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‚ �’ƒ ¢ÒÎ¨¸²¥´ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¤²Ö ³¥É·¨±¨ Š¥·· . � °¤¥´Ò ¢´¥Ï´¨¥ £· ¢¨É Í¨-
μ´´Ò¥ Ô´¥·£¨Ö ¨ ³μ³¥´É ¨³¶Ê²Ó¸  ±μ²² ¶¸¨·ÊÕÐ¥£μ É¥² . �  μ¸´μ¢ ´¨¨  ´ ²¨§  ¨Ì ¶μ¢¥¤¥´¨Ö
¢¡²¨§¨ £· ¢¨É Í¨μ´´μ£μ · ¤¨Ê¸  ¸¤¥² ´ ¢Ò¢μ¤ μ ´¥¢μ§³μ¦´μ¸É¨ £· ¢¨É Í¨μ´´μ£μ ±μ²² ¶¸ .

In RTG the energy-momentum tensor of the Kerr metric has been calculated. The external grav-
itational energy and angular momentum of collapsing body have been obtained. The conclusion on
impossibility of gravitational collapse has been deduced from the analysis of their behaviour near
gravitational radius.

PACS: 04.20.Cv

‚ · ¡μÉ¥ [1] · ¸¸³ É·¨¢ ² ¸Ó ¸É·Ê±ÉÊ·  ¨´É¥£· ² , μ¶·¥¤¥²ÖÕÐ¥£μ £· ¢¨É Í¨μ´´ÊÕ
³ ¸¸Ê ¸É É¨Î¥¸±μ£μ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ É¥²  ¢ ·¥²ÖÉ¨¢¨¸É¸±μ° É¥μ·¨¨ £· ¢¨É Í¨¨
(�’ƒ). 	Ò²μ ¶μ± § ´μ, ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¨´É¥£· ² ¶μ ¢´¥Ï´¥° ¢ ±ÊÊ³´μ° μ¡² ¸É¨
· ¸Ìμ¤¨É¸Ö ¶·¨ ¸É·¥³²¥´¨¨ · ¤¨Ê¸  É¥²  ± · ¤¨Ê¸Ê ˜¢ ·ÍÏ¨²Ó¤ . ‘¨´£Ê²Ö·´μ¸ÉÓ É ±μ£μ
É¨¶  ¸¢¨¤¥É¥²Ó¸É¢Ê¥É μ ´¥¢μ§³μ¦´μ¸É¨ £· ¢¨É Í¨μ´´μ£μ ±μ²² ¶¸  §  £μ·¨§μ´É ¸μ¡ÒÉ¨°.

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ³Ò μ¡μ¡Ð¨³ ¶μ²ÊÎ¥´´Ò¥ ¢ [1] ·¥§Ê²ÓÉ ÉÒ ´  ¸²ÊÎ ° ¸É Í¨μ´ ·-
´μ£μ, ¢· Ð ÕÐ¥£μ¸Ö,  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ£μ É¥²  ¢ �’ƒ ¸ ³ ¸¸μ° ¶μ±μÖ £· ¢¨Éμ´ ,
· ¢´μ° ´Ê²Õ. ’ ±μ¥ ·¥Ï¥´¨¥ μ¶¨¸Ò¢ ¥É¸Ö ³¥É·¨±μ° Š¥··  [2]. ‚ �’� ´ ¨¡μ²¥¥ Î ¸Éμ
μ´μ § ¶¨¸Ò¢ ¥É¸Ö ¢ ±μμ·¤¨´ É Ì 	μ°¥· Ä‹¨´¤±¢¨¸É  (	‹) {T, r.ϑ, F}:

ds2 =
(

1 − 2mr

ρ2

)
dT 2 − ρ2

Δ
dr2 − ρ2 dϑ2−

−
(

r2 + a2 +
2mra2

ρ2
sin2 ϑ

)
sin2 ϑ dF 2 +

4mra

ρ2
sin2 ϑ dF dT =

= −ρ2

Δ
dr2 − ρ2 dϑ2 − sin2 ϑ

ρ2
(a dT − (r2 + a2) dF )2 +

Δ
ρ2

(dT − a sin2 ϑ dF )2, (1)

£¤¥ ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö

Δ = r2 − 2mr + a2, ρ2 = r2 + a2 cos2 ϑ.
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�É¨ ±μμ·¤¨´ ÉÒ Ê¤μ¡´Ò É¥³, ÎÉμ ¶·¨ μ¡· Ð¥´¨¨ ¢ ´Ê²Ó ±μ´¸É ´ÉÒ a ³¥É·¨±  ¶¥-
·¥Ìμ¤¨É ¢ ¨§¢¥¸É´μ¥ ·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤ . �¤´ ±μ ¢ ÔÉ¨Ì ±μμ·¤¨´ É Ì, ¢ μÉ²¨Î¨¥ μÉ
±μμ·¤¨´ É Š¥·· , ¶·μ¨¸Ìμ¤¨É ¡¥¸±μ´¥Î´μ¥ ®´ ³ ÉÒ¢ ´¨¥¯ É· ¥±Éμ·¨° Î ¸É¨Í ´  ¶μ¢¥·Ì-
´μ¸ÉÓ £μ·¨§μ´É .

Œ¥É·¨±  Š¥··  § ¢¨¸¨É μÉ ¤¢ÊÌ ¶μ¸ÉμÖ´´ÒÌ ¶ · ³¥É·μ¢, m ¨ a, ¸³Ò¸² ±μÉμ·ÒÌ Ö¸¥´
¨§ ¶·¥¤¥²Ó´μ£μ ¢¨¤  ³¥É·¨±¨ ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ r. ‘ ÉμÎ´μ¸ÉÓÕ ¤μ Î²¥´μ¢ 1/r
¨³¥¥³

g00 ≈ 1 − 2m

r
, g03 ≈ 2ma

r
sin2 ϑ.

�´ ²¨§ ÔÉ¨Ì ¢Ò· ¦¥´¨° ¶μ± §Ò¢ ¥É, ÎÉμ m ¥¸ÉÓ ³ ¸¸  ¨¸ÉμÎ´¨± ,   ¶ · ³¥É· a ¸¢Ö§ ´
¸ ¥£μ ³μ³¥´Éμ³ ¢· Ð¥´¨Ö M ¸μμÉ´μÏ¥´¨¥³

M = ma.

‚ ±μ´Í¥ ´ ¸ÉμÖÐ¥° · ¡μÉÒ ¶μ²´ Ö Ô´¥·£¨Ö ¨¸ÉμÎ´¨±  ¨ ¥£μ ³μ³¥´É ¢· Ð¥´¨Ö ¡Ê¤ÊÉ
¢ÒÎ¨¸²¥´Ò ÉμÎ´μ.

