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‚ μ¸´μ¢¥ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ²¥¦¨É  ²£¥¡·  ± ´μ´¨Î¥¸±¨Ì ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μ-
Ï¥´¨° (ŠŠ‘). ‚ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ μ¤´μ£μ ¨§³¥·¥´¨Ö ŠŠ‘ ¨³¥ÕÉ ¢¨¤

[p̂, q̂] = −iI, (1)

£¤¥ p̂ ¨ q̂ Å ¸ ³μ¸μ¶·Ö¦¥´´Ò¥ μ¶¥· Éμ·Ò (¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ μ¶¥· Éμ·Ò ¨³¶Ê²Ó¸ 
¨ ±μμ·¤¨´ ÉÒ ¸μμÉ¢¥É¸É¢¥´´μ). ‚ ¸²ÊÎ ¥ ¶·μ¨§¢μ²Ó´μ£μ, ´μ ±μ´¥Î´μ£μ Î¨¸²  μ¶¥· Éμ·μ¢
¸μμÉ´μÏ¥´¨¥ (1) § ³¥´Ö¥É¸Ö ¡μ²¥¥ μ¡Ð¨³:

[p̂i, q̂k] = −i δikI, 1 � i, k � n. (2)

�É³¥É¨³, ÎÉμ μ¸´μ¢´Ò¥ É¥μ·¥³Ò, ± ¸ ÕÐ¨¥¸Ö ¶·¥¤¸É ¢²¥´¨° ŠŠ‘, ¸μÌ· ´ÖÕÉ ¸¨²Ê ¶·¨
¶¥·¥Ìμ¤¥ μÉ ¸μμÉ´μÏ¥´¨Ö (1) ± ¸μμÉ´μÏ¥´¨Ö³ (2) [1].

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ³Ò ¶μ± ¦¥³, ÎÉμ ¨ ·¥§Ê²ÓÉ ÉÒ, ¸¢Ö§ ´´Ò¥ ¸ ¶·¥μ¡· §μ¢ ´¨Ö³¨
	μ£μ²Õ¡μ¢ , ³μ£ÊÉ ¡ÒÉÓ μ¡μ¡Ð¥´Ò ¤²Ö ¸μμÉ´μÏ¥´¨Ö (2). �μ ¸´ Î ²  ¢¥·´¥³¸Ö ± ¸μμÉ´μ-
Ï¥´¨Õ (1).

‘·¥¤¨ · §²¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨° ŠŠ‘ μ¸´μ¢´ÊÕ ·μ²Ó ¨£· ÕÉ ¶·¥¤¸É ¢²¥´¨Ö, ¶μ²ÊÎ¨¢-
Ï¨¥ ´ §¢ ´¨¥ ·¥£Ê²Ö·´ÒÌ. —Éμ¡Ò ¸Ëμ·³Ê²¨·μ¢ ÉÓ Ê¸²μ¢¨¥ ·¥£Ê²Ö·´μ¸É¨ ¶·¥¤¸É ¢²¥´¨Ö,
¶¥·¥¶¨Ï¥³ ¸μμÉ´μÏ¥´¨¥ (1) ¢ Ô±¢¨¢ ²¥´É´μ° Ëμ·³¥:

[a, a+] = I, (3)
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£¤¥ a = (1/
√

2)(q̂ + ip̂), a+ = (1/
√

2)(q̂ − ip̂). �´ ²μ£¨Î´μ, ¸¨¸É¥³Ê ¸μμÉ´μÏ¥´¨° (2)
³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥

[ai, a
+
j ] = I, 1 � i, k � n. (4)

� ¸¸³μÉ·¨³ ¸μμÉ´μÏ¥´¨¥ (3). …¸²¨ Ê μ¶¥· Éμ· 

N = a+a (5)

¥¸ÉÓ ¸μ¡¸É¢¥´´Ò° ¢¥±Éμ·:
Nψλ = λψλ, (6)

Éμ, ¶μ μ¶·¥¤¥²¥´¨Õ, ¶·¥¤¸É ¢²¥´¨¥ ŠŠ‘ ·¥£Ê²Ö·´μ [2,3].
‚μ§³μ¦´Ò É·¨ ¸²ÊÎ Ö [2]:
1. λ ∈ N (Ëμ±μ¢¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥).
ˆ§¢¥¸É´μ, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ Sp N = N ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¸ÊÐ¥¸É¢Ê¥É ®¢ ±ÊÊ³´Ò°¯

¢¥±Éμ· ψ0 É ±μ°, ÎÉμ
aψ0 = 0. (7)

‹¥£±μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ Ëμ±μ¢¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ·¥ ²¨§Ê¥É¸Ö ¢ ¶·μ¸É· ´¸É¢¥ ƒ¨²Ó¡¥·É  H ,
´ ÉÖ´ÊÉμ³ ´  ¸μ¡¸É¢¥´´Ò¥ ¢¥±Éμ·Ò μ¶¥· Éμ·  N : ψn = (a+)nψ0. ˆ§ ŠŠ‘ ´¥¶μ¸·¥¤-
¸É¢¥´´μ ¸²¥¤Ê¥É, ÎÉμ

〈ψn, ψn〉 = n!. (8)

�μ¸±μ²Ó±Ê 〈ψn, ψn〉 ´¥ § ¢¨¸¨É μÉ ±μ´±·¥É´μ£μ ¢¨¤  μ¶¥· Éμ·μ¢ a ¨ a+, Éμ ²¥£±μ ¶μ²ÊÎ¨ÉÓ,
ÎÉμ ¢¸¥ Ëμ±μ¢¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö Ê´¨É ·´μ Ô±¢¨¢ ²¥´É´Ò.

