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�·¥¤² £ ¥É¸Ö ¶μ¤Ìμ¤, ¶μ§¢μ²ÖÕÐ¨° ¸Ê§¨ÉÓ Ð¥²Ó ³¥¦¤Ê ³ ±·μ- ¨ ³¨±·μμ¶¨¸ ´¨Ö³¨ ¶·¨·μ¤Ò
(É. ¥. ³¥¦¤Ê É¥·³μ¤¨´ ³¨±μ° ¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ°), ´  μ¸´μ¢¥ ¢¢¥¤¥´¨Ö ³μ¤¥²¨ ±¢ ´ÉμÉ¥·³μ-
¸É É  ¢ ¢¨¤¥ Ìμ²μ¤´μ£μ ¨ É¥¶²μ£μ ¢ ±ÊÊ³μ¢. ‚³¥¸Éμ ¸É ´¤ ·É´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ³Ò ¨¸Ìμ¤¨³
¨§ · §¢¨Éμ£μ ´ ³¨ · ´¥¥ ³¨±·μμ¶¨¸ ´¨Ö ¢ Ëμ·³¥ (�, k)-¤¨´ ³¨±¨ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ±μ³¶²¥±¸´μ°
¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢ ±ÊÊ³ . ŒÒ ¶μ¤Î¥·±¨¢ ¥³ Ê´¨¢¥·¸ ²Ó´ÊÕ ·μ²Ó ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö
μ±·Ê¦¥´¨Ö ¢ ¢μ§´¨±´μ¢¥´¨¨ ±μ··¥²ÖÍ¨° Ë²Ê±ÉÊ Í¨° ¸μ¶·Ö¦¥´´ÒÌ ¶ · ³¥É·μ¢ ´  ³¨±·μ- ¨ ³ ±·μ-
Ê·μ¢´ÖÌ ¶·¨ ²Õ¡ÒÌ É¥³¶¥· ÉÊ· Ì.

We propose an approach that makes it possible to narrow the gap between the macro- and microde-
scriptions of nature (i.e., between thermodynamics and quantum mechanics). This approach is based
on introducing a quantum-thermostat model in the form of cold and thermal vacua. In this case, we
start from our previously developed microdescription in the form of (�, k) dynamics instead of standard
quantum mechanics. It is based on using the complex wave function of vacuum. We stress the universal
role of the stochastic environmental in	uence in the appearance of correlations between 	uctuations of
conjugate parameters on the micro- and macrolevels at any temperatures.
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‚§ ¨³μμÉ´μÏ¥´¨Ö ³¥¦¤Ê ³ ±·μ- ¨ ³¨±·μμ¶¨¸ ´¨Ö³¨ ¶·¨·μ¤Ò ¨³¥ÕÉ ¤ ¢´ÕÕ ¨¸Éμ-
·¨Õ. ‘¥£μ¤´Ö μ´¨ ¶·¨¢²¥± ÕÉ μ¸μ¡μ¥ ¢´¨³ ´¨¥ ¡² £μ¤ ·Ö Éμ³Ê, ÎÉμ ¸ÊÐ¥¸É¢μ¢ ¢Ï Ö ¢
XIXÄXX ¢¢. Ð¥²Ó ³¥¦¤Ê ÔÉ¨³¨ μ¶¨¸ ´¨Ö³¨ ´¥¶·¥·Ò¢´μ ¸Ê¦ ¥É¸Ö. Œ¥Éμ¤Ò ËÊ´¤ ³¥´-
É ²Ó´μ° ³ ±·μÉ¥μ·¨¨ Å · ¢´μ¢¥¸´μ° É¥·³μ¤¨´ ³¨±¨ Å μ± § ²¨¸Ó ¢¥¸Ó³  ÔËË¥±É¨¢´Ò³¨
¶·¨ μ¶¨¸ ´¨¨ ³ ²ÒÌ μ¡Ñ¥±Éμ¢ (´ ´μÎ ¸É¨Í ¨ É. ¶.). ‚ Éμ ¦¥ ¢·¥³Ö ³¥Éμ¤Ò ËÊ´¤ ³¥´-
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É ²Ó´μ° ³¨±·μÉ¥μ·¨¨ Å ±¢ ´Éμ¢μ° ¤¨´ ³¨±¨ ¢ Ï¨·μ±μ³ ¸³Ò¸²¥ ¸²μ¢  Å ¢¸¥ Î Ð¥
¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö  ´ ²¨§  ³ ±·μ¸±μ¶¨Î¥¸±¨Ì Ö¢²¥´¨°.

‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ·Ö¤μ³ ¨¸¸²¥¤μ¢ É¥²¥° (´ ¶·¨³¥·, “³Ô¤§ ¢μ° [1]) ¡Ò²  ¶μ¸É ¢²¥´ 
¶·μ¡²¥³  ¢μ§³μ¦´μ£μ ¸²¨Ö´¨Ö ÔÉ¨Ì É¥μ·¨° ¶ÊÉ¥³ ¨´±μ·¶μ· Í¨¨ É¥·³μ¤¨´ ³¨±¨ ¢ ±¢ ´-
Éμ¢ÊÕ É¥μ·¨Õ. ‘ ³ “³Ô¤§ ¢ , μ¤´ ±μ, ¶·¨§´ ², ÎÉμ ¢ · ³± Ì · §¢¨Éμ° ¨³ É¥·³μ¶μ²¥¢μ°
¤¨´ ³¨±¨ ÔÉÊ ¶·μ¡²¥³Ê ·¥Ï¨ÉÓ ´¥ Ê¤ ²μ¸Ó. ‚ ¤ ´´μ° ¨ ¶μ¸²¥¤ÊÕÐ¥° ¸É ÉÓÖÌ ³Ò ¶μ-
± ¦¥³, ÎÉμ · §¢¨¢ ¥³Ò° ´ ³¨ ¶μ¤Ìμ¤, ´ §Ò¢ ¥³Ò° (�, k)-¤¨´ ³¨±μ° [2Ä6], ¶μ-¢¨¤¨³μ³Ê,
¶μ§¢μ²Ö¥É ³ ±¸¨³ ²Ó´μ ¶·¨¡²¨§¨ÉÓ¸Ö ± Ê± § ´´μ° Í¥²¨.

‚¸¥ ¤¥²μ ¢ Éμ³, ÎÉμ ¢ É¥Î¥´¨¥ ³´μ£¨Ì ¤¥¸ÖÉ¨²¥É¨° · ¢´μ¢¥¸´ Ö É¥·³μ¤¨´ ³¨±  · §¢¨-
¢ ² ¸Ó ± ± ¡Ò ¢ ¤¢ÊÌ ´¥§ ¢¨¸¨³ÒÌ Ëμ·³ Ì. ‚ ¨¸Ìμ¤´μ° Ëμ·³¥ É¥·³μ¤¨´ ³¨±Ê ¶·¨´ÖÉμ
· ¸¸³ É·¨¢ ÉÓ ± ± ¡¥§³μ¤¥²Ó´ÊÕ É¥μ·¨Õ, μ¸´μ¢ ´´ÊÕ ´  Î¥ÉÒ·¥Ì ¶μ¸ÉÊ² É Ì Å ´ Î ² Ì
É¥·³μ¤¨´ ³¨±¨. ‘¥£μ¤´Ö ¥¥ ´ ¨¡μ²¥¥ ¶·μ¤¢¨´ÊÉÒ° ¢ ·¨ ´É Å ¸É É¨¸É¨Î¥¸± Ö É¥·³μ¤¨´ -
³¨±  [7Ä9], ¢±²ÕÎ ÕÐ Ö É¥μ·¨Õ Ë²Ê±ÉÊ Í¨° ³ ±·μ¶ · ³¥É·μ¢. �´  ¨¸Ìμ¤¨É ¨§ Éμ£μ, ÎÉμ
¢ ¸μ¸ÉμÖ´¨¨ É¥¶²μ¢μ£μ · ¢´μ¢¥¸¨Ö μ¡Ñ¥±É  ¸ μ±·Ê¦¥´¨¥³ (É¥·³μ¸É Éμ³) ¢¸¥ ³ ±·μ¶ · -
³¥É·Ò, ¢ Éμ³ Î¨¸²¥ ¨ É¥³¶¥· ÉÊ· , Ö¢²ÖÕÉ¸Ö ¸²ÊÎ °´Ò³¨ c-Î¨¸²μ¢Ò³¨ ¢¥²¨Î¨´ ³¨, ¸¶μ-
¸μ¡´Ò³¨ ¨¸¶ÒÉÒ¢ ÉÓ ¢ μ¶·¥¤¥²¥´´ÒÌ ¶·¥¤¥² Ì Ë²Ê±ÉÊ Í¨¨ μÉ´μ¸¨É¥²Ó´μ ¸¢μ¨Ì ¸·¥¤´¨Ì
§´ Î¥´¨°. �·¨ ÔÉμ³ ± ±μ¥-²¨¡μ ³¨±·μμ¶¨¸ ´¨¥ ¤²Ö ³ ±·μμ¡Ñ¥±Éμ¢ ´¥ ¶·¥¤¶μ² £ ¥É¸Ö.

� · ²²¥²Ó´μ ¸ ÔÉμ° Ëμ·³μ° ¶μ²ÊÎ¨²  · §¢¨É¨¥ ¨ ¤·Ê£ Ö ¥¥ Ëμ·³ , ¸ÊÐ¥¸É¢¥´´μ μ¶¨-
· ÕÐ Ö¸Ö ´  ³μ¤¥²Ó´μ¥ μ¶¨¸ ´¨¥. ‚ ·μ²¨ ¶μ¸²¥¤´¥£μ ¨¸¶μ²Ó§Ê¥É¸Ö ¸É É¨¸É¨Î¥¸± Ö ³¥-
Ì ´¨± , ¸μ¢·¥³¥´´Ò° ¢ ·¨ ´É ±μÉμ·μ° Å · ¢´μ¢¥¸´ Ö ±¢ ´Éμ¢ Ö ¸É É¨¸É¨Î¥¸± Ö ³¥Ì -
´¨±  [10, 11]. ˆ³¥´´μ ÔÉ  Ëμ·³  É¥·³μ¤¨´ ³¨±¨ ¢μ ³´μ£¨Ì ³μ´μ£· Ë¨ÖÌ ¨ ÊÎ¥¡´¨± Ì
¶·¨´¨³ ¥É¸Ö §  μ¸´μ¢´ÊÕ. �Éμ ¸μ§¤ ¥É ¨²²Õ§¨Õ ¢μ§³μ¦´μ¸É¨ ¶μ²´μ£μ ¸¢¥¤¥´¨Ö ³ ±·μ-
μ¶¨¸ ´¨Ö ± ³¨±·μμ¶¨¸ ´¨Õ.

�¤´ ±μ ¸ ³ ±μ·¨Ë¥° ®· Í¨μ´ ²Ó´μ£μ μ¡ÑÖ¸´¥´¨Ö É¥·³μ¤¨´ ³¨±¨ ´  μ¸´μ¢¥ ¸É É¨¸É¨-
Î¥¸±μ° ³¥Ì ´¨±¨¯ ƒ¨¡¡¸ ¢ £². IX ¸¢μ¥° ±´¨£¨ ¶·¨§´ ², ÎÉμ ÔÉμ° Í¥²¨ ¢ ¶μ²´μ³ μ¡Ñ¥³¥ ¥³Ê
¤μ¸É¨ÎÓ ´¥ Ê¤ ²μ¸Ó [12, 13]. �´ μ¡· É¨² ¢´¨³ ´¨¥ ´  Éμ, ÎÉμ ¤²Ö μ¡ÑÖ¸´¥´¨Ö Ë²Ê±ÉÊ Í¨°
³ ±·μ¶ · ³¥É·μ¢ É ±¦¥ ´¥μ¡Ìμ¤¨³μ ¨¸¶μ²Ó§μ¢ ÉÓ ¸É É¨¸É¨Î¥¸±μ¥ μ¶¨¸ ´¨¥, ´μ ± Î¥-
¸É¢¥´´μ μÉ²¨Î´μ¥ μÉ Éμ£μ, ÎÉμ ¶·¨´ÖÉμ ¨ ¢ ±² ¸¸¨Î¥¸±μ°, ¨ ¢ ±¢ ´Éμ¢μ° ¸É É¨¸É¨Î¥¸±μ°
³¥Ì ´¨±¥.

‘ ¸μ¢·¥³¥´´μ° ÉμÎ±¨ §·¥´¨Ö ³ ±·μμ¶¨¸ ´¨¥, μ¸´μ¢ ´´μ¥ ´  ±¢ ´Éμ¢μ° ¸É É¨¸É¨Î¥-
¸±μ° ³¥Ì ´¨±¥, ¸É·μ£μ £μ¢μ·Ö, ¢μμ¡Ð¥ ´¥²Ó§Ö ´ §Ò¢ ÉÓ Ëμ·³μ° É¥·³μ¤¨´ ³¨±¨. ” ±É¨Î¥-
¸±¨, ÔÉμ μ¶¨¸ ´¨¥ ¨³¥¥É ¸³Ò¸² ±¢ ´Éμ¢μ° ¤¨´ ³¨±¨ ¶·¨ ±μ´¥Î´ÒÌ É¥³¶¥· ÉÊ· Ì, É. ¥. ³¨-
±·μμ¶¨¸ ´¨Ö ´  μ¸´μ¢¥ ±μ´±·¥É´ÒÌ ³μ¤¥²¥° ³ ±·μμ¡Ñ¥±Éμ¢, ´ Ìμ¤ÖÐ¨Ì¸Ö ¢ É¥·³μ¸É É¥,
´μ ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨°. ‚ ÔÉμ° É¥μ·¨¨ É¥³¶¥· ÉÊ·  ¨ ¤·Ê£¨¥ ¨´É¥´-
¸¨¢´Ò¥ ³ ±·μ¶ · ³¥É·Ò ´¥ Ë²Ê±ÉÊ¨·ÊÕÉ,   ´Ê²¥¢μ¥ ´ Î ²μ ¨³¥¥É ¢¨¤ · ¢¥´¸É¢  T = T0,
£¤¥ T0 Å É¥³¶¥· ÉÊ·  É¥·³μ¸É É  ¢ ±² ¸¸¨Î¥¸±μ° ³μ¤¥²¨. “Î¥É ±¢ ´Éμ¢ÒÌ ÔËË¥±Éμ¢
É ±¦¥ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ´¥¶μ¸²¥¤μ¢ É¥²Ó´μ. �Éμ ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ ¢μ¶·¥±¨ ¨¸Ìμ¤´μ°
Ëμ·³Ê²¨·μ¢±¥ É¥¶²μ¢μ° É¥μ·¥³Ò �¥·´¸É  (É·¥ÉÓ¥£μ ´ Î ² ) Ô´É·μ¶¨Ö ¢ ±¢ ´Éμ¢μ° ¸É -
É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¥ ¶·¨ T0 = 0 ¶·¨´¨³ ¥É¸Ö · ¢´μ° ´Ê²Õ, ÎÉμ ¸¥£μ¤´Ö ¶·μÉ¨¢μ·¥Î¨É
Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³.