’ ± ± ±

Δ ≡ (r − rg)(r − m +
√

m2 − a2), £¤¥ rg ≡
√

m2 − a2 + m,

Éμ ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ³¥É·¨±  (1) ¸É ´μ¢¨É¸Ö ¸¨´£Ê²Ö·´μ° ´  ¶μ¢¥·Ì´μ¸É¨ r = rg , ±μÉμ· Ö
Ö¢²Ö¥É¸Ö £μ·¨§μ´Éμ³ ¸μ¡ÒÉ¨°.

‘¨¸É¥³  Ê· ¢´¥´¨° �’ƒ [7] ¢±²ÕÎ ¥É ¢ ¸¥¡Ö, ¶μ³¨³μ μ¡ÒÎ´μ£μ Ê· ¢´¥´¨Ö ƒ¨²Ó¡¥·É Ä
�°´ÏÉ¥°´  μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨, ¤μ¶μ²´¨É¥²Ó´μ¥ Ê· ¢´¥´¨¥ ¶¥·¢μ£μ ¶μ·Ö¤± ,
¸μ¤¥·¦ Ð¥¥ ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¶μ ³¥É·¨±¥ Ëμ´μ¢μ£μ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ
¨ Ö¢²ÖÕÐ¥¥¸Ö μ¡Ð¥±μ¢ ·¨ ´É´Ò³ μ¡μ¡Ð¥´¨¥³ ±μμ·¤¨´ É´μ£μ Ê¸²μ¢¨Ö £ ·³μ´¨Î´μ¸É¨
”μ± . �μÔÉμ³Ê ´¥μ¡Ìμ¤¨³μ ¢ÒÖ¢¨ÉÓ ¸¢Ö§Ó ¨¸¶μ²Ó§Ê¥³ÒÌ ±μμ·¤¨´ É 	‹ ¸ ±μμ·¤¨´ É ³¨, ¢
±μÉμ·ÒÌ ·¥Ï¥´¨¥ (1) Ê¤μ¢²¥É¢μ·Ö¥É ÔÉμ³Ê ¢Éμ·μ³Ê Ê· ¢´¥´¨Õ ¢ § · ´¥¥ § ¤ ´´μ° ³¥É·¨±¥
Ëμ´μ¢μ£μ ¶·μ¸É· ´¸É¢  γμν . 	² £μ¤ ·Ö ÔÉμ³Ê �’ƒ ¶μ§¢μ²Ö¥É μ¤´μ§´ Î´μ Ê¸É ´μ¢¨ÉÓ
μ¡² ¸ÉÓ ¨§³¥´¥´¨Ö ±μμ·¤¨´ É ÔËË¥±É¨¢´μ£μ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢  ± ± μ¡² ¸ÉÓ ¢§ ¨³´μ
μ¤´μ§´ Î´μ£μ ¸μμÉ¢¥É¸É¢¨Ö ÔÉ¨Ì ±μμ·¤¨´ É ±μμ·¤¨´ É ³ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ ¸
Ö±μ¡¨ ´μ³, μÉ²¨Î´Ò³ μÉ ´Ê²Ö.

‚ · ¡μÉ¥ [3] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´μ¥ ¢ ±ÊÊ³´μ¥ ·¥Ï¥´¨¥, ¢§ -
¨³´μ μ¤´μ§´ Î´μ μÉμ¡· ¦ ÕÐ¥¥ (¸ Ö±μ¡¨ ´μ³, μÉ²¨Î´Ò³ μÉ ´Ê²Ö) μ¡² ¸ÉÓ ¢´¥ £μ·¨-
§μ´É  ¸μ¡ÒÉ¨° ¨¸ÉμÎ´¨±  Š¥··  ¸ £ ²¨²¥¥¢Ò³¨ ±μμ·¤¨´ É ³¨ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ
{t, x, y, z}.

‘²¥¤ÊÖ [4, 5], ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ É ± ´ §Ò¢ ¥³Ò¥
¸Ë¥·μ¨¤ ²Ó´Ò¥ ±μμ·¤¨´ ÉÒ {t, R, θ, ϕ}, ¸¢Ö§ ´´Ò¥ ¸ £ ²¨²¥¥¢Ò³¨ {t, x, y, z} ¸μμÉ´μÏ¥-
´¨Ö³¨

x =
√

R2 + a2 cosϕ sin θ,

y =
√

R2 + a2 sin ϕ sin θ,

z = R cos θ.

Š ± ²¥£±μ ¢¨¤¥ÉÓ, ¶·¨ a = 0 ÔÉ¨ ±μμ·¤¨´ ÉÒ ¶¥·¥Ìμ¤ÖÉ ¢ μ¡ÒÎ´Ò¥ ¸Ë¥·¨Î¥¸±¨¥.
Œ¥É·¨±  ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ ¡Ê¤¥É ¢Ò£²Ö¤¥ÉÓ ¢ ¸Ë¥·μ¨¤ ²Ó´ÒÌ ±μμ·¤¨´ É Ì ¸²¥-
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¤ÊÕÐ¨³ μ¡· §μ³:

γik = diag
(

1,−R2 + a2 cos2 θ

R2 + a2
,−

(
R2 + a2 cos2 θ

)
,−

(
R2 + a2

)
sin2 θ

)
.

‚§ ¨³´μ μ¤´μ§´ Î´ Ö ¸¢Ö§Ó ÔÉ¨Ì ±μμ·¤¨´ É ¸ ±μμ·¤¨´ É ³¨ 	‹ [3, 4] § ¤ ¥É¸Ö ¸μμÉ-
´μÏ¥´¨Ö³¨

t = T, R = r − m, θ = ϑ,

ϕ = F +
a

2δ
ln

r − m − δ

r − m + δ
− arctg

r − m

a
+

π

2
,

£¤¥ δ =
√

m2 − a2.
Œ¥É·¨±  Š¥··  ¢ ÔÉ¨Ì ±μμ·¤¨´ É Ì ¶·¨³¥É ¢¨¤

ds2 =
(

1 − 2mr

ρ2

)
dt2 −

(
ρ2

R2 − R2
g

+
m4a2 sin2 θ

ρ2(R2 − R2
g)2(R2 + a2)2

Λ
)

dR2−

− ρ2dθ2 − sin2 θ

ρ2
Λ dϕ2 − 4m3a2r sin2 θ

ρ2(R2 − R2
g)(R2 + a2)

dR dt+

+
4mar sin2 θ

ρ2
dϕdt +

2m2a sin2 θ

ρ2(R2 − R2
g)(R2 + a2)

Λ dR dϕ, (2)

£¤¥ Λ = (r2 + a2)2 − a2Δ sin2 θ = ρ2Δ + 2mr(r2 + a2).
‚ · ¡μÉ¥ [6] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ÔÉμ ·¥Ï¥´¨¥ Ê¤μ¢²¥É¢μ·Ö¥É ¶·¨´Í¨¶Ê ¶·¨Î¨´´μ-