‚¢¨¤Ê Éμ£μ, ÎÉμ Ëμ±μ¢¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¶·μ¸É· ´¸É¢¥ ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ°
·¥ ²¨§Ê¥É¸Ö ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥, ¥¸É¥¸É¢¥´´μ ¶¥·¥¶¨¸ ÉÓ Ëμ·³Ê²Ê (3) ¢ ¢¨¤¥

[a, a∗] = 1, (9)

£¤¥ μ¶¥· Éμ· a∗ Å ¸μ¶·Ö¦¥´´Ò° ¶μ μÉ´μÏ¥´¨Õ ± a ¢ ¶·μ¸É· ´¸É¢¥ ƒ¨²Ó¡¥·É . �μ¤Î¥·±-
´¥³, ÎÉμ ¤²Ö Ëμ±μ¢¸±μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´  a∗ = a+.

…¸²¨ λ /∈ N, Éμ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶·¥¤¸É ¢²¥´¨Ö ·¥ ²¨§ÊÕÉ¸Ö ¢ ¶·μ¸É· ´¸É¢¥ ¸ ¨´¤¥-
Ë¨´¨É´μ° ³¥É·¨±μ°,   ¨³¥´´μ, ¢ ¶·μ¸É· ´¸É¢¥ Š·¥°´  [4Ä6].

�μ¤Î¥·±´¥³, ÎÉμ ¢ ±μ¢ ·¨ ´É´μ° Ëμ·³Ê²¨·μ¢±¥ É¥μ·¨¨ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥° ´¥¨§¡¥-
¦¥´ ¶¥·¥Ìμ¤ μÉ £¨²Ó¡¥·Éμ¢  ¶·μ¸É· ´¸É¢  ± ¶·μ¸É· ´¸É¢Ê ¸ ¨´¤¥Ë¨´¨É´μ° ³¥É·¨±μ° [7,8].

�¥μ¡Ìμ¤¨³Ò¥ ´ ³ ¸¢μ°¸É¢  ¶·μ¸É· ´¸É¢  Š·¥°´  ¶·¨¢¥¤¥´Ò ´¨¦¥.
2. λ ∈ Z− ( ´É¨Ëμ±μ¢¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥).
‚ ÔÉμ³ ¸²ÊÎ ¥ ¸ÊÐ¥¸É¢Ê¥É ¢¥±Éμ· ψ−1, É ±μ° ÎÉμ

a+ ψ−1 = 0. (10)

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ

〈ψ−k, ψ−k〉 = (−1)k−1(k − 1)!, ψ−k = ak−1ψ−1. (11)

„¥°¸É¢¨É¥²Ó´μ,

〈ψ−k, ψ−k〉 = 〈ψ−k+1, a
+aψ−k+1〉 =

= (−k + 1)〈ψ−k+1, ψ−k+1〉 = . . . = (−1)k−1(k − 1)!〈ψ−1, ψ−1〉. (12)

ŒÒ ¢¸¥£¤  ³μ¦¥³ ¶μ²μ¦¨ÉÓ 〈ψ−1, ψ−1〉 = 1.
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3. λ = λ0 + z, z ∈ Z, −1 < λ0 < 0 (λ-¸²ÊÎ °).
‚ ÔÉμ³ ¸²ÊÎ ¥, ¸ ¶μ³μÐÓÕ ¢Ò±² ¤μ±,  ´ ²μ£¨Î´ÒÌ ¶·¨¢¥¤¥´´Ò³ ¤²Ö  ´É¨Ëμ±μ¢¸±μ£μ

¸²ÊÎ Ö, ¶μ²ÊÎ¨³

〈ψλ0+n, ψλ0+n〉 = (λ0 + n + 1) (λ0 + n) . . . (λ0 + 1),

〈ψλ0−n, ψλ0−n〉 = (λ0 − n + 1) (λ0 − n + 2) . . . λ0,
(13)

£¤¥ ψλ0±n μ¶·¥¤¥²¥´Ò ¸μμÉ´μÏ¥´¨¥³

ψλ0+n = (a+)nψλ0 , ψλ0−n = (a)nψλ0 , 〈ψλ0 , ψλ0〉 = 1. (14)

‚ ÔÉμ° ¸É ÉÓ¥ ³Ò · ¸¸³μÉ·¨³ ¶·¥μ¡· §μ¢ ´¨Ö 	μ£μ²Õ¡μ¢  ŠŠ‘,   ¨³¥´´μ ¶·¥μ¡· §μ¢ ´¨Ö
¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

ã = αa + βa+, ã+ = ᾱa+ + β̄a, α, β ∈ C. (15)