‘ ÉμÎ±¨ §·¥´¨Ö ³ É¥³ É¨±¨ ¸μ¢¥·Ï¥´´μ ´¥Ê¤¨¢¨É¥²Ó´μ, ÎÉμ ¸É É¨¸É¨Î¥¸±ÊÕ ³¥Ì -
´¨±Ê ¨ ¸É É¨¸É¨Î¥¸±ÊÕ É¥·³μ¤¨´ ³¨±Ê ´¥ Ê¤ ²μ¸Ó ¸μ¥¤¨´¨ÉÓ ¢ Í¥²μ¸É´ÊÕ É¥μ·¨Õ. „¥²μ
¢ Éμ³, ÎÉμ ¢ ´¨Ì ¨¸¶μ²Ó§ÊÕÉ¸Ö ± Î¥¸É¢¥´´μ · §²¨Î´Ò¥ ³μ¤¥²¨ ¸É É¨¸É¨Î¥¸±μ£μ  ´¸ ³¡²Ö.
‚ ±¢ ´Éμ¢μ° ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¥ ¢ ·μ²¨  ´¸ ³¡²Ö ¨¸¶μ²Ó§ÊÕÉ¸Ö ¸μ¢μ±Ê¶´μ¸É¨ ±μ-
´¥Î´μ£μ Î¨¸²  N � 1 ³¨±·μμ¡Ñ¥±Éμ¢, μ¡· §ÊÕÐ¨Ì ³ ±·μμ¡Ñ¥±É (assembly 
μ²ÓÍ³ ´ ).
‚ Éμ ¦¥ ¢·¥³Ö, ¸É É¨¸É¨Î¥¸± Ö É¥·³μ¤¨´ ³¨±  μ¸´μ¢ ´  ´  ¶·¨´Í¨¶¨ ²Ó´μ ¨´μ³ É¨¶¥



�·μ¨§¢μ²Ó´Ò¥ ¢ ±ÊÊ³Ò ± ± ³μ¤¥²Ó ¸ÉμÌ ¸É¨Î¥¸±μ£μ μ±·Ê¦¥´¨Ö 497

 ´¸ ³¡²Ö Å ensemble ƒ¨¡¡¸ . ‚ ÔÉμ° ·μ²¨ ¢Ò¸ÉÊ¶ ¥É ¸μ¢μ±Ê¶´μ¸ÉÓ ¡¥¸±μ´¥Î´μ£μ Î¨¸² 
¸μ¡ÒÉ¨° (μ¤´μÉ¨¶´ÒÌ ¶·μÍ¥¸¸μ¢), ±μÉμ·Ò¥ ¶·μ¨¸Ìμ¤ÖÉ ¸ Í¥²μ¸É´Ò³ ³ ±·μμ¡Ñ¥±Éμ³ ¢
Ë¨±¸¨·μ¢ ´´ÒÌ Ê¸²μ¢¨ÖÌ.

�Î¥¢¨¤´μ, ÎÉμ ¢ÒÌμ¤ ¨§ ¢μ§´¨±Ï¥° ¸¨ÉÊ Í¨¨ ³μ¦´μ ´ °É¨, ¥¸²¨ ¤²Ö ¸μ§¤ ´¨Ö Í¥-
²μ¸É´μ° É¥μ·¨¨ ¨¸¶μ²Ó§μ¢ ÉÓ ´  ³¨±·μÊ·μ¢´¥ ¸É É¨¸É¨Î¥¸±ÊÕ É¥μ·¨Õ, ±μ´Í¥¶ÉÊ ²Ó´μ
¡²¨§±ÊÕ ± ¸É É¨¸É¨Î¥¸±μ° É¥·³μ¤¨´ ³¨±¥. �  ÔÉÊ ·μ²Ó ¢ ¶·¨´Í¨¶¥ ¶μ¤Ìμ¤¨É ±¢ ´Éμ¢ Ö
³¥Ì ´¨±  ¸ ³  ¶μ ¸¥¡¥, É ±¦¥ ¶·¥¤¸É ¢²ÖÕÐ Ö ¸μ¡μ° ¡¥§³μ¤¥²Ó´ÊÕ É¥μ·¨Õ Í¥²μ¸É´ÒÌ
³¨±·μ¸¨¸É¥³. „¥°¸É¢¨É¥²Ó´μ, ¥Ð¥ ¢ 1930-¥ ££. Š. ‚.�¨±μ²Ó¸±¨³ ¡Ò²μ Ê¡¥¤¨É¥²Ó´μ ¶μ± -
§ ´μ [14] (¸³. É ±¦¥ ±´¨£Ê „.ˆ. 
²μÌ¨´Í¥¢  [15]), ÎÉμ μ´  ¨³¥¥É ¸³Ò¸² ¸É É¨¸É¨Î¥¸±μ°
É¥μ·¨¨, μ¸´μ¢ ´´μ° ´  ensemble ƒ¨¡¡¸ . �Éμ ± Î¥¸É¢¥´´μ μÉ²¨Î ¥É ¥¥ ¨ μÉ ±¢ ´Éμ¢μ°, ¨
μÉ ±² ¸¸¨Î¥¸±μ° ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¨, ´μ ¸¡²¨¦ ¥É ¸μ ¸É É¨¸É¨Î¥¸±μ° É¥·³μ¤¨´ -
³¨±μ°, ¢ ±μÉμ·μ° ¨¸¶μ²Ó§Ê¥É¸Ö ÉμÉ ¦¥ É¨¶  ´¸ ³¡²Ö.

�¤´ ±μ ¸¥£μ¤´Ö ¸É ´¤ ·É´ Ö ±¢ ´Éμ¢ Ö ³¥Ì ´¨±  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ³¨±·μμ¶¨¸ ´¨¥
Éμ²Ó±μ ¶·¨ ´Ê²¥¢μ° É¥³¶¥· ÉÊ·¥, ± Éμ³Ê ¦¥ ¡¥§ ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ ÊÎ¥É  ¢²¨Ö´¨Ö ¢ ±ÊÊ³ .
„²Ö ÊÎ¥É  É¥¶²μ¢ÒÌ Ö¢²¥´¨°, ¶μ ´ Ï¥³Ê ³´¥´¨Õ, ¥¥ ´¥μ¡Ìμ¤¨³μ μ¡μ¡Ð¨ÉÓ ´  ¸²ÊÎ °
±μ´¥Î´ÒÌ É¥³¶¥· ÉÊ·, ´μ ¸μÌ· ´¨¢ ¶·¨ ÔÉμ³ ¶·¨´Í¨¶¨ ²Ó´Ò¥ Î¥·ÉÒ ¥¥  ¶¶ · É .

Š ± ¨§¢¥¸É´μ, ¶μ¶ÒÉ±¨ ÊÎ¥É  É¥¶²μ¢ÒÌ Ö¢²¥´¨° ´¥¶μ¸·¥¤¸É¢¥´´μ ¢ ¤¨´ ³¨±¥ ´ ¸Î¨-
ÉÒ¢ ÕÉ Ê¦¥ μ±μ²μ ¸É  ²¥É. ‚ Î ¸É´μ¸É¨, μ¤´μ° ¨§ ¶¥·¢ÒÌ ¢ ÔÉμ³ ´ ¶· ¢²¥´¨¨ ¡Ò² 
É¥μ·¨Ö ‹ ´¦¥¢¥´  ¤²Ö ¡·μÊ´μ¢¸±μ£μ ¤¢¨¦¥´¨Ö. �μ Éμ³Ê ¦¥ ¶ÊÉ¨, Ë ±É¨Î¥¸±¨, ¶·¥¤² £ ²
¨¤É¨ ¨ “³Ô¤§ ¢ . ‚ ¸¢μ¥° É¥·³μ¶μ²¥¢μ° ¤¨´ ³¨±¥ μ´ ¨¸¶μ²Ó§μ¢ ² ¸É ´¤ ·É´Ò°  ¶¶ · É
±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, ´μ ¶·¨ ÔÉμ³ ³μ¤¨Ë¨Í¨·μ¢ ² £ ³¨²ÓÉμ´¨ ´, ¢±²ÕÎ¨¢ ¢ ´¥£μ ´ ·Ö¤Ê
¸ μ¡ÒÎ´Ò³¨ ¤μ¶μ²´¨É¥²Ó´Ò¥ Î²¥´Ò, μÉ¢¥É¸É¢¥´´Ò¥ §  É¥¶²μ¢Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò.

�μ¸±μ²Ó±Ê ¢¸¥ ¶μ¶ÒÉ±¨ ³μ¤¨Ë¨± Í¨¨ ´ ¡²Õ¤ ¥³ÒÌ ¢ ±¢ ´Éμ¢μ° ¤¨´ ³¨±¥ ¨, ¶·¥¦¤¥
¢¸¥£μ, £ ³¨²ÓÉμ´¨ ´  ¤²Ö ÊÎ¥É  É¥¶²μ¢ÒÌ ÔËË¥±Éμ¢ ¶·¨¢¥²¨ ²¨ÏÓ ± μ£· ´¨Î¥´´Ò³ Ê¸¶¥-
Ì ³, ¢μ§´¨± ¥É ¨¤¥Ö ¡μ²¥¥ ¢´¨³ É¥²Ó´μ ¶μ¤μ°É¨ ± ÊÎ¥ÉÊ ¢Éμ·μ° ¸Éμ·μ´Ò ±¢ ´Éμ¢μ° É¥μ-
·¨¨ Å ¶μ´ÖÉ¨Õ ¸μ¸ÉμÖ´¨Ö. ’¥³ ¡μ²¥¥, ÎÉμ ¸¨³³¥É·¨Ö £ ³¨²ÓÉμ´¨ ´  ¸¨¸É¥³Ò ¤μ¢μ²Ó´μ
Î ¸Éμ ´¥ ¸μ¢¶ ¤ ¥É ¸ ¸¨³³¥É·¨¥° μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö, ¶μ·μ¦¤ ¥³μ£μ ¸ÉμÌ ¸É¨Î¥¸±¨³
¢μ§¤¥°¸É¢¨¥³ μ±·Ê¦¥´¨Ö.

‚ ¸¢μ¥³ ¶μ¤Ìμ¤¥ ³Ò μ¶¨· ¥³¸Ö ´  É¥§¨¸ 
μ£μ²Õ¡μ¢  [16], ¸μ£² ¸´μ ±μÉμ·μ³Ê ¤²Ö ¶·¨-
³¥´¨³μ¸É¨ ¸ÉμÌ ¸É¨Î¥¸±μ£μ μ¶¨¸ ´¨Ö ¶·¨·μ¤Ò ¨ ´  ³¨±·μ-, ¨ ´  ³ ±·μÊ·μ¢´ÖÌ ¢ · ¢´μ°
¸É¥¶¥´¨ ´¥μ¡Ìμ¤¨³μ Ö¢´Ò³ μ¡· §μ³ ÊÎ¥¸ÉÓ Í¥²μ¸É´μ¥ ¸ÉμÌ ¸É¨Î¥¸±μ¥ ¢μ§¤¥°¸É¢¨¥ μ±·Ê-
¦¥´¨Ö. —Éμ¡Ò ÔÉμ£μ ¤μ¡¨ÉÓ¸Ö, ¢ · ³± Ì ±¢ ´Éμ¢μ° ¤¨´ ³¨±¨ ³Ò ¢¢μ¤¨³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
μ¶¥· Éμ·Ò, ÎÉμ ¶μ§¢μ²¨É ´¥¶μ¸·¥¤¸É¢¥´´μ ¸· ¢´¨¢ ÉÓ ¸¨³³¥É·¨Õ £ ³¨²ÓÉμ´¨ ´  ¸¨¸É¥³Ò
¸ ¸¨³³¥É·¨¥° μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ Ê¸²μ¢¨ÖÌ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö μ±·Ê¦¥´¨Ö
· §´ÒÌ É¨¶μ¢.

� Ï  Í¥²Ó ´  ¤ ´´μ³ ÔÉ ¶¥ Å ³μ¤¨Ë¨Í¨·μ¢ ÉÓ ±¢ ´Éμ¢ÊÕ ³¥Ì ´¨±Ê ¶·¨ ´Ê²¥¢μ° ¨
±μ´¥Î´ÒÌ É¥³¶¥· ÉÊ· Ì É ±¨³ μ¡· §μ³, ÎÉμ¡Ò μ´  ¡Ò²  ³ ±¸¨³ ²Ó´μ ¶·¨£μ¤´  ¤²Ö ¨´-
±μ·¶μ· Í¨¨ ¢ ´¥¥ É¥·³μ¤¨´ ³¨±¨. �·¨ ÔÉμ³ ³Ò ¨¸Ìμ¤´μ μÉ± §Ò¢ ¥³¸Ö μÉ ¨¸¶μ²Ó§μ¢ ´¨Ö
É¨¶¨Î´μ£μ ¤²Ö · ¢´μ¢¥¸´μ° ±¢ ´Éμ¢μ° ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¨  ¶¶ · É  ³ É·¨ÍÒ ¶²μÉ-
´μ¸É¨ ¸ ¢¥Ð¥¸É¢¥´´Ò³¨ ³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨. �´, ´  ´ Ï ¢§£²Ö¤, ¨³¥¥É μ£· ´¨Î¥´´ÊÕ
μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨.

