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AT ULTRAHIGH ENERGY
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Energy dependence of protonÄnucleus reaction cross section at very high energy is discussed.
It is stressed that depending on the gluon distribution near the nuclear surface, protonÄnucleous total
cross section increases much more rapidly compared to the usual Glauber independent nucleon estimate.
The recent observation of Xmax smaller than the expected value at UHECR domain can be an indication
for such a mechanism.
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INTRODUCTION

The basic reason why the total or inelastic protonÄproton collision cross section increases
as a function of the incident energy is that the number of gluons increases in small-x domain.
A simple way to see this is as follows.

In the impact parameter representation, the reaction cross section can be expressed as

σr =
∫

d2b[1 − exp (−2χ(b, s))], (1)

where the eikonal χ(b, s) counts essentially the total number of possible scattering centers of
the constituents inside the target ®seen¯ by the projectile passing through the target along a
straight line with the impact parameter b, and with center-of-mass energy

√
s.

If the target is thick enough, the eikonal function is much larger than unity (χ(b, s) � 1)
in the central region, but it falls down to zero in the surface region. The integrand of
Eq. (1) keeps a value almost equal to unity while χ(b, s) � 1, and falls down quickly to
zero near the surface. From this we may determine an effective radius b1/2 such that the
integral (1) is approximately given by σr � πb2

1/2. We may estimate b1/2 by ˇxing the value

of χ(b1/2, s), for example, as χ(b1/2, s) = ln 2, so that the effective radius depends on the
energy b1/2 = b1/2 (

√
s).

Now let us assume that the eikonal function factorizes in the form χ(b, s) = P (b)N(
√

s),
where P (b) is the probability distribution of the scattering center (e.g., partons) in the trans-
verse plane, and N(x) is the number of partons which can interact for a given

√
s. Suppose

that P (b) is a two-dimensional Gaussian distribution of width R, P (b) � exp
{
− (b/R)2

}
and that, for large

√
s, the number of partons increases with

√
s as N(x) ∝ √

s
α
. Then,

we have
b2
1/2

(√
s
)

= αR2 ln
√

s + const. (2)
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In such a situation, the reaction cross section increases as a function of the incident energy
for very large

√
s as σr � απR2 ln

√
s.

If the edge of the distribution has an exponential tail as P (b) � exp {−b/R} instead of
a Gaussian distribution, a similar argument will show that the cross section would increase as
σr � const × (ln

√
s)2.

The important point of the above simple argument is that the rate of increase is related
to the diffuseness R of the probability distribution of the scattering center. The more diffuse
the surface thickness is, the more quickly the reaction cross section increases as a function of
the incident energy. The possibility of such a mechanism, not only in the protonÄproton but
also in nucleusÄnucleus cross section, was suggested many years ago [1].

Here we explore the idea of [1] in the language of the QCD gluon saturation mechanism
for the protonÄnucleus reaction. We show that, if the gluon distribution becomes saturated
at some energy scale inside the nuclear surface region, then the reaction cross section of
protonÄnucleus collisions starts to increase very quickly and eventually overcomes the values
estimated by the usual Glauber type of calculation [2].

Applying a simple effective dipole model for the reaction mechanism, we ˇnd that such
an energy scale is of the order of 1017−1018 eV. Above this energy scale, the behavior of the
protonÄnucleus cross section begins to change. We suggest that such an energy dependence
of the protonÄnucleus cross section may be observed in terms of the quantity called 〈Xmax〉
in the air showers of ultrahigh-energy cosmic rays. Using a very simple toy model estimate of
〈Xmax〉, we show that our calculated values of the protonÄnucleus reaction cross section are
consistent with the recently observed 〈Xmax〉 by the Pierre Auger Observatory experiments [3]
for incident protons at ultrahigh energies.

1. EFFECTIVE DIPOLE MODEL
FOR THE PROTONÄPROTON CROSS SECTION

To explore the above idea, we need the total protonÄproton cross section as a function
of incident energy which permits one to extrapolate to the ultrahigh energy region. For this
purpose, we introduce an extremely simpliˇed version of the dipole saturation model for
the purpose of illustrating our idea here. The original dipole model was ˇrst introduced by
Mueller [4] and extended to the impact parameter representation by Kowalski and Teaney [5].
Here, for simplicity, we assume that the proton is described by an effective dipole of a given
size RD, where we ˇx the dipole size RD by the average dipole radius. In this case, the eikonal
for the protonÄproton reaction can be written as χ(b, s) = π2/NcR