�·Ö³μ¥ ¢ÒÎ¨¸²¥´¨¥ ¶μ± §Ò¢ ¥É, ÎÉμ

[ã, ã+] = I, ¥¸²¨ αᾱ − ββ̄ = 1. (16)

�·¥μ¡· §μ¢ ´¨Ö 	μ£μ²Õ¡μ¢  ¶μ§¢μ²ÖÕÉ ¶μ²ÊÎ¨ÉÓ ´μ¢Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ŠŠ‘. �μÔÉμ³Ê
¨´É¥·¥¸´μ ¨§ÊÎ¨ÉÓ ¸¢μ°¸É¢  ÔÉ¨Ì ¶·¥μ¡· §μ¢ ´¨°, ÎÉμ ¨ Ö¢²Ö¥É¸Ö Í¥²ÓÕ ´ ¸ÉμÖÐ¥° · -
¡μÉÒ. ‚ Î ¸É´μ¸É¨, ¢ÒÖ¸´¨ÉÓ, μ¸É ÕÉ¸Ö ²¨ ·¥£Ê²Ö·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ·¥£Ê²Ö·´Ò³¨ ¶μ¸²¥
¶·¥μ¡· §μ¢ ´¨Ö 	μ£μ²Õ¡μ¢ .

�É³¥É¨³, ÎÉμ ¶·¥μ¡· §μ¢ ´¨Ö 	μ£μ²Õ¡μ¢  ´ Ï²¨ Ï¨·μ±μ¥ ¶·¨³¥´¥´¨¥ ¢ É¥μ·¨¨
¸¢¥·Ì¶·μ¢μ¤¨³μ¸É¨, ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¥ ¨ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö [9Ä11],   É ±¦¥
¶·¨ ¨§ÊÎ¥´¨¨ ŠŠ‘ [12].

ŒÒ ¤μ± ¦¥³, ÎÉμ ¶·¨ ¶·¥μ¡· §μ¢ ´¨ÖÌ 	μ£μ²Õ¡μ¢  Ëμ±μ¢¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥
¶¥·¥Ìμ¤¨É ¢ Ëμ±μ¢¸±μ¥,  ´É¨Ëμ±μ¢¸±μ¥ Å ¢  ´É¨Ëμ±μ¢¸±μ¥, λ-¶·¥¤¸É ¢²¥´¨¥ Å
¢ λ-¶·¥¤¸É ¢²¥´¨¥, ¶·¨Î¥³ ¸ É¥³ ¦¥ ¸ ³Ò³ §´ Î¥´¨¥³ λ0. �μ¸²¥¤´¨° ¸²ÊÎ ° ´ ¨³¥´¥¥
¨´É¥·¥¸¥´ ¸ ÉμÎ±¨ §·¥´¨Ö Ë¨§¨±¨, ¶μÔÉμ³Ê ³Ò μ£· ´¨Î¨³¸Ö ¶·¥μ¡· §μ¢ ´¨Ö³¨ 	μ£μ²Õ-
¡μ¢  ¤²Ö α, β ∈ R.

‚ Ëμ±μ¢¸±μ³ ¨  ´É¨Ëμ±μ¢¸±μ³ ¸²ÊÎ ÖÌ ³Ò ´ °¤¥³ ¸μμÉ¢¥É¸É¢¥´´μ ¢ ±ÊÊ³´Ò° ¨  ´-
É¨¢ ±ÊÊ³´Ò° ¢¥±Éμ·Ò ¤²Ö ¶·¥¤¸É ¢²¥´¨° ŠŠ‘, § ¤ ´´ÒÌ μ¶¥· Éμ· ³¨ ã ¨ ã+. „²Ö
 ´É¨Ëμ±μ¢¸±μ£μ ¸²ÊÎ Ö ¡Ê¤¥É ¶μ± § ´μ, ÎÉμ ¥£μ ¶·¥μ¡· §μ¢ ´¨Ö 	μ£μ²Õ¡μ¢  ³μ£ÊÉ ¡ÒÉÓ
¸¢¥¤¥´Ò ± ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ¨§ Ëμ±μ¢¸±μ£μ ¸²ÊÎ Ö. „ ²¥¥ ¡Ê¤¥É · ¸¸³μÉ·¥´  ±μ³¡¨´ -
Í¨Ö ¶·¥μ¡· §μ¢ ´¨° 	μ£μ²Õ¡μ¢  ¤²Ö ¸¨¸É¥³Ò, ¸μ¸ÉμÖÐ¥° ¨§ Ë¨§¨Î¥¸±μ° ¨ ´¥Ë¨§¨Î¥¸±μ°
Î ¸É¨Í (¸³. (9) ¨ (27)), ¨ ¡Ê¤¥É ¶μ± § ´μ, ÎÉμ ÔÉ  ±μ³¡¨´ Í¨Ö ¶·¨¢μ¤¨É ± Ë¨§¨Î¥¸±¨ Ô±¢¨-
¢ ²¥´É´μ° ± ·É¨´¥. �μ¸²¥ ÔÉμ£μ ¶·¨¢¥¤¥´´Ò¥ · ¸¸Ê¦¤¥´¨Ö ¡Ê¤ÊÉ μ¡μ¡Ð¥´Ò ´  ¸¨¸É¥³Ê ¨§
n Ë¨§¨Î¥¸±¨Ì Î ¸É¨Í (É. ¥. Î ¸É¨Í, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ëμ±μ¢¸±μ³Ê ¶·¥¤¸É ¢²¥´¨Õ ŠŠ‘)
¨ k ´¥Ë¨§¨Î¥¸±¨Ì Î ¸É¨Í (É. ¥. Î ¸É¨Í, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì  ´É¨Ëμ±μ¢¸±μ³Ê ¶·¥¤¸É ¢²¥-
´¨Õ ŠŠ‘).