¸É¨ [7] ¢μ ¢¸¥° μ¡² ¸É¨ r > rg .
� ¸¸Î¨É ¥³ É¥¶¥·Ó ¤²Ö ±¥··μ¢¸±μ£μ ·¥Ï¥´¨Ö (2) ¨´É¥£· ², μ¶·¥¤¥²ÖÕÐ¨° £· ¢¨É -

Í¨μ´´ÊÕ ³ ¸¸Ê ¨¸ÉμÎ´¨± . „²Ö ÔÉμ£μ ¢Ò¶¨Ï¥³ Ê· ¢´¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö �’ƒ ¢
¶·¨¡²¨¦¥´¨¨ ´Ê²¥¢μ° ³ ¸¸Ò £· ¢¨Éμ´  ¢ ¶·¨¢ÒÎ´μ³ ¢¨¤¥ [7]

DαDβ(ĝελĝαβ − ĝεαĝλβ) = 16π(T̂ ελ + t̂ελ
g ),

(3)
Dβ ĝαβ = 0,

£¤¥ Dα Å ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¶μ ³¥É·¨±¥ Œ¨´±μ¢¸±μ£μ γμν , ĝμν ≡
√

g/γgμν ,

T̂ μν ≡ (g/γ)T μν ,   É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö t̂μν
g · ¢¥´

16πt̂ελ
g =

1
2

(
gεαgλβ − 1

2
gελgαβ

) (
gνσgτμ − 1

2
gτσgνμ

)
Dαĝτσ · Dβ ĝμν+

+ gαβgτσDαĝετ · Dβ ĝλσ +
1
2
gελgτσDαĝσβ · Dβ ĝατ−

− gεβgτσDαĝλσ · Dβ ĝατ − gλαgτσDαĝβσ · Dβ ĝετ . (4)

‘· ¢´¨¢ Ö ÔÉÊ Ëμ·³Ê²Ê ¸ ¢Ò· ¦¥´¨¥³ ¤²Ö ¶¸¥¢¤μÉ¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ‹ ´¤ ÊÄ
‹¨ËÏ¨Í  [8], Ê¡¥¦¤ ¥³¸Ö, ÎÉμ μ´¨ μÉ²¨Î ÕÉ¸Ö Éμ²Ó±μ § ³¥´μ° ±μ¢ ·¨ ´É´ÒÌ ¶·μ¨§¢μ¤-
´ÒÌ ´  μ¡ÒÎ´Ò¥ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢ £ ²¨²¥¥¢ÒÌ ±μμ·¤¨´ É Ì ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ
¸μ¢¶ ¤ ÕÉ.
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ˆ§ (3) ²¥£±μ ¶μ²ÊÎ¨ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´Ò° § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥-
¸É¢  ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢³¥¸É¥ ¢§ÖÉÒÌ:

Dλ(T̂ ελ + t̂ελ
g ) = 0. (5)

‚ ¨¸±·¨¢²¥´´μ³ ¶·μ¸É· ´¸É¢¥ ¶μ¤μ¡´μ¥ ¸μμÉ´μÏ¥´¨¥ ¢μ¢¸¥ ´¥ μ§´ Î ²μ ¡Ò ´ ²¨Î¨Ö
± ±μ°-²¨¡μ ¸μÌ· ´ÖÕÐ¥°¸Ö ¢¥²¨Î¨´Ò ¢ ¸¨²Ê μÉ¸ÊÉ¸É¢¨Ö ¢¥±Éμ·μ¢ Š¨²²¨´£  ¨ £ ²¨²¥¥¢ÒÌ
±μμ·¤¨´ É. �¤´ ±μ ¶·μ¸É· ´¸É¢μ Œ¨´±μ¢¸±μ£μ Ö¢²Ö¥É¸Ö ¶²μ¸±¨³, ¨ ¶μÔÉμ³Ê μ´μ ¨³¥¥É
¶μ²´ÊÕ ¤¥¸ÖÉ¨¶ · ³¥É·¨Î¥¸±ÊÕ £·Ê¶¶Ê ¸¨³³¥É·¨° ¨ ¤μ¶Ê¸± ¥É ¢¢¥¤¥´¨¥ £ ²¨²¥¥¢ÒÌ ±μ-
μ·¤¨´ É. ‚ ÔÉ¨Ì ±μμ·¤¨´ É Ì (5) ¶·¨³¥É ¢¨¤

∂λ(T̂ ελ + t̂ελ
g ) = 0, (6)

£¤¥ ∂λ ≡ ∂/∂xλ.
� §¡¨¢ Ö ¶μ²´ÊÕ 4-¤¨¢¥·£¥´Í¨Õ ´  ¶·μ¸É· ´¸É¢¥´´ÊÕ ¨ ¢·¥³¥´´ÊÕ Î ¸É¨, ¶μ²ÊÎ¨³

(T̂ ε0 + t̂ε0g ),0 = −(T̂ εk + t̂εk
g ),k.

’¥¶¥·Ó ¶·μ¨´É¥£·¨·Ê¥³ ¶μ É·¥Ì³¥·´μ³Ê μ¡Ñ¥³Ê

d

dt

∫
(T̂ ε0 + t̂ε0g ) dV = −

∫
(T̂ εk + t̂εk

g ),k dV.

�¡Ñ¥³´Ò° ¨´É¥£· ² ¢ ¶· ¢μ° Î ¸É¨ ¶μ É¥μ·¥³¥ �¸É·μ£· ¤¸±μ£μÄƒ Ê¸¸  ³μ¦´μ ¶·¥-
μ¡· §μ¢ ÉÓ ¢ ¶μ¢¥·Ì´μ¸É´Ò° ¶μ μ£· ´¨Î¨¢ ÕÐ¥° ÔÉμÉ μ¡Ñ¥³ ¶μ¢¥·Ì´μ¸É¨

d

dt

∫
(T̂ ε0 + t̂ε0g ) dV = −

∫
(T̂ εk + t̂εk

g ) dSk.

‚¢¥¤¥³ 4-¢¥±Éμ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¨¸É¥³Ò ¢¥Ð¥¸É¢μ+ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥

P ε =
∫

(T̂ ε0 + t̂ε0g ) dV. (7)

’μ£¤ 
d

dt
P ε = −

∫
(T̂ εk + t̂εk

g ) dSk = −
∫

(T̂ εR + t̂εR
g ) dSR.