2
Dαs(Q2)xg(x, Q2)Tp(b).

Here, the quantity xg(x, Q2) is the parton distribution function (PDF), and represents the gluon
density x distribution in the target at a scale Q2, and αs(Q2) is the strong coupling deˇned at
this scale. Naturally, our simple effective dipole description will not work well for the low-
energy region. However, the objective of the present work is to show the effect of possible
gluon saturation inside the nuclear surface region at high energies, we just readjust slightly
the parameters determined in [5] to ˇt the energy dependence of the protonÄproton reaction
cross section [6] only for

√
s > 100 GeV. Note that the cross sections for

√
s � 40 TeV

are from the cosmic ray data extracted from the protonÄlight nuclei interactions. We can
obtain reasonable ˇts using both Gaussian and hyperbolic-secant proˇle functions at higher
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Fig. 1. Fits to protonÄproton cross sections. Circles are experimental data [6], crosses are the Gaussian
proˇle function and the open squares are for the hyperbolic secant function

energies, as seen in Fig. 1 [2]. For these calculations we have used the PDF xg(x, Q2) from
the GRV98 Collaboration [7].

2. PROTONÄNUCLEUS CROSS SECTION

For a high energy protonÄnucleus collision, we may calculate the reaction cross section
σp+A as a superposition of independent nucleonÄnucleon collisions in the Glauber approach.
Hereafter, this picture is referred to as INGP. In this picture, the eikonal in Eq. (1) is given by

the well-known Glauber multiple scattering formula χGlauber
p+A = A

∞∫
−∞

dz PA(b, z)σpp (
√

s),

where σpp (
√

s) is the total cross section of the protonÄproton collision. Since σpp (
√

s) �
ln (

√
s) (or ln2 (

√
s)), we conclude that the INGP leads to a very weak energy dependence

of the cross section 〈σp+A〉 ∼ ln ln (
√

s) for large
√

s, and the Glauber multiple scattering
eikonal leads essentially to the geometric cross section of order πR2

N plus a slow energy
increase.

In contrast to the approach above, we may consider the protonÄnucleus collision process
in terms of the gluon distribution inside the whole nucleus. When we go to sufˇciently
large energies, gluons of bounded nucleons inside a nucleus should start to superimpose
and eventually ˇll up the nucleus as a whole. In this regime, we should then use the
dipole model with gluon distribution inside the nucleus to calculate the total cross section for
protonÄnucleus collision. Hereafter, such a scenario is referred to as GSNS. In this case, the
eikonal is again given by χ(b, s) = π2/NcR

2
Dαs(Q2)xg(x, Q2)TN (b), where now TN(b)

is the transverse probability distribution function of gluons inside the target nucleus. In
this regime, as we discussed before, the total reaction cross section increases as ln (

√
s) or

ln (s)2 , depending on the form of gluon proˇle function near the nuclear surface which is
much quicker than ln ln (

√
s) of the independent nucleon picture. Therefore, the total cross
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section for protonÄnucleus is eventually dominated by the gluon saturation process in the
nuclear surface domain.

3. A TOY-MODEL ESTIMATE OF Xmax IN UHECR DOMAIN

To see in practice what is the crossover energy scale for the gluon saturation inside a
nucleus, we compare the calculated total reaction cross sections using the INGP and the
GNSN visions. We take typical air nuclei of average 〈A〉 = 14.5 where RN = 1.1A1/3 fm.
In Fig. 2 we compare the energy dependences of protonÄair collision cross sections calculated
for various situations: one in the INGP (•), and other 3 cases of the GNSN with Gaussian
nuclear proˇle (+), GNSN with hyperbolic secant proˇle (×) and the z-integrated WoodsÄ
Saxon proˇle (�). The INGP gives almost the same cross section for all the proˇle functions
so that only one line is shown.

As expected, the GNSN scenario gives a rapid increase of the protonÄnucleus cross section
as a function of the incident energy and eventually overcomes the value of the INGP. It is
interesting to note that all of the cross sections for different proˇle functions of GNSN cross
the INGP estimates at the energy scale of 1017−1018 eV [2].

One direct consequence of such effects should re�ect in the behavior of the observable
〈Xmax〉, essentially the normalized depth of the position of maximum luminosity of an air-
shower in the atmosphere. This observable can be affected both by the proper increase of
the p−p cross section at ultrahigh energy (as in the case of the 1/cosh proˇle) and also
by the increase of the p−A cross section, due to the gluon saturation inside the target
nucleus. Another possibility is that the primary particle is not a proton but a heavy nucleus.
We concentrate on the second possibility.

