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�¥Ï¥´¨¥ μ¡· É´μ° ±² ¸¸¨Î¥¸±μ° § ¤ Î¨ ´ Ìμ¦¤¥´¨Ö ¶μÉ¥´Í¨ ²  ¶μ ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê ¸¥-
Î¥´¨Õ · ¸¸¥Ö´¨Ö ¡Ò²μ ¶μ²ÊÎ¥´μ ¢ 1953 £. �. 	. ”¨·¸μ¢Ò³. ‘ ¥£μ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¨¸¸²¥¤μ¢ ´μ
μÉ±²μ´¥´¨¥ ¶μÉ¥´Í¨ ²  μÉ ±Ê²μ´μ¢¸±μ£μ §  ¸Î¥É μ¡³¥´  ¤¢Ê³Ö ¨ ¡μ²¥¥ ËμÉμ´ ³¨ ¶·¨ · ¸¸¥Ö´¨¨
Ô²¥±É·μ´  ´  ¢´¥Ï´¥³ ¶μ²¥, ¸μ§¤ ¢ ¥³μ³ ÉÖ¦¥²Ò³ Ö¤·μ³ ¸ § ·Ö¤μ³ Ze. �μ¸É·μ¥´ É ±¦¥ ÔËË¥±-
É¨¢´Ò° ¶μÉ¥´Í¨ ², ¤¥°¸É¢ÊÕÐ¨° ´  § ·Ö¦¥´´ÊÕ Î ¸É¨ÍÊ ¢ § ¤ Î¥ ¶²μ¸±μ¸É´μ£μ ± ´ ²¨·μ¢ ´¨Ö.

Classical solution of the inverse problem of determining the potential for differential scattering cross
section was obtained by O.B. Firsov in 1953. We use it to investigate the deviation from the Coulomb
potential due to the exchange of two or more photons in the scattering of an electron in an external
ˇeld produced by a heavy nucleus with charge Ze. We also construct the effective potential acting on
a charged particle in the problem of planar channeling.

PACS: 13.60.-r; 12.20.Ds; 13.40.-f; 13.88.+e
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‘¥Î¥´¨¥ · ¸¸¥Ö´¨Ö Ô²¥±É·μ´  ´  Ö¤·¥ § ·Ö¤  Ze ¢ ¶·¥´¥¡·¥¦¥´¨¨ ÔËË¥±Éμ³ μÉ¤ Î¨
μ¶¨¸Ò¢ ¥É¸Ö Ëμ·³Ê²μ° �¥§¥·Ëμ·¤ 
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£¤¥ E = mv2/2; θ Å Ô´¥·£¨Ö ¨ Ê£μ² · ¸¸¥Ö´¨Ö Ô²¥±É·μ´  ´  ¶μ±μÖÐ¥³¸Ö Ö¤·¥, v Å
¸±μ·μ¸ÉÓ Ô²¥±É·μ´  ´  ¡μ²ÓÏμ³ · ¸¸ÉμÖ´¨¨ μÉ · ¸¸¥¨¢ ÕÐ¥£μ Í¥´É· , £¤¥ ¶μÉ¥´Í¨ ²
¸É ´μ¢¨É¸Ö ¶·¥´¥¡·¥¦¨³μ ³ ²Ò³. ŠÊ²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¨³¥¥É ¢¨¤
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£¤¥ r Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Ô²¥±É·μ´μ³ ¨ Ö¤·μ³. ‘ ÉμÎ±¨ §·¥´¨Ö ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö
ÔÉμÉ ¶μÉ¥´Í¨ ² μÉ¢¥Î ¥É μ¤´μËμÉμ´´μ³Ê μ¡³¥´Ê ³¥¦¤Ê Ö¤·μ³ ¨ Ô²¥±É·μ´μ³. �μ¶· ¢± 
´¨§Ï¥£μ ¶μ·Ö¤±  É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° μÉ¢¥Î ¥É μ¡³¥´Ê ¤¢Ê³Ö ËμÉμ´ ³¨. (�É  ¶μ¶· ¢± 
μÉ¢¥Î ¥É ´  Ö§Ò±¥ ¤¨ £· ³³ ”¥°´³ ´  μ¤´μ¶¥É²¥¢μ° ¤¨ £· ³³¥. �μ¸±μ²Ó±Ê · §²μ¦¥´¨¥
¶μ Î¨¸²Ê ¶¥É¥²Ó ¢  ³¶²¨ÉÊ¤¥ ¸μμÉ¢¥É¸É¢Ê¥É · §²μ¦¥´¨Õ ¶μ ¶μ¸ÉμÖ´´μ° �² ´±  h, μ´ 
´ §Ò¢ ¥É¸Ö ±¢ ´Éμ¢μ° ¨ ´¥ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´  ¢ · ³± Ì ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¨.)
„·Ê£¨³¨ É¨¶ ³¨ ±¢ ´Éμ¢ÒÌ ¶μ¶· ¢μ± ¡Ê¤ÊÉ ¶μ¶· ¢±¨, ¸¢Ö§ ´´Ò¥ ¸ ÊÎ¥Éμ³ ¶μ²Ö·¨§ Í¨¨
¢ ±ÊÊ³  ¢Éμ·μ£μ, Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ¨ ¢Ò¸Ï¨Ì ¶μ·Ö¤±μ¢ ¤²Ö ËÊ´±Í¨¨ ƒ·¨´  ¢¨·ÉÊ ²Ó´μ£μ
ËμÉμ´ . ŒÒ ´¥ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¨Ì ´¨¦¥. �μ¶· ¢±  §  ¸Î¥É ¨§²ÊÎ¥´¨Ö ¤¢ÊÌ ËμÉμ´μ¢
¡Ò²  ¢ÒÎ¨¸²¥´  ¢ [1]:
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=
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, dO = 2π sin θ dθ.