��…����‡�‚��ˆŸ ��ƒ�‹���‚�
„‹Ÿ ”�Š�‚‘Š�ƒ� ��…„‘’�‚‹…�ˆŸ ŠŠ‘

„μ± ¦¥³ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¢¥±Éμ·  ψ̃0 É ±μ£μ, ÎÉμ

ãψ̃0 = 0. (17)
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„²Ö ÔÉμ£μ μ¶·¥¤¥²¨³ ±μÔËË¨Í¨¥´ÉÒ Cn · §²μ¦¥´¨Ö

ψ̃0 =
∞∑
0

Cnen, (18)

£¤¥ en Å μ·Éμ´μ·³¨·μ¢ ´´Ò¥ ¸μ¡¸É¢¥´´Ò¥ ¢¥±Éμ·Ò μ¶¥· Éμ·  N = a∗a (´ ¶μ³´¨³, ÎÉμ
¢ Ëμ±μ¢¸±μ³ ¸²ÊÎ ¥ a∗ = a+). ˆ§ Ëμ·³Ê²Ò (8) ²¥£±μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ

a∗en = anen+1, aen = bnen−1. (19)

„μ± ¦¥³, ÎÉμ
an =

√
n + 1, bn =

√
n. (20)

„¥°¸É¢¨É¥²Ó´μ,

〈a∗en, a∗en〉 = 〈en, aa∗en〉 = 〈en, (n + 1)en〉 = (n + 1)〈en, en〉. (21)

“Î¨ÉÒ¢ Ö, ÎÉμ 〈en, en〉 = 1, ¶·¨Ìμ¤¨³ ± ¶¥·¢μ³Ê · ¢¥´¸É¢Ê ¢ Ëμ·³Ê²¥ (20). �´ ²μ-
£¨Î´μ ¤μ± §Ò¢ ¥É¸Ö ¨ ¢Éμ·μ¥ · ¢¥´¸É¢μ ¢ Ëμ·³Ê²¥ (20). � °¤¥³ ±μÔËË¨Í¨¥´ÉÒ Cn ¢
· §²μ¦¥´¨¨ (18)

αa
∞∑
0

Cnen =
∞∑
0

αbnCnen−1 = C1αb1 +
∞∑
1

αbn+1Cn+1en,

βa+
∞∑
0

Cnen = β

∞∑
0

anCnen+1 = β

∞∑
1

an−1Cn−1en.

(22)

ˆ§ Ëμ·³Ê² (21) ¨ (22) ¨³¥¥³

(
αa + βa+

) ∞∑
0

Cnen = C1αb1 +
∞∑
1

(αbn+1Cn+1 + βan−1Cn−1) en =

= C1αb1 +
∞∑
1

(
α
√

n + 1Cn+1 + β
√

n Cn−1

)
en. (23)

‘μ£² ¸´μ Ëμ·³Ê²¥ (23), C1 = 0. „ ²¥¥, ¶·¨· ¢´¨¢ Ö ´Ê²Õ ±μÔËË¨Í¨¥´ÉÒ ¶·¨ en, ¶μ²Ê-
Î ¥³ ·¥±Ê··¥´É´ÊÕ Ëμ·³Ê²Ê

Cn+1 = −β

α

√
n√

n + 1
Cn−1. (24)

ˆ§ Ëμ·³Ê²Ò (24) ¸²¥¤Ê¥É, ÎÉμ C2n+1 ∼ C1, ¸²¥¤μ¢ É¥²Ó´μ, ¢¸¥ ´¥Î¥É´Ò¥ ±μÔËË¨Í¨¥´ÉÒ
¢ Ëμ·³Ê²¥ (18) · ¢´Ò ´Ê²Õ. � ¸¸³μÉ·¨³ C2n. �μ² £ Ö C0 = 1, ¸μ£² ¸´μ (24), ¨³¥¥³

C2n =
(
−β

α

)n 1 · 3 · . . . · (2n − 1)
2 · 4 · . . . · (2n)

=
(
−β

α

)n

d2n, (25)

£¤¥ d2n =
1 · 3 · . . . · (2n − 1)