�Î¥¢¨¤´μ, ÎÉμ ¶· ¢ Ö Î ¸ÉÓ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶μÉμ± Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¨¸É¥³Ò Î¥-
·¥§ μ£· ´¨Î¨¢ ÕÐÊÕ μ¡Ñ¥³ ¶μ¢¥·Ì´μ¸ÉÓ. ‚Ò¡¥·¥³ ¢ ± Î¥¸É¢¥ É ±μ° ¶μ¢¥·Ì´μ¸É¨ ¡¥¸±μ-
´¥Î´μ Ê¤ ²¥´´ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ R → ∞. �μ¸±μ²Ó±Ê ¢¸¥ ¢¥Ð¥¸É¢μ ²μ± ²¨§μ¢ ´μ ¢ Í¥´É·¥,
´  ÔÉμ° ¶μ¢¥·Ì´μ¸É¨ T ελ = 0. ’ ± ± ± ¶²μÐ ¤Ó · ¸É¥É ± ± R2 ¶·¨ R → ∞, Éμ ¤²Ö Éμ£μ
ÎÉμ¡Ò ¨´É¥£· ² ¸É·¥³¨²¸Ö ± ´Ê²Õ, ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¤μ²¦´μ Ê¡Ò¢ ÉÓ ¡Ò¸É·¥¥,
Î¥³ 1/R2. �¥¶μ¸·¥¤¸É¢¥´´μ¥ ¢ÒÎ¨¸²¥´¨¥ ¶μ± §Ò¢ ¥É, ÎÉμ ¤²Ö ε = 0 (Ô´¥·£¨Ö) t̂0R

g Ê¡Ò-

¢ ¥É ± ± 1/R7,   ¤²Ö ε = i = 1, 2, 3 (¨³¶Ê²Ó¸) t̂iRg Ê¡Ò¢ ¥É ± ± 1/R4. �μÔÉμ³Ê 4-¢¥±Éμ·
¶μ²´ÒÌ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¨¸É¥³Ò P ε ¸μÌ· ´Ö¥É¸Ö ¢μ ¢·¥³¥´¨.

‚ÒÎ¨¸²¨³ É¥¶¥·Ó ¶μ²´ÊÕ Ô´¥·£¨Õ ¸¨¸É¥³Ò P 0. ˆ´É¥£· ² (7) ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´ ±
¶μ¢¥·Ì´μ¸É´μ³Ê ¨´É¥£· ²Ê. ‡ ¶¨¸ ¢ (3) ¢ ¢¨¤¥

Dαĥελα = 16π(T̂ ελ + t̂ελ
g ),

£¤¥
ĥαελ ≡ Dβ(ĝελĝαβ − ĝεαĝλβ), (8)
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´ °¤¥³ Ô´¥·£¨Õ ¢´ÊÉ·¨ ¸Ë¥·Ò · ¤¨Ê¸  R, ¶·¨Î¥³ ¨´É¥£· ² ¢ ¸Ë¥·μ¨¤ ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ
¢ÒÎ¨¸²Ö¥É¸Ö ÉμÎ´μ:

P 0(R) =
∮

ĥ00α dSα =
∮

ĥ00RdSR =

2π∫
0

π∫
0

ĥ00R
(
R2 + a2 cos2 θ

)
sin θ dθ dϕ =

=
m

4R(R2 − R2
g)2

{
1

R2 + a2
(4R7 + 9R6m + 12R5a2 − 4R3m4 + 12R3a4 + 4Ra6+

+ 4m6R + 5m5R2 − 11R4m3 + m7 − 14R2a2m3 + 21R4ma2 + m5a2 + 3ma6+

+ 15R2ma4 − 4Ra2m4 − 3m3a4) +
m

aR
arctg

( a

R

)
(5R6 + 12R5m + 9R4a2+

+ R4m2 + 16R3a2m − 16R3m3 + 7R2a4 + 6R2a2m2 − 11m4R2+

+ 4a4Rm + a2m4 + 3a6 + m6 − 3a4m2)
}

. (9)

�·¥¤¥² R → ∞ ¶·¨¢μ¤¨É ± ¨´É¥£· ²Ê ¤¢¨¦¥´¨Ö m Å £· ¢¨É Í¨μ´´μ° ³ ¸¸Ò ¨¸ÉμÎ-
´¨± :

P 0(∞) = m.

� §μ¡Ó¥³ É¥¶¥·Ó μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö ¢ (7) ´  ¤¢¥: μ¡² ¸ÉÓ V0, £¤¥ ¶·¨¸ÊÉ¸É¢Ê¥É
¢¥Ð¥¸É¢μ (T μν �= 0), ¨ μ¡² ¸ÉÓ V1, £¤¥ ¢¥Ð¥¸É¢μ μÉ¸ÊÉ¸É¢Ê¥É (T μν = 0):

P 0 =
∫
V0

(T̂ 00 + t̂00g ) dV +
∫
V1

t̂00g dV.

‚ ÔÉμ° ¸É·Ê±ÉÊ·¥ ¶¥·¢Ò° Î²¥´ ¸¶· ¢  μ¶·¥¤¥²Ö¥É Ô´¥·£¨Õ ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨-
μ´´μ£μ ¶μ²Ö ¢´ÊÉ·¨ É¥² , Éμ£¤  ± ± ¢Éμ·μ° § ¤ ¥É ¶μÉ¥´Í¨ ²Ó´ÊÕ Ô´¥·£¨Õ ¢´¥Ï´¥£μ
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö.

�μ¸±μ²Ó±Ê, ¢μ-¶¥·¢ÒÌ, ¶·μ ¨¸ÉμÎ´¨± T μν ´ ³ ¨§¢¥¸É´μ Éμ²Ó±μ Éμ, ÎÉμ μ´ μ¡² ¤ ¥É
μ¸¥¢μ° ¸¨³³¥É·¨¥°, ¨, ¢μ-¢Éμ·ÒÌ, ÎÉμ ³¥É·¨±  Š¥··  (2) ¸¶· ¢¥¤²¨¢  Éμ²Ó±μ ¢´¥ ¢¥Ð¥¸É¢ 
T ελ �= 0, ³Ò ³μ¦¥³ ¢§ÖÉÓ ¢ Ö¢´μ³ ¢¨¤¥ Éμ²Ó±μ ¢Éμ·μ° ¨´É¥£· ². „²Ö ´ Î ²  ¢ÒÎ¨¸²¨³ t̂00g

¢ £ ²¨²¥¥¢ÒÌ ±μμ·¤¨´ É Ì, ´μ ¢ ¸Ë¥·μ¨¤ ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ, ¨¸¶μ²Ó§ÊÖ (4):

t̂00g =
m2

8π(R2 − R2
g)3(R2 + a2 cos2 θ)4

[R2(11a6m2 − 7R8 − 6a8 − 20R7m−

− 27R4a4 − 21R2a6 − 19R6a2 + 3m8 + a2m6 − m4R2a2 − 8Ra6m − 9a4m4+

+ 8Ra4m3 − 28R3a4m + 12R3a2m3 − 40R5a2m − 4Ra2m5 + 28R5m3 − 12R3m5−
− 10R2m6 + 4Rm7 − 13R4m2a2 + 16R2m2a4 − 6R6m2 + 20m4R4)+

