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‚ · ¡μÉ¥ ¢Ò¶μ²´¥´ · ¸Î¥É Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¤¢ÊÌ  Éμ³μ¢ ¢ μ¤´μ³¥·´μ° £¥μ³¥É·¨¨
£ ·³μ´¨Î¥¸±μ° μ¶É¨Î¥¸±μ° ²μ¢ÊÏ±¨. �μ²ÊÎ¥´  § ¢¨¸¨³μ¸ÉÓ Ô´¥·£¨¨ μÉ μ¤´μ³¥·´μ° ¤²¨´Ò · ¸¸¥-
Ö´¨Ö, μÉ¢¥Î ÕÐ¥° · §²¨Î´Ò³ ¨´É¥´¸¨¢´μ¸ÉÖ³ ¶μÉ¥´Í¨ ²  ³¥¦ Éμ³´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö Vint(x) =
V0 exp

{
−2cx2

}
. � ¸Î¥É ¶·μ¨§¢¥¤¥´ Î¨¸²¥´´Ò³ ¨  ´ ²¨É¨Î¥¸±¨³ ³¥Éμ¤ ³¨. ‚ ± Î¥¸É¢¥  ´ ²¨-

É¨Î¥¸±μ£μ ³¥Éμ¤  ¢Ò¡· ´ ³¥Éμ¤ μ¸Í¨²²ÖÉμ·´μ£μ ¶·¥¤¸É ¢²¥´¨Ö (��), Ê¸¶¥Ï´μ ¶·¨³¥´Ö¥³Ò° ¤²Ö
· ¸Î¥É  ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° · §²¨Î´ÒÌ ³ ²μÎ ¸É¨Î´ÒÌ ¸¨¸É¥³. �¸´μ¢´Ò³¨ ·¥§Ê²ÓÉ É ³¨ ¤ ´´μ°
· ¡μÉÒ Ö¢²ÖÕÉ¸Ö: 1) Î¨¸²¥´´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ μ¡² ¸É¨ ¶·¨³¥´¨³μ¸É¨ ¢ ÔÉμ° § ¤ Î¥ ¨¸¶μ²Ó§μ¢ ´´μ£μ
· ´¥¥ ¶·¨¡²¨¦¥´¨Ö ¶μÉ¥´Í¨ ²  ´Ê²¥¢μ£μ · ¤¨Ê¸ ; 2) ¨¸¸²¥¤μ¢ ´¨¥ £· ´¨ÍÒ ¶·¨³¥´¨³μ¸É¨ ³¥Éμ¤ 
�� ¤²Ö ¶μÉ¥´Í¨ ²  V (x) = Vconf(x) + Vint(x) = x2/2 + V0 exp

{
−2cx2

}
.

We compute the ground state energy of two atoms in a one-dimensional geometry of a harmonic
optical trap. We obtain a dependence of the energy on a one-dimensional scattering length, which
corresponds to various strengths of the interaction potential Vint(x) = V0 exp

{
−2cx2

}
. The calculation

is performed by numerical and analytical methods. For the analytical method we choose the oscillator
representation method (OR), which has been successfully applied to computations of bound states of
various few-body systems. The main results of this paper are: 1) the numerical investigation of the
validity range of the previously used pseudopotential method; 2) the investigation of the validity range
of the OR for the potential V (x) = Vconf(x) + Vint(x) = x2/2 + V0 exp

{
−2cx2

}
.
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ˆ¸¸²¥¤μ¢ ´¨Ö Ê²ÓÉ· Ìμ²μ¤´ÒÌ  Éμ³μ¢ ¶·¥¤¸É ¢²ÖÕÉ ¨´É¥·¥¸ ¢ ¸¢Ö§¨ ¸ Ê´¨± ²Ó´μ°
¢μ§³μ¦´μ¸ÉÓÕ ³μ¤¥²¨·μ¢ ÉÓ ¨ Ê¶· ¢²ÖÉÓ É ±¨³¨ Ë¨§¨Î¥¸±¨³¨ Ö¢²¥´¨Ö³¨, ± ± ¸¢¥·Ì-
¶·μ¢μ¤¨³μ¸ÉÓ, ¸¢¥·ÌÉ¥±ÊÎ¥¸ÉÓ [1], Ì¨³¨Î¥¸±¨¥ ·¥ ±Í¨¨ ¸ μ¡· §μ¢ ´¨¥³ ³μ²¥±Ê², ¶·¨-
³¥´¨³ÒÌ ¤²Ö Ô²¥³¥´Éμ¢ ±¢ ´Éμ¢μ£μ ±μ³¶ÓÕÉ¥·  [1, 2],   É ±¦¥ ±¢ ·±-£²Õμ´´ Ö ¶² §³ ,
¢μ§´¨±Ï Ö ¢ ¶¥·¢Ò¥ ³μ³¥´ÉÒ 	μ²ÓÏμ£μ ¢§·Ò¢  [1, 3]. ‚ ÔÉ¨Ì Ô±¸¶¥·¨³¥´É Ì  Éμ³Ò ´ -
Ìμ¤ÖÉ¸Ö ¢ Ê¸²μ¢¨ÖÌ μ£· ´¨Î¥´´μ° £¥μ³¥É·¨¨, ¢μ§´¨± ÕÐ¥° ¢ ·¥§Ê²ÓÉ É¥ ¢§ ¨³μ¤¥°¸É¢¨Ö
 Éμ³μ¢ ¸ ¢´¥Ï´¨³ μ¶É¨Î¥¸±¨³ ¶μÉ¥´Í¨ ²μ³ [4, 5]. �·¨³¥· ³¨ ¸²Ê¦ É ±¢ §¨μ¤´μ³¥·´ Ö
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¨ ±¢ §¨¤¢Ê³¥·´ Ö £¥μ³¥É·¨¨ μ¶É¨Î¥¸±¨Ì ²μ¢ÊÏ¥± [6]. ‚ ¶¥·¢μ³ ¸²ÊÎ ¥ (¸μμÉ¢¥É¸É¢ÊÕ-
Ð¥³ ¸¨£ ·μμ¡· §´μ³Ê ¢¨¤Ê ²μ¢ÊÏ±¨) ³Ò ¨³¥¥³ ¶· ±É¨Î¥¸±¨ ¸¢μ¡μ¤´μ¥ ¤¢¨¦¥´¨¥  Éμ³μ¢
¢¤μ²Ó μ¤´μ° ¨§ μ¸¥°,   ¨Ì ¶μ¶¥·¥Î´μ¥ ¤¢¨¦¥´¨¥ μ£· ´¨Î¥´μ ¨ ±¢ ´Éμ¢ ´μ. ‚μ ¢Éμ·μ³
¸²ÊÎ ¥ (¢ ¸²ÊÎ ¥ ²μ¢ÊÏ±¨ ¢ Ëμ·³¥ ®¡²¨´ ¯) ±¢ ´Éμ¢ ´´Ò³ Ö¢²Ö¥É¸Ö ¤¢¨¦¥´¨¥ ¶μ μ¤´μ°
¨§ ¶¥·¥³¥´´ÒÌ.