„²Ö μ¶¨¸ ´¨Ö ¸μ¸ÉμÖ´¨° μ¡Ñ¥±Éμ¢, ´ Ìμ¤ÖÐ¨Ì¸Ö ¢ · ¢´μ¢¥¸¨¨ ¸μ ¸ÉμÌ ¸É¨Î¥¸±¨³
μ±·Ê¦¥´¨¥³, ³Ò ¢¢μ¤¨³ Ê´¨¢¥·¸ ²Ó´ÊÕ ¸μ¢μ±Ê¶´μ¸ÉÓ ¶·μ¨§¢μ²Ó´ÒÌ ¢ ±ÊÊ³μ¢, ¸¢Ö§ ´-
´ÒÌ (u, v)-¶·¥μ¡· §μ¢ ´¨Ö³¨ 
μ£μ²Õ¡μ¢  [17, 18]. ŒÒ ¶μ± §Ò¢ ¥³, ÎÉμ ¢ μ¡Ð¥³ ¸²ÊÎ ¥
ÔÉ¨ ¸μ¸ÉμÖ´¨Ö μ¶¨¸Ò¢ ÕÉ¸Ö ±μ³¶²¥±¸´Ò³¨ ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨ ¢ ±μμ·¤¨´ É´μ³ ¶·¥¤-
¸É ¢²¥´¨¨.
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2. ‚�‹��‚�Ÿ ”“�Š–ˆŸ ˆ‘•�„��ƒ� (•�‹�„��ƒ�) ‚�Š““Œ�
‚ Š���„ˆ��’��Œ ��…„‘’�‚‹…�ˆˆ

�μ´ÖÉ¨¥ ¢ ±ÊÊ³  É· ¤¨Í¨μ´´μ ¢¢μ¤¨É¸Ö ¢ ¶·¥¤¸É ¢²¥´¨¨ Î¨¸¥² § ¶μ²´¥´¨Ö ¢ · ³-
± Ì  ¶¶ · É  ¢Éμ·¨Î´μ£μ ±¢ ´Éμ¢ ´¨Ö. �´μ ¸μμÉ¢¥É¸É¢Ê¥É ¸μ¸ÉμÖ´¨Õ ¡¥§ Î ¸É¨Í. „²Ö
¤ ²Ó´¥°Ï¥£μ  ´ ²¨§  ¥£μ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¸μ¡¸É¢¥´´μ¥ ¸μ¸ÉμÖ´¨¥, μ¶¨¸Ò¢ ¥³μ¥
´¥¢Ò·μ¦¤¥´´Ò³ ´μ·³¨·μ¢ ´´Ò³ ¢¥±Éμ·μ³ |0〉 μ¶¥· Éμ·  Î¨¸²  Î ¸É¨Í (±¢ ´Éμ¢) N̂ ¸
´Ê²¥¢Ò³ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³

N̂ |0〉 = 0 · |0〉 = 0. (1)

�μ¸±μ²Ó±Ê ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ É¥³¶¥· ÉÊ·  T0 = 0, É ±μ¥ ¸μ¸ÉμÖ´¨¥ ³μ¦´μ ´ §¢ ÉÓ
¨¸Ìμ¤´Ò³ (É. ¥. Ìμ²μ¤´Ò³) ¢ ±ÊÊ³μ³ [19].

„²Ö ¸¡²¨¦¥´¨Ö ¸ ¡μ²¥¥ ¶·¨¢ÒÎ´Ò³  ¶¶ · Éμ³ ¶¥·¢¨Î´μ£μ ±¢ ´Éμ¢ ´¨Ö, ¸¢μ°¸É¢¥´´Ò³
±¢ ´Éμ¢μ° ³¥Ì ´¨±¥, ³Ò ¢ ¤ ²Ó´¥°Ï¥³ ¢³¥¸Éμ ¶·¥¤¸É ¢²¥´¨Ö Î¨¸¥² § ¶μ²´¥´¨Ö ¡Ê¤¥³ ¨¸-
¶μ²Ó§μ¢ ÉÓ ¶·¥¨³ÊÐ¥¸É¢¥´´μ ±μμ·¤¨´ É´μ¥ ¶·¥¤¸É ¢²¥´¨¥. �¤´ ±μ ¤²Ö ¸¢Ö§¨ ³¥¦¤Ê ´¨³¨
´¥μ¡Ìμ¤¨³μ ÊÎ¥¸ÉÓ, ÎÉμ μ¶¥· Éμ· Î¨¸²  Î ¸É¨Í N̂ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¤¢  ´¥Ô·³¨Éμ¢ÒÌ
μ¶¥· Éμ·  â ¨ â+, ´ §Ò¢ ¥³ÒÌ ¸μμÉ¢¥É¸É¢¥´´μ μ¶¥· Éμ· ³¨ Ê´¨ÎÉμ¦¥´¨Ö ¨ ·μ¦¤¥´¨Ö,
¸²¥¤ÊÕÐ¨³ μ¡· §μ³: N̂ = â+â. ‡¤¥¸Ó

â =
p̂ − iηq̂√

2η�
, â+ =

p̂ + iηq̂√
2η�

, (2)

£¤¥ μ¶¥· Éμ· ¨³¶Ê²Ó¸  p̂ =
�

i

d

dq
, μ¶¥· Éμ· ±μμ·¤¨´ ÉÒ q̂ = q · Î , Î Å ¥¤¨´¨Î´Ò° μ¶¥· -

Éμ·,   η Å ¶·μ¨§¢μ²Ó´Ò° ¢¥Ð¥¸É¢¥´´Ò° ¶ · ³¥É·. ˆ´Ò³¨ ¸²μ¢ ³¨, ¢ ±ÊÊ³ |0〉 Ö¢²Ö¥É¸Ö
É ±¦¥ ¸μ¡¸É¢¥´´Ò³ ¸μ¸ÉμÖ´¨¥³ μ¶¥· Éμ·  Ê´¨ÎÉμ¦¥´¨Ö ¸ ´Ê²¥¢Ò³ ¸μ¡¸É¢¥´´Ò³ §´ Î¥-
´¨¥³

â|0〉 = 0 · |0〉 = 0.

�μ¤¸É ¢²ÖÖ ¢ ÔÉμ ¢Ò· ¦¥´¨¥ Ö¢´Ò° ¢¨¤ μ¶¥· Éμ·μ¢ â, p̂ ¨ q̂ ¨§ (2) ¨ ¶¥·¥Ìμ¤Ö ± ¢μ²´μ¢μ°
ËÊ´±Í¨¨ ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³  ψ0(q), Ô±¢¨¢ ²¥´É´μ° |0〉, ¶μ²ÊÎ¨³

âψ0(q) = 0 ⇒ �
dψ0

dq
+ ηqψ0 = 0. (3)

�ÉÊ Ëμ·³Ê²Ê ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± Ê· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö ψ0(q). …£μ ·¥Ï¥´¨¥
Ê´¨¢¥·¸ ²Ó´μ ¤²Ö ²Õ¡μ° ¸¨¸É¥³Ò ¨ ¨³¥¥É ¢¨¤ ¢¥Ð¥¸É¢¥´´μ° £ Ê¸¸μ¨¤Ò

ψ0(q; η) = A exp
{
− η

2�
q2

}
. (4)

‘É ´¤ ·É´μ¥ Ê¸²μ¢¨¥ ´μ·³¨·μ¢±¨ ¸¢Ö§Ò¢ ¥É ¶ · ³¥É·Ò A ¨ η, É ± ÎÉμ A = (π�/η)−1/4 ¸
ÉμÎ´μ¸ÉÓÕ ¤μ ¶·μ¨§¢μ²Ó´μ£μ Ë §μ¢μ£μ ³´μ¦¨É¥²Ö.

‚ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³  ¨³¥¥É  ´ ²μ£¨Î-
´Ò° ¢¨¤ ¸ § ³¥´μ° q ´  p ¨ η ´  η−1

ψ0(p; η) = (π�η)−1/4 exp
{
− p2

2η�

}
. (5)
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’¥³ ¸ ³Ò³ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ψ0(q, η) ¨ ψ0(p, η) μ¶¨¸Ò¢ ÕÉ ¸μ¢μ±Ê¶´μ¸ÉÓ ¡¥¸±μ´¥Î-
´μ£μ Î¨¸²  ¸μ¸ÉμÖ´¨° ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³ , Ì · ±É¥·¨§Ê¥³ÒÌ ´¥¶·¥·Ò¢´Ò³ ¶ · ³¥É·μ³ η.
ˆ§³¥´ÖÖ ¥£μ, ³Ò ³μ¦¥³ ³μ¤¥²¨·μ¢ ÉÓ · §²¨Î´Ò¥ Ì · ±É¥·¨¸É¨±¨ ¢´¥Ï´¥° ³ ±·μμ¡¸É -
´μ¢±¨, ¢ ±μÉμ·μ° ´ Ìμ¤¨É¸Ö μ¡Ñ¥±É. ” ±É¨Î¥¸±¨, É ±¨³ μ¡· §μ³ ¶μ´ÖÉ¨¥ ¢ ±ÊÊ³  · ¸-
¶·μ¸É· ´Ö¥É¸Ö ´  ¸¨ÉÊ Í¨¨, ±μ£¤  ¶μ¤ μ±·Ê¦¥´¨¥³ ¶μ¤· §Ê³¥¢ ¥É¸Ö ´¥±¨° É¥·³μ¸É É, ÎÉμ
Ì · ±É¥·´μ ¤²Ö É¥·³μ¤¨´ ³¨±¨. �·¨ ÔÉμ³ ¨¸Ìμ¤´Ò° (Ìμ²μ¤´Ò°) ¢ ±ÊÊ³ ¸μμÉ¢¥É¸É¢Ê¥É
Î¨¸Éμ ±¢ ´Éμ¢Ò³ ¶·μÍ¥¸¸ ³, ¨¸¸²¥¤μ¢ ´¨¥³ ±μÉμ·ÒÌ § ´¨³ ¥É¸Ö ±¢ ´Éμ¢ Ö ³¥Ì ´¨± .

�Î¥¢¨¤´μ, ÎÉμ ¢ ¢ ±ÊÊ³´ÒÌ ¸μ¸ÉμÖ´¨ÖÌ (5) ¸·¥¤´¨¥ §´ Î¥´¨Ö ±μμ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸ 
· ¢´Ò ´Ê²Õ,   ¨Ì ¤¨¸¶¥·¸¨¨ ¨³¥ÕÉ ¢¨¤

(Δq0)2 =
�

2η
, (Δp0)2 =

�η

2
. (6)

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¢ ´¨Ì ¶·μ¨§¢¥¤¥´¨¥ ´¥μ¶·¥¤¥²¥´´μ¸É¥° ±μμ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸ 
(uncertainties product) UPp0q0 ´¥ § ¢¨¸¨É μÉ η:

UPp0q0 ≡ Δp0 · Δq0 =
�

2
. (7)

—Éμ¡Ò ¶·¨¤ ÉÓ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¶ · ³¥É·Ê η, ¢ ± Î¥¸É¢¥ ³μ¤¥²¨ ¸¨¸É¥³Ò, ¤²Ö ±μ-
Éμ·μ° ³μ¦´μ ¢¢¥¸É¨ ¶μ´ÖÉ¨¥ ¢ ±ÊÊ³ , · ¸¸³μÉ·¨³ ±¢ ´Éμ¢Ò° μ¸Í¨²²ÖÉμ· ¸ Î ¸ÉμÉμ° ω0.
‡ ³¥É¨³, ÎÉμ ¶·¥¤²μ¦¥´´ Ö ³μ¤¥²Ó μ¡² ¤ ¥É ¤μ¸É ÉμÎ´μ° μ¡Ð´μ¸ÉÓÕ, ¶μÉμ³Ê ÎÉμ ¶· ±-
É¨Î¥¸±¨ ¤²Ö ²Õ¡μ° ¸¨¸É¥³Ò ¶μÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö ¢¡²¨§¨ ³¨´¨³Ê³  ³μ¦¥É ¡ÒÉÓ  ¶-
¶·μ±¸¨³¨·μ¢ ´  ¶ · ¡μ²μ°. ƒ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É ¢¨¤

Ĥ =
p̂2

2m
+

mω2
0 q̂

2

2
. (8)

�μ¸²¥ μ¡· É´μ£μ ¶¥·¥Ìμ¤  μÉ μ¶¥· Éμ·μ¢ p̂ ¨ q̂ ± μ¶¥· Éμ· ³ â+ ¨ â ¥£μ ³μ¦´μ ¶·¥¤¸É -
¢¨ÉÓ ¢ Ëμ·³¥

Ĥ = �ω0

(
N̂ +

1
2
Î

)
. (9)

�Î¥¢¨¤´μ, ÎÉμ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ £ ³¨²ÓÉμ´¨ ´  ¤²Ö ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  ¸μ¢¶ ¤ ¥É
¸ ¸μ¸ÉμÖ´¨¥³ ¢ ±ÊÊ³  |0〉, ¶·¨Î¥³ ¸·¥¤´ÕÕ Ô´¥·£¨Õ ¢ ÔÉμ³ ¸μ¸ÉμÖ´¨¨ U0, ¸μ¢¶ ¤ ÕÐÊÕ
¸ ³¨´¨³ ²Ó´Ò³ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ ε0 £ ³¨²ÓÉμ´¨ ´ 

U0 = 〈ψ0|Ĥ|ψ0〉 = ε0 =
�ω0

2
, (10)

³μ¦´μ ´ °É¨ ´¥¶μ¸·¥¤¸É¢¥´´μ ¨§ μ¶ÒÉ , ´¥ ·¥Ï Ö Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· , ´μ ¨¸¶μ²Ó§ÊÖ,
´ ¶·¨³¥·, Ëμ·³Ê²Ê (7).