To calculate a realistic value of 〈Xmax〉 we need a sophisticated simulation of the air-
shower processes [8] involving all the exclusive cross sections. Here, just to get an idea on
how the above increase of the cross section affects 〈Xmax〉, we apply a simple toy model due
to Heitler [9] to estimate the deviation of 〈Xmax〉 from these calculations which are based

Fig. 2. ProtonÄnucleus cross sections. Black circles are for the INGP, and other three (+,×,�)

correspond to the scenario of GSNS
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Fig. 3. Estimated 〈Xmax〉 using the Heitler model. The dotted (protonÄair) and dashed (FeÄair) lines

are taken from SIBYLL Collaborations [10], and black circles are the observed values extracted from

the Auger Experiment. Our 〈Xmax〉 are calculated for three different proˇle functions (+ Å Gaussian,
� Å 1/cosh, × Å WoodsÄSaxon) as the deviation from the upper line

on the Glauber description. Assuming that such differences of 〈Xmax〉 can be identiˇed with
the sum of differences of mean free paths calculated from the INGP and the GSNS scenario,
we show in Fig. 3 the estimated 〈Xmax〉 values for three different proˇle functions (+ Å
Gaussian, � Å 1/cosh, × Å WoodsÄSaxon) together with the SIBYLL calculations [10] for
the protonÄair and FeÄair simulations (dashed lines) and also the observed values extracted
from the Pierre Auger Observatory experiment (black circles).

4. DISCUSSION

In this work, we have shown that if we use the gluon distribution function in the surface
region of the target nucleus similar to that of a proton, the protonÄnucleus cross section starts
to increase more rapidly as a function of the incident energy than that calculated by the
Glauber independent nucleon distribution model. In the former, the cross section increases
as ln s whereas in the later, increases as ln (ln s). As we see, the difference between the
two pictures, INGP and GSNS, becomes very large at high energies. The reason for this is
that, while in the INGP the effect of virtual gluons which bound the nucleon near the surface
area is completely neglected, these gluons become dominant at high energies in the GSNS
scenario.

In a simple-minded argument, one might think that such an effect of nuclear binding must
be negligible at high energies, since the ratio of the binding energy of a nucleon to the incident
energy tends to zero. However, the situation may not be so simple. In the GSNS scenario,
the density of virtual gluons, probably forming a kind of fractal ˇngers when penetrating into
the vacuum among nucleons similar to the electric discharge pattern, becomes large at high
energies, and eventually percolate everywhere even in the nuclear surface region. According
to the color glass condensate picture [11], such a scenario should happen at some energy
scale, even at the lowest density region of the nuclear surface. In the case of protonÄproton
case, this is exactly the physical mechanism to understand the energy dependence of the cross
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section. That is, very peripheral gluons of a nucleon become dense enough to demonstrate a
classical ˇeld behavior at high energies and contribute to the reaction process. Therefore, we
expect GSNS mechanism should eventually happen for an ultrahigh energy scale.

The energy scale and the intensity of the GSNS scenario are determined by the form of the
distribution of gluons near the surface area. If we assume that the small-x gluon distribution
in the nucleus follows that of the nucleon wave function inside the nucleus, the energy scale
where the gluon saturation scenario starts to dominate, the independent nucleon picture is
around 1017−1018 eV. We note that different proˇle functions give more or less the same
energy scale once the protonÄproton cross section is well ˇtted. It is very suggestive that
the gluon saturation scenario inside the surface area seems consistent with the proton primary
interpretation of the observed 〈Xmax〉 behavior in the Pierre Auger Laboratory experiment.

Naturally, the energy scale depends on the precise form of the geometric gluon distrib-
ution inside the nucleus. If the distribution does not follow the probability distribution of
nucleons but more sharp surface distribution, or very scarce fractal-like structure due to some
conˇnement mechanism, then the energy scale may shift to higher energy. Depending on
this, the energy scale can be even lower than estimated here. To ˇnd a real energy scale
where the gluon saturation occurs at the nuclear surface, further investigation on highÄenergy
protonÄnucleus or electronÄnucleus collisions will be necessary.

This work has been supported by FAPERJ, CAPES, CNPq, and PRONEX. The au-
thors thank Larry McLerran, C. E. Aguiar, and E. Fraga for fruitful discussions and for
encouragement.
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