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ˆ¸¸²¥¤μ¢ ´Ò ¸¶¥Í¨Ë¨Î¥¸±¨¥ μ¸μ¡¥´´μ¸É¨ ¶μ¢¥¤¥´¨Ö ¸¶¥±É·  ¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ´¨° ¤¨· -
±μ¢¸±μ° Î ¸É¨ÍÒ ¢ ·¥£Ê²Ö·¨§μ¢ ´´μ³ ®±Ê²μ´μ¢¸±μ³¯ ¶μÉ¥´Í¨ ²¥ Vδ(z) = −q/(|z|+δ) ± ± ËÊ´±Í¨¨
¶ · ³¥É·  μ¡·¥§ ´¨Ö δ. �μ± § ´μ, ÎÉμ ¢ 1 + 1 D Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· Î ¸É¨ÍÒ „¨· ±  ¢ É ±μ³
¶μÉ¥´Í¨ ²¥ μ¡² ¤ ¥É ·Ö¤μ³ Ê´¨± ²Ó´ÒÌ ¸¢μ°¸É¢, ´¥ ´ ²¨É¨Î¥¸±¨ § ¢¨¸ÖÐ¨Ì μÉ ±μ´¸É ´ÉÒ ¸¢Ö§¨ ¨
´¥ ¨³¥ÕÐ¨Ì ´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ  ´ ²μ£ . � ¨¡μ²¥¥ ¸ÊÐ¥¸É¢¥´´ÊÕ ·μ²Ó ÔÉ¨ ¸¢μ°¸É¢  ¨£· ÕÉ ¶·¨
δ � 1, Ö¢´μ ¤¥³μ´¸É·¨·ÊÖ ´ ²¨Î¨¥ Ë¨§¨Î¥¸±¨ ¸μ¤¥·¦ É¥²Ó´μ£μ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¶·¨ ¶·μ-
¨§¢μ²Ó´μ ³ ²μ³ δ > 0 ¨ ¢ Éμ ¦¥ ¢·¥³Ö μÉ¸ÊÉ¸É¢¨¥ ·¥£Ê²Ö·´μ£μ ¶·¥¤¥²Ó´μ£μ ¶¥·¥Ìμ¤  ± δ → 0,   É¥³
¸ ³Ò³ ¨ ±μ··¥±É´μ° ¶μ¸É ´μ¢±¨ § ¤ Î¨ ¤²Ö Ê· ¢´¥´¨Ö „¨· ±  ¸ ´¥·¥£Ê²Ö·¨§μ¢ ´´Ò³ ¶μÉ¥´Í¨ ²μ³.

The dependence of stationary levels of the Dirac particle in the regularized Coulomb potential
Vδ(z) = −q/(|z|+δ) on the cutoff parameter δ is studied. It is shown that in 1+1 D the energy spectrum
of the Dirac particle in such a potential reveals some speciˇc features, which depend nonanalytically
on the coupling constant q and are of essentially relativistic nature. These properties turn out to be
most important for δ � 1, demonstrating explicitly the existence of physically quite reasonable energy
spectrum for any small δ > 0, and simultaneously the absence of regular limit δ → 0, hence the absence
of well-deˇned spectral problem for the Dirac equation without regularization for any q in 1 + 1 D.
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Š¢ §¨μ¤´μ³¥·´Ò¥ ¸¨¸É¥³Ò ¸ ®±Ê²μ´μ¢¸±¨³¯ ¢§ ¨³μ¤¥°¸É¢¨¥³ const/|z| ¢ ´ ¸ÉμÖÐ¥¥
¢·¥³Ö ¶·¨¢²¥± ÕÉ ¡μ²ÓÏμ¥ ¢´¨³ ´¨¥ ¢ ¸¢Ö§¨ ¸ ¶μ¸ÉμÖ´´μ · ¸ÉÊÐ¨³ ±μ²¨Î¥¸É¢μ³ Ë¨§¨Î¥-
¸±¨Ì ¶·¨²μ¦¥´¨° [1Ä18]. ’ ±¨¥ § ¤ Î¨ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¢μ§´¨± ÕÉ ¢ Ë¨§¨Î¥¸±¨Ì
³μ¤¥²ÖÌ · §²¨Î´ÒÌ ±¢ §¨μ¤´μ³¥·´ÒÌ ¸É·Ê±ÉÊ· [1Ä8],   É ±¦¥ ± ± ´Ê²¥¢μ¥ ¶·¨¡²¨¦¥-
´¨¥ ¤²Ö Í¥²μ£μ ·Ö¤  ¤¢ÊÌ- ¨ É·¥Ì³¥·´ÒÌ § ¤ Î, ¢ Î ¸É´μ¸É¨ ¶·¨ μ¶¨¸ ´¨¨ ®¶ ·¥´¨Ö¯
Ô²¥±É·μ´μ¢ ´ ¤ ¸¢¥·ÌÉ¥±ÊÎ¥° ¦¨¤±μ¸ÉÓÕ [2, 9Ä11], ¶μ·μ£μ¢μ° ¨μ´¨§ Í¨¨  Éμ³μ¢ ¨´É¥´-
¸¨¢´Ò³ ² §¥·´Ò³ ¨§²ÊÎ¥´¨¥³ [12Ä15], ¶μ¢¥¤¥´¨Ö  Éμ³μ¢ ¢ ¸¢¥·Ì¸¨²Ó´ÒÌ ³ £´¨É´ÒÌ
¶μ²ÖÌ [16Ä18].

‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ § ¤ Î  μ Î ¸É¨Í¥ ¢ ¶μÉ¥´Í¨ ²¥

V (z) = −q/|z| (1)
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¨³¥¥É ¸¶¥Í¨ ²Ó´μ¥ ´ §¢ ´¨¥ ®μ¤´μ³¥·´Ò°  Éμ³ ¢μ¤μ·μ¤ ¯ ¨ Ö¢²Ö¥É¸Ö ¶·¥¤³¥Éμ³
 ±É¨¢´ÒÌ μ¡¸Ê¦¤¥´¨° ¡μ²¥¥ 50 ²¥É, ´ Î¨´ Ö ¸ ¨§¢¥¸É´ÒÌ · ¡μÉ �. ‹μÊ¤μ´  ¨ �. „¦. �²-
²¨μÉÉ  [1, 19]. ‘¶¥Í¨Ë¨±  ÔÉμ° § ¤ Î¨ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ £ ³¨²ÓÉμ´¨ ´

H =
p2

2m
− q/|z| (2)

´¥ Ö¢²Ö¥É¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò³ μ¶¥· Éμ·μ³, ÎÉμ ¶·μÖ¢²Ö¥É¸Ö ¢ ®¶ ¤¥´¨¨ ´  Í¥´É·¯ ´¨¦-
´¥£μ Î¥É´μ£μ Ô´¥·£¥É¨Î¥¸±μ£μ Ê·μ¢´Ö. ‘ ³μ¸μ¶·Ö¦¥´´Ò³ · ¸Ï¨·¥´¨Ö³ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  ¸ £ ³¨²ÓÉμ´¨ ´μ³ (2) ¶μ¸¢ÖÐ¥´ Í¥²Ò° ·Ö¤ · ¡μÉ [1, 2, 19Ä30]. ‚ Ï·¥¤¨´£¥·μ¢-
¸±μ³ ¸²ÊÎ ¥ ¸ ³μ¸μ¶·Ö¦¥´´μ¸ÉÓ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö Î¥·¥§ ´ ²μ¦¥-
´¨¥ ¤μ¶μ²´¨É¥²Ó´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¶·¨ z = 0, ´μ ¢Ò¡μ· £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¸μ¤¥·-
¦¨É ¶·μ¨§¢μ² (± ± ¨ ¸ ³μ ¸ ³μ¸μ¶·Ö¦¥´´μ¥ · ¸Ï¨·¥´¨¥) [20, 21], ÎÉμ, ¢ ¸¢μÕ μÎ¥·¥¤Ó,
μÉ· ¦ ¥É¸Ö ¢ ¸É·Ê±ÉÊ·¥ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É· . ‚ Î ¸É´μ¸É¨, ´ ¨¡μ²¥¥ ¨§¢¥¸É´μ¥ ®± -
´μ´¨Î¥¸±μ¥¯ £· ´¨Î´μ¥ Ê¸²μ¢¨¥ ψ(0) = 0, · ¸¸³μÉ·¥´´μ¥ ¢ [1, 19, 26Ä30], ¸μμÉ¢¥É¸É¢Ê¥É
μÎ¥¢¨¤´μ° Ë¨§¨Î¥¸±μ° ± ·É¨´¥, ±μ£¤  ±Ê²μ´μ¢¸± Ö ¸¨´£Ê²Ö·´μ¸ÉÓ Ë ±É¨Î¥¸±¨ ¨£· ¥É
·μ²Ó ´¥¶·μ´¨Í ¥³μ° ¸É¥´±¨, ± ± ¢ ¨§¢¥¸É´μ° ÊÎ¥¡´μ° ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° § ¤ Î¥ μ
Î ¸É¨Í¥ ¢ μ¤´μ³¥·´μ³ ÖÐ¨±¥, · §¤¥²¥´´μ³ δ-μ¡· §´μ° ¶¥·¥£μ·μ¤±μ° [31]. �·¨ ÔÉμ³
´¨¦´¨° Î¥É´Ò° Ê·μ¢¥´Ó ¨§ ¸¶¥±É·  ¨¸±²ÕÎ ¥É¸Ö, μ¸É ²Ó´Ò¥ Ô´¥·£¥É¨Î¥¸±¨¥ Ê·μ¢´¨ £ -
³¨²ÓÉμ´¨ ´  (2) ¸É ´μ¢ÖÉ¸Ö ¢Ò·μ¦¤¥´´Ò³¨ ¶μ Î¥É´μ¸É¨ ¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ¡ ²Ó³¥·μ¢¸±μ°
¸¥·¨¨ Ê·μ¢´¥° ¢  Éμ³¥ ¢μ¤μ·μ¤  [1, 19, 32]. �É³¥É¨³, ÎÉμ ¢μ§³μ¦´Ò ¨ · ¸¸³ É·¨¢ ÕÉ¸Ö
¨ ¤·Ê£¨¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö, ¶·¨ ±μÉμ·ÒÌ ´ Î ²μ ±μμ·¤¨´ É Ö¢²Ö¥É¸Ö ¤²Ö Î ¸É¨ÍÒ ± ±
´¥¶·μ´¨Í ¥³Ò³ [21], É ± ¨ ¶·μ´¨Í ¥³Ò³ [21Ä25],   Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸É ´μ¢¨É¸Ö
μÉ²¨Î´Ò³ μÉ ¡ ²Ó³¥·μ¢¸±μ£μ, ÎÉμ ´ Ìμ¤¨É ¶·¨³¥´¥´¨¥ ¢ ·Ö¤¥  ±ÉÊ ²Ó´ÒÌ Ë¨§¨Î¥¸±¨Ì
¶·¨²μ¦¥´¨°, É ±¨Ì ± ± μ¶¨¸ ´¨¥ ¸¢μ°¸É¢ Ô±¸¨Éμ´´ÒÌ ¢μ§¡Ê¦¤¥´¨° ¢ Ê£²¥·μ¤´ÒÌ ´ ´μ-
É·Ê¡± Ì [7, 8].