“Î¨ÉÒ¢ Ö ±¢ ¤· É¨Î´ÊÕ § ¢¨¸¨³μ¸ÉÓ ±¨´¥É¨Î¥¸±μ° K ¨ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ Π
μ¸Í¨²²ÖÉμ·  ¸μμÉ¢¥É¸É¢¥´´μ μÉ ¨³¶Ê²Ó¸  ¨ ±μμ·¤¨´ ÉÒ, ¤²Ö ¨Ì ¸·¥¤´¨Ì §´ Î¥´¨° ¶μ²ÊÎ¨³
μ¤¨´ ±μ¢Ò¥ ¢¥²¨Î¨´Ò, · ¢´Ò¥ (1/2)ε0:

〈ψ0|K̂|ψ0〉 =
(Δp0)2

2m
=

�ω0

4
= 〈ψ0|Π̂|ψ0〉 =

1
2
mω2

0(Δq0)2. (11)

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¤²Ö ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ· 

(Δp0)2 =
�mω0

2
, (Δq0)2 =

�

2mω
, (12)

É ± ÎÉμ ¸ ÊÎ¥Éμ³ (6) η = mω0.
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’¥³ ¸ ³Ò³ ¢ · ¸¸³ É·¨¢ ¥³μ° ³μ¤¥²¨ ³Ò ¨³¥¥³ ¤¥²μ ¸ ±μ´±·¥É´μ° ·¥ ²¨§ Í¨¥° ¢ ±Ê-
Ê³ , § ¢¨¸ÖÐ¥° μÉ ¤¢ÊÌ ¶ · ³¥É·μ¢ Å ³ ¸¸Ò μ¸Í¨²²ÖÉμ·  m ¨ ¥£μ Î ¸ÉμÉÒ ω0. �μ¸±μ²Ó±Ê
¶ · ³¥É· η ´¥¶·¥·Ò¢¥´, ± ¦¤μ³Ê ¥£μ ¢μ§³μ¦´μ³Ê §´ Î¥´¨Õ ³Ò ³μ¦¥³ ¸μ¶μ¸É ¢¨ÉÓ Ê¸²μ¢-
´ÊÕ Î ¸ÉμÉÊ ω, Ë¨±¸¨·μ¢ ¢ ¶ · ³¥É· m = 1. �Éμ ¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ ¸μ¢μ±Ê¶´μ¸ÉÓ
¸μ¸ÉμÖ´¨° ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³ , μ¶¨¸Ò¢ ¥³ÒÌ ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨ ψ0(q; ω), ± ± ¡¥¸±μ-
´¥Î´Ò° ´ ¡μ· ±¢ ´Éμ¢ÒÌ ´μ·³ ²Ó´ÒÌ ³μ¤ ¢¸¥Ì Î ¸ÉμÉ ¢¥Ð¥¸É¢¥´´μ£μ ¸± ²Ö·´μ£μ ¶μ²Ö.
�´μ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°  ´ ²μ£ ¶·¥¤¥²Ó´μ£μ ¸²ÊÎ Ö (¶·¨ T0 = 0) · ¢´μ¢¥¸´μ£μ É¥¶²μ¢μ£μ
¨§²ÊÎ¥´¨Ö.

3. ƒ�Œˆ‹œ’��ˆ�� ˆ‘•�„��ƒ� ‚�Š““Œ�

„²Ö ¡μ²¥¥ ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ ¨§²μ¦¥´¨Ö ´  Ö§Ò±¥ ¶¥·¢¨Î´μ£μ ±¢ ´Éμ¢ ´¨Ö ³Ò ¨³¥¥³
¢μ§³μ¦´μ¸ÉÓ ¢¢¥¸É¨ μ¶¥· Éμ· Ô´¥·£¨¨, ±μÉμ·Ò° ¡Ê¤¥³ ´ §Ò¢ ÉÓ £ ³¨²ÓÉμ´¨ ´μ³ ¨¸Ìμ¤-
´μ£μ ¢ ±ÊÊ³ 

Ĥ0 ≡ �ωN̂. (13)

’μ£¤  ¢¢¨¤Ê ²¨´¥°´μ° ¸¢Ö§¨ ¤ ´´ÒÌ μ¶¥· Éμ·μ¢ ¨¸Ìμ¤´μ³Ê ¢ ±ÊÊ³Ê ³μ¦´μ ¤ ÉÓ ¥Ð¥
μ¤´Ê ¨´É¥·¶·¥É Í¨Õ, · ¸¸³ É·¨¢ Ö ¥£μ É¥¶¥·Ó ± ± ¸μ¡¸É¢¥´´μ¥ ¸μ¸ÉμÖ´¨¥ μ¶¥· Éμ·  Ĥ0

¸ ´Ê²¥¢Ò³ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³

Ĥ0ψ0(q; ω) = 0 · ψ0(q; ω) = 0. (14)

‚ ¸μ¸ÉμÖ´¨¨ · ¢´μ¢¥¸¨Ö ¤ ´´μ¥ Ê· ¢´¥´¨¥ ¨³¥¥É ¸³Ò¸² Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö
¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³ . ‘ ÊÎ¥Éμ³ μ¶·¥¤¥²¥´¨Ö (13) ¨ Ëμ·³Ê²Ò (9) ³Ò ¨³¥¥³ ¢μ§³μ¦´μ¸ÉÓ
Ê¸É ´μ¢¨ÉÓ ¸¢Ö§Ó ³¥¦¤Ê μ¶¥· Éμ· ³¨ Ĥ0 ¨ Ĥ

Ĥ0 = Ĥ − 1
2

�ωÎ = Ĥ − ωĵ0. (15)

‡¤¥¸Ó £ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò Ĥ ¨³¥¥É ¢¨¤ (8) ¨ ¢¢¥¤¥´ ¸¶¥Í¨ ²Ó´Ò° μ¶¥· Éμ·:

ĵ0 ≡ �

2
Î . (16)

Š ± ¢¨¤´μ, ÔÉμÉ μ¶¥· Éμ· ´¥ § ¢¨¸¨É μÉ ¸¨¸É¥³Ò, ´  ±μÉμ·ÊÕ μ± §Ò¢ ¥É¸Ö ¢μ§¤¥°¸É¢¨¥,  
¥£μ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ �/2, ¸μ¢¶ ¤ ÕÐ¥¥ ¢ ¸μ¸ÉμÖ´¨¨ ψ0(q; ω) ¸μ ¸·¥¤´¨³

〈ψ0|ĵ0|ψ0〉 ≡ J inf
0 , (17)

´¥ § ¢¨¸¨É μÉ ¢Ò¡μ·  ω ¨ μ¶·¥¤¥²Ö¥É¸Ö Éμ²Ó±μ ¶μ¸ÉμÖ´´μ° �² ´±  Å ±μ´¸É ´Éμ° ±¢ ´-
Éμ¢μ£μ ¢μ§¤¥°¸É¢¨Ö. �  ÔÉμ³ μ¸´μ¢ ´¨¨ ĵ0 ³Ò ´ §Ò¢ ¥³ μ¶¥· Éμ·μ³ ±¢ ´Éμ¢μ£μ ¸ÉμÌ -
¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö μ±·Ê¦¥´¨Ö.

�μ¸±μ²Ó±Ê ¸μ£² ¸´μ (14) ¸·¥¤´¥¥ §´ Î¥´¨¥ £ ³¨²ÓÉμ´¨ ´  ¢ ±ÊÊ³  Ĥ0 ¢ ¸μ¸ÉμÖ´¨¨
ψ0(q; ω) · ¢´μ ´Ê²Õ, ¨§ ¢Ò· ¦¥´¨Ö (15) ¸²¥¤Ê¥É · ¢¥´¸É¢μ

〈ψ0|Ĥ|ψ0〉 = 〈ψ0|ωĵ0|ψ0〉 = ω〈ψ0|ĵ0|ψ0〉. (18)

Cμ£² ¸´μ (10) ²¥¢ Ö Î ¸ÉÓ (18) · ¢´  U0.
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‚ Éμ ¦¥ ¢·¥³Ö ²¥¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  (18) ¨³¥¥É ¸³Ò¸² ¸·¥¤´¥° Ô´¥·£¨¨ ¸ÉμÌ ¸É¨Î¥-
¸±μ£μ ¢μ§¤¥°¸É¢¨Ö μ±·Ê¦¥´¨Ö. ˆ´ Î¥ £μ¢μ·Ö, ¸μ¸ÉμÖ´¨¥ ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³  ¢Ò¤¥²¥´μ É¥³,
ÎÉμ ¢ ´¥³ ¸·¥¤´ÖÖ Ô´¥·£¨Ö ¸¨¸É¥³Ò U0, ³μ¤¥²¨·Ê¥³μ° ±¢ ´Éμ¢Ò³ μ¸Í¨²²ÖÉμ·μ³, ¢ Ê¸²μ-
¢¨ÖÌ · ¢´μ¢¥¸¨Ö ¸μ¢¶ ¤ ¥É ¸μ ¸·¥¤´¥° Ô´¥·£¨¥° ±¢ ´Éμ¢μ£μ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö
μ±·Ê¦¥´¨Ö.

“Î¨ÉÒ¢ Ö Ëμ·³Ê²Ò (10) ¨ (12), · ¢¥´¸É¢μ (18) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥, ¸μ¢¶ ¤ Õ-
Ð¥³ ¸ (7),

U0

ω
= Δp0 · Δq0 =

�

2
= J inf

0 . (19)

’μ£¤  ¨¸Ìμ¤´Ò° ¢ ±ÊÊ³ ³μ¦´μ É· ±Éμ¢ ÉÓ ¨´ Î¥,   ¨³¥´´μ, ± ± ¸μ¸ÉμÖ´¨¥, ¢ ±μÉμ·μ³ ¢
Ê¸²μ¢¨ÖÌ · ¢´μ¢¥¸¨Ö ¸¨¸É¥³Ò ¸ μ±·Ê¦¥´¨¥³ μ± §Ò¢ ÕÉ¸Ö · ¢´Ò³¨ ¤¢¥ · §²¨Î´Ò¥ ¢¥²¨-
Î¨´Ò Å U0/ω (± ± ³¥·  μÉ¢¥É´μ° ·¥ ±Í¨¨ ¸¨¸É¥³Ò ´  ¢μ§¤¥°¸É¢¨¥ μ±·Ê¦¥´¨Ö) ¨ J inf

0

(± ± ³¥·  ¸ ³μ£μ ¢μ§¤¥°¸É¢¨Ö):
U0

ω
= J inf

0 . (20)

4. �…�…•�„ Š ���ˆ‡‚�‹œ��Œ“ ‚�Š““Œ“

‘ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ´ ¸, ¶·¥¦¤¥ ¢¸¥£μ, ¨´É¥·¥¸Ê¥É ¶¥·¥Ìμ¤ μÉ ¸μ¢μ±Ê¶´μ¸É¨
¸μ¸ÉμÖ´¨° ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³  ψ0(q; ω) ± ¸μ¢μ±Ê¶´μ¸É¨ ¶·μ¨§¢μ²Ó´ÒÌ ¢ ±ÊÊ³´ÒÌ ¸μ¸ÉμÖ-
´¨°, Ì · ±É¥·¨§ÊÕÐ¨Ì · ¢´μ¢¥¸¨¥ ¸ μ±·Ê¦¥´¨¥³. �·¨ ÔÉμ³ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ É¥³¶¥· ÉÊ· 
μ±·Ê¦¥´¨Ö ³μ¦¥É ´¥ · ¢´ÖÉÓ¸Ö ´Ê²Õ.

ŒÒ ¶·¥¤² £ ¥³ ¤²Ö ÔÉμ£μ ¶¥·¥°É¨ μÉ ³μ¤¥²¨ ¨¸Ìμ¤´μ£μ ± ³μ¤¥²¨ ¶·μ¨§¢μ²Ó´μ£μ ¢ ±Ê-
Ê³ , ¸μ¸ÉμÖÐ¥° ¨§ ¡¥¸±μ´¥Î´μ° ¸μ¢μ±Ê¶´μ¸É¨ ´μ·³ ²Ó´ÒÌ ³μ¤, ´μ Ê¦¥ ´¥ ¢¥Ð¥¸É¢¥´´μ£μ,
  ±μ³¶²¥±¸´μ£μ ¸± ²Ö·´μ£μ ¶μ²Ö.

„²Ö ¶μ²ÊÎ¥´¨Ö ¸μ¸ÉμÖ´¨° ¶·μ¨§¢μ²Ó´μ£μ ¢ ±ÊÊ³  ¢ ±μμ·¤¨´ É´μ³ ¶·¥¤¸É ¢²¥´¨¨ ³μ-
¦¥É ¡ÒÉÓ ÔËË¥±É¨¢´μ ¨¸¶μ²Ó§μ¢ ´  £·Ê¶¶  (u, v)-¶·¥μ¡· §μ¢ ´¨° 
μ£μ²Õ¡μ¢ . �´  ¶·¥¤-
¸É ¢²Ö¥É ¸μ¡μ° £·Ê¶¶Ê ‹¨ SU(1, 1)-¶·¥μ¡· §μ¢ ´¨° ³ É·¨Í 2 × 2 ¢¨¤ 

g = g(u, v) =
(

u v
v∗ u∗

)
(21)

¸ ¤¥É¥·³¨´ ´Éμ³
|u|2 − |v|2 = 1, (22)

²μ± ²Ó´μ ¨§μ³μ·Ë´ÊÕ £·Ê¶¶¥ ‹μ·¥´Í  O(2, 1).
‚ μ¡Ð¥³ ¸²ÊÎ ¥ [20] u ¨ v Å ÔÉμ ±μ³¶²¥±¸´Ò¥ ËÊ´±Í¨¨, ±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ § ¤ ´Ò

É·¥³Ö ¢¥Ð¥¸É¢¥´´Ò³¨ ¶ · ³¥É· ³¨ (τ, θ, ϕ):

u = ch τ eiϕ, v = sh τ e−i(ϕ+θ). (23)

�É¨ ¶ · ³¥É·Ò ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ Ê£²Ò �°²¥· , ¨¸¶μ²Ó§Ê¥³Ò¥ ¤²Ö ¶ · ³¥É·¨§ Í¨¨ £·Ê¶¶Ò
¢· Ð¥´¨° O(3), ¶·¨Î¥³ ¡¥§ μ£· ´¨Î¥´¨° μ¡Ð´μ¸É¨ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ³μ¦´μ ¶μ²μ-
¦¨ÉÓ θ = 0.