“Î¥É ¶μ¶· ¢μ± ¢Ò¸Ï¨Ì ¶μ·Ö¤±μ¢, ¢±²ÕÎ Ö ¶μ¶· ¢±Ê ¢Éμ·μ£μ ¶μ·Ö¤± , ¸¢μ¤¨É¸Ö, ± ±
¶μ± § ´μ ¢ · ¡μÉ Ì [2], ± § ³¥´¥

4πZα → Λ, Λ = 4πx cos φ(x), x =
Zαc

v
≈ Zα, (4)

£¤¥

cos (φ(x)) = Re
[
Γ(1/2 + ix)Γ(1 − ix)
Γ(1/2 − ix)Γ(1 + ix)

]
, (5)

φ(x) = −4(ln 2)x + 4ζ3x
3 + . . . (6)

‡¤¥¸Ó ¨ ´¨¦¥ ³Ò ¶μ² £ ¥³ β = v/c = 1. ”Ê´±Í¨Ö φ(x) μ¶·¥¤¥²¥´  ¢ (6). �¤´¨³ ¨§
¸²¥¤¸É¢¨° Ö¢²Ö¥É¸Ö μÉ²¨Î¨¥ ¸¥Î¥´¨° · ¸¸¥Ö´¨Ö Ô²¥±É·μ´μ¢ ¨ ¶μ§¨É·μ´μ¢ ´  μ¤´μ³ ¨ Éμ³
¦¥ Ö¤·¥ Y . �ÉμÉ Ë ±É ³μ¦¥É ¡ÒÉÓ ¶·μ¢¥·¥´ ¢ μ¶ÒÉ Ì ¶μ ¨§³¥·¥´¨Õ  ¸¨³³¥É·¨¨,

A(θ) =
dσe+Y →e+Y − dσe−Y →e−Y
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= Λ(x) sin

θ

2

(
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θ
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)
. (7)
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�¨¦¥ ³Ò ¨¸¸²¥¤Ê¥³ ¢μ¶·μ¸ μ¡ μÉ±²μ´¥´¨¨ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö Ô²¥±É·μ´  ¸
Ö¤·μ³ μÉ ¥£μ §´ Î¥´¨Ö ¢ ¡μ·´μ¢¸±μ³ ¶·¨¡²¨¦¥´¨¨:

u(r) =
Zα

r
+ δu(r). (8)

‡ ¤ Î  ´ Ìμ¦¤¥´¨Ö ¢¨¤  ¶μÉ¥´Í¨ ²  ¶μ ¢¨¤Ê ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ¡Ò² 
·¥Ï¥´  �. 	.”¨·¸μ¢Ò³ ¢ 1953 £. [3]. �¥Ï¥´¨¥ ¨³¥¥É ¢¨¤ (¶μÉ¥´Í¨ ² ¶·¥¤¶μ² £ ¥É¸Ö
μÉÉ ²±¨¢ ÕÐ¨³ u(r) > 0):