‘ÊÐ´μ¸ÉÓ ¶·μ¡²¥³Ò ¢ § ¤ Î¥ ¸ £ ³¨²ÓÉμ´¨ ´μ³ (2) Ê¤μ¡´μ ¶μ± § ÉÓ ´  Ô´¥·£¥É¨Î¥¸±μ³
ËÊ´±Í¨μ´ ²¥

E[ψ] = 〈ψ|H |ψ〉 =
∫

dz

[
1

2m

∣∣∣∣∂ψ

∂z

∣∣∣∣
2

+ V (z)|ψ|2
]

. (3)

�μ¸±μ²Ó±Ê ¢ μ¤´μ³ ¶·μ¸É· ´¸É¢¥´´μ³ ¨§³¥·¥´¨¨ ±Ê²μ´μ¢¸± Ö ¸¨´£Ê²Ö·´μ¸ÉÓ ´¥¨´É¥£·¨-
·Ê¥³ , Éμ ´¥μ¡Ìμ¤¨³μ ¸¶¥Í¨ ²Ó´μ μ¡¥¸¶¥Î¨¢ ÉÓ ±μ´¥Î´μ¸ÉÓ Ô´¥·£¨¨ Î ¸É¨ÍÒ. ‘ ³Ò³ ¶·Ö-
³Ò³ ¨ Ë¨§¨Î¥¸±¨ ¶·μ§· Î´Ò³ Ö¢²Ö¥É¸Ö Ê¸²μ¢¨¥ ψ(0) = 0, Ê¶μ³Ö´ÊÉμ¥ ¢ÒÏ¥. �²ÓÉ¥·´ -
É¨¢´Ò¥ ¸¶μ¸μ¡Ò ±μ³¶¥´¸ Í¨¨ ±Ê²μ´μ¢¸±μ° · ¸Ìμ¤¨³μ¸É¨ Î¥·¥§ ¡μ²¥¥ ¸²μ¦´Ò¥ Ê¸²μ¢¨Ö,
´μ Ê¦¥ ´¥ ¨³¥ÕÐ¨¥ É ±μ° μÎ¥¢¨¤´μ° Ë¨§¨Î¥¸±μ° ¨´É¥·¶·¥É Í¨¨, · ¸¸³μÉ·¥´Ò ¢ [7, 8, 21Ä
25]. 	μ²¥¥ Éμ£μ, Ö¢´μ¥ ·¥Ï¥´¨¥ § ¤ Î¨ ¸μ ¸£² ¦¥´´μ° ¸¨´£Ê²Ö·´μ¸ÉÓÕ ¶μ± §Ò¢ ¥É [30],
ÎÉμ Ê¸²μ¢¨¥ ψ(0) = 0 Ö¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ ¥¸É¥¸É¢¥´´Ò³ £· ´¨Î´Ò³ Ê¸²μ¢¨¥³, ¤μ¶Ê¸± -
ÕÐ¨³ ±μ··¥±É´ÊÕ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±ÊÕ ¶μ¸É ´μ¢±Ê § ¤ Î¨ ¸ £ ³¨²ÓÉμ´¨ ´μ³ (2),  
¢ [33] ÉμÉ ¦¥ ¸ ³Ò° ¢Ò¢μ¤ μ¡μ¸´μ¢ ´ ¶ÊÉ¥³ ¶·¥¤¥²Ó´μ£μ ¶¥·¥Ìμ¤  μÉ É·¥Ì³¥·´μ° § ¤ Î¨.

„²Ö Í¥²μ£μ ·Ö¤  Ê¶μ³Ö´ÊÉÒÌ ¢ÒÏ¥ Ë¨§¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨° ³μ¤¥²¨ ®μ¤´μ³¥·´μ£μ
 Éμ³  ¢μ¤μ·μ¤ ¯  ±ÉÊ ²Ó´μ° ¶·μ¡²¥³μ° Ö¢²Ö¥É¸Ö ÊÎ¥É ·¥²ÖÉ¨¢¨¸É¸±¨Ì ÔËË¥±Éμ¢, ÎÉμ
É·¥¡Ê¥É ¶¥·¥Ìμ¤  μÉ Ï·¥¤¨´£¥·μ¢¸±μ£μ μ¶¨¸ ´¨Ö Î ¸É¨ÍÒ ± Ê· ¢´¥´¨Õ „¨· ± . Š ± ¨ ¢
Ï·¥¤¨´£¥·μ¢¸±μ³ ¸²ÊÎ ¥, ¤²Ö ´¥·¥£Ê²Ö·¨§μ¢ ´´μ£μ ¶μÉ¥´Í¨ ²  (1) ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¤¨-
· ±μ¢¸±¨° £ ³¨²ÓÉμ´¨ ´ μ± §Ò¢ ¥É¸Ö ´¥¸ ³μ¸μ¶·Ö¦¥´´Ò³ ¤²Ö ¢¸¥Ì §´ Î¥´¨° ±μ´¸É ´ÉÒ
¸¢Ö§¨ q,   ¢ [34, 35] ¡Ò²μ ¶μ± § ´μ, ÎÉμ Ê ¤¨· ±μ¢¸±μ° Î ¸É¨ÍÒ ¢ ¶μÉ¥´Í¨ ²¥ (1) ¸¢Ö§ ´´Ò¥
¸μ¸ÉμÖ´¨Ö ¤μ²¦´Ò μÉ¸ÊÉ¸É¢μ¢ ÉÓ.
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‚ ¤ ´´μ° · ¡μÉ¥ · ¸¸³ É·¨¢ ¥É¸Ö Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· Î ¸É¨ÍÒ „¨· ±  ¢ É ±μ°
μ¤´μ³¥·´μ° § ¤ Î¥ ¸ ·¥£Ê²Ö·¨§μ¢ ´´Ò³ ®±Ê²μ´μ¢¸±¨³¯ ¶μÉ¥´Í¨ ²μ³

Vδ(z) = − q

|z|+ δ
(4)

¨ ¨¸¸²¥¤Ê¥É¸Ö ¥£μ § ¢¨¸¨³μ¸ÉÓ μÉ ¶ · ³¥É·  μ¡·¥§ ´¨Ö δ. �É  § ¢¨¸¨³μ¸ÉÓ μ± §Ò¢ ¥É¸Ö
¢¥¸Ó³  ¸¶¥Í¨Ë¨Î¥¸±μ°, ´¥ ¨³¥ÕÐ¥° ´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ  ´ ²μ£ , ¨ ¶μ§¢μ²Ö¥É ´ £²Ö¤´μ
¶·μ¤¥³μ´¸É·¨·μ¢ ÉÓ ¢¸¥ Ì · ±É¥·´Ò¥ μ¸μ¡¥´´μ¸É¨ ¶·μÍ¥¸¸  μ¶Ê¸± ´¨Ö Ê·μ¢´¥° ¤¨· ±μ¢-
¸±μ° Î ¸É¨ÍÒ ¢ μÉ·¨Í É¥²Ó´Ò° ±μ´É¨´ÊÊ³, ±μÉμ·Ò¥ ¡Ê¤ÊÉ ¨³¥ÉÓ ³¥¸Éμ ¶·¨ ¶¥·¥Ìμ¤¥ ±
¶·¥¤¥²Ê δ → 0, ¢±²ÕÎ Ö É ±¨¥ ± ± ´ ²¨Î¨¥ ¢¶μ²´¥ ¸μ¤¥·¦ É¥²Ó´μ° ¸¶¥±É·μ¸±μ¶¨Î¥¸±μ°
± ·É¨´Ò ¤²Ö ¸±μ²Ó Ê£μ¤´μ ³ ²μ£μ δ > 0 ¨ ¡¥¸±μ´¥Î´Ò° ·μ¸É Î¨¸²  ´Ê²¥° Ê ¢μ²´μ¢μ° ËÊ´±-
Í¨¨ ´¨¦´¥£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö Î ¸É¨ÍÒ ´ ¤ μÉ·¨Í É¥²Ó´Ò³ ±μ´É¨´ÊÊ³μ³. �μ¸²¥¤´¨°
·¥§Ê²ÓÉ É ´ ¶μ³¨´ ¥É ¨§¢¥¸É´μ¥ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ± Î¥¸É¢¥´´μ¥
¶μÖ¸´¥´¨¥ ÔËË¥±É  ®¶ ¤¥´¨Ö ´  Í¥´É·¯ [32], ´μ É¥¶¥·Ó ÔÉμ ¸¢μ°¸É¢μ Ö¢²Ö¥É¸Ö ±μ··¥±É´μ
μ¶·¥¤¥²Ö¥³μ° Ì · ±É¥·¨¸É¨±μ° ´¨¦´¥£μ Ê·μ¢´Ö ¤¨· ±μ¢¸±μ° Î ¸É¨ÍÒ ´ ¤ μÉ·¨Í É¥²Ó´Ò³
±μ´É¨´ÊÊ³μ³ ¨ ¶·μÖ¢²Ö¥É¸Ö ± ± Î¨¸Éμ ·¥²ÖÉ¨¢¨¸É¸±¨° ÔËË¥±É.

�μ³¨³μ ÔÉμ£μ, ¢ · ¡μÉ¥ ¡Ê¤¥É ¶μ± § ´μ, ÎÉμ ´  ¸ ³μ³ ¤¥²¥ ´¥¸ ³μ¸μ¶·Ö¦¥´´μ¸ÉÓ
´¥·¥£Ê²Ö·¨§μ¢ ´´μ° ¤¨· ±μ¢¸±μ° § ¤ Î¨ ¤²Ö μ¤´μ³¥·´μ£μ  Éμ³  ¢μ¤μ·μ¤  ¶μ ¸· ¢´¥´¨Õ
¸μ Ï·¥¤¨´£¥·μ¢¸±¨³ ¸²ÊÎ ¥³ ¨³¥¥É ¸ÊÐ¥¸É¢¥´´μ ¡μ²¥¥ μ¡Ð¨° Ì · ±É¥· ¨ ¶·μÖ¢²Ö¥É¸Ö
¢ μÉ¸ÊÉ¸É¢¨¨ ´¥ Éμ²Ó±μ ¤¨¸±·¥É´μ£μ, ´μ ¨ ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É·μ¢, É. ¥. ¢ μÉ¸ÊÉ¸É¢¨¨
¸μ¤¥·¦ É¥²Ó´μ° ¸¶¥±É· ²Ó´μ° § ¤ Î¨ ± ± É ±μ¢μ°. ‚ ± Î¥¸É¢¥ ¶¥·¢μ£μ μ¡μ¸´μ¢ ´¨Ö ÔÉμ£μ
¢Ò¢μ¤  · ¸¸³μÉ·¨³ ¢Ò· ¦¥´¨¥ ¤²Ö ¤¨· ±μ¢¸±μ£μ ËÊ´±Í¨μ´ ²  Ô´¥·£¨¨

E[ψ] =
∫

dz ψ+[αp + βm + V (z)]ψ. (5)