„²Ö ¤μ¸É¨¦¥´¨Ö ¶μ¸É ¢²¥´´μ° Í¥²¨ ¥Ð¥ · § ¢μ¸¶μ²Ó§Ê¥³¸Ö Ö§Ò±μ³ ¢Éμ·¨Î´μ£μ ±¢ ´-
Éμ¢ ´¨Ö. �¥·¥°¤¥³ μÉ μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö â+ ¨ Ê´¨ÎÉμ¦¥´¨Ö â ¨¸Ìμ¤´ÒÌ Î ¸É¨Í
¨ ¢ ±ÊÊ³  |0〉, μ¶¨¸Ò¢ ¥³μ£μ ¢¥Ð¥¸É¢¥´´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° ψ0(q; ω), ± μ¶¥· Éμ· ³
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·μ¦¤¥´¨Ö b̂+ ¨ Ê´¨ÎÉμ¦¥´¨Ö b̂ ±¢ §¨Î ¸É¨Í ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥³Ê ¶·μ¨§¢μ²Ó´μ³Ê ¢ ±ÊÊ³Ê
|0τ,ϕ〉, μ¶¨¸Ò¢ ¥³μ³Ê ±μ³¶²¥±¸´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥°

|0τ,ϕ〉 ≡ ψτ,ϕ(q; ω). (24)

„²Ö ÔÉμ£μ ¶μ²μ¦¨³

b̂ = uâ + vâ+, b̂+ = v∗â + u∗â+, (25)

£¤¥ ËÊ´±Í¨¨ u ¨ v μ¶·¥¤¥²¥´Ò (¶·¨ θ = 0) Ëμ·³Ê² ³¨ (23).
’ ±μ° ¶¥·¥Ìμ¤, ÌμÉÖ ¨ ¸μÌ· ´Ö¥É Ëμ·³Ê ± ´μ´¨Î¥¸±¨Ì ¶¥·¥¸É ´μ¢μÎ´ÒÌ ¸μμÉ´μÏ¥´¨°

[b̂, b̂+] = Î , ´μ ¶·¨¢μ¤¨É ± ¨Ì Ê´¨É ·´μ ´¥Ô±¢¨¢ ²¥´É´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³, ¶μ¸±μ²Ó±Ê
¨¸Ìμ¤´Ò° ¨ ¶·μ¨§¢μ²Ó´Ò° ¢ ±ÊÊ³Ò Å ÔÉμ ¸¨¸É¥³Ò ¸ ¡¥¸±μ´¥Î´Ò³ Î¨¸²μ³ ¸É¥¶¥´¥°
¸¢μ¡μ¤Ò. � §Ê³¥¥É¸Ö, ¶·¨ τ = 0 ¨ ϕ = 0 μ¶¥· Éμ·Ò b̂ ¨ b̂+ ¶¥·¥Ìμ¤ÖÉ ¢ μ¶¥· Éμ·Ò â ¨ â+

¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¢ ±ÊÊ³ ψτ,ϕ(q; ω) ¶¥·¥Ìμ¤¨É ¢ ¢ ±ÊÊ³ ψ0(q; ω).
�μ¤¸É ¢²ÖÖ μ¶·¥¤¥²¥´¨Ö (1) μ¶¥· Éμ·μ¢ â ¨ â+ ¸ η = ω ¢ Ëμ·³Ê²Ê (25) ¤²Ö μ¶¥· Éμ·  b̂

¨ ¤¥°¸É¢ÊÖ ÔÉ¨³ μ¶¥· Éμ·μ³ ´  ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¶·μ¨§¢μ²Ó´μ£μ ¢ ±ÊÊ³  ψτ,ϕ(q, ω),
¢³¥¸Éμ Ê· ¢´¥´¨Ö (3) ¶μ²ÊÎ¨³  ´ ²μ£¨Î´μ¥ Ê· ¢´¥´¨¥

b̂ψτ,ϕ(q, ω) = 0 (26)

¨²¨

(u − v)�
dψτ,ϕ

dq
+ (u + v)ωqψτ,ϕ = 0. (27)

…£μ ·¥Ï¥´¨¥ ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ τ ¨ ϕ ¢ μÉ²¨Î¨¥ μÉ (4) ¨³¥¥É ¢¨¤ ±μ³¶²¥±¸´μ°
£ Ê¸¸μ¨¤Ò

ψτ,ϕ(q, ω) =
[
2π(Δq0)2|u − v|2

]−1/4
exp

{
− q2

4(Δq0)2
u + v

u − v

}
, (28)

£¤¥ u ¨ v Å ±μ³¶²¥±¸´Ò¥ ËÊ´±Í¨¨ ¢¨¤  (23), ¨²¨

ψτ,ϕ(q, ω) =
[
2π(Δqτ,ϕ)2

]−1/4
exp

{
− q2

4(Δqτ,ϕ)2
(1 − iατ,ϕ)

}
. (29)

‡¤¥¸Ó
ατ,ϕ = sh 2τ · sin 2ϕ, (30)

 
(Δqτ,ϕ)2 = (Δq0)2(ch 2τ − sh 2τ · cos 2ϕ). (30a)

�´ ²μ£¨Î´μ ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¢ ±ÊÊ³´ Ö ËÊ´±Í¨Ö ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨
ψτ,ϕ(p, ω) É ±¦¥ ¨³¥¥É Ëμ·³Ê ±μ³¶²¥±¸´μ° £ Ê¸¸μ¨¤Ò ¸ Éμ° ¦¥ Ì · ±É¥·¨¸É¨±μ° ατ,ϕ ¨

(Δpτ,ϕ)2 = (Δp0)2(ch 2τ + sh2τ · cos 2ϕ), (30¡)

¶·¨Î¥³ Δq2
0 ¨ Δp2

0 ¸μ£² ¸´μ (12) § ¢¨¸ÖÉ μÉ ω.
‡ ³¥É¨³, ÎÉμ ¶·μ¨§¢¥¤¥´¨¥ ¤¨¸¶¥·¸¨° (UP)2

(Δqτ,ϕ)2 · (Δpτ,ϕ)2 = (Δq0)2 · (Δp0)2(ch22τ − sh22τ · cos2 2ϕ) (31)
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¢ μ¡Ð¥³ ¸²ÊÎ ¥ μÉ²¨Î ¥É¸Ö μÉ ¢¥²¨Î¨´Ò �
2/4 ¢ (7) ¤²Ö ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³  ¨ ¸μ¢¶ ¤ ¥É ¸

´¥° Éμ²Ó±μ ¤²Ö ¢¥Ð¥¸É¢¥´´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°, ±μ£¤  ατ,ϕ = 0.
„ ²¥¥, ¢ÒÎ¨¸²¥´¨¥ ¸·¥¤´¨Ì §´ Î¥´¨° ÔËË¥±É¨¢´ÒÌ ±¨´¥É¨Î¥¸±μ° ¨ ¶μÉ¥´Í¨ ²Ó´μ°

Ô´¥·£¨° ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  ¢ · ¢´μ¢¥¸¨¨ ¸ ¶·μ¨§¢μ²Ó´Ò³ ¢ ±ÊÊ³μ³ ¤ ¥É

Kτ,ϕ =
�ω

4
(ch 2τ + sh 2τ · cos 2ϕ),

(32)

Πτ,ϕ =
�ω

4
(ch 2τ − sh 2τ · cos 2ϕ),

É. ¥. Kτ,ϕ �= Πτ,ϕ. ˆ´Ò³¨ ¸²μ¢ ³¨, ÔÉ¨ ¢Ò· ¦¥´¨Ö ¸μ¢¶ ¤ ÕÉ Éμ²Ó±μ ¤²Ö É¥Ì ±μ³¶²¥±¸-
´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°, Ê ±μÉμ·ÒÌ ϕ = π/4,   τ ¶·μ¨§¢μ²Ó´μ. „²Ö ¢¸¥Ì μ¸É ²Ó´ÒÌ ËÊ´±-
Í¨° ¶·μ¨§¢μ²Ó´μ£μ ¢ ±ÊÊ³  ¸μ¢¶ ¤¥´¨¥ ¢μ§³μ¦´μ Éμ²Ó±μ ¶·¨ τ = 0, É. ¥. ¢ ¶·¥¤¥²Ó´μ³
¸²ÊÎ ¥ ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³ .

� ±μ´¥Í, ¶μ  ´ ²μ£¨¨ ¸ (10) ¶·¨³¥³, ÎÉμ ¸·¥¤´ÖÖ ¢´ÊÉ·¥´´ÖÖ Ô´¥·£¨Ö ±¢ ´Éμ¢μ£μ
μ¸Í¨²²ÖÉμ·  ¨³¥¥É ¢¨¤

Uτ,ϕ ≡ ω(Δqτ,ϕ) · (Δpτ,ϕ) = ω(Δq0) · (Δp0)
√

ch22τ − sh22τ · cos2 2ϕ =

=
�ω

2

√
(ch22τ − sh22τ) + sh22τ(1 − cos2 2ϕ) =

�ω

2

√
sh22τ · sin2 2ϕ + 1 =

=
�ω

2

√
α2

τ,ϕ + 1, (33)

μ¤¨´ ±μ¢Ò° ¤²Ö ¢¸¥Ì ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ψτ,ϕ(q, ω).
�Î¥¢¨¤´μ, ÎÉμ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¢Ò· ¦¥´¨¥ (33) ¤²Ö Uτ,ϕ μ¶·¥¤¥²Ö¥É¸Ö Ë §μ° ¢μ²´μ-

¢μ° ËÊ´±Í¨¨ ¶·μ¨§¢μ²Ó´μ£μ ¢ ±ÊÊ³ , § ¢¨¸ÖÐ¥° μÉ ατ,ϕ. ˆ Éμ²Ó±μ ¤²Ö ¢¥Ð¥¸É¢¥´´ÒÌ
¢μ²´μ¢ÒÌ ËÊ´±Í¨°, ±μ£¤  ατ,ϕ = 0, ¢³¥¸Éμ (33) ¨³¥¥³ U0 = �ω/2, ÎÉμ Ì · ±É¥·´μ ¤²Ö
¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³ .

„²Ö ±μ³¶²¥±¸´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¶·μ¨§¢μ²Ó´μ£μ ¢ ±ÊÊ³  ¶μ²¥§´Ò° ¤²Ö ¤ ²Ó´¥°-
Ï¥£μ  ´ ²¨§  ¢Ò¡μ· ¢Ò· ¦¥´¨Ö (33) ¤μ¸É¨£ ¥É¸Ö Éμ²Ó±μ ¶·¨ ϕ = π/4, ±μ£¤ 

Uτ,ϕ =
�ω

2

√
sh22τ · sin2 π

2
+ 1 =

�ω

2
ch 2τ. (34)

�É³¥É¨³, ÎÉμ ¢ Ëμ·³Ê²¥ (34) § ¢¨¸¨³μ¸ÉÓ μÉ Ë §Ò ¸μÌ· ´Ö¥É¸Ö, ¨¡μ ¶μ-¶·¥¦´¥³Ê ατ,φ =
sh2τ �= 0, ÌμÉÖ ÔÉ  § ¢¨¸¨³μ¸ÉÓ μ± §Ò¢ ¥É¸Ö ¸±·ÒÉμ°.

�ÉÊ ¸±·ÒÉÊÕ § ¢¨¸¨³μ¸ÉÓ ³μ¦´μ μ¡´ ·Ê¦¨ÉÓ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ É· ¤¨Í¨μ´´μ£μ ¸¶μ-
¸μ¡  ¢ÒÎ¨¸²¥´¨Ö ¸·¥¤´¥° ¢´ÊÉ·¥´´¥° Ô´¥·£¨¨ ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ· . …¸²¨ ´¥ μ¡· Ð ÉÓ
¢´¨³ ´¨Ö ´  ¸ÊÐ¥¸É¢¥´´Ò° Ë¨§¨Î¥¸±¨° Ë ±É (´¥· ¢¥´¸É¢μ Kτ,ϕ �= Πτ,ϕ), ¸²¥¤ÊÕÐ¨° ¨§
Ëμ·³Ê²Ò (32), ¨ ¢¢¥¸É¨ Uτ,ϕ ¢Ò· ¦¥´¨¥³

Uτ,ϕ = 〈ψτ,ϕ|Ĥ|ψτ,ϕ〉 = Kτ,ϕ + Πτ,ϕ,

Éμ Î²¥´Ò ¢ ¸Ê³³¥, § ¢¨¸ÖÐ¨¥ μÉ ¶·μ¨§¢μ²Ó´μ£μ §´ Î¥´¨Ö ϕ, ¸μ±· Ð ÕÉ¸Ö. ‚ ¨Éμ£¥ ¤²Ö
Uτ,φ ¶μ²ÊÎ ¥É¸Ö Éμ ¦¥ ¸ ³μ¥ §´ Î¥´¨¥ (34), É ± ÎÉμ μ´μ Ëμ·³ ²Ó´μ ¨³¥¥É ³¥¸Éμ ¤²Ö
²Õ¡ÒÌ §´ Î¥´¨° ϕ,   ´¥ Éμ²Ó±μ ¶·¨ ϕ = π/4. �¤´ ±μ ÔÉμ ¢μ¢¸¥ ´¥ μ§´ Î ¥É, ÎÉμ
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸μ¸ÉμÖ´¨Ö ¶·μ¨§¢μ²Ó´μ£μ ¢ ±ÊÊ³  Ö¢²ÖÕÉ¸Ö ¢¥Ð¥¸É¢¥´´Ò³¨, ¨¡μ ¤²Ö
´¨Ì ¶μ-¶·¥¦´¥³Ê ατ,φ �= 0.
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5. ƒ�Œˆ‹œ’��ˆ�� ���ˆ‡‚�‹œ��ƒ� ‚�Š““Œ�
ˆ ��…��’�� –…‹�‘’��ƒ� ‘’�•�‘’ˆ—…‘Š�ƒ� ‚�‡„…‰‘’‚ˆŸ

„²Ö ¶·μÖ¸´¥´¨Ö Ë¨§¨Î¥¸±μ£μ ¸³Ò¸²  ´ Ï¨Ì ¤¥°¸É¢¨° ¶μ²¥§´μ § ³¥É¨ÉÓ, ÎÉμ ¢Ò· ¦¥-
´¨¥ ωĵ0 ¢ Ëμ·³Ê²¥ (15) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ô·³¨Éμ¢ μ¶¥· Éμ· Ô´¥·£¨¨ ±¢ ´Éμ¢μ£μ ¸ÉμÌ -
¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö μ±·Ê¦¥´¨Ö, É ± ÎÉμ ¤²Ö ´¥£μ Í¥²¥¸μμ¡· §´μ ¢¢¥¸É¨ ¸¶¥Í¨ ²Ó´μ¥
μ¡μ§´ Î¥´¨¥

Ĥinf
0 ≡ ωĵ0.