2 · 4 · . . . · (2n)
. �μ± ¦¥³, ÎÉμ ¢¥±Éμ· ψ̃0 ±μ··¥±É´μ μ¶·¥¤¥²¥´. „¥°¸É¢¨-

É¥²Ó´μ,
∞∑

n=0

|C2n|2 =
∞∑

n=0

∣∣∣∣βα
∣∣∣∣
n

d2n < ∞,

¶μ¸±μ²Ó±Ê, ¸μ£² ¸´μ Ëμ·³Ê² ³ (16) ¨ (25), |β/α| < 1, d2n < 1.
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‚ ÔÉμ³ ¸²ÊÎ ¥ ³μ¦´μ ¡Ò²μ ¡Ò ¶·μ¢¥¸É¨ ¢ÒÎ¨¸²¥´¨Ö,  ´ ²μ£¨Î´Ò¥ É¥³, ÎÉμ ¡Ò²¨
¸¤¥² ´Ò ¢ Ëμ±μ¢¸±μ³ ¸²ÊÎ ¥. �¤´ ±μ ³μ¦´μ ¸¢¥¸É¨ ¶·¥μ¡· §μ¢ ´¨Ö 	μ£μ²Õ¡μ¢  ¢  ´-
É¨Ëμ±μ¢¸±μ³ ¸²ÊÎ ¥ ± ¶·¥μ¡· §μ¢ ´¨Ö³ 	μ£μ²Õ¡μ¢  ¢ Ëμ±μ¢¸±μ³ ¸²ÊÎ ¥, μ¤´μ§´ Î´μ
¸¢Ö§ ´´μ³ ¸  ´É¨Ëμ±μ¢¸±¨³. �·¥¦¤¥ ¢¸¥£μ § ³¥É¨³, ÎÉμ, ¢¢μ¤Ö μ¶¥· Éμ·Ò

b = a+, b+ = a, N ′ = −N − 1, (26)

³μ¦´μ ¶¥·¥¶¨¸ ÉÓ  ´É¨Ëμ±μ¢¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥

[b, b+] = −1, bψ′
0 = 0, (27)

£¤¥ ψ′
0 = ψ−1. ‚¢μ¤Ö ¢¥±Éμ·Ò ψ′

n = ψ−1−n, ¶μ²ÊÎ¨³, ¸μ£² ¸´μ Ëμ·³Ê²¥ (11), ÎÉμ

Nψ′
n = nψ′

n, 〈ψ′
n, ψ′

n〉 = (−1)nn!. (28)

�É³¥É¨³, ÎÉμ ¢ É¥μ·¨¨ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥° ŠŠ‘ ¤²Ö ´¥Ë¨§¨Î¥¸±¨Ì Î ¸É¨Í μ¡ÒÎ´μ
§ ¶¨¸Ò¢ ÕÉ¸Ö ¨³¥´´μ ¢ Ëμ·³¥ (27). �μ¸±μ²Ó±Ê ¶·μ¸É· ´¸É¢μ K ´ ÉÖ´ÊÉμ ´  ¢¥±Éμ·Ò
ψ′

n, K Ö¢²Ö¥É¸Ö ¶·μ¸É· ´¸É¢μ³ Š·¥°´ , É. ¥. ¶·μ¸É· ´¸É¢μ³, ¤μ¶Ê¸± ÕÐ¨³ ¸²¥¤ÊÕÐ¥¥
· §²μ¦¥´¨¥:

K = K+ + K−, K+⊥K−, (29)

£¤¥ K± Å § ³±´ÊÉÒ¥ ¶·μ¸É· ´¸É¢  ¸μμÉ¢¥É¸É¢¥´´μ ¸ ¶μ²μ¦¨É¥²Ó´μ° ¨ μÉ·¨Í É¥²Ó´μ°
³¥É·¨±μ°. �μ μ¶·¥¤¥²¥´¨Õ ¶·μ¸É· ´¸É¢  K ¥¸²¨ x Å ¶·μ¨§¢μ²Ó´Ò° ¢¥±Éμ· ÔÉμ£μ ¶·μ-
¸É· ´¸É¢ , Éμ

x = x+ + x−, x± ∈ K±. (30)

‘²¥¤μ¢ É¥²Ó´μ, ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¶·μ¨§¢μ²Ó´ÒÌ ¢¥±Éμ·μ¢ ¨³¥¥É ¢¨¤

〈x, y〉 = x+y+ + x−y−. (31)

‚ ¶·μ¸É· ´¸É¢¥ Š·¥°´ , ¶μ³¨³μ ¨´¤¥Ë¨´¨É´μ£μ, ³μ¦´μ ¢¢¥¸É¨ ¨ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥-
²¥´´μ¥ (£¨²Ó¡¥·Éμ¢μ) ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥:

(x, y) = x+y+ − x−y−. (32)

„¥°¸É¢¨É¥²Ó´μ,
(x, x) = (x+x+ − x−x−) > 0, ∀x 
= 0. (33)

ˆ´¤¥Ë¨´¨É´μ¥ ¨ £¨²Ó¡¥·Éμ¢μ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨Ö ¸¢Ö§ ´Ò ³¥¦¤Ê ¸μ¡μ° μ¶¥· Éμ·μ³
± ´μ´¨Î¥¸±μ° ¸¨³³¥É·¨¨ J . �μ μ¶·¥¤¥²¥´¨Õ

J(x+ + x−) = x+ − x−. (34)

�·Ö³μ¥ ¢ÒÎ¨¸²¥´¨¥ ¤ ¥É

〈x, y〉 = (x, Jy), (x, y) = 〈x, Jy〉. (35)