+ a2 cos2 θ (−6R2a6 − 6a8 − m8 − 43R6m2 + 12Ra2m5 + 32R3a4m − 5a4m4−
− 12Rm7 − 3a2m6 + 38R6a2 + 12R8 + 15a6m2 − 79R4m2a2 + 24R2a2m4+

+ 26R4a4 − 56R3a2m3 − 21R2m6 + 69m4R4 − 8Ra4m3 + 24R5a2m + 3R2a4m2+

+8Ra6m+28R3m5)+a4 cos4 θ (−15a2m4+3R6+5R2a4−12R3m3−a6+9R4a2+4R5m+

+12Ra4m−36Ra2m3+13R2m4+16R3a2m+7a4m2−14R2a2m2+24Rm5+9m6−9R4m2)].
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�μ¸±μ²Ó±Ê ¨ ¨´É¥£·¨·Ê¥³ Ö ËÊ´±Í¨Ö, ¨ μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö ¨³¥ÕÉ ´ ¨¡μ²¥¥ ¶·μ-
¸Éμ° ¢¨¤ ¢ ¸Ë¥·μ¨¤ ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ, ¢ÒÎ¨¸²¨³ ¢ ´¨Ì ¨¸±μ³Ò° ¨´É¥£· ². Ÿ±μ¡¨ ´
ÔÉμ£μ ¶·¥μ¡· §μ¢ ´¨Ö ¶¥·¥³¥´´ÒÌ · ¢¥´ ±μ·´Õ ¨§ μ¶·¥¤¥²¨É¥²Ö ³¥É·¨Î¥¸±μ£μ É¥´§μ· √−γ =

(
R2 + a2 cos2 θ

)
sin θ:

∫
V1

t̂00g dV =

2π∫
0

π∫
0

∞∫
R

t̂00g (R2 + a2 cos2 θ) sin θ dR dθ dϕ.

ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ ϕ ¤ ¥É ¶·μ¸Éμ ³´μ¦¨É¥²Ó 2π,   ¨´É¥£·¨·ÊÖ ¶μ θ ¨ R, ¶μ¸²¥
¤²¨É¥²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨° ³μ¦´μ ´ °É¨ ¢Ò· ¦¥´¨¥ ¤²Ö Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢
¢ ±ÊÊ³¥ ¢ Ö¢´μ³ ¢¨¤¥: ∫

V1

t̂00g dV = m − P 0(R). (10)

’ ±μ° ¦¥ ·¥§Ê²ÓÉ É ¸· §Ê ¶μ²ÊÎ ¥É¸Ö ¨§ (9).
�·μ¢¥·¨³, Ö¢²Ö¥É¸Ö ²¨ Ô´¥·£¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¸´ ·Ê¦¨ ±μ²² ¶¸¨·ÊÕÐ¥£μ

É¥²  (10) μÉ·¨Í É¥²Ó´μ°. „²Ö ÔÉμ£μ ¶·¥¤¸É ¢¨³ ¥¥ ¢ ¢¨¤¥ ³´μ£μÎ²¥´  ¶μ ¸É¥¶¥´Ö³ R−Rg:

∫
V1

t̂00g dV = − m2

4R3(R2 + a2)(R2 − R2
g)2

{2m4a2r2
g+4m2r2

g(2R3
g+m2Rg+m3)(R−Rg)+

+ 2(32mR5
g + 20R6

g + 42m2R4
g + 39m4R2

g + 3m6 + 12Rgm
5 + 52R3

gm
3)(R − Rg)2+

+ 8(26R5
g + 36mR4

g + 35m2R3
g + m5 + 21m3R2

g + 9m4Rg)(R − Rg)3+

+ 2(240R3
gm + 243R4

g + 160m2R2
g + 9m4 + 50m3Rg)(R − Rg)4+

+ 2(287R3
g + 75m2Rg + 188mR2

g + 10m3)(R − Rg)5+

+ (357R2
g + 25m2 + 140mRg)(R − Rg)6 + 4(5m + 28Rg)(R − Rg)7 + 14(R − Rg)8}.

�É¸Õ¤  ¢¨¤´μ, ÎÉμ, ¶μ¸±μ²Ó±Ê R > Rg ¨ Rg < m, ÔÉ  Ô´¥·£¨Ö ¢¸¥£¤  μÉ·¨Í É¥²Ó´ .
� §² £ Ö (10) ¢ μ±·¥¸É´μ¸É¨ ¸¨´£Ê²Ö·´μ¸É¨ R = Rg =

√
m2 − a2 ¢ ·Ö¤ ‹μ· ´  ¨

Ê¤¥·¦¨¢ Ö Éμ²Ó±μ Î²¥´Ò ¸ μÉ·¨Í É¥²Ó´Ò³¨ ¸É¥¶¥´Ö³¨, ´ °¤¥³

∫
V1

t̂00g dV =
m4r2

g

8R3
g(R − Rg)2

[
−1 +

1
aRg

arctg
(

a

Rg

)
(2R2

g − m2)
]

+

+
m2rg

8R4
g(R − Rg)

[
m2(Rg + 3m) − 4rgR

2
g − 1

aRg
arctg

(
a

Rg

)
×

× (m2(Rg + 3m)(2R2
g − m2) + 4rgR

4
g)

]
+ o

(
1

R − Rg

)
. (11)

‚¨¤´μ, ÎÉμ ¶·¨ ¶·¨¡²¨¦¥´¨¨ · §³¥·  ±μ²² ¶¸¨·ÊÕÐ¥£μ É¥²  ± £μ·¨§μ´ÉÊ ¸μ¡ÒÉ¨° Rg

Ô´¥·£¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢´¥ É¥²  ¸É·¥³¨É¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨ μ¡· É´μ ¶·μ¶μ·Í¨μ-
´ ²Ó´μ ±¢ ¤· ÉÊ μÉ±²μ´¥´¨Ö ¥£μ ¶μ¢¥·Ì´μ¸É¨ μÉ ¶μ¢¥·Ì´μ¸É¨ £μ·¨§μ´É . „²Ö ¶·¥¤¥²Ó´μ£μ
¸²ÊÎ Ö ´¥¢· Ð ÕÐ¥£μ¸Ö É¥²  (a = 0), ¢´¥Ï´¥¥ ·¥Ï¥´¨¥ ¤²Ö ±μÉμ·μ£μ ¤ ¥É¸Ö ³¥É·¨±μ°



‘É·Ê±ÉÊ·  ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¤²Ö ¢· Ð ÕÐ¥£μ¸Ö É¥²  ¢ �’ƒ 507