‘ ÊÎ¥Éμ³ ¸± § ´´μ£μ Ëμ·³Ê²  (15) ¤²Ö £ ³¨²ÓÉμ´¨ ´  ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³  ¶·¨´¨³ ¥É ¢¨¤

Ĥ0 = Ĥ − Ĥinf
0 . (35)

‚ ´¥³ Ö¢´μ ¢Ò¤¥²¥´ ¢±² ¤ Ô´¥·£¨¨ ±¢ ´Éμ¢μ£μ ¢μ§¤¥°¸É¢¨Ö μ±·Ê¦¥´¨Ö.
�¡μ¡Ð Ö Ëμ·³Ê²Ê (14) ¤²Ö ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³ , ³μ¦´μ ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ ¢μ²´μ¢ Ö ËÊ´±-

Í¨Ö ¢¨¤  (29) ψτ,ϕ(q, ω) Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¥° ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ £ ³¨²ÓÉμ´¨-

 ´  ¶·μ¨§¢μ²Ó´μ£μ ¢ ±ÊÊ³  Ĥτ,ϕ ¸ ´Ê²¥¢Ò³ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³

Ĥτ,ϕψτ,ϕ(q, ω) = 0 · ψτ,ϕ(q, ω) = 0. (36)

�·¨ ¶·μ¨§¢μ²Ó´ÒÌ ¶ · ³¥É· Ì τ ¨ ϕ ÔÉμÉ μ¶¥· Éμ· ¨³¥¥É ¢¨¤

Ĥτ,ϕ ≡ Ĥτ,ϕ − Ĥinf
τ,ϕ. (37)

‡¤¥¸Ó ¸ ÊÎ¥Éμ³ Ëμ·³Ê² (26), (32), (30 ) ¨ (30¡) ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö:

Ĥτ,ϕ ≡ (ch 2τ − sh 2τ · cos 2ϕ)K̂τ,ϕ + (ch2τ + sh 2τ · cos 2ϕ)Π̂τ,ϕ (38)

Å £ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò ¢ ¶·μ¨§¢μ²Ó´μ³ ¸μ¸ÉμÖ´¨¨ ψτ,ϕ(q, ω),  

Ĥ
inf
τ,ϕ = ωσ̂τ,ϕ + Ĥ

inf
0 , (39)

£¤¥

σ̂τ,ϕ ≡ (sh 2τ · sin 2ϕ)
1
2
(p̂ q̂ + q̂p̂),

¨, ± ± ¨ ¢ÒÏ¥, Ĥinf
0 = ωĵ0. �¶¥· Éμ· (39) ³μ¦´μ É· ±Éμ¢ ÉÓ ± ± μ¶¥· Éμ· Ô´¥·£¨¨ Í¥-

²μ¸É´μ£μ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö μ±·Ê¦¥´¨Ö ¢ ¶·μ¨§¢μ²Ó´μ³ ¢ ±ÊÊ³´μ³ ¸μ¸ÉμÖ´¨¨.
�·¨ τ = 0, ϕ = 0 μ´, · §Ê³¥¥É¸Ö, ¶¥·¥Ìμ¤¨É ¢ Ĥinf

0 ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³ .
�¥·¥Ìμ¤Ö ¢ Ëμ·³Ê²¥ (39) μÉ μ¶¥· Éμ·μ¢ Ô´¥·£¨¨ ¸´μ¢  ± μ¶¥· Éμ· ³ ¸ÉμÌ ¸É¨Î¥¸±μ£μ

¢μ§¤¥°¸É¢¨Ö, ´¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ ¶μ³¨³μ Ê´¨¢¥·¸ ²Ó´μ£μ μ¶¥· Éμ·  ĵ0, Ì · ±É¥·¨§ÊÕ-
Ð¥£μ ±¢ ´Éμ¢μ¥ ¸ÉμÌ ¸É¨Î¥¸±μ¥ ¢μ§¤¥°¸É¢¨¥ ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³ , ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¢ ¢Ò· -
¦¥´¨¥ (39) ¢Ìμ¤¨É ¸ÊÐ¥¸É¢¥´´μ ´μ¢Ò° μ¶¥· Éμ·

σ̂ ≡ 1
2
(p̂ q̂ + q̂p̂). (40)

�´ Ì · ±É¥·¨§Ê¥É ¤μ¶μ²´¨É¥²Ó´μ¥ ¢μ§¤¥°¸É¢¨¥, ¢μ§´¨± ÕÐ¥¥ ¶·¨ ¶¥·¥Ìμ¤¥ μÉ ¨¸-
Ìμ¤´μ£μ ¢ ±ÊÊ³  ± ¶·μ¨§¢μ²Ó´μ³Ê, ¤μ¶Ê¸± ÕÐ¥³Ê ¸¨ÉÊ Í¨¨ ¸ ´¥´Ê²¥¢μ° É¥³¶¥· ÉÊ·μ°



�·μ¨§¢μ²Ó´Ò¥ ¢ ±ÊÊ³Ò ± ± ³μ¤¥²Ó ¸ÉμÌ ¸É¨Î¥¸±μ£μ μ±·Ê¦¥´¨Ö 505

μ±·Ê¦¥´¨Ö. �·¨ ¢Ò¸μ±¨Ì É¥³¶¥· ÉÊ· Ì μ±·Ê¦¥´¨Ö, ±μ£¤  μ¶¥· Éμ·Ò p̂ ¨ q̂ ³μ¦´μ ¶·¨-
¡²¨¦¥´´μ § ³¥´¨ÉÓ ´  c-Î¨¸² , ¸·¥¤´¥¥ §´ Î¥´¨¥ μ¶¥· Éμ·  σ̂ ¶·¨´¨³ ¥É ¢¨¤ ±μ··¥²ÖÉμ· 
¸²ÊÎ °´ÒÌ §´ Î¥´¨° ±μμ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸ 

Στ,ϕ ≡ 〈ψτ,ϕ|σ̂|ψτ,ϕ〉 ≈ p q,

¨§¢¥¸É´μ£μ ¨§ ±² ¸¸¨Î¥¸±μ° É¥μ·¨¨ ¢¥·μÖÉ´μ¸É¥°. ‚ ÔÉμ³ ¶·¥¤¥²¥ ±¢ ´Éμ¢Ò³¨ ÔËË¥±É ³¨
³μ¦´μ ¶·¥´¥¡·¥ÎÓ, É ± ÎÉμ ¢ ÔÉμ³ Î ¸É´μ³ ¸²ÊÎ ¥ ¶·¨ ´¥±μÉμ·μ³ ¢Ò¡μ·¥ ¶ · ³¥É·μ¢ τ
¨ ϕ ¢¥²¨Î¨´  Στ,ϕ ³μ¦¥É ¨£· ÉÓ ·μ²Ó Ì · ±É¥·¨¸É¨±¨ Î¨¸Éμ É¥¶²μ¢μ£μ ¸ÉμÌ ¸É¨Î¥¸±μ£μ
¢μ§¤¥°¸É¢¨Ö μ±·Ê¦¥´¨Ö.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¶·¨ Ê¸·¥¤´¥´¨¨ ¶μ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ψτ,ϕ(q, ω) ¢¨¤  (29) ¸ ÊÎ¥Éμ³
Ëμ·³Ê²Ò (30)

Στ,ϕ = 〈ψτ,ϕ|σ̂|ψτ,ϕ〉 =
�

2
sh 2τ · sin 2ϕ =

�

2
ατ,ϕ. (41)

’ ±¨³ μ¡· §μ³, Ì · ±É¥·¨¸É¨±  Ë §Ò ±μ³¶²¥±¸´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ατ,ϕ, ¶μ ¸ÊÐ¥¸É¢Ê,
Ê¶· ¢²Ö¥É ±μ··¥²ÖÍ¨¥° Ë²Ê±ÉÊ Í¨° ±μμ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸  Στ,ϕ. ’ ±, ¤²Ö ¢¥Ð¥¸É¢¥´-
´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°, ±μ£¤  ϕ = 0, ±μ··¥²ÖÉμ· μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó,   ¤²Ö ±μ³¶²¥±¸´μ°
¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸ ϕ = π/4 ¨ ¶·μ¨§¢μ²Ó´Ò³ τ μ´ · ¢¥´ (�/2)sh 2τ . ˆ´Ò³¨ ¸²μ¢ ³¨,
¨¸¶μ²Ó§μ¢ ´¨¥ ¢¥Ð¥¸É¢¥´´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ´¥ ¶μ§¢μ²Ö¥É ¶μ²´μ¸ÉÓÕ ÊÎ¥¸ÉÓ ¸ÉμÌ -
¸É¨Î¥¸±μ¥ ¢μ§¤¥°¸É¢¨¥ ¶·μ¨§¢μ²Ó´μ£μ ¢ ±ÊÊ³ . �´¨ μ¡¥¸¶¥Î¨¢ ÕÉ Éμ²Ó±μ ÊÎ¥É ±¢ ´Éμ¢μ£μ
¢μ§¤¥°¸É¢¨Ö ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³ .

6. �…Š�Œ��Š’��Ÿ ƒ�“��� ‘ˆŒŒ…’�ˆˆ ���ˆ‡‚�‹œ��ƒ� ‚�Š““Œ�

„²Ö ¢ÒÖ¸´¥´¨Ö ·μ²¨ μ¶¥· Éμ·  ¤μ¶μ²´¨É¥²Ó´μ£μ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö σ̂
¢¨¤  (40) ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¢ Í¥²μ³ ¸· ¢´¨³ ¸¢μ°¸É¢  ¸¨³³¥É·¨¨ £ ³¨²ÓÉμ´¨ ´  ¸¨-
¸É¥³Ò Ĥ, ³μ¤¥²¨·Ê¥³μ° ±¢ ´Éμ¢Ò³ μ¸Í¨²²ÖÉμ·μ³, ¨ £ ³¨²ÓÉμ´¨ ´  ¶·μ¨§¢μ²Ó´μ£μ ¢ ±Ê-
Ê³  Ĥτ,ϕ. „²Ö ÔÉμ£μ ¶·μ ´ ²¨§¨·Ê¥³  ²£¥¡· ¨Î¥¸±¨¥ ¸¢μ°¸É¢  ¢Ìμ¤ÖÐ¨Ì ¢ ´¨Ì μ¶¥· Éμ-
·μ¢. Š ± ¡Ò²μ ¶μ± § ´μ ¢ · ¡μÉ¥ [21], £·Ê¶¶μ° ¸¨³³¥É·¨¨ ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  Ö¢²Ö-
¥É¸Ö ´¥±μ³¶ ±É´ Ö £·Ê¶¶  ‹μ·¥´Í  O(2, 1). ŒÒ ¶μ± ¦¥³, ÎÉμ ÔÉ  £·Ê¶¶  ¨³¥¥É ¶·Ö³μ¥
μÉ´μÏ¥´¨¥ ± ¢ÒÖ¸´¥´¨Õ ·μ²¨ μ¶¥· Éμ·μ¢ σ̂ ¨ ĵ0 ¢ μ¶¨¸ ´¨¨ · ¢´μ¢¥¸¨Ö ¸ ¶·μ¨§¢μ²Ó´Ò³
¢ ±ÊÊ³μ³.

‘ ÔÉμ° Í¥²ÓÕ ¶¥·¥°¤¥³ ± ¡¥§· §³¥·´Ò³ ¶¥·¥³¥´´Ò³ P̂ =
1
i

d

dQ ¨ Q̂ ¨ ¢¢¥¤¥³ ¸É ´-

¤ ·É´Ò³ μ¡· §μ³ ±¢ ¤· É¨Î´Ò¥ ±μ³¡¨´ Í¨¨ ÔÉ¨Ì μ¶¥· Éμ·μ¢⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Ŝ0 ≡ 1
4

(
Q̂ 2 − d2

dQ2

)
,

Ŝ1 ≡ i

4

(
Q̂ d

dQ +
d

dQQ̂
)

,

Ŝ2 ≡ −1
4

(
Q̂ 2 +

d2

dQ2

) (42)

¨ ¢ÒÖ¸´¨³ ¨Ì Ë¨§¨Î¥¸±¨° ¸³Ò¸². „²Ö ÔÉμ£μ ¸· ¢´¨³ ¨Ì (¶·¨ � = m = ω = 1) ¸
¡¥§· §³¥·´Ò³¨ £ ³¨²ÓÉμ´¨ ´μ³ Ĥ = K̂ + Π̂, ² £· ´¦¨ ´μ³ L̂ = K̂ − Π̂ μ¤´μ³¥·´μ£μ
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±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  ¨ μ¶¥· Éμ·μ³ Ô´¥·£¨¨ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö ωσ̂ (¶·¨
ω = 1), £¤¥ σ̂ ¨³¥¥É ¢¨¤ (40).

‚ ¨Éμ£¥ ¶μ²ÊÎ¨³, ÎÉμ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ³´μ¦¨É¥²Ö 1/2 ÔÉ¨ μ¶¥· Éμ·Ò ¸μ¢¶ ¤ ÕÉ ¸ μ¶¥-
· Éμ· ³¨ ¨§ ¸μ¢μ±Ê¶´μ¸É¨ (42)

Ŝ0 =
1
2
Ĥ, Ŝ1 = −1

2
σ̂, Ŝ2 =

1
2
L̂. (43)

�μ¤Î¥·±´¥³: ÉμÉ Ë ±É, ÎÉμ ´¥ Éμ²Ó±μ μ¶¥· Éμ· ³ Ŝ0, Ŝ2, ´μ ¨ μ¶¥· Éμ·Ê Ŝ1 ³μ¦´μ
¶·¨¤ ÉÓ ¸ ³μ¸ÉμÖÉ¥²Ó´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸², ¤μ ¸¨Ì ¶μ· ¢ ²¨É¥· ÉÊ·¥ ´¥ μÉ³¥Î ²cÖ.

‘μ¸É ¢¨³ ¤ ²¥¥ ±μ³³ÊÉ Éμ·Ò μ¶¥· Éμ·μ¢ Ŝi. �´¨ ¨³¥ÕÉ ¢¨¤

[Ŝ0, Ŝ1, ] = iŜ2, [Ŝ1, Ŝ2, ] = −iŜ0, [Ŝ2, Ŝ0, ] = iŜ1. (44)

ˆ§ ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° ¸²¥¤Ê¥É, ÎÉμ ¤ ´´Ò¥ É·¨ μ¶¥· Éμ·  μ¡· §ÊÕÉ  ²£¥¡·Ê ‹¨, ¢ ±μÉμ·μ°
μ¶¥· Éμ· ĵ0 = (1/2)Î ¨£· ¥É ·μ²Ó ¥¤¨´¨ÍÒ.