W 2 = 1 − u(r)
E

= exp
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⎣− 2
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∞∫
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θ(ρ)dρ√
ρ2 − (rW )2

⎤
⎦ , (9)
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£¤¥ ρ(θ) Å ¶·¨Í¥²Ó´μ¥ · ¸¸ÉμÖ´¨¥. �É¨³ Ê· ¢´¥´¨¥³ § ¤ ¥É¸Ö ¶μÉ¥´Í¨ ² ¢ ´¥Ö¢´μ°
Ëμ·³¥. �·¥μ¡· §Ê¥³ ¢Ò· ¦¥´¨¥ ¨´É¥£· ²  ¢ ¶μ± § É¥²¥ Ô±¸¶μ´¥´ÉÒ ± ¢¨¤Ê

∞∫
rW

θ(ρ) dρ√
ρ2 − (rW )2

=

κ0∫
0

κ dκ|dρ/dκ|√
ρ2(κ) − (rW )2

, ρ(κ0) = rW. (10)

� ¸¸³μÉ·¨³ ¢´ Î ²¥ ±Ê²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ² W 2 = 1 − 1/z. ˆ¸¶μ²Ó§ÊÖ ¨§¢¥¸É´μ¥ ¢Ò· -
¦¥´¨¥

πρ2(κ) =

π∫
κ

dσ

dθ
dθ, ρ(κ) = (r0/2) ctg (κ/2), (11)

¶μ²ÊÎ¨³ § ³¥Î É¥²Ó´μ¥ Éμ¦¤¥¸É¢μ
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√
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, z � 1, (12)

¢ ¸¶· ¢¥¤²¨¢μ¸É¨ ±μÉμ·μ£μ ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö Î¨¸²¥´´Ò³ ¨´É¥£·¨·μ¢ ´¨¥³. ‚ μ¡Ð¥³ ¸²Ê-
Î ¥ δu(r) �= 0 ¸ ¢¢¥¤¥´¨¥³ μ¡μ§´ Î¥´¨Ö y(z) = δu(zr0)/E Ê· ¢´¥´¨¥ ¶·¨μ¡·¥É ¥É ¢¨¤
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z
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)
= − 2

π

κ1∫
0
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, (13)

£¤¥ κ1 ´ Ìμ¤¨É¸Ö ¨§ ¸μμÉ´μÏ¥´¨Ö

ρ2(κ1) = z2r2
0

(
1 − 1

z
− y(z)

)
. (14)

„²Ö ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ¸ ÊÎ¥Éμ³ μ¡³¥´μ¢ μ¤´¨³ ¨ ³´μ£¨³¨ ËμÉμ´ ³¨ ¨¸¶μ²Ó§Ê¥³
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, η(x) = sin x(1 − sin x);
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ρ2(κ) =
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, ψ(x) =

1
sinx

− 1 + ln (sin (x)).

’μ£¤  Ê· ¢´¥´¨¥ (13) ¶·¨μ¡·¥É ¥É ¢¨¤
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(
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z
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)
=

= − 4
π

x1∫
0

xdx(1 + Λη(x))

sin2 x
√

1 + 2Λψ(x) tg2x
√

ctg2x + 2Λψ(x) − 4z(1 − z − yz)
, (16)

£¤¥ ¢¥·Ì´¨° ¶·¥¤¥² x1 ¥¸ÉÓ ±μ·¥´Ó Ê· ¢´¥´¨Ö

ctg2(x1) + 2Λη(x1) = 4z2

(
1 − 1

z
− y(z)

)
. (17)

„²Ö ±μ´¥Î´ÒÌ §´ Î¥´¨° Λ ∼ 1  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ¶μ²ÊÎ¨ÉÓ ´¥ Ê¤ ¥É¸Ö. „²Ö ³ -
²ÒÌ §´ Î¥´¨° Λ ·¥Ï¥´¨¥ ³μ¦´μ ¢Ò· §¨ÉÓ ¢ ±¢ ¤· ÉÊ· Ì. � §² £ Ö ²¥¢ÊÕ ¨ ¶· ¢ÊÕ Î ¸É¨
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Ê· ¢´¥´¨Ö ¢ ·Ö¤ ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ y, Λ, ¶μ²ÊÎ¨³

y
z

z − 1
= Λφ1(z) + I1 − I0,

φ1(z) =
4
π

x0∫
0
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R sin2 x
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, I0 =

4
π

x0∫
0
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R1 =
√

ctg2x + 2Λψ(x) − 4z(z − 1 − yz) =
√

a(x) − a1,

a1 = a(x1) = ctg2x1 + 2Λψ(x1) = 4z(z − 1 − yz),

R =
√

ctg2x − 4z(z − 1).