ˆ§ Ëμ·³Ê²Ò (33) ¸²¥¤Ê¥É ¸¢Ö§Ó μ¶¥· Éμ·μ¢ A+ ¨ A∗, ¸μ¶·Ö¦¥´´ÒÌ μ¶¥· Éμ·Ê A μÉ´μ¸¨-
É¥²Ó´μ ¨´¤¥Ë¨´¨É´μ£μ ¨ £¨²Ó¡¥·Éμ¢  ¸± ²Ö·´ÒÌ ¶·μ¨§¢¥¤¥´¨° ¸μμÉ¢¥É¸É¢¥´´μ:

A∗ = JA+J, A+ = JA∗J, (36)
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¶μ¸±μ²Ó±Ê ²¥£±μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ

J2 = 1, J = J∗ = J+. (37)

ˆ§ Ëμ·³Ê² (28) ¨ (34) ¸²¥¤Ê¥É, ÎÉμ

{J, b} = {J, b+} = 0, (38)

£¤¥ {x, y} = xy + yx. „¥°¸É¢¨É¥²Ó´μ, ¶Ê¸ÉÓ n = 2m, Éμ£¤ 

b+Jψ′
n = b+ψ′

2m = ψ′
2m+1,

Jb+ψ′
n = Jψ′

2m+1 = −ψ′
2m+1.

(39)

„μ± § É¥²Ó¸É¢μ ¤²Ö ´¥Î¥É´ÒÌ n  ´ ²μ£¨Î´μ. ˆ§ Ê¸²μ¢¨Ö {J, b+} = 0 ´¥¶μ¸·¥¤¸É¢¥´´μ
¸²¥¤Ê¥É, ÎÉμ {J, b} = 0, É ± ± ± J = J+. ‘μμÉ´μÏ¥´¨Ö (36) ¨ (38) ¶μ§¢μ²ÖÕÉ ¸μ¶μ¸É ¢¨ÉÓ
 ´É¨Ëμ±μ¢¸±μ³Ê ¶·¥¤¸É ¢²¥´¨Õ ŠŠ‘ Ëμ±μ¢¸±μ¥ ¸ ¶μ³μÐÓÕ ¸²¥¤ÊÕÐ¥° § ³¥´Ò:

b+ → Jb+J = −b+ = b∗. (40)

� ¶μ³´¨³, ÎÉμ J2 = 1. �Î¥¢¨¤´μ, ÎÉμ

[b, b∗] = I, b ψ′
0 = 0. (41)

�·¨³¥´¨¢ ± ¸μμÉ´μÏ¥´¨Õ (41) ¶·¥μ¡· §μ¢ ´¨¥ 	μ£μ²Õ¡μ¢ , ¶μ²ÊÎ¨³, ÎÉμ ψ̃′
0 É ± ¦¥

¸¢Ö§ ´ ¸ ψ′
0, ± ± ψ̃0 ¸ ψ0 (¸³. Ëμ·³Ê²Ê (25)). —Éμ¡Ò ¶μ²ÊÎ¨ÉÓ ¶·¥μ¡· §μ¢ ´¨Ö 	μ£μ²Õ¡μ¢ 

¢ É¥·³¨´ Ì b ¨ b+, ¤μ¸É ÉμÎ´μ ÊÎ¥¸ÉÓ, ÎÉμ b+ = −b∗. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¥μ¡· §μ¢ ´¨¥
¢¨¤  αb + βb∗ ¶¥·¥Ìμ¤¨É ¢ αb − βb+.

� ¸¸³μÉ·¨³ ¸¨¸É¥³Ê ¨§ Ë¨§¨Î¥¸±μ° Î ¸É¨ÍÒ, Ê¤μ¢²¥É¢μ·ÖÕÐ¥° ŠŠ‘ ¢¨¤  [a, a∗] = I ,
¨ ´¥Ë¨§¨Î¥¸±μ°, Ê¤μ¢²¥É¢μ·ÖÕÐ¥° ŠŠ‘ ¢¨¤  [b, b+] = −I . �Ê¸ÉÓ ψ0 = ψ′

0. ’μ£¤ , ¢
¸μμÉ¢¥É¸É¢¨¨ ¸ ¶μ²ÊÎ¥´´Ò³¨ ·¥§Ê²ÓÉ É ³¨, ¶·¥μ¡· §μ¢ ´¨Ö 	μ£μ²Õ¡μ¢  ¤²Ö Ë¨§¨Î¥¸±μ°
Î ¸É¨ÍÒ αa + βa∗ ¨ αb − βb+ ¤²Ö ´¥Ë¨§¨Î¥¸±μ° ¶·¨¢μ¤ÖÉ ± ´μ¢μ° ¸¨¸É¥³¥ μ¶¥· Éμ·μ¢
É ±μ°, ÎÉμ ψ̃′

0 = ψ̃0.
� ¸¸³μÉ·¨³ É¥¶¥·Ó ¸μμÉ´μÏ¥´¨¥ (4) ¤²Ö Ëμ±μ¢¸±μ£μ ¸²ÊÎ Ö. �·¥¤¶μ²μ¦¨³, ÎÉμ ¢ ±Ê-

Ê³´Ò° ¢¥±Éμ· ψ0 ´¥ § ¢¨¸¨É μÉ ¨´¤¥±¸  i, É. ¥. ÎÉμ

aiψ0 = 0, ∀i. (42)