‡ ³¥É¨³, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ  ²£¥¡·Ò ‹¨  ´ ²μ£¨Î´ÒÌ μ¶¥· Éμ·μ¢ £·Ê¶¶Ò ¢· Ð¥-
´¨° O(3) ¢Éμ·μ° ±μ³³ÊÉ Éμ· ¢ (44) ¨³¥¥É §´ ± ®³¨´Ê¸¯. �Éμ ¸μμÉ¢¥É¸É¢Ê¥É Éμ³Ê, ÎÉμ
£·Ê¶¶  ‹μ·¥´Í  O(2, 1), £¥´¥·¨·Ê¥³ Ö μ¶¥· Éμ· ³¨ (43), μ¸É ¢²Ö¥É ¨´¢ ·¨ ´É´μ° ¨´¤¥-
Ë¨´¨É´ÊÕ Ëμ·³Ê (μ, ν = 0, 1, 2)

x2 = gμ,νxμxν = x2
1 + x2

2 − x2
0 = inv. (45)

ƒ ³¨²ÓÉμ´¨ ´ Ĥ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É ¸³Ò¸² £¥´¥· Éμ·  μ¡ÒÎ´μ£μ ¶μ¢μ·μÉ  ¢ ¶²μ¸-
±μ¸É¨ (1Ä2),   μ¶¥· Éμ· Ô´¥·£¨¨ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö ωσ̂ ¨ ² £· ´¦¨ ´ L̂ Å
£¥´¥· Éμ·μ¢ ²μ·¥´Í¥¢ÒÌ ¶μ¢μ·μÉμ¢ (¡Ê¸Éμ¢) ¢ ¶²μ¸±μ¸ÉÖÌ (0Ä1) ¨ (0Ä2). ’¥³ ¸ ³Ò³
μ¶¥· Éμ·Ò ωσ̂ ¨ L̂ μ± §Ò¢ ÕÉ¸Ö ¸μ¢¥·Ï¥´´μ · ¢´μ¶· ¢´Ò³¨.

ˆ§ ¶·μ¢¥¤¥´´μ£μ · ¸¸³μÉ·¥´¨Ö ¸²¥¤Ê¥É, ÎÉμ μ¶¥· Éμ· ωσ̂ Ö¢²Ö¥É¸Ö ¸Éμ²Ó ¦¥ ¸ÊÐ¥-
¸É¢¥´´Ò³ Ô²¥³¥´Éμ³ ±¢ ´Éμ¢μ° É¥μ·¨¨, ± ± ¨ £ ³¨²ÓÉμ´¨ ´ Ĥ ¨ ² £· ´¦¨ ´ L̂, ±μÉμ·Ò¥
¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¸É ´¤ ·É´Ò¥ μ¶¥· Éμ·Ò ±¨´¥É¨Î¥¸±μ° ¨ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨°. Š ±
Ê± §Ò¢ ²μ¸Ó ¢ÒÏ¥, μ¶¥· Éμ· ωσ̂ ¨³¥¥É Ë¨§¨Î¥¸±¨° ¸³Ò¸² μ¶¥· Éμ·  Ô´¥·£¨¨ ¤μ¶μ²´¨-
É¥²Ó´μ£μ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö (¶·¨ T0 �= 0), É. ¥. ¢ μÉ²¨Î¨¥ μÉ μ¶¥· Éμ·μ¢ Ĥ ¨ L̂
μ´ Ö¢²Ö¥É¸Ö Ì · ±É¥·¨¸É¨±μ° ¢´¥Ï´¥° ³ ±·μμ¡¸É ´μ¢±¨. �¥É·Ê¤´μ É ±¦¥ ¢¨¤¥ÉÓ, ÎÉμ μ¶¥-
· Éμ·Ò Ĥτ,ϕ ¨ Ĥτ,ϕ ´¥ ¨³¥ÕÉ μ¡Ð¨Ì ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°, ¶μ¸±μ²Ó±Ê μ¶¥· Éμ·Ò ωσ̂τ,ϕ

¨ Ĥτ,ϕ ¸μ£² ¸´μ ¶¥·¢μ³Ê ¨§ · ¢¥´¸É¢ (44) ´¥ ±μ³³ÊÉ¨·ÊÕÉ.
ˆ´ Î¥ £μ¢μ·Ö, ´¥ ¸ÊÐ¥¸É¢Ê¥É ¤ ¦¥ μ¤´μ£μ ¸μ¸ÉμÖ´¨Ö, ¢ ±μÉμ·μ³ μ¤´μ¢·¥³¥´´μ ÉμÎ´μ

§ ¤ ´Ò Ô´¥·£¨Ö ¢μ§¤¥°¸É¢¨Ö ¨ Ô´¥·£¨Ö ¸¨¸É¥³Ò. ‚ ¸¨²Ê ¸ÉμÌ ¸É¨Î´μ¸É¨ ¢μ§¤¥°¸É¢¨Ö
£μ¢μ·¨ÉÓ μ¡ μ¶·¥¤¥²¥´´μ¸É¨ ¥£μ Ô´¥·£¨¨ ´¥ ¶·¨Ìμ¤¨É¸Ö, É ± ÎÉμ ´¥¨§¡¥¦´μ ÔÉμ ¶μ´ÖÉ¨¥
¶¥·¥´μ¸¨É¸Ö É ±¦¥ ¨ ´  Ô´¥·£¨Õ ¸¨¸É¥³Ò Å μ´  ¸É ´μ¢¨É¸Ö ®· §³ § ´´μ°¯. ’ ±¨³
μ¡· §μ³, ¢ ¤·Ê£μ° Ëμ·³¥ ³Ò ¨³¥¥³ ¶μ¤É¢¥·¦¤¥´¨¥ ´¥¨§μ²¨·μ¢ ´´μ¸É¨ ¸¨¸É¥³Ò ¢ ÔÉ¨Ì
Ê¸²μ¢¨ÖÌ. “Î¥É ÔÉμ£μ μ¡¸ÉμÖÉ¥²Ó¸É¢  ± ± · § É·¥¡Ê¥É ¸¶¥Í¨ ²Ó´μ£μ μ¶¨¸ ´¨Ö ¢ Ëμ·³¥
μ¶¥· Éμ·  ¤μ¶μ²´¨É¥²Ó´μ£μ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö.

�Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¶μ§¢μ²Ö¥É ¶μ-´μ¢μ³Ê ¨¸Éμ²±μ¢ ÉÓ Ê· ¢´¥´¨¥ (36) ¤²Ö ¢μ²´μ¢μ°
ËÊ´±Í¨¨ ¶·μ¨§¢μ²Ó´μ£μ ¢ ±ÊÊ³  ¸ Ĥτ,ϕ ¢¨¤  (37). �μ Ëμ·³¥ μ´μ ´ ¶μ³¨´ ¥É ¸É ´¤ ·É-

´μ¥ Ê¸²μ¢¨¥, ¶·¨¸ÊÐ¥¥ ³¥Ì ´¨±¥ „¨· ±  ¸μ ¸¢Ö§Ö³¨. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ μ¶¥· Éμ· Ĥinf

¢¨¤  (39) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸Ê³³Ê ¤¢ÊÌ μ¶¥· Éμ·μ¢, μÉ· ¦ ÕÐ¨Ì ´ ²¨Î¨¥ ¸ÉμÌ ¸É¨-
Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö μ±·Ê¦¥´¨Ö. ‘ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ÔÉμ μ§´ Î ¥É ´ ²μ¦¥´¨¥
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´  ¨¸¸²¥¤Ê¥³ÊÕ ¸¨¸É¥³Ê ¢ ¸μ¸ÉμÖ´¨¨ · ¢´μ¢¥¸¨Ö ¸¢Ö§¥° ¸ ¶·μ¨§¢μ²Ó´Ò³ ¢ ±ÊÊ³μ³ ± ± ¸
¸¨¸É¥³μ° ¸ ¡¥¸±μ´¥Î´Ò³ Î¨¸²μ³ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò.

�É³¥É¨³, ÎÉμ ¶μ¸±μ²Ó±Ê μ¶¥· Éμ·Ò Ĥ ¨ ĵ0 ±μ³³ÊÉ¨·ÊÕÉ, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ±¢ ´Éμ¢ Ö
¸¢Ö§Ó Ö¢²Ö¥É¸Ö Ê´¨¢¥·¸ ²Ó´μ° ¸¢Ö§ÓÕ II ·μ¤ , ¨³¥ÕÐ¥° ³¥¸Éμ ¨ ¢ ¨¸Ìμ¤´μ³ ¢ ±ÊÊ³¥. �´ 
´¥ μ£· ´¨Î¨¢ ¥É ¢Ò¡μ· ¶·μ¸É· ´¸É¢  ¸μ¸ÉμÖ´¨° ¢ ±ÊÊ³ . ‚ Éμ ¦¥ ¢·¥³Ö μ¶¥· Éμ·Ò Ĥ ¨ σ̂
¸μ£² ¸´μ (44) ´¥ ±μ³³ÊÉ¨·ÊÕÉ. �μÔÉμ³Ê ¸¢Ö§Ó, μÉ¢¥Î ÕÐ Ö μ¶¥· Éμ·Ê σ̂, Ö¢²Ö¥É¸Ö ¸¢Ö§ÓÕ
I ·μ¤ , ¨£· ÕÐ¥° ¸ÊÐ¥¸É¢¥´´ÊÕ ·μ²Ó ¢ ¢Ò¡μ·¥ ¶·μ¸É· ´¸É¢  ¸μ¸ÉμÖ´¨° ¶·μ¨§¢μ²Ó´ÒÌ
¢ ±ÊÊ³μ¢.

7. ”ˆ‡ˆ—…‘Šˆ ‡��—ˆŒ›… ��„ƒ�“��› (u, v)-��…����‡�‚��ˆ‰
��ƒ�‹���‚� ˆ ‘��’‚…’‘’‚“�™ˆ… ���ˆ‡‚�‹œ�›… ‚�Š““Œ›

„²Ö ¡μ²¥¥ ¶μ¤·μ¡´μ£μ  ´ ²¨§  ¸μ¢μ±Ê¶´μ¸É¨ ¸μ¸ÉμÖ´¨° ¶·μ¨§¢μ²Ó´μ£μ ¢ ±ÊÊ³  ¢¢¥-
¤¥³, ¸²¥¤ÊÖ [20], ¶μ²¥§´Ò¥ Ë¨§¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ¨¸¸²¥¤Ê¥³ÒÌ ¸μ¸ÉμÖ´¨°. Š ´¨³
μÉ´μ¸ÖÉ¸Ö ¤¢¥ ¢¥²¨Î¨´Ò: k Å ±μÔËË¨Í¨¥´É ¸¦ É¨Ö ¤¨¸¶¥·¸¨° ±μμ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸ 
(¢ ¡¥§· §³¥·´ÒÌ ¥¤¨´¨Í Ì)

k =
(ΔQτ,ϕ)2

(ΔPτ,ϕ)2
=

ch 2τ − sh 2τ · cos 2ϕ

ch 2τ + sh 2τ · cos 2ϕ
(46)

¨ r Å ±μÔËË¨Í¨¥´É ±μ··¥²ÖÍ¨¨ Ë²Ê±ÉÊ Í¨° ±μμ·¤¨´ ÉÒ ¨ ¨³¶Ê²Ó¸ ,

r =
Στ,ϕ

Δpτ,ϕΔqτ,ϕ
= sin 2ϕ (cth22τ − cos2 2ϕ)−1/2, (47)

£¤¥ Στ,ϕ Å ¸·¥¤´¥¥ §´ Î¥´¨¥ ±μ··¥²ÖÉμ·  (41) ¶·¨ ²Õ¡ÒÌ τ ¨ ϕ. �É³¥É¨³, ÎÉμ ¶·¨ ¶·μ-
¨§¢μ²Ó´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ τ ¨ ϕ ¸μ¸ÉμÖ´¨Ö ¢ ±ÊÊ³  ³μ£ÊÉ ¡ÒÉÓ Î ¸É¨Î´μ ¸¦ ÉÒ³¨
¨ Î ¸É¨Î´μ ±μ··¥²¨·μ¢ ´´Ò³¨ μ¤´μ¢·¥³¥´´μ. �¤´ ±μ ¶·¨ ÔÉμ³ ±μÔËË¨Í¨¥´ÉÒ k ¨ r ´¥
¤μ¸É¨£ ÕÉ Ô±¸É·¥³ ²Ó´μ ¢μ§³μ¦´ÒÌ §´ Î¥´¨°.

‚¸¥ ¸μ¸ÉμÖ´¨Ö ¶·μ¨§¢μ²Ó´μ£μ ¢ ±ÊÊ³ , ±μÉμ·Ò³ ¢ q-¶·¥¤¸É ¢²¥´¨¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ±μ³-
¶²¥±¸´Ò¥ £ Ê¸¸μ¨¤Ò ¢¨¤  (29), μÉ´μ¸ÖÉ¸Ö ± Î¨¸²Ê ±μ£¥·¥´É´ÒÌ ¸μ¸ÉμÖ´¨°, μ¡¥¸¶¥Î¨¢ Õ-
Ð¨Ì ´ ¸ÒÐ¥´´μ¸ÉÓ ¸μμÉ´μÏ¥´¨Ö ´¥μ¶·¥¤¥²¥´´μ¸É¥° ˜·¥¤¨´£¥·  ®±μμ·¤¨´ É -¨³¶Ê²Ó¸¯.
�·¥¤²μ¦¥´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ k ¨ r ¶μ§¢μ²ÖÕÉ ¢Ò¤¥²¨ÉÓ ¨§ £·Ê¶¶Ò ¶·μ¨§¢μ²Ó´ÒÌ (u, v)-
¶·¥μ¡· §μ¢ ´¨° 
μ£μ²Õ¡μ¢  ¤¢¥ Ë¨§¨Î¥¸±¨ §´ Î¨³Ò¥ ¶μ¤£·Ê¶¶Ò ¨ É¥³ ¸ ³Ò³ ¢Ò¤¥²¨ÉÓ
¨§ ±μ£¥·¥´É´ÒÌ ¸μ¸ÉμÖ´¨° (29) ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ ¢ ±ÊÊ³´Ò¥ ¸μ¸ÉμÖ´¨Ö, μÉ¢¥Î ÕÐ¨¥
²¨¡μ Î¨¸Éμ³Ê ¸¦ É¨Õ, ²¨¡μ Î¨¸Éμ° ±μ··¥²ÖÍ¨¨:

 ) �μ¤£·Ê¶¶Ê £¨¶¥·¡μ²¨Î¥¸±¨Ì ¶μ¢μ·μÉμ¢ ´  ¶¸¥¢¤μ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨ (τ �= 0, ϕ =
0, θ = 0), ±μ£¤  ´¥É ±μ··¥²ÖÍ¨¨, ´μ ¥¸ÉÓ ¸¦ É¨¥ (r = 0, k �= 1) c ¢¥Ð¥¸É¢¥´´Ò³¨ ËÊ´±-
Í¨Ö³¨ u = chτ ¨ v = shτ . �Éμ° ¶μ¤£·Ê¶¶¥ ¸μμÉ¢¥É¸É¢ÊÕÉ Î¨¸Éμ ¸¦ ÉÒ¥ ±μ£¥·¥´É´Ò¥
¸μ¸ÉμÖ´¨Ö (CKC) ¸ ³¨´¨³ ²Ó´Ò³ §´ Î¥´¨¥³ k = exp (−4τ).