…£μ ±μ´¥Î´μ¸ÉÓ ¶·¥¤¶μ² £ ¥É ¸´μ¢  ψ(0) = 0 ¨²¨ ±μ³¶¥´¸ Í¨Õ ±Ê²μ´μ¢¸±μ° · ¸Ìμ¤¨-
³μ¸É¨ ± ±¨³-²¨¡μ ¤·Ê£¨³ ¸¶μ¸μ¡μ³, ´ ¶·¨³¥· ±¨´¥É¨Î¥¸±¨³ Î²¥´μ³. �μ ¢ μÉ²¨Î¨¥ μÉ
Ï·¥¤¨´£¥·μ¢¸±μ£μ ¸²ÊÎ Ö Ê¸²μ¢¨¥ ψ(0) = 0 É¥¶¥·Ó ´¥ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ Î¥·¥§ ¶·¥-
¤¥²Ó´Ò° ¶¥·¥Ìμ¤ μÉ ¸£² ¦¥´´μ° ¸¨´£Ê²Ö·´μ¸É¨, ¶μ¸±μ²Ó±Ê μ´μ ¢ ¶·¨´Í¨¶¥ ´¥ ¸μ£² ¸Ê¥É¸Ö
¸ μ¸Í¨²²¨·ÊÕÐ¨³ ¶μ¢¥¤¥´¨¥³ ¤¨· ±μ¢¸±μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ const × ziq ¢ μ±·¥¸É´μ-
¸É¨ ´ Î ²  ±μμ·¤¨´ É ¢ ´¥·¥£Ê²Ö·¨§μ¢ ´´μ° § ¤ Î¥ „¨· ± . Šμ³¶¥´¸ Í¨¨ ±¨´¥É¨Î¥¸±¨³
Î²¥´μ³ É ±¦¥ ´¥ ¶·μ¨¸Ìμ¤¨É, ÎÉμ ¡Ê¤¥É ¶μ± § ´μ ´¨¦¥ ¸ ¶μ³μÐÓÕ Ö¢´μ£μ ·¥Ï¥´¨Ö.
�μÔÉμ³Ê ¶·¨ ¸´ÖÉ¨¨ ·¥£Ê²Ö·¨§ Í¨¨ μ¶Ê¸± ÉÓ¸Ö ¢ μÉ·¨Í É¥²Ó´Ò° ±μ´É¨´ÊÊ³ É¥¶¥·Ó ¡Ê-
¤ÊÉ ¢¸¥ Ê·μ¢´¨, ± ± ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö, É ± ¨ ´¥¶·¥·Ò¢´Ò° ¸¶¥±É·,   ¶·μÍ¥¸¸ É ±μ£μ
®¶ ¤¥´¨Ö¯ Ê·μ¢´¥° ¶·¨ ÔÉμ³ ¡Ê¤¥É ¶μ¤Î¨´ÖÉÓ¸Ö ¢¶μ²´¥ μ¶·¥¤¥²¥´´Ò³ ´¥É·¨¢¨ ²Ó´Ò³
§ ±μ´μ³¥·´μ¸ÉÖ³.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ μ¤´μ³¥·´μ¥ Ê· ¢´¥´¨¥ „¨· ±  ¸ ¶μÉ¥´Í¨ ²μ³ (4) · ¸¸³ É·¨-
¢ ²μ¸Ó ¢ [36], £¤¥ ¸É ¢¨² ¸Ó Í¥²Ó μ¶·¥¤¥²¨ÉÓ Ê¸²μ¢¨Ö, ¶·¨ ±μÉμ·ÒÌ μ¸´μ¢´μ° É¥·³ ¢μ-
¤μ·μ¤μ¶μ¤μ¡´μ£μ  Éμ³ , ´ Ìμ¤ÖÐ¥£μ¸Ö ¢ ¸¢¥·Ì¸¨²Ó´μ³ ³ £´¨É´μ³ ¶μ²¥, ¶·¨¡²¨¦ ¥É¸Ö ±
´¨¦´¥° £· ´¨Í¥ ¤¨· ±μ¢¸±μ£μ ±μ´É¨´ÊÊ³ . ‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ³Ò · ¸¸³ É·¨¢ ¥³ ¡μ²¥¥
μ¡ÐÊÕ § ¤ ÎÊ μ ¶μ¢¥¤¥´¨¨ ¢¸¥£μ ¸¶¥±É·  ¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ´¨° ¶·¨ ¨§³¥´¥´¨¨ ¶ · -
³¥É·  μ¡·¥§ ´¨Ö, ¤²Ö Î¥£μ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤·Ê£¨¥ ¸¶μ¸μ¡Ò ·¥Ï¥´¨Ö ¸ ³μ£μ Ê· ¢´¥´¨Ö,  
¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸ÊÐ¥¸É¢¥´´μ ÊÉμÎ´ÖÕÉ ¨ ¤μ¶μ²´ÖÕÉ ¢Ò¢μ¤Ò · ¡μÉÒ [36].
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‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¸É Í¨μ´ ·´μ¥ Ê· ¢´¥´¨¥ „¨· ±  ¨³¥¥É ¢¨¤ (� = c = 1)

(αp + βm + Vδ(z))ψ = Eψ. (6)

‚ ¶·¥¤¸É ¢²¥´¨¨ α = σ2, β = σ3 ¨ ¢ ¥¸É¥¸É¢¥´´ÒÌ ¥¤¨´¨Í Ì, ±μ£¤  ³ ¸ÏÉ ¡μ³ Ô´¥·£¨¨
¸²Ê¦¨É ³ ¸¸  ¶μ±μÖ Î ¸É¨ÍÒ, ¤²¨´Ò Å ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ±μ³¶Éμ´μ¢¸± Ö ¤²¨´ , ÎÉμ ·¥ -
²¨§Ê¥É¸Ö § ³¥´μ° E → εm, z → z/m, δ → δ/m, ¨§ Ê· ¢´¥´¨Ö (6) ¤²Ö ¢¥·Ì´¥° ¨ ´¨¦´¥°
±μ³¶μ´¥´É ¤¨· ±μ¢¸±μ£μ ¸¶¨´μ·  A(z) ¨ C(z) ¸²¥¤Ê¥É

A′ =
[
ε + 1 +

q

|z| + δ

]
C, C′ = −

[
ε − 1 +

q

|z| + δ

]
A. (7)

‘´ Î ²  · ¸¸³μÉ·¨³ ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö Î ¸É¨ÍÒ ¸ |ε| < 1. ‚ · ¡μÉ¥ [36] ¢μ²-
´μ¢Ò¥ ËÊ´±Í¨¨ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ËÊ´±Í¨¨ “¨ÉÉ¥±¥· . ‚ ¤ ´´μ³
¸²ÊÎ ¥, μ¤´ ±μ, §´ Î¨É¥²Ó´μ Ê¤μ¡´¥¥ ¨¸¶μ²Ó§μ¢ ÉÓ ³¥Éμ¤ ”·μ¡¥´¨Ê¸  (¸³., ´ ¶·¨³¥·, [37]
¨ ¶·¨¢¥¤¥´´Ò° É ³ ¸¶¨¸μ± ²¨É¥· ÉÊ·Ò), ¶·¨³¥´¥´¨¥ ±μÉμ·μ£μ ± ¤ ´´μ° ¸¨¸É¥³¥ ¶μ§¢μ-
²Ö¥É ¶·¥¤¸É ¢¨ÉÓ ¥¥ ·¥Ï¥´¨¥ ´  ¶μ²μ¦¨É¥²Ó´μ° ¶μ²Êμ¸¨ z � 0 ¸ ÉμÎ´μ¸ÉÓÕ ¤μ μ¡Ð¥£μ
¶μ¸ÉμÖ´´μ£μ ³´μ¦¨É¥²Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
A(z) = e−γ(z+δ)

[√
1 + ε x

∂

∂x
+ q

√
1 − ε

]
Re [λxiqΦ(b, c, x)],

C(z) = e−γ(z+δ)

[√
1 − ε x

∂

∂x
− q

√
1 + ε

]
Re [λxiqΦ(b, c, x)],

(8)

£¤¥

γ =
√

1 − ε2, b = iq − εq/γ, c = 1 + 2iq, (9)

x = 2γ(z + δ), (10)

Φ(b, c, x) Å ËÊ´±Í¨Ö ŠÊ³³¥·  (¢Ò·μ¦¤¥´´ Ö £¨¶¥·£¥μ³¥É·¨Î¥¸± Ö ËÊ´±Í¨Ö 1-£μ ·μ¤ ),
λ = eiϕ Å ¶μ±  ´¥ μ¶·¥¤¥²¥´´Ò° Ë §μ¢Ò° ±μÔËË¨Í¨¥´É.

‚Ò· ¦¥´¨Ö (8)Ä(10) ¸μ¸É ¢²ÖÕÉ μ¡Ð¥¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò (7), ¨§ ±μÉμ·μ£μ ¸¶¥±É· ¸¢Ö-
§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ´ Ìμ¤¨É¸Ö ¸ ¶μ³μÐÓÕ Ê¸²μ¢¨° ·¥£Ê²Ö·´μ¸É¨ ¶·¨ |z| → ∞ ¨ Î¥É´μ¸É¨-
´¥Î¥É´μ¸É¨, ±μÉμ·Ò¥ ¢ É¥·³¨´ Ì ±μ³¶μ´¥´É ¤¨· ±μ¢¸±μ£μ ¸¶¨´μ·  A(z) ¨ C(z) Ëμ·³Ê-
²¨·ÊÕÉ¸Ö ± ± A(z)-Î¥É´ Ö, C(z)-´¥Î¥É´ Ö, ²¨¡μ ´ μ¡μ·μÉ. „ ²¥¥ Î¥É´μ¸ÉÓ Ê·μ¢´Ö ¡Ê¤¥³
μÉμ¦¤¥¸É¢²ÖÉÓ ¸ Î¥É´μ¸ÉÓÕ ¢¥·Ì´¥° ±μ³¶μ´¥´ÉÒ A(z).

“¸²μ¢¨¥ ·¥£Ê²Ö·´μ¸É¨ ´  ¶·μ¸É· ´¸É¢¥´´μ° ¡¥¸±μ´¥Î´μ¸É¨ ¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Õ

Re
[
λ

Γ(c)
Γ(b)

]
= 0, (11)

  Ê¸²μ¢¨¥ Î¥É´μ£μ (´¥Î¥É´μ£μ) ¶·μ¤μ²¦¥´¨Ö Î¥·¥§ ´ Î ²μ ±μμ·¤¨´ É z = 0 ¨³¥¥É ¢¨¤

Re {λ(2γδ)iq[q(
√

1 + ε − i
√

1 − ε)Φ0 − b
√

1 − ε (Φ0(b+) − Φ0)]} = 0 (12 )

¤²Ö Î¥É´μ£μ ¸²ÊÎ Ö ¨

Re {λ(2γδ)iq[q(
√

1 − ε + i
√

1 + ε)Φ0 + b
√

1 + ε (Φ0(b+) − Φ0)]} = 0 (12¡)
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¸μμÉ¢¥É¸É¢¥´´μ ¤²Ö ´¥Î¥É´μ£μ. ‚ Ëμ·³Ê² Ì (12) ¶·¨ ÔÉμ³

Φ0 = Φ (b, c, 2γδ), Φ0 (b+) = Φ (b + 1, c, 2γδ). (13)

ˆ¸±²ÕÎ Ö ¸ ¶μ³μÐÓÕ (11) Ë §μ¢Ò° ³´μ¦¨É¥²Ó λ ¨§ Ê· ¢´¥´¨° (12), ¶μ²ÊÎ ¥³ É· ´¸-
Í¥´¤¥´É´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö μ¶·¥¤¥²¥´¨Ö Ê·μ¢´¥° Ô´¥·£¨¨ Î¥É´ÒÌ ¨ ´¥Î¥É´ÒÌ ¸¢Ö§ ´´ÒÌ
¸μ¸ÉμÖ´¨° ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

(2γδ)−2iq q(
√

1 + ε + i
√

1 − ε)Φ∗
0 − b∗

√
1 − ε (Φ∗

0(b+) − Φ∗
0)

q(
√

1 + ε − i
√

1 − ε)Φ0 − b
√

1 − ε (Φ0(b+) − Φ0)
=

Γ(c∗)Γ(b)
Γ(c)Γ(b∗)

(14 )

¤²Ö Î¥É´ÒÌ Ê·μ¢´¥° ¨

(2γδ)−2iq q(
√

1 − ε − i
√

1 + ε)Φ∗
0 + b∗

√
1 + ε (Φ∗

0(b+) − Φ∗
0)

q(
√

1 − ε + i
√

1 + ε)Φ0 + b
√

1 + ε (Φ0(b+) − Φ0)
=

Γ(c∗)Γ(b)
Γ(c)Γ(b∗)

(14¡)

¤²Ö ´¥Î¥É´ÒÌ.
“· ¢´¥´¨Ö (14) ·¥Ï ÕÉ¸Ö Î¨¸²¥´´μ ¤²Ö ¢¸¥Ì ´¥´Ê²¥¢ÒÌ §´ Î¥´¨° ¶ · ³¥É·  ·¥£Ê²Ö·¨-

§ Í¨¨, ´ ¶·¨³¥· ¸ ¶μ³μÐÓÕ ¶ ±¥Éμ¢ É¨¶  Mathematica ¨²¨ Matlab. „²Ö ¶·¥¤¥²Ó´μ ³ ²ÒÌ
§´ Î¥´¨° δ, μ¤´ ±μ, Ê· ¢´¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ §´ Î¨É¥²Ó´μ Ê¶·μÐ¥´Ò ¨ ¤μ¶Ê¸± ÕÉ ¢¶μ²´¥
´ £²Ö¤´Ò° ± Î¥¸É¢¥´´Ò°  ´ ²¨§. �¸´μ¢´μ¥ Ê¶·μÐ¥´¨¥ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¶·¨ δ � 1 É·¥-
É¨°  ·£Ê³¥´É ¢ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨ÖÌ μ± §Ò¢ ¥É¸Ö É ±μ£μ ¦¥ ¶μ·Ö¤±  ³ ²μ¸É¨,
É ± ± ± ¤²Ö ¤¨¸±·¥É´μ£μ ¸¶¥±É·  0 < γ < 1. �μ¸±μ²Ó±Ê ´ Ï¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (7)
¶μ¸É·μ¥´μ ´  ËÊ´±Í¨ÖÌ ŠÊ³³¥· , Éμ ¤²Ö É ±¨Ì ¶·¥¤¥²Ó´μ ³ ²ÒÌ δ ¢ Ëμ·³Ê² Ì (14)
¢¥²¨Î¨´Ò Φ0, Φ0(b+) ¡¥§ ± ±μ°-²¨¡μ ¸ÊÐ¥¸É¢¥´´μ° ¶μÉ¥·¨ ÉμÎ´μ¸É¨ ³μ¦´μ § ³¥´¨ÉÓ ´ 
¥¤¨´¨ÍÒ, ÎÉμ ¶·¨¢μ¤¨É ± §´ Î¨É¥²Ó´μ ¡μ²¥¥ ¶·μ¸ÉÒ³ Ê· ¢´¥´¨Ö³ ´  ¸¶¥±É·:

(2γδ)−2iq

√
1 + ε + i

√
1 − ε√

1 + ε − i
√

1 − ε
= ±Γ(c∗)Γ(b)

Γ(c)Γ(b∗)
, (15)

£¤¥ §´ ±¨ ®±¯ ¸μμÉ¢¥É¸É¢ÊÕÉ Î¥É´μ³Ê ¨ ´¥Î¥É´μ³Ê ¸²ÊÎ Ö³ ¸μμÉ¢¥É¸É¢¥´´μ. ‹¥£±μ ¢¨¤¥ÉÓ,
ÎÉμ Ê· ¢´¥´¨¥ (15) ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ³Ê²ÓÉ¨¶²¨± É¨¢´μ° § ³¥´Ò ¶ · ³¥É· 
μ¡·¥§ ´¨Ö ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

δ → δ e−π/q, (16)

É. ¥. Ô´¥·£¥É¨Î¥¸±¨¥ ¸¶¥±É·Ò ¢ § ¤ Î Ì ¸ ¶ · ³¥É· ³¨ δ1 = δ0 ¨ δ2 = δ0 e−π/q ¶· ±-
É¨Î¥¸±¨ (¸ ÉμÎ´μ¸ÉÓÕ ¤μ § ³¥´Ò Φ0, Φ0(b+) ´  1) ¸μ¢¶ ¤ ÕÉ, ¥¸²¨ ´ Î ²Ó´μ¥ δ0 ¸ ³μ
¶μ ¸¥¡¥ ¤μ¸É ÉμÎ´μ ³ ²μ. �¡· É¨³ É ±¦¥ ¢´¨³ ´¨¥, ÎÉμ É ± Ö ³Ê²ÓÉ¨¶²¨± É¨¢´ Ö ¨´-
¢ ·¨ ´É´μ¸ÉÓ ¸¶¥±É·  ¨³¥¥É ³¥¸Éμ Éμ²Ó±μ ¢ ¸Éμ·μ´Ê Ê³¥´ÓÏ¥´¨Ö ¶ · ³¥É·  μ¡·¥§ ´¨Ö.
Š·μ³¥ Éμ£μ, ¶·¨ § ³¥´¥ δ → δ e−π/2q Î¥É´Ò¥ ¨ ´¥Î¥É´Ò¥ Ê·μ¢´¨ ³¥´ÖÕÉ¸Ö ³¥¸É ³¨. �μ-
¢¥¤¥´¨¥ Ô´¥·£¥É¨Î¥¸±¨Ì Ê·μ¢´¥° ± ± ËÊ´±Í¨° ¶¥·¥³¥´´μ° X = − ln δ ¶μ± § ´μ ´  ·¨¸. 1,
´  ±μÉμ·μ³ ¶·¨¢¥¤¥´ ·¥§Ê²ÓÉ É Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (14 , ¡) ¤²Ö ¤¢ÊÌ ´¨¦´¨Ì
Ê·μ¢´¥° Å Î¥É´μ£μ ¨ ¸²¥¤ÊÕÐ¥£μ §  ´¨³ ´¥Î¥É´μ£μ ¶·¨ ±μ´¸É ´É¥ ¸¢Ö§¨ q = 1/137.

�  ·¨¸. 1 Ìμ·μÏμ ¢¨¤´μ, ± ± ¸ Ê³¥´ÓÏ¥´¨¥³ δ μÉ ¸É ·Éμ¢μ£μ §´ Î¥´¨Ö δ0 = 1 ´¨¦-
´¨¥ Ê·μ¢´¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ μ¤¨´ §  ¤·Ê£¨³ μ¶Ê¸± ÕÉ¸Ö ¢ μÉ·¨Í É¥²Ó´Ò° ±μ´É¨´ÊÊ³ ¸
Ï £μ³ π/2q ¶μ ¶¥·¥³¥´´μ° X , Î¥É´μ¸ÉÓ ´¨¦´¥£μ Ê·μ¢´Ö ³¥´Ö¥É¸Ö ¸ É¥³ ¦¥ ¶¥·¨μ¤μ³,
  Î¨¸²μ ´Ê²¥° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ´¨¦´¥£μ ¸μ¸ÉμÖ´¨Ö ¶μ¸ÉμÖ´´μ Ê¢¥²¨Î¨¢ ¥É¸Ö. �ËË¥±É
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�¨¸. 1. �μ¢¥¤¥´¨¥ ´¨¦´¨Ì Ê·μ¢´¥° ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¤¨· ±μ¢¸±μ° Î ¸É¨ÍÒ ¢ ¶μÉ¥´Í¨ ²¥ (4)

± ± ËÊ´±Í¨Ö ¶ · ³¥É·  X = − ln δ

Ê¢¥²¨Î¥´¨Ö ´Ê²¥° ´¨¦´¥£μ Ê·μ¢´Ö ²¥£±μ ¶μÖ¸´¨ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �·¨ δ0 = 1 ¸¶¥±É·
¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° Ê· ¢´¥´¨Ö (6) Ö¢²Ö¥É¸Ö É¨¶¨Î´Ò³ ±Ê²μ´μ¢¸±¨³ ¸¶¥±É·μ³, ¢ ±μÉμ·μ³
μ¸´μ¢´Ò³ ¸μ¸ÉμÖ´¨¥³ Ö¢²Ö¥É¸Ö Î¥É´Ò° Ê·μ¢¥´Ó ¸ ε0 = 0,999337 (¸ ÊÎ¥Éμ³ ³ ¸¸Ò ¶μ±μÖ),
¢¥·Ì´ÖÖ ±μ³¶μ´¥´É  ±μÉμ·μ£μ A(z) ´¥ ¨³¥¥É ´Ê²¥°, ± ¦¤Ò° ¸²¥¤ÊÕÐ¨° Ê·μ¢¥´Ó ¨³¥¥É
¤·Ê£ÊÕ Î¥É´μ¸ÉÓ ¨ ´  μ¤¨´ ´Ê²Ó ¡μ²ÓÏ¥ ¶·¥¤Ò¤ÊÐ¥£μ ¤²Ö ± ¦¤μ° ¨§ ¸¶¨´μ·´ÒÌ ±μ³¶μ-
´¥´É ¨ Ê·μ¢´¨ ¸£ÊÐ ÕÉ¸Ö ± ¶μ·μ£Ê ¢¥·Ì´¥£μ ±μ´É¨´ÊÊ³  ¶·¨ ε = 1. ’¥¶¥·Ó ´ Î¨´ ¥³
¨§³¥´ÖÉÓ δ ¢ ¸Éμ·μ´Ê Ê³¥´ÓÏ¥´¨Ö ´ Î¨´ Ö ¸ δ0 = 1. �μ¸²¥ μ¶Ê¸± ´¨Ö ¢ μÉ·¨Í É¥²Ó´Ò°
±μ´É¨´ÊÊ³ ¨¸Ìμ¤´μ£μ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö §  ¨´É¥·¢ ² π/2q ¨§³¥´¥´¨Ö ¶ · ³¥É·  X
´¨¦´¨³ Ê·μ¢´¥³ ¸É ´μ¢¨É¸Ö ÉμÉ, ±μÉμ·Ò° ¡Ò² ¶¥·¢Ò³ ´¥Î¥É´Ò³ ¶·¨ δ0 = 1, ¶·¨Î¥³ ¥£μ
Ô´¥·£¨Ö É¥¶¥·Ó ¡Ê¤¥É · ¢´  ε0, ´  ¸²¥¤ÊÕÐ¥³ Ï £¥ π/2q ¶μ X μ´ É ±¦¥ μ¶Ê¸± ¥É¸Ö ¢
´¨¦´¨° ±μ´É¨´ÊÊ³,   ´  ¥£μ ³¥¸Éμ ¢¸É ¥É ÉμÉ, ±μÉμ·Ò° ¡Ò² ¸²¥¤ÊÕÐ¨³ Î¥É´Ò³ ¶μ¸²¥
μ¸´μ¢´μ£μ ¶·¨ δ0 = 1 ¨ ¨³¥¥É É¥³ ¸ ³Ò³ ¤¢  ´Ê²Ö. �μ¸±μ²Ó±Ê ¢ ±Ê²μ´μ¢¸±μ³ ¶μÉ¥´Í¨-
 ²¥ ¤¨¸±·¥É´ÒÌ Ê·μ¢´¥° ¢¸¥£¤  ¡¥¸±μ´¥Î´μ ³´μ£μ, ¶·¨ ¤ ²Ó´¥°Ï¥³ Ê³¥´ÓÏ¥´¨¨ δ É ±μ°
¶·μÍ¥¸¸ ¡Ê¤¥É ¶μ¢Éμ·ÖÉÓ¸Ö ´¥μ£· ´¨Î¥´´μ¥ Î¨¸²μ · §. ’ ±¨³ μ¡· §μ³, ¶·¨ δ → 0 ´¨¦-
´¨³ ¸¢Ö§ ´´Ò³ ¸μ¸ÉμÖ´¨¥³ ´ ¤ ±μ´É¨´ÊÊ³μ³ ¡Ê¤¥É ²¨¡μ Î¥É´Ò°, ²¨¡μ ´¥Î¥É´Ò° Ê·μ¢¥´Ó
¸ ¶μ¸ÉμÖ´´μ · ¸ÉÊÐ¨³ Î¨¸²μ³ ´Ê²¥°,   ¶·¥¤¥²Ó´μ£μ ¸¶¥±É·  ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ± ±
É ±μ¢μ£μ ´¥ ¸ÊÐ¥¸É¢Ê¥É.

�¡  ÔÉ¨ ¸¢μ°¸É¢  Å ±¢ §¨¶¥·¨μ¤¨Î´μ¸ÉÓ ¸¶¥±É·  ¨ ·μ¸É Î¨¸²  ´Ê²¥° ´¨¦´¥£μ Ê·μ¢´Ö
´ ¤ μÉ·¨Í É¥²Ó´Ò³ ±μ´É¨´ÊÊ³μ³ ¶·¨ Ê³¥´ÓÏ¥´¨¨ δ ³μ¦´μ ¶μ± § ÉÓ ¨ ¤·Ê£¨³ ¸¶μ¸μ¡μ³.
„²Ö ÔÉμ£μ ¨¸¶μ²Ó§Ê¥³ Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ, ÎÉμ ¶·¨ ¤μ¸É¨¦¥´¨¨ ¤¨¸±·¥É´Ò³ Ê·μ¢´¥³ ¶μ·μ£ 
μÉ·¨Í É¥²Ó´μ£μ ±μ´É¨´ÊÊ³  ε1 = −1 ¥£μ ‚” ¸ÊÐ¥¸É¢¥´´μ Ê¶·μÐ ÕÉ¸Ö ¨ ¶·¨ z � 0
¸¶¨´μ·´Ò¥ ±μ³¶μ´¥´ÉÒ A(z) ¨ C(z) ¸ ÉμÎ´μ¸ÉÓÕ ¤μ μ¡Ð¥£μ ³´μ¦¨É¥²Ö ³μ£ÊÉ ¡ÒÉÓ
¶·¥¤¸É ¢²¥´Ò ¢ ¢¨¤¥⎧⎨

⎩
A(z) = K2iq

(√
8q(z + δ)

)
,

C(z) = −
√

(z + δ)/2q
[
K1+2iq

(√
8q(z + δ)

)
+ K1−2iq

(√
8q(z + δ)

)]
,

(17)