�·¨³¥´ÖÖ ¶·¥μ¡· §μ¢ ´¨¥ 	μ£μ²Õ¡μ¢  (15) ¤²Ö ± ¦¤μ° ¶ ·Ò μ¶¥· Éμ·μ¢ ai ¨ ai
+, ¶μ²Ê-

Î¨³ ´μ¢ÊÕ ¸¨¸É¥³Ê μ¶¥· Éμ·μ¢ ãi ¨ ãi
+, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ëμ±μ¢¸±μ³Ê ¶·¥¤¸É ¢²¥´¨Õ

ŠŠ‘ ¸´μ¢  ¸ ¥¤¨´Ò³ ¢ ±ÊÊ³´Ò³ ¢¥±Éμ·μ³ ψ̃0. �´ ²μ£¨Î´μ, ¥¸²¨ ¸μμÉ´μÏ¥´¨¥ (27)
§ ³¥´¥´μ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

[bi, b
+
j ] = −δij I, i, j � k, (43)

¶·¨Î¥³
bi ψ′

0 = 0, ∀i, (44)

Éμ ¶μ¸²¥ ¶·¥μ¡· §μ¢ ´¨° 	μ£μ²Õ¡μ¢  ¸¨¸É¥³  μ¶¥· Éμ·μ¢ bi, b+
i ¶¥·¥Ìμ¤¨É ¢ ¸¨¸É¥³Ê

μ¶¥· Éμ·μ¢ b̃i, b̃+
i , ¸´μ¢  Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì ¸μμÉ´μÏ¥´¨Õ (43) ¸ ¥¤¨´Ò³ ¢ ±ÊÊ³´Ò³ ¢¥±-

Éμ·μ³ ψ̃′
0.



�·¥μ¡· §μ¢ ´¨Ö �μ£μ²Õ¡μ¢  ·¥£Ê²Ö·´ÒÌ ¶·¥¤¸É ¢²¥´¨° 319

λ-��…„‘’�‚‹…�ˆ… ŠŠ‘

„μ± ¦¥³, ÎÉμ ¶μ¸²¥ ¶·¥μ¡· §μ¢ ´¨Ö 	μ£μ²Õ¡μ¢  λ-¶·¥¤¸É ¢²¥´¨¥ ¸´μ¢  ¶¥·¥Ìμ¤¨É ¢
λ-¶·¥¤¸É ¢²¥´¨¥ ¸ É¥³ ¦¥ ¸ ³Ò³ λ0 (±μ·μÉ±μ, λ0-¶·¥¤¸É ¢²¥´¨¥ ŠŠ‘ ¶¥·¥Ìμ¤¨É ¢ λ0-
¶·¥¤¸É ¢²¥´¨¥). „²Ö ÔÉμ£μ ¶·¥¦¤¥ ¢¸¥£μ § ³¥É¨³, ÎÉμ ¥¸²¨ μ¶¥· Éμ·Ò a, a+ ¨ a′, a′+

·¥ ²¨§ÊÕÉ λ0-¶·¥¤¸É ¢²¥´¨¥ ŠŠ‘, Éμ, ¸μ£² ¸´μ Ëμ·³Ê² ³ (13), μ´¨ ¸¢Ö§ ´Ò Ê´¨É ·´Ò³
¶·¥μ¡· §μ¢ ´¨¥³:

a′ = V aV, a′+ = V a+V, V V + = V +V = 1. (45)

�μ± ¦¥³, ÎÉμ ¥¸²¨ μ¶¥· Éμ·Ò ã, ã+ ¨ ã′, ã′+ ¸¢Ö§ ´Ò ¸ μ¶¥· Éμ· ³¨ a, a+ ¨ a′, a′+

¶·¥μ¡· §μ¢ ´¨¥³ 	μ£μ²Õ¡μ¢ , Éμ ¨ μ¶¥· Éμ·Ò ã′, ã′+ ¨ ã, ã+ ¸¢Ö§ ´Ò É¥³ ¦¥ ¸ ³Ò³
Ê´¨É ·´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³ V . „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ ã = αa + βa+, ã+ = ᾱa+ + β̄a, Éμ

ã′ = αV aV + + βV a+V + = V (αa + βa+)V + = V ãV +. (46)

„μ± § É¥²Ó¸É¢μ ¤²Ö ã+  ´ ²μ£¨Î´μ. �μ¸±μ²Ó±Ê ²Õ¡μ° μ¶¥· Éμ·, ¸¢Ö§ ´´Ò° Ê´¨É ·´Ò³
¶·¥¤¸É ¢²¥´¨¥³ ¸ ´¥±μÉμ·Ò³ μ¶¥· Éμ·μ³, ·¥ ²¨§ÊÕÐ¨³ λ0-¶·¥¤¸É ¢²¥´¨¥ ŠŠ‘, É ±¦¥
Ö¢²Ö¥É¸Ö μ¶¥· Éμ·μ³, ·¥ ²¨§ÊÕÐ¨³ λ0-¶·¥¤¸É ¢²¥´¨¥, ´ ³ ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ ¶·¥-
μ¡· §μ¢ ´¨Ö 	μ£μ²Õ¡μ¢  Éμ²Ó±μ ¤²Ö ±μ´±·¥É´ÒÌ μ¶¥· Éμ·μ¢. ‚ ± Î¥¸É¢¥ É ±μ¢ÒÌ · ¸-
¸³μÉ·¨³ μ¶¥· Éμ·Ò

a =
1√
2

(
q +

d

dq

)
, a+ =

1√
2

(
q − d

dq

)
, (47)