¡) �μ¤£·Ê¶¶Ê μ¡· É¨³ÒÌ ²¨´¥°´ÒÌ ± ´μ´¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨°, ±μ£¤  ¥¸ÉÓ ±μ··¥-
²ÖÍ¨Ö, ´μ ´¥É ¸¦ É¨Ö (r �= 0; k = 1). �Éμ³Ê ¸²ÊÎ Õ ¸μμÉ¢¥É¸É¢ÊÕÉ Î¨¸Éμ ±μ··¥²¨·μ¢ ´´Ò¥
±μ£¥·¥´É´Ò¥ ¸μ¸ÉμÖ´¨Ö (ŠŠ‘) ¸ ³ ±¸¨³ ²Ó´Ò³ §´ Î¥´¨¥³ r = (cth 2τ)−1.

�É³¥É¨³, ÎÉμ ·¥ ²¨§ Í¨Ö ¶μ¤£·Ê¶¶Ò ¡) ¶·¨ ¶·μ¨§¢μ²Ó´μ³ τ ¢ ¶·¨´Í¨¶¥ ¢μ§³μ¦´ 
¤¢Ê³Ö ¸¶μ¸μ¡ ³¨: ²¨¡μ ϕ = 0, θ = π/2, ²¨¡μ ϕ = π/4, θ = 0. ‚ ¶¥·¢μ³ ¨§ ´¨Ì ËÊ´±-
Í¨Ö u ¢¥Ð¥¸É¢¥´´ Ö,   v Å Î¨¸Éμ ³´¨³ Ö. ‚μ ¢Éμ·μ³, ¶·¥¤²μ¦¥´´μ³ ´ ³¨ [3], ¡μ²¥¥
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¸¨³³¥É·¨Î´μ³ ¨ ¥¤¨´¸É¢¥´´μ³ ¶·¨ θ = 0, μ¡¥ ËÊ´±Í¨¨ ±μ³¶²¥±¸´Ò¥

u = ch τ exp
(
i
π

4

)
, v = sh τ exp

(
−i

π

4

)
. (48)

”¨§¨Î¥¸±¨° ¸³Ò¸² ¸μ¢μ±Ê¶´μ¸É¥° ‘Š‘ (¸ ϕ = 0) ¨ ŠŠ‘ (¸ ϕ = π/4) ¶·μÖ¸´Ö¥É¸Ö
¶·¨ ¨Ì ¨¸¶μ²Ó§μ¢ ´¨¨ ¢ ± Î¥¸É¢¥ ¢ ±ÊÊ³´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°. „²Ö ÔÉμ£μ ¨§³¥´¨³
¶ · ³¥É·¨§ Í¨Õ ÔÉ¨Ì ¸μ¸ÉμÖ´¨° ¨ ¶μ²μ¦¨³

ch 2τ = cth
(

β
�ω

2

)
, sh 2τ =

[
sh

(
β

�ω

2

)]−1

. (49)

‚ ÔÉμ³ ¸²ÊÎ ¥ ·μ²Ó ¥¤¨´¸É¢¥´´μ£μ ´¥Ë¨±¸¨·μ¢ ´´μ£μ ¶ · ³¥É·  τ (0 � τ < ∞) ¶¥·¥°¤¥É
± ¤·Ê£μ³Ê ¶ · ³¥É·Ê β (∞ > β � 0).

�μ¸±μ²Ó±Ê Ëμ·³Ê²  (35) ¤²Ö ¸·¥¤´¥° ¢´ÊÉ·¥´´¥° Ô´¥·£¨¨ ´¥ § ¢¨¸¨É μÉ ϕ, μ´ , ± § -
²μ¸Ó ¡Ò, ¢ · ¢´μ° ³¥·¥ ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´  ± ± ¤²Ö ‘Š‘, É ± ¨ ¤²Ö ŠŠ‘. ‘ ÊÎ¥-
Éμ³ (49) μ´  ¶·¨´¨³ ¥É ¢¨¤

Uβ = 〈ψβ |Ĥ|ψβ〉 =
�ω

2
cth

(
β

�ω

2

)
. (50)

‘μ¶μ¸É ¢²¥´¨¥ ¥¥ ¸ Ëμ·³Ê²μ° �² ´±  ¶μ§¢μ²Ö¥É ¸¢Ö§ ÉÓ ¶ · ³¥É· β ¸ μ¡· É´μ° ±¥²Ó-
¢¨´μ¢μ° É¥³¶¥· ÉÊ·μ° β = (kBT0)−1. �¤´ ±μ · ¢´μ¶· ¢¨¥ ‘Š‘ ¨ ŠŠ‘ μ± §Ò¢ ¥É¸Ö
μ¡³ ´Î¨¢Ò³.

„¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥, ÎÉμ ¤²Ö ‘Š‘ sh 2τ = 0, ¨¡μ ¤²Ö ¢¥Ð¥¸É¢¥´-
´ÒÌ ¢ ±ÊÊ³´ÒÌ ËÊ´±Í¨° ±μ··¥²ÖÍ¨Ö μÉ¸ÊÉ¸É¢Ê¥É, Éμ ¢ ÔÉ¨Ì ¸μ¸ÉμÖ´¨ÖÌ Uβ = U0 = �ω/2.
’¥³ ¸ ³Ò³ ‘Š‘ μ¶¨¸Ò¢ ÕÉ¸Ö Ìμ²μ¤´Ò³¨ ¢ ±ÊÊ³´Ò³¨ ËÊ´±Í¨Ö³¨, ±μÉμ·Ò¥ Ì · ±É¥·¨-
§ÊÕÉ Éμ²Ó±μ ¨¸Ìμ¤´Ò° ¢ ±ÊÊ³ (¸ T0 = 0).

‚ ¨Éμ£¥ ¤²Ö μ¶¨¸ ´¨Ö É¥¶²μ£μ ¢ ±ÊÊ³  (¸ T0 �= 0) μ± §Ò¢ ÕÉ¸Ö ¶·¨£μ¤´Ò³¨ Éμ²Ó±μ
±μ³¶²¥±¸´Ò¥ ¢ ±ÊÊ³´Ò¥ ËÊ´±Í¨¨ ŠŠ‘ ¸ ϕ = π/4, ¢ ±μÉμ·ÒÌ ±μ··¥²ÖÍ¨Ö ³ ±¸¨³ ²Ó´ .
�μ ÔÉμ° ¶·¨Î¨´¥ ¨Ì ¥¸É¥¸É¢¥´´μ ´ §¢ ÉÓ É¥¶²μ¢Ò³¨ ŠŠ‘. �·¨ T0 → 0, · §Ê³¥¥É¸Ö, μ´¨
¶¥·¥Ìμ¤ÖÉ ¢ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¨¸Ìμ¤´μ£μ ¢ ±ÊÊ³ .

8. �…Š�’��›… ˆ’�ƒˆ

1. Š ± § ³¥É¨² ¢ ¸¢μ¥° ¶μ¸²¥¤´¥° · ¡μÉ¥ „¨· ± [22], μ´ ¶μ¸¢ÖÉ¨² ³´μ£¨¥ £μ¤Ò ¦¨§´¨
¶μ¨¸±Ê £ ³¨²ÓÉμ´¨ ´ , ´ ¨¡μ²¥¥ ¶·¨£μ¤´μ£μ ¤²Ö ±¢ ´Éμ¢μ° É¥μ·¨¨. �¤´ ±μ ¶μ¸É¥¶¥´´μ
¢μ§´¨±²μ ¶μ´¨³ ´¨¥ Éμ£μ, ÎÉμ §´ ´¨¥ Éμ²Ó±μ μ¤´μ£μ £ ³¨²ÓÉμ´¨ ´  ¸¨¸É¥³Ò ¤²Ö μ¶¨¸ ´¨Ö
¶·¨·μ¤Ò ´¥¤μ¸É ÉμÎ´μ. ‘ ³ „¨· ± ´ ¸Éμ°Î¨¢μ ¶·¥¤² £ ² ÊÎ¥¸ÉÓ ¢ É¥μ·¨¨ ¡μ²¥¥ ¶μ²´μ
¢±² ¤ ±¢ ´Éμ¢μ£μ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö ¢ ±ÊÊ³ . � §¢¨¢ Ö ÔÉÊ ¶·μ£· ³³Ê, ³Ò, É¥³
´¥ ³¥´¥¥, μÉ± § ²¨¸Ó μÉ ¨¤¥¨ ¸μ¢¥·Ï¥´¸É¢μ¢ ÉÓ £ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò ¨ ¶μÏ²¨ ¶μ ¶ÊÉ¨
¢¢¥¤¥´¨Ö ¸ ³μ¸ÉμÖÉ¥²Ó´ÒÌ μ¶¥· Éμ·μ¢ Ô´¥·£¨¨ ωσ̂ ¨ ωĵ0, ÊÎ¨ÉÒ¢ ÕÐ¨Ì ¢μ§¤¥°¸É¢¨¥
¢ ±ÊÊ³ . �ÉμÉ ³ ´¥¢· ¶μ§¢μ²¨² μÉ´¥¸É¨ É¥¶²μ¢Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò ´¥ ± ¸ ³μ° ¸¨¸É¥³¥,
  ± ¢μ§¤¥°¸É¢¨Õ μ±·Ê¦¥´¨Ö (±¢ ´ÉμÉ¥·³μ¸É É ).

2. � ³¨ ¶μ± § ´μ, ÎÉμ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ Ìμ²μ¤´μ£μ ψ0 ¨ ¶·μ¨§¢μ²Ó´μ£μ ψτ,ϕ ¢ ±Ê-
Ê³μ¢ ¢ q-¶·¥¤¸É ¢²¥´¨¨ ³μ¦´μ ´ °É¨ ´  μ¸´μ¢¥ (u, v)-¶·¥μ¡· §μ¢ ´¨° 
μ£μ²Õ¡μ¢  ¡¥§
¶·Ö³μ£μ ¨¸¶μ²Ó§μ¢ ´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .
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3. ‚¢¥¤¥´ £ ³¨²ÓÉμ´¨ ´ ¶·μ¨§¢μ²Ó´μ£μ ¢ ±ÊÊ³  Ĥ ¨ Ê¸É ´μ¢²¥´  ¥£μ ¸¢Ö§Ó ¸ μ¶¥-
· Éμ· ³¨ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö μ±·Ê¦¥´¨Ö ±¢ ´Éμ¢μ£μ ĵ0 ¨ É¥¶²μ¢μ£μ σ̂ É¨¶μ¢,
·¥ ²¨§ÊÕÐ¨³¨ ¸¢Ö§¨ II ¨ I ·μ¤ .

4. “¸É ´μ¢²¥´μ, ÎÉμ ¤ ´´Ò¥ μ¶¥· Éμ·Ò Ö¢²ÖÕÉ¸Ö μ·£ ´¨Î´μ° Î ¸ÉÓÕ ¶μ¸²¥¤μ¢ É¥²Ó-
´μ° ±¢ ´Éμ¢μ° É¥μ·¨¨, μ¡· §ÊÖ ¢³¥¸É¥ ¸ £ ³¨²ÓÉμ´¨ ´μ³ ¨ ² £· ´¦¨ ´μ³ § ³±´ÊÉÊÕ
 ²£¥¡·Ê ‹¨.

5. �·μ¤¥³μ´¸É·¨·μ¢ ´μ, ÎÉμ Ë¨§¨Î¥¸±¨ §´ Î¨³Ò¥ ¶μ¤£·Ê¶¶Ò £·Ê¶¶Ò (u, v)-¶·¥μ¡· §μ-
¢ ´¨° 
μ£μ²Õ¡μ¢  ¶·¨ ¶·μ¨§¢μ²Ó´μ³ §´ Î¥´¨¨ ¶ · ³¥É·  τ, ´μ ¸ ϕ = 0 ¨ ϕ = π/4 ¶μ·μ¦-
¤ ÕÉ ¸μμÉ¢¥É¸É¢¥´´μ ¢¥Ð¥¸É¢¥´´Ò¥ ¸¦ ÉÒ¥ ±μ£¥·¥´É´Ò¥ ¨ ±μ³¶²¥±¸´Ò¥ ±μ··¥²¨·μ¢ ´-
´Ò¥ ±μ£¥·¥´É´Ò¥ ¸μ¸ÉμÖ´¨Ö, μ¡¥¸¶¥Î¨¢ ÕÐ¨¥ μ¶¨¸ ´¨¥ · ¢´μ¢¥¸¨Ö ¸ Ìμ²μ¤´Ò³ (T0 = 0)
¨ É¥¶²Ò³ (T0 > 0) μ±·Ê¦¥´¨¥³.

�¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ ÊÎ ¸É´¨± ³ ±μ´Ë¥·¥´Í¨¨ ¢ ‘ ³ ·¥, ´ ÊÎ´ÒÌ ¸¥-
³¨´ ·μ¢ ¢ ˆ´¸É¨ÉÊÉ¥ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. 
μ£μ²Õ¡μ¢  (Š¨¥¢), ´  ± Ë¥¤· Ì
É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ �“„� ¨ ËÊ´±Í¨μ´ ²Ó´μ£μ  ´ ²¨§  Œƒ“ ¨³. Œ.‚. ‹μ³μ´μ¸μ¢ 
§  ¶²μ¤μÉ¢μ·´Ò¥ ¤¨¸±Ê¸¸¨¨,   É ±¦¥ ¶¥·¸μ´ ²Ó´μ �. ƒ. ‡ £μ·μ¤´¥³Ê, ‚. ƒ. 
 ·ÓÖÌÉ ·Ê,
ˆ. ‚.‚μ²μ¢¨ÎÊ, �.Œ. �² ±¨¤¥, �. �. �Ò¡ ±μ¢Ê, �. ƒ. ‘³μ²Ö´μ¢Ê ¨ Œ.‹.”¨²ÓÎ¥´±μ¢Ê § 
¶μ²¥§´Ò¥ ¨¤¥¨, ¸É¨³Ê²¨·μ¢ ¢Ï¨¥ § ¢¥·Ï¥´¨¥ ¤ ´´μ° · ¡μÉÒ. � ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨
¶μ¤¤¥·¦±¥ �μ¸¸¨°¸±μ£μ Ëμ´¤  ËÊ´¤ ³¥´É ²Ó´ÒÌ ¨¸¸²¥¤μ¢ ´¨° (¶·μ¥±É º10-01-90408).
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