˜¢ ·ÍÏ¨²Ó¤ , ÔÉ  ¸¨´£Ê²Ö·´μ¸ÉÓ μ¸² ¡¥¢ ¥É ¨ ¸É ´μ¢¨É¸Ö ²¨´¥°´μ° ¶μ μÉ±²μ´¥´¨Õ, ¶¥-
·¥Ìμ¤Ö ¢ ·¥§Ê²ÓÉ É · ¡μÉÒ [1]. �μ¸±μ²Ó±Ê ¶μ²´ Ö Ô´¥·£¨Ö ¸¨¸É¥³Ò P 0, ± ± ³Ò ¤μ± § ²¨
¢ÒÏ¥, ¸μÌ· ´Ö¥É¸Ö,   ¤μ ±μ²² ¶¸  ¡Ò²  ±μ´¥Î´μ°, Éμ μ´  ¨ ¡Ê¤¥É μ¸É ¢ ÉÓ¸Ö ±μ´¥Î´μ°.
�μÔÉμ³Ê ¶·¨ £· ¢¨É Í¨μ´´μ³ ¸¦ É¨¨ ¤μ²¦´  ¸É·¥³¨ÉÓ¸Ö ± ¶μ²μ¦¨É¥²Ó´μ° ¡¥¸±μ´¥Î´μ-
¸É¨ ¨ ¶μ²´ Ö Ô´¥·£¨Ö ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢´ÊÉ·¨ ±μ²² ¶¸¨·ÊÕÐ¥£μ É¥² .
�μ, ± ± μÉ³¥Î ²μ¸Ó ¢ [1], É¥²μ ±μ´¥Î´μ° ³ ¸¸Ò ¢ ¶·¨´Í¨¶¥ ´¥ ³μ¦¥É ¨³¥ÉÓ ¡¥¸±μ´¥Î´ÊÕ
¢´¥Ï´ÕÕ ¶μÉ¥´Í¨ ²Ó´ÊÕ Ô´¥·£¨Õ, ¶μÔÉμ³Ê É ± Ö ¸¨ÉÊ Í¨Ö ´¥¢μ§³μ¦´ , ¶μ¸±μ²Ó±Ê μ´ 
¶·μÉ¨¢μ·¥Î¨É ¶·¨´Í¨¶Ê ¶·¨Î¨´´μ¸É¨ ƒ¨²Ó¡¥·É  ¨ § ±μ´Ê ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨. �É¸Õ¤ 
¢μ§´¨± ¥É ¤¢¥ ¢μ§³μ¦´μ¸É¨: ¶¥·¢ Ö Å ±μ£¤  ¶·μ¨¸Ìμ¤¨É μ¸É ´μ¢±  ±μ²² ¶¸  ¶·¨ ´¥±μ-
Éμ·μ³ Ë¨±¸¨·μ¢ ´´μ³ · ¤¨Ê¸¥, ¶·¥¢ÒÏ ÕÐ¥³ · ¤¨Ê¸ ˜¢ ·ÍÏ¨²Ó¤ . �μ¸±μ²Ó±Ê μ¡ÒÎ´μ
¸Î¨É ¥É¸Ö, ÎÉμ ¸É É¨Î¥¸±¨¥ É¥²  ¡μ²ÓÏμ° ³ ¸¸Ò ´¥ ³μ£ÊÉ ¸ÊÐ¥¸É¢μ¢ ÉÓ, Éμ ÔÉ  ¢μ§³μ¦-
´μ¸ÉÓ ¤²Ö É ±¨Ì É¥² ¨¸±²ÕÎ ¥É¸Ö. ‚μ ¢Éμ·μ³ ¸²ÊÎ ¥ ¶μ¸²¥ μ¸É ´μ¢±¨ £· ¢¨É Í¨μ´´μ£μ
¸¦ É¨Ö ´ Î¨´ ¥É¸Ö ¸É ¤¨Ö · ¸Ï¨·¥´¨Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ô´¥·£¨Ö ¢´ÊÉ·¨ É¥²  Ê³¥´ÓÏ -
¥É¸Ö,   ¢³¥¸É¥ ¸ ´¥° Ê¡Ò¢ ¥É ¨ ¶μÉ¥´Í¨ ²Ó´ Ö £· ¢¨É Í¨μ´´ Ö Ô´¥·£¨Ö ¢´¥Ï´¥£μ ¶μ²Ö.
’ ±, ¨³¥´´μ ¡² £μ¤ ·Ö É¥´§μ·´μ³Ê Ì · ±É¥·Ê Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö tμν

g

¢ �’ƒ ¢μ§´¨± ¥É Ê´¨¢¥·¸ ²Ó´Ò° ³¥Ì ´¨§³ μ¸É ´μ¢±¨ ¶·μÍ¥¸¸  £· ¢¨É Í¨μ´´μ£μ ¸¦ É¨Ö
É¥²  ¡μ²ÓÏμ° ³ ¸¸Ò (M > 3M�) ¸ ¶μ¸²¥¤ÊÕÐ¨³ ¶·μÍ¥¸¸μ³ · ¸Ï¨·¥´¨Ö É¥² . Šμ£¤  É¥·-
³μÖ¤¥·´Ò¥ ·¥¸Ê·¸Ò §¢¥§¤Ò ¨¸Î¥·¶ ´Ò, ¸μ£² ¸´μ �’ƒ ¨§-§  ´ ²¨Î¨Ö ¸¢μ°¸É¢  Ê¶·Ê£μ¸É¨
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ±μ²² ¶¸¨·ÊÕÐ Ö §¢¥§¤  ´¥ ³μ¦¥É Ê°É¨ ¶μ¤ ¸¢μ° £· ¢¨É Í¨μ´´Ò°
· ¤¨Ê¸.

�´ ²μ£¨Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤ ¥É ¢ÒÎ¨¸²¥´¨¥ ¸μÌ· ´ÖÕÐ¥£μ¸Ö ¢ ¸¨²Ê  §¨³ÊÉ ²Ó´μ° ¸¨³-
³¥É·¨¨ ±¥··μ¢¸±μ° ³¥É·¨±¨ ³μ³¥´É  ±μ²¨Î¥¸É¢  ¢· Ð¥´¨Ö ¨¸ÉμÎ´¨±  ¨ £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö. ‚¢¥¤¥³ É¥´§μ· μ¡Ñ¥³´μ° ¶²μÉ´μ¸É¨ ³μ³¥´É  ¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö:

mμνσ = xμ(T̂ νσ + t̂νσ
g ) − xν(T̂ μσ + t̂μσ

g ).

�´ Ê¤μ¢²¥É¢μ·Ö¥É ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê § ±μ´Ê ¸μÌ· ´¥´¨Ö

Dσmμνσ = 0,

±μÉμ·Ò° ¢ £ ²¨²¥¥¢ÒÌ ±μμ·¤¨´ É Ì ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ ¶·¨´¨³ ¥É ¢¨¤

∂σmμνσ = 0.