£¤¥ Kp(z) Å ËÊ´±Í¨Ö Œ ±¤μ´ ²Ó¤  ¨ ¨¸¶μ²Ó§μ¢ ´μ ¸¢μ°¸É¢μ Kp(z) = K−p(z). —¥É-
´Ò¥ Ê·μ¢´¨ ¤μ¸É¨£ ÕÉ ´¨¦´¥£μ ±μ´É¨´ÊÊ³  ¶·¨ É ±¨Ì §´ Î¥´¨ÖÌ δ, ±μ£¤  C(0) = 0,  
´¥Î¥É´Ò¥, ¸μμÉ¢¥É¸É¢¥´´μ, ¶·¨ A(0) = 0. ‡´ Î¥´¨Ö ¶ · ³¥É·  X = − ln δ ¤²Ö ¶¥·¢ÒÌ
6 Ê·μ¢´¥° Î¥·¥¤ÊÕÐ¥°¸Ö Î¥É´μ¸É¨, ¶μ²ÊÎ¥´´Ò¥ ¨§ ·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì É· ´¸Í¥´-
¤¥´É´ÒÌ Ê· ¢´¥´¨° ¶·¨ q = 1/137, ¶μ± § ´Ò ¢ É ¡². 1. �É¨ ·¥§Ê²ÓÉ ÉÒ ´ £²Ö¤´μ ¤¥³μ´-
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’ ¡²¨Í  1. ‡´ Î¥´¨Ö ¶ · ³¥É·  X = − ln δ ¤²Ö ¶¥·¢ÒÌ 6 Ê·μ¢´¥° Î¥·¥¤ÊÕÐ¥°¸Ö Î¥É´μ¸É¨, ¶·¨
±μÉμ·ÒÌ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° Ê·μ¢¥´Ó ¤μ¸É¨£ ¥É ¶μ·μ£  μÉ·¨Í É¥²Ó´μ£μ ±μ´É¨´ÊÊ³ 

“·μ¢¥´Ó 1 − even 1 − odd 2 − even 2 − odd 3 − even 3 − odd

− ln δ 212,127 427,326 642,525 857,724 1072,92 1288,12

¸É·¨·ÊÕÉ ±¢ §¨¶¥·¨μ¤¨Î´μ¸ÉÓ ¶μ X ¸ Ï £μ³ π/2q, ±μÉμ· Ö ¸É ´μ¢¨É¸Ö ¢¸¥ ¡μ²¥¥ ÉμÎ´μ°
¸ ·μ¸Éμ³ X .

ˆ§ Ö¢´μ£μ ¢¨¤  (17) ‚” Ê·μ¢´¥° ¶·¨ ε = ε1 = −1 ²¥£±μ Ê¸É ´μ¢¨ÉÓ É ±¦¥ ¨§³¥´¥´¨¥
Î¥É´μ¸É¨ ¨ Ê¢¥²¨Î¥´¨¥ Î¨¸²  ´Ê²¥° ± ¦¤μ£μ ¸²¥¤ÊÕÐ¥£μ Ê·μ¢´Ö, ¤μ¸É¨£Ï¥£μ μÉ·¨Í É¥²Ó-
´μ£μ ±μ´É¨´ÊÊ³ . „¥°¸É¢¨É¥²Ó´μ, ËÊ´±Í¨Ö Œ ±¤μ´ ²Ó¤  ¸ ³´¨³Ò³ ¨´¤¥±¸μ³ Kiν(z) ¶·¨
z → 0 μ¸Í¨²²¨·Ê¥É ± ± sin (ν ln z). �μÔÉμ³Ê ¸ ± ¦¤Ò³ ¸²¥¤ÊÕÐ¨³ Ê·μ¢´¥³ §´ Î¥´¨Ö δ
¨ É¥³ ¸ ³Ò³  ·£Ê³¥´É  K-ËÊ´±Í¨° ¢ (17) ¶·¨ z = 0 ¡Ê¤ÊÉ ¸¤¢¨£ ÉÓ¸Ö ± ´Ê²Õ É ±¨³
μ¡· §μ³, ÎÉμ¡Ò ± ¦¤ Ö ¨§ ¸¶¨´μ·´ÒÌ ±μ³¶μ´¥´É ¶·¨μ¡·¥²  ´  μ¤¨´ ´Ê²Ó ¡μ²ÓÏ¥ ¨ Î¥É-
´μ¸ÉÓ Ê·μ¢´Ö ¨§³¥´¨² ¸Ó. � ¶μ¸±μ²Ó±Ê ¢ É¥Î¥´¨¥ ¢¸¥° Ô¢μ²ÕÍ¨¨ Ê·μ¢´Ö μÉ ε0 � 1 ¤μ
ε1 = −1 ¥£μ Î¥É´μ¸ÉÓ ¨ Î¨¸²μ ´Ê²¥° ´¥ ³¥´Ö¥É¸Ö, Éμ Î¨¸²μ ´Ê²¥° Ê·μ¢´Ö ´  ¶μ·μ£¥ μÉ·¨-
Í É¥²Ó´μ£μ ±μ´É¨´ÊÊ³  μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É Î¥É´μ¸ÉÓ ¨ Î¨¸²μ ´Ê²¥° ¥£μ ¶·μμ¡· §  Å
´¨¦´¥£μ ¤¨¸±·¥É´μ£μ Ê·μ¢´Ö ´  ¨´É¥·¢ ²¥ π/2q ¶μ X ¢¶²μÉÓ ¤μ ¤μ¸É¨¦¥´¨Ö ÔÉ¨³ Ê·μ¢´¥³
¶μ·μ£μ¢μ£μ §´ Î¥´¨Ö ε1.

‘²¥¤Ê¥É ¸¶¥Í¨ ²Ó´μ μÉ³¥É¨ÉÓ, ÎÉμ É ± Ö ¶¥·¨μ¤¨Î´μ¸ÉÓ ¢ § ¢¨¸¨³μ¸É¨ ¸¶¥±É·  ¸¢Ö-
§ ´´ÒÌ ¸μ¸ÉμÖ´¨° μÉ ¶ · ³¥É·  μ¡·¥§ ´¨Ö Ö¢²Ö¥É¸Ö Î¨¸Éμ ·¥²ÖÉ¨¢¨¸É¸±¨³ ÔËË¥±Éμ³, ±μ-
Éμ·Ò° μÉ¸ÊÉ¸É¢Ê¥É ¢  ´ ²μ£¨Î´μ° Ï·¥¤¨´£¥·μ¢¸±μ° § ¤ Î¥, ±μ£¤  ¶·¨ ¸´ÖÉ¨¨ μ¡·¥§ ´¨Ö
¢ μÉ·¨Í É¥²Ó´ÊÕ ¡¥¸±μ´¥Î´μ¸ÉÓ μ¶Ê¸± ¥É¸Ö Éμ²Ó±μ ´¨¦´¨° Î¥É´Ò° Ê·μ¢¥´Ó. �¥²ÖÉ¨¢¨¸É-
¸±ÊÕ ¶·¨·μ¤Ê ÔÉμ£μ ÔËË¥±É  ²¥£±μ ¶μ± § ÉÓ, ¢μ¸¸É ´μ¢¨¢ ¢ (16) ¢ Ö¢´μ³ ¢¨¤¥ § ¢¨¸¨³μ¸ÉÓ
μÉ ¨¸Ìμ¤´ÒÌ · §³¥·´ÒÌ ¶ · ³¥É·μ¢ ¢ ±μ´¸É ´É¥ ¸¢Ö§¨ q,   ¨³¥´´μ

q = e1e2/�c, (18)

É ± ÎÉμ (±¢ §¨)¶¥·¨μ¤¨Î´μ¸ÉÓ ¸¶¥±É·  ¶μ δ ¶·¨μ¡·¥É ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

δ → δ exp
[
− π�c

e1e2

]
. (19)

�μ¸±μ²Ó±Ê exp [−π�c/e1e2] ´¥ ¨³¥¥É ¸É¥¶¥´´μ£μ · §²μ¦¥´¨Ö ¶μ 1/c ¶·¨ c → ∞,
¨§ (19) ´¥¶μ¸·¥¤¸É¢¥´´μ ¸²¥¤Ê¥É, ÎÉμ ¢ · ³± Ì ±¢ §¨·¥²ÖÉ¨¢¨¸É¸±μ£μ · §²μ¦¥´¨Ö Ê· ¢´¥-
´¨Ö „¨· ±  É ± Ö ³Ê²ÓÉ¨¶²¨± É¨¢´ Ö (±¢ §¨)¶¥·¨μ¤¨Î´μ¸ÉÓ ¸¶¥±É·  ¶μ ¶ · ³¥É·Ê μ¡·¥-
§ ´¨Ö ´¥ ¶·μÖ¢²Ö¥É¸Ö ´¨ ¢ ± ±μ³ ±μ´¥Î´μ³ ¶μ·Ö¤±¥ · §²μ¦¥´¨Ö ¶μ 1/c,   ¢μ§´¨± ¥É ± ±
Î¨¸Éμ ´¥¶¥·ÉÊ·¡ É¨¢´Ò° ÔËË¥±É ¢ ·¥§Ê²ÓÉ É¥ ¸Ê³³¨·μ¢ ´¨Ö ¢¸¥£μ ·Ö¤ .

�·¥¤¸É ¢²Ö¥É É ±¦¥ μ¶·¥¤¥²¥´´Ò° ¨´É¥·¥¸ ¸· ¢´¨ÉÓ Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö
¤¨· ±μ¢¸±μ° ¨ Ï·¥¤¨´£¥·μ¢¸±μ° Î ¸É¨Í ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ δ ¨ μ¤´μ° ¨ Éμ° ¦¥
±μ´¸É ´É¥ ¸¢Ö§¨ q, ÎÉμ¡Ò μÍ¥´¨ÉÓ ¢±² ¤ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ÔËË¥±Éμ¢, ±μÉμ·Ò¥ ÊÎ¨ÉÒ¢ ÕÉ¸Ö
Ê· ¢´¥´¨¥³ „¨· ± . �¥§Ê²ÓÉ ÉÒ ¸· ¢´¥´¨Ö ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 2.

ˆ§ É ¡². 2 Ìμ·μÏμ ¢¨¤´μ, ÎÉμ Ô´¥·£¨Ö ¸¢Ö§¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ Ï·¥¤¨´£¥·μ¢¸±μ³
¸²ÊÎ ¥ ¢¸¥£¤  ¡μ²ÓÏ¥, Î¥³ ¤²Ö Î ¸É¨ÍÒ „¨· ± . �ÉμÉ ·¥§Ê²ÓÉ É ¶μ± § ´ ´  ·¨¸. 2 ¤²Ö
¨´É¥·¢ ²  ¨§³¥´¥´¨Ö δ μÉ δ0 = 1 ¤μ ³μ³¥´É  ¶μ£·Ê¦¥´¨Ö ¤¨· ±μ¢¸±μ£μ Ê·μ¢´Ö ¢ μÉ·¨-
Í É¥²Ó´Ò° ±μ´É¨´ÊÊ³.