—Éμ¡Ò ¨§¡¥¦ ÉÓ Ë¨±É¨¢´ÒÌ · ¸Ìμ¤¨³μ¸É¥°, ¨´É¥£· ², ¢Ìμ¤ÖÐ¨° ¢μ ¢Éμ·μ¥ ¸² £ ¥³μ¥
¢ ¶· ¢μ° Î ¸É¨, ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

x1∫
0

x

sin2 x

1
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∂
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√
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x1∫
0
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d

dx

x
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) √
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‡ ³¥É¨³, ÎÉμ ¢¥·Ì´¨° ¶·¥¤¥² ¨´É¥£·¨·μ¢ ´¨Ö ³μ¦´μ § ³¥´¨ÉÓ ¥£μ §´ Î¥´¨¥³ ¶·¨ y =
Λ = 0, É. ¥. x1 = x0 = arcsin (1/(2z − 1)). � §² £ Ö ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¶·¨
³ ²ÒÌ y, Λ

√
a(x) − a1 = R +

2z2y + Λψ(x)
R

,

(20)
d
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x
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)
= − d
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[
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2 cosx
(1 − Λη(x))

]

¨ ¶·μ¢μ¤Ö ¨´É¥£·¨·μ¢ ´¨¥ ¶μ Î ¸ÉÖ³, ¶μ²ÊÎ¨³

I1 − I0 = Λ(φ2 + φ3) + 2z2φ4,

φ2(z) =
4
π

x0∫
0

dx
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ψ(x)(x + sin x cosx),

(21)

φ3(z) = − 4
π

x0∫
0

xη(x) dx

R sin2 x
,

φ4(z) =
4
π

x0∫
0

dx

R cos2 x
(x + sin x cosx).
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�±μ´Î É¥²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö y(z) ¢ ¸²ÊÎ ¥ ³ ²ÒÌ Λ ¨³¥¥É ¢¨¤

y(z) = Λ
z − 1

z

φ1 − φ2 − φ3

1 + 2z(z − 1)φ4
. (22)

”Ê´±Í¨Ö y(z)/Λ ¶·¥¤¸É ¢²¥´  ´  ·¨¸. 1. „²Ö ¸²ÊÎ Ö ¶²μ¸±μ¸É´μ£μ ± ´ ²¨·μ¢ ´¨Ö ¸ ¶μ-
É¥´Í¨ ²μ³ ²μ± ²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö y(z) ¢μ§´¨± ¥É ÔËË¥±É¨¢´Ò° ¶μÉ¥´Í¨ ² [4]

Veff(ρ) = E

∞∫
−∞

dt δu(r), r = zr0 =
√

ρ2 + t2d2, (23)

£¤¥ d Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ¶²μ¸±μ¸ÉÖ³¨ ±·¨¸É ²² . ”Ê´±Í¨Ö Veff(ρ) ¤²Ö ´¥±μÉμ·ÒÌ §´ -
Î¥´¨° ρ ¶·¨¢¥¤¥´  ´  ·¨¸. 2.

�¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ §  ¶μ¤¤¥·¦±Ê £· ´Éμ³ §  2011 £. 	¥²μ·Ê¸¸±μ³Ê
Ëμ´¤Ê ËÊ´¤ ³¥´É ²Ó´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. �¤¨´ ¨§ ´ ¸ (
. Œ. 	.) ¢Ò· ¦ ¥É ¡² £μ¤ ·´μ¸ÉÓ
�¡Ñ¥¤¨´¥´´μ³Ê ¨´¸É¨ÉÊÉÊ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨° §  ¶μ¤¤¥·¦±Ê £· ´Éμ³ ³μ²μ¤ÒÌ ÊÎ¥´ÒÌ
§  2011 £.

�¨¸. 1. ƒ· Ë¨± ËÊ´±Í¨¨ y(z)/Λ (¸³. (22))

�¨¸. 2. ƒ· Ë¨± ËÊ´±Í¨¨ Veff(ρ) (¸³. (23))
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