� §¡¨¢ Ö ¶μ²´ÊÕ 4-¤¨¢¥·£¥´Í¨Õ ´  ¶·μ¸É· ´¸É¢¥´´ÊÕ ¨ ¢·¥³¥´´ÊÕ Î ¸É¨, ¶μ²ÊÎ¨³

mμν0
,0 = −mμνk

,k .

’¥¶¥·Ó ¶·μ¨´É¥£·¨·Ê¥³ ¶μ É·¥Ì³¥·´μ³Ê μ¡Ñ¥³Ê

d

dt

∫
mμν0 dV = −

∫
mμνk

,k dV.

�¡Ñ¥³´Ò° ¨´É¥£· ² ¢ ¶· ¢μ° Î ¸É¨ ¶μ É¥μ·¥³¥ �¸É·μ£· ¤¸±μ£μÄƒ Ê¸¸  ³μ¦´μ ¶·¥-
μ¡· §μ¢ ÉÓ ¢ ¶μ¢¥·Ì´μ¸É´Ò° ¶μ μ£· ´¨Î¨¢ ÕÐ¥° ÔÉμÉ μ¡Ñ¥³ ¶μ¢¥·Ì´μ¸É¨:

d

dt

∫
mμν0 dV = −

∫
mμνk dSk.



508 Œμ¤¥¸Éμ¢ Š. �., —Ê£·¥¥¢ �. ‚.

‚¢¥¤¥³ 4-É¥´§μ· ³μ³¥´É  ¨³¶Ê²Ó¸  ¸¨¸É¥³Ò ¢¥Ð¥¸É¢μ+ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥

Mμν =
∫

mμν0 dV.

’μ£¤ 
d

dt
Mμν = −

∫
mμνk dSk = −

∫
mμνR dSR.

’ ± ± ± ¢· Ð¥´¨¥ ¶·μ¨¸Ìμ¤¨É ¢μ±·Ê£ μ¸¨ z, Éμ ¥¤¨´¸É¢¥´´μ° μÉ²¨Î´μ° μÉ ´Ê²Ö ±μ³-
¶μ´¥´Éμ° ³μ³¥´É  ¡Ê¤¥É

Mxy =
∫

mxy0 dV =
∫

[x(T̂ y0 + t̂y0
g ) − y(T̂ x0 + t̂x0

g )] dV.

„²Ö ´¥¥ ¨´É¥£· ²Ó´Ò° § ±μ´ ¸μÌ· ´¥´¨Ö § ¶¨Ï¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

d

dt
Mxy = −

∫
mxyR dSR = −

∫
[x(T̂ yR + t̂yR

g ) − y(T̂ xR + t̂yR
g )] dSR.

�Î¥¢¨¤´μ, ÎÉμ ¶· ¢ Ö Î ¸ÉÓ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶μÉμ± ³μ³¥´É  ¨³¶Ê²Ó¸  ¸¨¸É¥³Ò Î¥-
·¥§ μ£· ´¨Î¨¢ ÕÐÊÕ μ¡Ñ¥³ ¶μ¢¥·Ì´μ¸ÉÓ. ‚Ò¡¥·¥³ ¢ ± Î¥¸É¢¥ É ±μ° ¶μ¢¥·Ì´μ¸É¨ ¡¥¸±μ-
´¥Î´μ Ê¤ ²¥´´ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ R → ∞. �μ¸±μ²Ó±Ê ¢¸¥ ¢¥Ð¥¸É¢μ ²μ± ²¨§μ¢ ´μ ¢ Í¥´É·¥,
´  ÔÉμ° ¶μ¢¥·Ì´μ¸É¨ T ελ = 0. ’ ± ± ± ¶²μÐ ¤Ó · ¸É¥É ± ± R2 ¶·¨ R → ∞, Éμ ¤²Ö Éμ£μ
ÎÉμ¡Ò ¨´É¥£· ² ¸É·¥³¨²¸Ö ± ´Ê²Õ, ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¤μ²¦´μ Ê¡Ò¢ ÉÓ ¡Ò¸É·¥¥,
Î¥³ 1/R2. �¥¶μ¸·¥¤¸É¢¥´´μ¥ ¢ÒÎ¨¸²¥´¨¥ ¶μ± §Ò¢ ¥É, ÎÉμ t̂iRg Ê¡Ò¢ ¥É ± ± 1/R4, ¨, ¸²¥-
¤μ¢ É¥²Ó´μ, ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ Ê¡Ò¢ ¥É ± ± 1/R3. �μÔÉμ³Ê 4-É¥´§μ· ¶μ²´μ£μ
³μ³¥´É  ¨³¶Ê²Ó¸  ¸¨¸É¥³Ò Mxy ¸μÌ· ´Ö¥É¸Ö ¢μ ¢·¥³¥´¨.

’¥¶¥·Ó ´ °¤¥³ ³μ³¥´É ±μ²¨Î¥¸É¢  ¢· Ð¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ´ Ìμ¤ÖÐ¥£μ¸Ö
³¥¦¤Ê ¸Ë¥· ³¨ ¸ · ¤¨Ê¸ ³¨ R1 ¨ R2,

Mxy(R1, R2) =
∫

[xt̂y0
g − yt̂x0

g ] dV =
∫

(x2 + y2)t̂ϕ0
g dV =

∫
(R2 + a2) sin2 θt̂ϕ0

g dV =

=

2π∫
0

π∫
0

R2∫
R1

t̂ϕ0
g (R2 + a2)(R2 + a2 cos2 θ) sin3 θ dR dθ dϕ,

£¤¥

t̂ϕ0 = − m2a

8π(R2 + a2)(R2 + a2 cos2 θ)3(R2 − R2
g)

{
1

R2 − R2
g

(4a6 − 6a4m2+

+ 12R2a4 + Rma4 − a2Rm3 + 3R3a2m − 11R2a2m2 + 2a2m4 + 12R4a2+

+ 2R5m + 4R6 + 3m4R2 − 5R4m2) + ma2 cos2 θ(R + m)
}

.

Š ± ¨ ¢ ¸²ÊÎ ¥ Ô´¥·£¨¨, ¸ ¶μ³μÐÓÕ ²¥¢μ° Î ¸É¨ (8) ³μ¦´μ ´ °É¨ Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö
¶μ²´μ£μ ³μ³¥´É  ±μ²¨Î¥¸É¢  ¢· Ð¥´¨Ö ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö Ï ·  · ¤¨Ê¸  R,
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¸¢¥¤Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¨´É¥£· ² ± ¶μ¢¥·Ì´μ¸É´μ³Ê:

Mxy(0, R) =
∮

[xĥy0α − yĥx0α + λ̂x0αy] dSα =

=

2π∫
0

π∫
0

[(R2 + a2)ĥϕ0R + Rλ̂R0Rϕ](R2 + a2 cos2 θ) sin3 θ dθ dϕ =
m

4aR(R2 − R2
g)
×

×
{
−m3a2 + 2ma4 − 3a2Rm2 − 2mR4 + m2R3 + 3m3R2 + 4R3a2 + 4Ra4+

+
m(R2 + a2)

aR
arctg

( a

R

)
(2R4 − mR3 + 4a2R2 − 3R2m2 + Ra2m − a2m2 + 2a4)

}
.