’ ±μ¥ · §²¨Î¨¥ ¢ ¶μ¢¥¤¥´¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ³¥¦¤Ê Ï·¥¤¨´£¥·μ¢¸±¨³ ¨ ¤¨· ±μ¢-
¸±¨³ ¸²ÊÎ Ö³¨ ²¥£±μ ¶μ´ÖÉÓ, ¥¸²¨ ÊÎ¥¸ÉÓ · §´¨ÍÊ ¢ ¶μ¢¥¤¥´¨¨ ¨Ì ‚”. ‚ Ï·¥¤¨´£¥·μ¢¸±μ³
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’ ¡²¨Í  2. �´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¤¨· ±μ¢¸±μ° ¨ Ï·¥¤¨´£¥·μ¢¸±μ° Î ¸É¨Í ¢ ¶μÉ¥´Í¨-
 ²¥ (4) ¶·¨ · §²¨Î´ÒÌ δ ¨ q = 1/137. �´¥·£¨Ö Ï·¥¤¨´£¥·μ¢¸±μ° Î ¸É¨ÍÒ ¶·¨¢¥¤¥´  ¸ ÊÎ¥Éμ³
³ ¸¸Ò ¶μ±μÖ

− ln δ 0 ln(10) ln(100) 50 100 150 200

ED 0,99933694 0,9982154 0,996249 0,75332 0,12898 −0,56724 −0,97614
ESh 0,99933692 0,9982152 0,996248 0,74332 0,03126 −1,33296 −3,16378

�¨¸. 2. �´¥·£¨¨ μ¸´μ¢´ÒÌ ¸μ¸ÉμÖ´¨° ¤¨· ±μ¢¸±μ° ¨ Ï·¥¤¨´£¥·μ¢¸±μ° Î ¸É¨Í ± ± ËÊ´±Í¨¨ ¶ · -

³¥É·  X = − ln δ

¸²ÊÎ ¥ ¶·¨ Ê³¥´ÓÏ¥´¨¨ ¶ · ³¥É·  μ¡·¥§ ´¨Ö ‚” μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö É· ´¸Ëμ·³¨·Ê¥É¸Ö
¢ δ-μ¡· §´ÊÕ ËÊ´±Í¨Õ, ²μ± ²¨§μ¢ ´´ÊÕ ¢ ´ Î ²¥ ±μμ·¤¨´ É, ¶μ¸±μ²Ó±Ê ¨³¥´´μ ´  É ±μ°
‚” ¡Ê¤¥É ·¥ ²¨§μ¢Ò¢ ÉÓ¸Ö ³¨´¨³Ê³ Ô´¥·£¥É¨Î¥¸±μ£μ ËÊ´±Í¨μ´ ²  (3). � ¢ ¤¨· ±μ¢¸±μ³
¸²ÊÎ ¥ ‚” ¢¥¤¥É ¸¥¡Ö ¨´ Î¥. �·¨ ε � 0 μ¡² ¸ÉÓ ²μ± ²¨§ Í¨¨ ¤¨· ±μ¢¸±μ° ‚” μ¶·¥¤¥²Ö-
¥É¸Ö ¶·¥¦¤¥ ¢¸¥£μ Ô±¸¶μ´¥´Í¨ ²Ó´Ò³ Ë ±Éμ·μ³ exp (−γ|z|). Šμ£¤  Ê·μ¢¥´Ó μ¶Ê¸± ¥É¸Ö
μÉ §´ Î¥´¨Ö ε0 � 1 ¢´¨§ ¤μ ε = 0, ¶ · ³¥É· γ ¨§³¥´Ö¥É¸Ö μÉ γ0 � 1 ¤μ γ = 1 ¶·¨
ε = 0. ’¥³ ¸ ³Ò³ μ¡² ¸ÉÓ ²μ± ²¨§ Í¨¨ ‚” Ê·μ¢´Ö ¡Ê¤¥É ¸´ Î ²  ¸¦¨³ ÉÓ¸Ö μÉ ® Éμ³´μ-
£μ¯ ³ ¸ÏÉ ¡  ∼ 1/q, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ´ Î ²Ó´μ³Ê ¶μ²μ¦¥´¨Õ Ê·μ¢´Ö Ê £· ´¨ÍÒ ¶μ-
²μ¦¨É¥²Ó´μ£μ ±μ´É¨´ÊÊ³ , ¤μ O(1) Å · §³¥·  ¶μ·Ö¤±  ±μ³¶Éμ´μ¢¸±μ° ¤²¨´Ò Î ¸É¨ÍÒ
¶·¨ ε = 0,   § É¥³ ¶·¨ ¤ ²Ó´¥°Ï¥³ μ¶Ê¸± ´¨¨ Ê·μ¢´Ö ¤μ μÉ·¨Í É¥²Ó´μ£μ ±μ´É¨´ÊÊ³ 
¶·μ¤μ²¦ ÉÓ ¸¦¨³ ÉÓ¸Ö, ´μ Ê¦¥ £μ· §¤μ ³¥¤²¥´´¥¥, ¤μ · §³¥·  �

√
3/128/q, μ¶·¥¤¥²Ö¥-

³μ£μ  ¸¨³¶ÉμÉ¨±μ° ‚” (17) ´  £· ´¨Í¥ μÉ·¨Í É¥²Ó´μ£μ ±μ´É¨´ÊÊ³ , ¶·μ¶μ·Í¨μ´ ²Ó´μ°
exp (−

√
8q|z|). � ¶μ¸±μ²Ó±Ê ¢±² ¤ ±Ê²μ´μ¢¸±μ° ¸¨´£Ê²Ö·´μ¸É¨ ¢ Ô´¥·£¨Õ Ê·μ¢´Ö ¤¨· -

±μ¢¸±μ° Î ¸É¨ÍÒ (5) μ¶·¥¤¥²Ö¥É¸Ö ¨´É¥£· ²μ³
∫

dz Vδ(z)ψ+ψ, Éμ μ´ · ¸É¥É ¸ÊÐ¥¸É¢¥´´μ
³¥¤²¥´´¥¥, Î¥³ ¢ Ï·¥¤¨´£¥·μ¢¸±μ³ ¸²ÊÎ ¥. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²´ Ö Ô´¥·£¨Ö ¤¨· ±μ¢¸±μ£μ
Ê·μ¢´Ö ¢μμ¡Ð¥ ¨³¥¥É ¤·Ê£ÊÕ ±·¨¢¨§´Ê, ¶μ¸±μ²Ó±Ê ¸±μ·μ¸ÉÓ ·μ¸É  ±Ê²μ´μ¢¸±μ£μ ¢±² ¤ 
¡Ê¤¥É ³ ±¸¨³ ²Ó´  ¶·¨ ´Ê²¥¢μ° Ô´¥·£¨¨, ±μ£¤  · §³¥· μ¡² ¸É¨ ²μ± ²¨§ Í¨¨ ¤¨· ±μ¢-
¸±μ° ‚” ³¨´¨³ ²¥´, ÎÉμ ¶μ²´μ¸ÉÓÕ ¶μ¤É¢¥·¦¤ ¥É¸Ö ·¥§Ê²ÓÉ É ³¨ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢,
¶·¨¢¥¤¥´´ÒÌ ´  ·¨¸. 2. ˆ É ± Ö · §´¨Í  ±·¨¢¨§´ ¥¸ÉÓ ¸´μ¢  ·¥§Ê²ÓÉ É ·¥²ÖÉ¨¢¨¸É¸±¨Ì
ÔËË¥±Éμ¢, ÊÎ¨ÉÒ¢ ¥³ÒÌ Ê· ¢´¥´¨¥³ „¨· ± .

�É³¥É¨³ É ±¦¥, ÎÉμ ¢ ¸²ÊÎ ¥ ·¥²ÖÉ¨¢¨¸É¸±μ£μ Ê· ¢´¥´¨Ö Š²¥°´ Äƒμ·¤μ´  ¶μÉ¥´-
Í¨ ² (4), · ¸¸³ É·¨¢ ¥³Ò° ± ± Ô²¥±É·μ¸É É¨Î¥¸±¨°, ¶·¨¢μ¤¨É ± ¥Ð¥ ¡μ²¥¥ ¡Ò¸É·μ³Ê
·μ¸ÉÊ Ô´¥·£¨¨ ¸¢Ö§¨, Î¥³ ¤²Ö Ï·¥¤¨´£¥·μ¢¸±μ£μ ¸²ÊÎ Ö [38, 39], ¶μ¸±μ²Ó±Ê É¥¶¥·Ó ¸¶¥±-
É· ²Ó´μ¥ Ê· ¢´¥´¨¥ ¡Ê¤¥É ¸μ¤¥·¦ ÉÓ ¥Ð¥ ¨ ±¢ ¤· É¨Î´Ò° Î²¥´ −q2/(|z| + δ)2. ‚ Î ¸É-
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´μ¸É¨, ¢ ±²¥°´-£μ·¤μ´μ¢¸±μ³ ¸²ÊÎ ¥ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ ¨³¥¥É ´Ê²¥¢ÊÕ Ô´¥·£¨Õ (¸ ÊÎ¥-
Éμ³ ³ ¸¸Ò ¶μ±μÖ) ¶·¨ §´ Î¥´¨¨ ¶ · ³¥É·  μ¡·¥§ ´¨Ö, ¶·¨¢¥¤¥´´μ£μ ± ¨¸¶μ²Ó§Ê¥³Ò³ ¢
ÔÉμ° · ¡μÉ¥ ¡¥§· §³¥·´Ò³ ¥¤¨´¨Í ³, ¶μ·Ö¤±  5 · 10−5. �Éμ §´ Î¨É, ÎÉμ Ô´¥·£¨Ö ¸¶ ¤ ¥É
¤μ ´Ê²Ö £μ· §¤μ ¡Ò¸É·¥¥, Î¥³ ¢ ¤¨· ±μ¢¸±μ³ ¨ Ï·¥¤¨´£¥·μ¢¸±μ³ ¸²ÊÎ ÖÌ. �ÉμÉ ·¥§Ê²ÓÉ É
¨²²Õ¸É·¨·Ê¥É ´¥É·¨¢¨ ²Ó´μ¥ · §²¨Î¨¥ ÔÉ¨Ì § ¤ Î ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  μ¡·¥-
§ ´¨Ö. 	μ²¥¥ Éμ£μ, ¤ ¦¥ ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ δ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ¶· ¢±¨ ± Ô´¥·£¨¨
μ¸´μ¢´μ£μ Ï·¥¤¨´£¥·μ¢¸±μ£μ ¸μ¸ÉμÖ´¨Ö ¤²Ö Ê· ¢´¥´¨° „¨· ±  ¨ Š²¥°´ Äƒμ·¤μ´  ¡Ê¤ÊÉ
· §´ÒÌ §´ ±μ¢.

�‚�‹	–ˆŸ “��‚�…‰ ‘ ��—�‹œ��‰ ��…�ƒˆ…‰ ε > 1
��ˆ ‘�Ÿ’ˆˆ �
�…‡��ˆŸ

’¥¶¥·Ó · ¸¸³μÉ·¨³ ¶μ¢¥¤¥´¨¥ Ê·μ¢´¥° ¤¨· ±μ¢¸±μ° Î ¸É¨ÍÒ ¢ ¸μ¸ÉμÖ´¨ÖÌ ´¥¶·¥-
·Ò¢´μ£μ ¸¶¥±É· , ±μÉμ·Ò¥ ¶·¨ ´ Î ²Ó´μ³ §´ Î¥´¨¨ ¶ · ³¥É·  μ¡·¥§ ´¨Ö δ0 = 1 ¨³¥ÕÉ
Ô´¥·£¨Õ ε > 1 ¨ μ¸Í¨²²¨·ÊÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê ´  ¶·μ¸É· ´¸É¢¥´´μ° ¡¥¸±μ´¥Î´μ¸É¨.
„²Ö ÔÉμ£μ ¶μ³¥¸É¨³ Î ¸É¨ÍÊ ¢ ÖÐ¨±, É ±, ÎÉμ¡Ò ´¥¶·¥·Ò¢´Ò° ¸¶¥±É· ¶·¥¢· É¨²¸Ö ¢
(±¢ §¨)¤¨¸±·¥É´Ò°, ÎÉμ ¶μ§¢μ²Ö¥É ¶·μ¸²¥¤¨ÉÓ §  Ô¢μ²ÕÍ¨¥° μÉ¤¥²Ó´μ£μ Ê·μ¢´Ö ´ Î¨´ Ö
¸ ¨¸Ìμ¤´μ£μ §´ Î¥´¨Ö Ô´¥·£¨¨ ε > 1 ¶·¨ δ = δ0. „²Ö Ê· ¢´¥´¨Ö „¨· ±  ¥¸É¥¸É¢¥´´Ò³
¸¶μ¸μ¡μ³ Ê¤¥·¦ ´¨Ö Î ¸É¨ÍÒ ¢ ÖÐ¨±¥ ¸μ ¸É¥´± ³¨ ¶·¨ z = ±L Ö¢²ÖÕÉ¸Ö £· ´¨Î´Ò¥
Ê¸²μ¢¨Ö ±μ´Ë °´³¥´É , ¨¸¶μ²Ó§Ê¥³Ò¥ ¢ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ³μ¤¥²ÖÌ ±¢ ·±μ¢ÒÌ ³¥Ï±μ¢ [40]:

(±iα + β)ψ(±L) = 0. (20)