μÎ¥¢¨¤´Ò³ μ¡· §μ³ Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ŠŠ‘. “¸²μ¢¨¥

Nψλ0(q) = a+aψλ0(q) = λ0ψλ0(q) (48)

¤²Ö ÔÉ¨Ì μ¶¥· Éμ·μ¢ ¸¢μ¤¨É¸Ö ± Ê· ¢´¥´¨Õ(
q2 − d2

dq2

)
ψλ0(q) = (2λ0 − 1)ψλ0(q). (49)

� ¶μ³´¨³, ÎÉμ ³Ò μ£· ´¨Î¨¢ ¥³¸Ö · ¸¸³μÉ·¥´¨¥³ ¢¥Ð¥¸É¢¥´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ α ¨ β
¢ ¶·¥μ¡· §μ¢ ´¨¨ 	μ£μ²Õ¡μ¢ . ’μ£¤ 

ã = αa + βa+, ã+ = αa+ + βa, (50)

É. ¥.

ã =
1√
2

[
(α + β)q − (α − β)

d

dq

]
, ã+ =

1√
2

[
(α + β)q + (α − β)

d

dq

]
. (51)

�¥¶μ¸·¥¤¸É¢¥´´μ¥ ¢ÒÎ¨¸²¥´¨¥ ã+ã ¤ ¥É

ã+ã =
1
2

[
(α + β)2q2 − (α − β)2

d2

dq2
+ 1

]
. (52)

�μ²μ¦¨¢ q = q̃

√
α − β

α + β
¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ α2 − β2 = 1, ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥

ã+ã =
(

q̃2 − d2

dq̃2

)
ψλ0(q̃) = (2λ0 − 1)ψλ0(q̃). (53)
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’ ±¨³ μ¡· §μ³, ¸¤¥² ¢ § ³¥´Ê ¶¥·¥³¥´´μ° q → q̃, ³Ò ¶·¨Ìμ¤¨³ ± Éμ³Ê ¦¥ ¸ ³μ³Ê Ê· ¢-
´¥´¨Õ, ÎÉμ ¨ ¤μ± §Ò¢ ¥É ÉμÉ Ë ±É, ÎÉμ ψλ0(q̃) Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´Ò³ ¢¥±Éμ·μ³ μ¶¥· Éμ· 
ã+ã ¸ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ λ0.

‡�Š‹�—…�ˆ…

‚ ´ ¸ÉμÖÐ¥° ¸É ÉÓ¥ ¤μ± § ´μ, ÎÉμ ¶·¥μ¡· §μ¢ ´¨Ö 	μ£μ²Õ¡μ¢  ¶¥·¥¢μ¤ÖÉ Ëμ±μ¢¸±μ¥
¶·¥¤¸É ¢²¥´¨¥ ŠŠ‘ ¢ Ëμ±μ¢¸±μ¥,  ´É¨Ëμ±μ¢¸±μ¥ Å ¢  ´É¨Ëμ±μ¢¸±μ¥, λ-¶·¥¤¸É ¢²¥´¨¥ Å
¢ λ-¶·¥¤¸É ¢²¥´¨¥ ¸ É¥³ ¦¥ ¸ ³Ò³ §´ Î¥´¨¥³ λ0. ‚ ¶¥·¢ÒÌ ¤¢ÊÌ ¸²ÊÎ ÖÌ ´ °¤¥´Ò ´μ¢Ò¥
¢ ±ÊÊ³´Ò¥ ¢¥±Éμ·Ò. �¶·¥¤¥²¥´  ±μ³¡¨´ Í¨Ö ¶·¥μ¡· §μ¢ ´¨° 	μ£μ²Õ¡μ¢  ¤²Ö ¸¨¸É¥³Ò
¨§ Ë¨§¨Î¥¸±μ° ¨ ´¥Ë¨§¨Î¥¸±μ° Î ¸É¨Í ¸ μ¤´¨³ ¨ É¥³ ¦¥ ¢ ±ÊÊ³μ³, ¶·¨ ±μÉμ·μ° ´μ¢Ò°
¢ ±ÊÊ³ μ¸É ¥É¸Ö μ¤¨´ ±μ¢Ò³ ¤²Ö Ë¨§¨Î¥¸±¨Ì ¨ ´¥Ë¨§¨Î¥¸±¨Ì Î ¸É¨Í. �¥§Ê²ÓÉ ÉÒ μ¡μ¡-
Ð¥´Ò ´  ¸¨¸É¥³Ê ¨§ ¶·μ¨§¢μ²Ó´μ£μ, ´μ ±μ´¥Î´μ£μ Î¨¸²  Ë¨§¨Î¥¸±¨Ì ¨ ´¥Ë¨§¨Î¥¸±¨Ì
Î ¸É¨Í.
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