(12)

‡¤¥¸Ó
λ̂ελαβ = ĝελĝαβ − ĝεαĝλβ .

�μ²´Ò° ¸μÌ· ´ÖÕÐ¨°¸Ö ³μ³¥´É · ¢¥´

Mxy(0,∞) = ma.

� ±μ´¥Í, ³μ³¥´É ±μ²¨Î¥¸É¢  ¢· Ð¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢ ¢ ±ÊÊ³¥ ¡Ê¤¥É · ¢¥´

Mxy(R,∞) = ma − Mxy(0, R) = ma − m

4aR(R2 − R2
g)
×

×
{
−m3a2 + 2ma4 − 3a2Rm2 − 2mR4 + m2R3 + 3m3R2 + 4R3a2 + 4Ra4+

+
m(R2 + a2)

aR
arctg

( a

R

)
(2R4 − mR3 + 4a2R2 − 3R2m2 + Ra2m − a2m2 + 2a4)

}
.

� §² £ Ö ¢ μ±·¥¸É´μ¸É¨ ¸¨´£Ê²Ö·´μ¸É¨ R = Rg =
√

m2 − a2 ¢ ·Ö¤ ‹μ· ´  ¨ Ê¤¥·¦¨¢ Ö
Éμ²Ó±μ Î²¥´Ò ¸ μÉ·¨Í É¥²Ó´Ò³¨ ¸É¥¶¥´Ö³¨, ´ °¤¥³

Mxy(R,∞) =
m5rg

8aR2
g(R − Rg)

[
−1 +

1
aRg

arctg
(

a

Rg

)
(2R2

g − m2)
]

+ o

(
1

R − Rg

)
.

‚¨¤´μ, ÎÉμ ¶·¨ ¶·¨¡²¨¦¥´¨¨ · §³¥·  ±μ²² ¶¸¨·ÊÕÐ¥£μ É¥²  ± £μ·¨§μ´ÉÊ ¸μ¡ÒÉ¨° Rg

³μ³¥´É ¢· Ð¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢´¥ É¥²  ¸É·¥³¨É¸Ö ± ¶μ²μ¦¨É¥²Ó´μ° ¡¥¸±μ´¥Î-
´μ¸É¨ μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´μ μÉ±²μ´¥´¨Õ ¥£μ ¶μ¢¥·Ì´μ¸É¨ μÉ ¶μ¢¥·Ì´μ¸É¨ £μ·¨§μ´É .
‚ ¸¨²Ê ¸μÌ· ´¥´¨Ö ¶μ²´μ£μ ³μ³¥´É  M ¤μ²¦¥´ ¸É·¥³¨ÉÓ¸Ö ± μÉ·¨Í É¥²Ó´μ° ¡¥¸±μ´¥Î-
´μ¸É¨ ¨ ¶μ²´Ò° ³μ³¥´É ¢· Ð¥´¨Ö ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢´ÊÉ·¨ ±μ²² ¶¸¨-
·ÊÕÐ¥£μ É¥² . �É  ¸¨ÉÊ Í¨Ö É ±¦¥ ´¥¢μ§³μ¦´ , ¶μ¸±μ²Ó±Ê μ´  ¶·μÉ¨¢μ·¥Î¨É ¶·¨´Í¨¶Ê
¶·¨Î¨´´μ¸É¨ ƒ¨²Ó¡¥·É  ¨ § ±μ´Ê ¸μÌ· ´¥´¨Ö ³μ³¥´É  ±μ²¨Î¥¸É¢  ¤¢¨¦¥´¨Ö. �É¸Õ¤ 
μ¶ÖÉÓ-É ±¨ ¢μ§´¨± ÕÉ ¤¢¥ ¢μ§³μ¦´μ¸É¨ μ¸É ´μ¢±¨ ±μ²² ¶¸ , μ ±μÉμ·ÒÌ £μ¢μ·¨²μ¸Ó ¢ÒÏ¥.
�¡¥ μ´¨ ¨¸±²ÕÎ ÕÉ £· ¢¨É Í¨μ´´Ò° ±μ²² ¶¸ ¶μ¤ £μ·¨§μ´É, ´μ ´¥ § ¶·¥Ð ÕÉ ¢μ§³μ¦´μ-
¸É¨ ¸ÊÐ¥¸É¢μ¢ ´¨Ö μ¡Ñ¥±Éμ¢ ¡μ²ÓÏ¨Ì ³ ¸¸. �¤´ ±μ ¶μ¸²¥¤´¨¥ ´¥¸É É¨Î¥¸±¨¥ ¨ ´ Ìμ¤ÖÉ¸Ö
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¢ ¸μ¸ÉμÖ´¨¨ £· ¢¨É Í¨μ´´μ£μ ¸¦ É¨Ö ¨²¨ · ¸Ï¨·¥´¨Ö. �μÔÉμ³Ê £· ¢¨É Í¨μ´´Ò° ±μ²² ¶¸
´¥¢μ§³μ¦¥´,   ¸²¥¤μ¢ É¥²Ó´μ, ´¥¢μ§³μ¦´μ ¨ μ¡· §μ¢ ´¨¥ Î¥·´ÒÌ ¤Ò·.

’ ±¨³ μ¡· §μ³, ¸²¥¤ÊÖ [1], ³Ò É ±¦¥ ¶·¨Ìμ¤¨³ ± § ±²ÕÎ¥´¨Õ: ´¥¢μ§³μ¦´μ¸ÉÓ £· -
¢¨É Í¨μ´´μ£μ ±μ²² ¶¸  ¢μ§´¨± ¥É ´¥ Éμ²Ó±μ ¨§-§  ´ ²¨Î¨Ö ³ ¸¸Ò ¶μ±μÖ £· ¢¨Éμ´ , ´μ ¨
¡² £μ¤ ·Ö É¥´§μ·´μ° ¶·¨·μ¤¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö.

‚ § ±²ÕÎ¥´¨¥  ¢Éμ·Ò ¢Ò· ¦ ÕÉ £²Ê¡μ±ÊÕ ¡² £μ¤ ·´μ¸ÉÓ �.�. ‹μ£Ê´μ¢Ê ¨ Œ.�.Œ¥¸É-
¢¨·¨Ï¢¨²¨ §  Í¥´´Ò¥ μ¡¸Ê¦¤¥´¨Ö.
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