�É¨ Ê¸²μ¢¨Ö Ê¤μ¡´Ò É ±¦¥ É¥³, ÎÉμ ¸μÌ· ´ÖÕÉ Î¥É´μ¸ÉÓ, ¶μÔÉμ³Ê ¢¸¥ Ê·μ¢´¨ ¸´μ¢  ³μ¦´μ
±² ¸¸¨Ë¨Í¨·μ¢ ÉÓ ¶μ Î¥É´μ¸É¨ ¨ ¨¸¶μ²Ó§μ¢ ÉÓ Éμ²Ó±μ μ¤´μ £· ´¨Î´μ¥ Ê¸²μ¢¨¥ ¸¶· ¢ 
(¨²¨ ¸²¥¢ ), ±μÉμ·μ¥ ¢ É¥·³¨´ Ì ¸¶¨´μ·´ÒÌ ±μ³¶μ´¥´É A(z) ¨ C(z) ¶·¨´¨³ ¥É ¢¨¤

A(L) + C(L) = 0. (21)

Š ± ¨ ¶·¨ ·¥Ï¥´¨¨ Ê· ¢´¥´¨° (7) ¤²Ö |ε| < 1, ¶·¨ ε > 1 ¸´μ¢  μ± §Ò¢ ¥É¸Ö Ê¤μ¡´μ
¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ³¥Éμ¤μ³ ”·μ¡¥´¨Ê¸  ¨ ¢Ò· §¨ÉÓ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ´¥¶μ¸·¥¤¸É¢¥´´μ
Î¥·¥§ ¢Ò·μ¦¤¥´´Ò¥ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ŠÊ³³¥· , ¢ ·¥§Ê²ÓÉ É¥ Î¥£μ ´  ¶μ²μ-
¦¨É¥²Ó´μ° ¶μ²Êμ¸¨ z � 0 ¶μ²ÊÎ¨³ ¤²Ö ´¨Ì ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö:{

A(z) = Re {λ e−ik(z+δ)xiq [iq(
√

ε − 1 +
√

ε + 1)Φ + b
√

ε + 1 (Φ(b+) − Φ)]},

C(z) = −Re {λ e−ik(z+δ)xiq [q(
√

ε − 1 +
√

ε + 1)Φ − ib
√

ε − 1 (Φ(b+) − Φ)]},
(22)

£¤¥ μ¶ÊÐ¥´ μ¡Ð¨° ¶μ¸ÉμÖ´´Ò° ³´μ¦¨É¥²Ó,

k =
√

ε2 − 1, b = iq(1 + ε/k), c = 1 + 2iq, x = 2ik(z + δ), (23)

Φ = Φ (b, c, x), Φ(b+) = Φ (b + 1, c, x), (24)

  λ = eiϕ Ö¢²Ö¥É¸Ö Ë §μ¢Ò³ ±μÔËË¨Í¨¥´Éμ³, ±μÉμ·Ò° μ¶·¥¤¥²Ö¥É¸Ö ¨§ £· ´¨Î´μ£μ Ê¸²μ-
¢¨Ö (21) Î¥·¥§ §´ Î¥´¨Ö ËÊ´±Í¨° ŠÊ³³¥·  ¶·¨ x = 2ikL. „ ²¥¥ ¨¸¶μ²Ó§Ê¥³ Ê¸²μ¢¨Ö
Î¥É´μ¸É¨-´¥Î¥É´μ¸É¨ ·¥Ï¥´¨° ¨ § ³¥´Ê ËÊ´±Í¨° ŠÊ³³¥·  ¶·¨ x = 2ikδ ¨ ³´μ¦¨É¥²¥°
exp (±ikδ) ´  ¥¤¨´¨ÍÒ, ±μÉμ· Ö ¶·¨ kδ � 1 Ö¢²Ö¥É¸Ö ¢¶μ²´¥ μ¡μ¸´μ¢ ´´Ò³ Ê¶·μÐ¥´¨¥³
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�¨¸. 3. �¢μ²ÕÍ¨Ö ´¨¦´¨Ì Ê·μ¢´¥° ¶μ²μ¦¨É¥²Ó´μ£μ ±μ´É¨´ÊÊ³  ¶μ ¶¥·¥³¥´´μ° X = − ln δ ¶·¨
L = 10, 100, 1000 ¸μμÉ¢¥É¸É¢¥´´μ

¤²Ö Ê·μ¢´¥° ¢ ¨´É¥·¢ ²¥ Ô´¥·£¨° |ε| � 1/δ. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö É ±¨Ì Ê·μ¢´¥° ¶μ²ÊÎ ¥³
É· ´¸Í¥´¤¥´É´μ¥ Ê· ¢´¥´¨¥ ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

(L eX)2iq =

= ∓e2ikL q(i + 1)(
√

ε − 1 +
√

ε + 1)Φ∗
L + b (

√
ε + 1 − i

√
ε − 1)(ΦL(b+)∗ − Φ∗

L)
q(i − 1)(

√
ε − 1 +

√
ε + 1)ΦL + b (

√
ε + 1 + i

√
ε − 1)(ΦL(b+) − ΦL)

, (25)

£¤¥

ΦL = Φ (b, c, 2ikL), ΦL(b+) = Φ (b + 1, c, 2ikL), (26)

§´ ±¨ ®∓¯ μÉ´μ¸ÖÉ¸Ö ± Î¥É´μ³Ê ¨ ´¥Î¥É´μ³Ê ¸²ÊÎ Ö³ ¸μμÉ¢¥É¸É¢¥´´μ.
“· ¢´¥´¨¥ (25) ¸´μ¢  μ¡² ¤ ¥É É¥³ ¦¥ ¸¢μ°¸É¢μ³ ³Ê²ÓÉ¨¶²¨± É¨¢´μ° ¶¥·¨μ¤¨Î´μ-

¸É¨ (16), ÎÉμ ¨ Ê·μ¢´¨ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¸ |ε| < 1, · ¸¸³μÉ·¥´´Ò¥ ¢ÒÏ¥. �μ¢¥¤¥´¨¥
´¨¦´¨Ì Ê·μ¢´¥° ¸ ´ Î ²Ó´μ° Ô´¥·£¨¥° ε > 1 ¤μ ¶μ·μ£  ¶μ²μ¦¨É¥²Ó´μ£μ ±μ´É¨´ÊÊ³  ε = 1
± ± ËÊ´±Í¨° X = − ln δ ¶μ± § ´μ ´  ·¨¸. 3,  Ä¢ ¤²Ö É·¥Ì §´ Î¥´¨° L = 10, 100, 1000 ¨
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q = 1/137. ’·¨ · §²¨Î´ÒÌ · §³¥·  ÖÐ¨±  ¶μ§¢μ²ÖÕÉ ¶μ± § ÉÓ ¢¸¥ ´¥μ¡Ìμ¤¨³Ò¥ ¤¥-
É ²¨ § ¢¨¸¨³μ¸É¨ Ê·μ¢´¥° μÉ δ, ÎÉμ μ¸μ¡¥´´μ Î¥É±μ ¢¨¤´μ ¶·¨ ³¨´¨³ ²Ó´μ³ · §³¥·¥
ÖÐ¨±  L = 10 ´  ·¨¸. 3,  , · ¢´μ ± ± ¨ ¶² ¢´Ò° ¶¥·¥Ìμ¤ ± ±¢ §¨´¥¶·¥·Ò¢´μ³Ê ¶·¥¤¥²Ê
´  ·¨¸. 3, ¢ ¶·¨ L = 1000.

‘²¥¤ÊÕÐ¨° ·¥§Ê²ÓÉ É ¶μ¤É¢¥·¦¤ ¥É ¶·¥¤¢ ·¨É¥²Ó´Ò° ¢Ò¢μ¤, ¸¤¥² ´´Ò° ´  μ¸´μ¢¥
 ´ ²¨§  ¤¨· ±μ¢¸±μ£μ ËÊ´±Í¨μ´ ²  Ô´¥·£¨¨ (5), ÎÉμ ±Ê²μ´μ¢¸± Ö ¸¨´£Ê²Ö·´μ¸ÉÓ ¢ μ¤´μ-
³¥·´μ³ Ê· ¢´¥´¨¨ „¨· ±  Ö¢²Ö¥É¸Ö ¤μ³¨´¨·ÊÕÐ¨³ ÔËË¥±Éμ³ ¤²Ö ¢¸¥Ì Ê·μ¢´¥°, ¢±²ÕÎ Ö
± ± ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸ |ε| < 1, É ± ¨ ´¥¶·¥·Ò¢´Ò° ¸¶¥±É·. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ÔÉμ
¶·μÖ¢²Ö¥É¸Ö ¢ Éμ³, ÎÉμ Ê·μ¢´¨ ¸ ´ Î ²Ó´Ò³ ε > 1, ¤μ¸É¨£´Ê¢ ¢ ¶·μÍ¥¸¸¥ Ê³¥´ÓÏ¥´¨Ö ¶ -
· ³¥É·  μ¡·¥§ ´¨Ö ¶μ·μ£  ¶μ²μ¦¨É¥²Ó´μ£μ ±μ´É¨´ÊÊ³  ε = 1, ´  ÔÉμ³ ´¥ μ¸É ´ ¢²¨¢ ÕÉ¸Ö
¨ ¶·μ¤μ²¦ ÕÉ μ¶Ê¸± ÉÓ¸Ö ¸´ Î ²  ¢ μ¡² ¸ÉÓ |ε| < 1,   ¶·¨ ¤ ²Ó´¥°Ï¥³ Ê³¥´ÓÏ¥´¨¨ δ
¶¥·¥¸¥± ÕÉ ¶μ·μ£ μÉ·¨Í É¥²Ó´μ£μ ±μ´É¨´ÊÊ³  ε = −1 ¨ μ¶Ê¸± ÕÉ¸Ö ´¥μ£· ´¨Î¥´´μ £²Ê-
¡μ±μ ¢´¨§, ¶·¨Î¥³ ÔÉμÉ ¶·μÍ¥¸¸ ¶μ¢Éμ·Ö¥É¸Ö ¸ ¶¥·¨μ¤¨Î´μ¸ÉÓÕ π/2q ¶μ ¶¥·¥³¥´´μ° X
¤²Ö ± ¦¤μ£μ ¸²¥¤ÊÕÐ¥£μ Ê·μ¢´Ö. �Éμ ´¥¶μ¸·¥¤¸É¢¥´´μ ¸²¥¤Ê¥É ¨§ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ´ 
Ê·μ¢´¨ Î ¸É¨ÍÒ, Ê¤¥·¦¨¢ ¥³μ° ´  μÉ·¥§±¥ [−L, +L] £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ (20), ¸· §Ê
¤²Ö ¢¸¥Ì Ô´¥·£¥É¨Î¥¸±¨Ì ¨´É¥·¢ ²μ¢. �·¨ ε > 1 Ê·μ¢´¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê· ¢´¥´¨Ö (25),
¶·¨ |ε| < 1 ¨ ε < −1 Å ¨§ Ê· ¢´¥´¨°

(L eX)2iq = ±
√

1 + ε − i
√

1 − ε√
1 + ε + i

√
1 − ε

×

× q [
√

1 − ε −
√

1 + ε − i(
√

1 − ε +
√

1 + ε)] Φ∗
L + b∗(

√
1 + ε +

√
1 − ε)(ΦL(b+)∗ − Φ∗

L)
q [
√

1 − ε −
√

1 + ε + i(
√

1 − ε +
√

1 + ε)] ΦL + b(
√

1 + ε +
√

1 − ε)(ΦL(b+) − ΦL)
(27)

¤²Ö |ε| < 1, ¶·¨ ÔÉμ³ b = iq − εq/γ, ΦL = Φ (b, c, 2γL), ¨

(L eX)2iq =

= ∓e2ikL q (1 − i)(
√
|ε| + 1 −

√
|ε| − 1)Φ∗

L − b (
√
|ε| + 1 − i

√
|ε| − 1)(ΦL(b+)∗ − Φ∗

L)
q (1 + i)(

√
|ε| + 1 −

√
|ε| − 1)ΦL + b (

√
|ε| + 1 + i

√
|ε| − 1)(ΦL(b+) − ΦL)

(28)

¤²Ö ε < −1, ¶·¨ ÔÉμ³ b = iq(1 − |ε|/k), ΦL = Φ (b, c, 2ikL); ¢¥·Ì´¨¥ §´ ±¨ ¢ (27), (28)
¸μμÉ¢¥É¸É¢ÊÕÉ Î¥É´Ò³, ´¨¦´¨¥ Å ´¥Î¥É´Ò³ Ê·μ¢´Ö³.

