of commutator (57) has no physical
meaning and below is chosen to be equal to 0.

Following [5], by the use of the fields given above, one can construct a variety of different
inequivalent representations of solutions of the Dirac equation for a free massless trial field at
finite temperature, d¢x¢ (#7°,<) = 0 in the form of local normal-ordered exponentials of the
left and right bosonic thermofields ¢*(x¢,<) and their charges Q%(s) (34), (35). However,
the kinematic independence (19) of the tilde partners can be achieved only «by mixing» in
the same field both the charges Q%(s) and Q%(s). Let us choose the most simple of them,
which leads to the bosonization relations (30) for the currents (25)—(28) of trial fields x(z, <)
with Zy(a) =1 (here w and © are arbitrary initial overal and relative phases):

Xe(@=6; [£]e) = N, {eRs(z—ﬁ;[i]i)} we (11,5) (70)

Re(x™%; [£]s) = —i2v/7 {so‘f (% [£]s) + iafgf([ik)Jr

+705G5([+19) + 703 @5(&]0] G

1/2 1 ]
ug (p1,6) = (i) exp {—59 (wm)} exp (—gal) exp (iw - if;) : (72)

Thus, following [8], we obtain the normal exponent of the DM for Thirring field in the form
analogous to [5] (A is ultraviolet cut-off):

W (a5 [£)6) = A, {eEs(I;[ik)} we (11,5) (73)

Be(a; [Ho) = —i [ap~* (275 [£]¢) + Bt (25 [£]¢) +

Ao Q) — gofQ () + GRG0 + §TEQ () (9



1296 Korenblit S. E., Semenov V. V.

wetied = () () e [otcm (3+57)] -

T 1 1 —2 ) O
X exp {_Zal (5 + Eﬂ )} exp (zw — z§5> , (75)
(76)
where _ _
Zg = agg — ﬂag, Eg = aa;f - ﬂag, (77)

by imposing again the conditions on the parameters that are necessary to have correct Lorentz-
transformation properties corresponding to the spin 1/2, and correct canonical anticommuta-
tion relations, respectively [8]:

__@:

_2 32
_ B =4
a- —f m, oy

0. (78)

The following conditions provide all the anticommutation relations for both the free and
Thirring fields and their tilde partners:

of = [H](1+2n)+& o5 =(1+2n)+ [+, of=¢& (79)

for £ = +, n — integer, and ¢{ = +1. Contrary to [12], the so obtained fields possess the
correct symmetry properties [9, 10] under the «tilde»-operation and correct anticommutation
relations, including (19).

Straightforward calculation of the vector current operators (25)—(28) for the solution (73)

with Z(g)(a) = (—,u2a2)*52/4’r by means of Egs. (38)—~(59) and (78), under the conditions [8]

_ (27 - (2 B 2ym _ 9
= (5+5) 7=(5-5) o« el @

reproduces the bosonization relations (23)—(30), demonstrating self-consistency of all the
above calculations. The obtained normal form of Thirring thermofields has a correct renor-
malization properties:

{we(@, ) vl 4.9}

Zay = [Nz —y)?) T

0=

o= Zweed (o1 =), 81)

= [ -y (82)

20=y0

for z1 — y! ~ 1/A. It also satisfies «correspondence principle» at T' — 0, (¢ — 00), because
the addition [+] (1 4 2n) in 0% becomes irrelevant for this limit.

CONCLUSION

The main lesson of this work is very simple: the true HF should be a fully normal-ordered
operator in the sense of DM, including also all Klein factors. Only this form assures its correct
renormalization, commutation and symmetry properties.
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