�¨¸. 4. �¢μ²ÕÍ¨Ö ¶μ X = − ln δ ´¨¦´¨Ì Ê·μ¢´¥° ¸ ¶μ²μ¦¨É¥²Ó´μ° Ô´¥·£¨¥°. L = 10, q = 1/137
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�¥§Ê²ÓÉ É Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (25)Ä(28) ¤²Ö Ô¢μ²ÕÍ¨¨ ¶ÖÉ¨ Ê·μ¢´¥°, ±μÉμ-
·Ò¥ ¶·¨ ´ Î ²Ó´μ³ §´ Î¥´¨¨ δ = δ0 ¡Ò²¨ ´¨¦´¨³¨ ¶μ²μ¦¨É¥²Ó´μ-Î ¸ÉμÉ´Ò³¨, ¶·¥¤¸É -
¢²¥´ ´  ·¨¸. 4. �¥μ¡Ìμ¤¨³μ μÉ³¥É¨ÉÓ, ÎÉμ ´¥¶μ¸·¥¤¸É¢¥´´μ ¶·¨ ε = ±1 ¶·Ö³μ¥ Î¨¸²¥´´μ¥
·¥Ï¥´¨¥ Ê· ¢´¥´¨° (25)Ä(28) ´¥ ¶·μÌμ¤¨É ¨§-§  ¸¨´£Ê²Ö·´μ¸É¥°, μ¡Ê¸²μ¢²¥´´ÒÌ ¡¥¸±μ-
´¥Î´μ ³ ²Ò³¨ §´ ³¥´ É¥²Ö³¨, ¶μÔÉμ³Ê ¢ÒÎ¨¸²¥´¨Ö ¶·μ¢μ¤¨²¨¸Ó ´  É ±μ° ¸¥É±¥ ¶μ X ,
±μÉμ· Ö μ¡¥¸¶¥Î¨¢ ¥É ¶¥·¥Ìμ¤ Î¥·¥§ ¶μ·μ£μ¢Ò¥ §´ Î¥´¨Ö ¸ ³¨´¨³ ²Ó´Ò³ ¢μ§³μ¦´Ò³ Ï -
£μ³ ¨ ¶μ¸²¥¤ÊÕÐ¥° ¨´É¥·¶μ²ÖÍ¨¥°. ƒ² ¤±μ¸ÉÓ ¶μ²ÊÎ¥´´ÒÌ ¨´É¥·¶μ²ÖÍ¨μ´´ÒÌ ±·¨¢ÒÌ ¢
μ±·¥¸É´μ¸É¨ ¶μ·μ£μ¢ÒÌ ÉμÎ¥± ¨ μÉ¸ÊÉ¸É¢¨¥ ¨Ì ¶¥·¥¸¥Î¥´¨Ö ¤·Ê£ ¸ ¤·Ê£μ³ £ · ´É¨·Ê¥É,
ÎÉμ ± ¦¤ Ö ¨§ ´¨Ì ¥¸ÉÓ ·¥§Ê²ÓÉ É Ô¢μ²ÕÍ¨¨ ¶μ δ ¸¢μ¥£μ ´ Î ²Ó´μ£μ Ê·μ¢´Ö.

‡�Š‹	—…�ˆ…

‚ § ±²ÕÎ¥´¨¥ μÉ³¥É¨³, ÎÉμ É ± Ö (±¢ §¨)¶¥·¨μ¤¨Î´μ¸ÉÓ ¶μ ¶ · ³¥É·Ê μ¡·¥§ ´¨Ö ¨³¥¥É
¸· §Ê ´¥¸±μ²Ó±μ  ¸¶¥±Éμ¢. �·¥¦¤¥ ¢¸¥£μ, μ´  μ¤´μ§´ Î´μ ¶μ± §Ò¢ ¥É, ÎÉμ ¤²Ö ´¥·¥£Ê²Ö·¨-
§μ¢ ´´μ£μ μ¤´μ³¥·´μ£μ Ê· ¢´¥´¨Ö „¨· ±  ¸ ®±Ê²μ´μ¢¸±¨³¯ ¶μÉ¥´Í¨ ²μ³ (1) ¶·¥¤¥²Ó´μ£μ
¸¶¥±É·  ´¥ ¸ÊÐ¥¸É¢Ê¥É ´¨ ¤²Ö ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°, ´¨ ¤²Ö ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É· . ‡¤¥¸Ó
¸²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉμ ¸μ£² ¸´μ ¨§¢¥¸É´Ò³ É¥μ·¥³ ³ ËÊ´±Í¨μ´ ²Ó´μ£μ  ´ ²¨§  Ê ¸¨³³¥-
É·¨Î¥¸±μ£μ μ¶¥· Éμ·  ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ¢¸¥£¤  ¸ÊÐ¥¸É¢Ê¥É ¸ ³μ¸μ¶·Ö¦¥´´μ¥
· ¸Ï¨·¥´¨¥ [41Ä43]. ‚ Î ¸É´μ¸É¨, ¢ · ¡μÉ¥ [44] ¶μ± § ´μ, ± ± ´  ÔÉμ° μ¸´μ¢¥ ³μ¦´μ
³ É¥³ É¨Î¥¸±¨ ±μ··¥±É´μ μ¶·¥¤¥²¨ÉÓ ¤¨· ±μ¢¸±¨° μ¶¥· Éμ· ¤²Ö ÉμÎ¥Î´μ£μ ±Ê²μ´μ¢¸±μ£μ
¨¸ÉμÎ´¨±  ¸ § ·Ö¤μ³ Z > 137 ¢ ¸²ÊÎ ¥ É·¥Ì ¶·μ¸É· ´¸É¢¥´´ÒÌ ¨§³¥·¥´¨°, ÌμÉÖ Ë¨-
§¨Î¥¸± Ö ¨´É¥·¶·¥É Í¨Ö É ±μ£μ ¸ ³μ¸μ¶·Ö¦¥´´μ£μ · ¸Ï¨·¥´¨Ö ´¥ Ö¢²Ö¥É¸Ö μÎ¥¢¨¤´μ°.
�μÔÉμ³Ê Ëμ·³ ²Ó´μ¥ ¤μμ¶·¥¤¥²¥´¨¥ ¸¶¥±É· ²Ó´μ° § ¤ Î¨ ¤²Ö μ¤´μ³¥·´μ£μ Ê· ¢´¥´¨Ö
„¨· ±  ¸ ´¥·¥£Ê²Ö·¨§μ¢ ´´Ò³ ¶μÉ¥´Í¨ ²μ³ (1) ¢ ¶·¨´Í¨¶¥ É ±¦¥ ¢μ§³μ¦´μ. �¤´ ±μ
´ Ï  ´ ²¨§ ¶μ± §Ò¢ ¥É, ÎÉμ ¶·¨¤ ÉÓ Ë¨§¨Î¥¸±¨° ¸³Ò¸² É ±μ³Ê · ¸Ï¨·¥´¨Õ ¡Ê¤¥É ¥Ð¥
¸²μ¦´¥¥, Î¥³ ¤²Ö É·¥Ì³¥·´μ£μ ¸²ÊÎ Ö ¶·¨ Z > 137, ¶μ¸±μ²Ó±Ê ¥¸²¨ ¢ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥
¢μ§³μ¦´  Ô±¸É· ¶μ²ÖÍ¨Ö ¨§ Ë¨§¨Î¥¸±¨ ¸μ¤¥·¦ É¥²Ó´μ° μ¡² ¸É¨ §´ Î¥´¨° § ·Ö¤  Z < 137
¨/¨²¨ ¸μ¸ÉμÖ´¨° ¸ Ê£²μ¢Ò³ ³μ³¥´Éμ³ j + 1/2 > Zα, Éμ ¢ μ¤´μ³¥·´μ³ ¸²ÊÎ ¥ ¤μμ¶·¥¤¥-
²¥´¨¥ § ¤ Î¨ É·¥¡Ê¥É¸Ö ¤²Ö ¢¸¥Ì §´ Î¥´¨° q.

‚ Éμ ¦¥ ¢·¥³Ö · ¸¸³μÉ·¥´´Ò¥ ¢ ¤ ´´μ° · ¡μÉ¥ ¸¢μ°¸É¢  ¸¶¥±É· ²Ó´μ° § ¤ Î¨ (6) ¶μ± -
§Ò¢ ÕÉ, ÎÉμ ¶·¨ ²Õ¡μ³ ¸±μ²Ó Ê£μ¤´μ ³ ²μ³ δ > 0 μ´  ¡Ê¤¥É ¨³¥ÉÓ ¢¶μ²´¥ ¸μ¤¥·¦ É¥²Ó´Ò°
´ ¡μ· Ô´¥·£¥É¨Î¥¸±¨Ì Ê·μ¢´¥°, ¢±²ÕÎ ÕÐ¨° ± ± ¤¨¸±·¥É´ÊÕ Î ¸ÉÓ É¨¶¨Î´μ° ±Ê²μ´μ¢-
¸±μ° ¸É·Ê±ÉÊ·Ò, É ± ¨ ´¥¶·¥·Ò¢´Ò° ¸¶¥±É·, ¨ ´¨Î¥³ ¶·¨´Í¨¶¨ ²Ó´μ ´¥ μÉ²¨Î ÕÐ¨°¸Ö
μÉ Éμ° ¸¶¥±É·μ¸±μ¶¨Î¥¸±μ° ± ·É¨´Ò, ±μÉμ· Ö ¡Ê¤¥É ´ ¡²Õ¤ ÉÓ¸Ö ¶·¨ ®Ë¨§¨Î¥¸±¨Ì¯ §´ -
Î¥´¨ÖÌ δ ∼ 1. Š Î¥¸É¢¥´´ Ö · §´¨Í  ³¥¦¤Ê ÔÉ¨³¨ ¤¢Ê³Ö ¸²ÊÎ Ö³¨ ¡Ê¤¥É ¶·μÖ¢²ÖÉÓ¸Ö
´  Ê·μ¢´¥ ¸É·Ê±ÉÊ·Ò ¢μ²´μ¢ÒÌ ËÊ´±Í¨°, ¶·¥¦¤¥ ¢¸¥£μ Î¨¸²  ¨Ì ´Ê²¥°, ¨ ´ ²¨Î¨¨ ¶·¨
δ < exp (−π/2q) Ê·μ¢´¥°, μ¶Ê¸É¨¢Ï¨Ì¸Ö ¢ μÉ·¨Í É¥²Ó´Ò° ±μ´É¨´ÊÊ³ ¨§ ¶μ²μ¦¨É¥²Ó´μ-
Î ¸ÉμÉ´μ° μ¡² ¸É¨. �μÔÉμ³Ê ¶·¨ É ±¨Ì §´ Î¥´¨ÖÌ δ ¶μ¸²¥¤μ¢ É¥²Ó´ Ö ¨´É¥·¶·¥É Í¨Ö É -
±μ£μ ¸¶¥±É·  ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´  Éμ²Ó±μ ¢ É¥·³¨´ Ì ¢Éμ·¨Î´μ-±¢ ´Éμ¢ ´´μ£μ ¤¨· ±μ¢-
¸±μ£μ ¶μ²Ö, ÎÉμ ¶μ²´μ¸ÉÓÕ ¸μ£² ¸Ê¥É¸Ö ¸ É¥³ μ¡¸ÉμÖÉ¥²Ó¸É¢μ³, ÎÉμ (±¢ §¨)¶¥·¨μ¤¨Î´μ¸ÉÓ
¸¶¥±É·  ¶μ δ ¥¸ÉÓ ¸ÊÐ¥¸É¢¥´´μ ·¥²ÖÉ¨¢¨¸É¸±¨° ÔËË¥±É.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ ”–� ®Š ¤·Ò¯ ¶μ ²μÉÊ 2009.-1.1-125-055,
£/± º02.740.11.0243.
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