�¶É¨Î¥¸± Ö ²μ¢ÊÏ±  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸ÉμÖÎÊÕ μ¶É¨Î¥¸±ÊÕ ¢μ²´Ê, ±μÉμ·ÊÕ ¢ ´Ê-
²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ³μ¦´μ μ¶¨¸ ÉÓ £ ·³μ´¨Î¥¸±¨³ ¶μÉ¥´Í¨ ²μ³. ‚ · §²¨Î´ÒÌ Ô±¸¶¥·¨-
³¥´É Ì ¸ Ê²ÓÉ· Ìμ²μ¤´Ò³¨  Éμ³ ³¨ ¡Ò²¨ μ¡´ ·Ê¦¥´Ò ·¥§μ´ ´¸Ò, ±μÉμ·Ò¥ ¶·μÉ¨¢μ·¥Î É
É¥μ·¨¨, μ¸´μ¢ ´´μ° ´  £ ·³μ´¨Î¥¸±μ³ ¶·¨¡²¨¦¥´¨¨ ¤²Ö ¶μÉ¥´Í¨ ²  ²μ¢ÊÏ±¨ [7]. �¢-
Éμ·Ò [7] ÊÉ¢¥·¦¤ ÕÉ, ÎÉμ ¶μ¤μ¡´μ¥ μÉ±²μ´¥´¨¥ É¥μ·¨¨ μÉ Ô±¸¶¥·¨³¥´É  μ¡Ê¸²μ¢²¥´μ
 ´£ ·³μ´¨Î¥¸±¨³¨ ¶μ¶· ¢± ³¨. �¤´ ±μ ¢ÒÎ¨¸²¥´¨Ö  ´£ ·³μ´¨Î¥¸±¨Ì ¶μ¶· ¢μ±, ¢Ò¶μ²-
´¥´´Ò¥ ¢ ¤ ´´μ° · ¡μÉ¥, ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ´¥²Ó§Ö ¶·¨§´ ÉÓ Ê¤μ¢²¥-
É¢μ·¨É¥²Ó´Ò³¨ [8].

„ ´´ Ö ¸É ÉÓÖ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶¥·¢Ò° Ï £ ´  ¶ÊÉ¨ μ¶¨¸ ´¨Ö  ´£ ·³μ´¨§³  ¢´¥
· ³μ± É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, £¤¥ ³Ò ¢ÒÎ¨¸²Ö¥³ Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö  Éμ³μ¢ ¢
μ¤´μ³¥·´μ³ ¸²ÊÎ ¥, É. ¥., ±μ£¤  ¶μÉ¥´Í¨ ² ³¥¦ Éμ³´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¨ ¶μÉ¥´Í¨ ² ²μ-
¢ÊÏ±¨ Ö¢²ÖÕÉ¸Ö μ¤´μ³¥·´Ò³¨, ¶μ¸²¥¤´¨°  ¶¶·μ±¸¨³¨·Ê¥É¸Ö ¶ · ¡μ²¨Î¥¸±μ° ËÊ´±Í¨¥°.
�μ¤μ¡´Ò° · ¸Î¥É ¤²Ö ¸²ÊÎ Ö ³¥¦ Éμ³´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢¨¤  ¤¥²ÓÉ -ËÊ´±Í¨¨ (¶¸¥¢-
¤μ¶μÉ¥´Í¨ ² ´Ê²¥¢μ£μ · ¤¨Ê¸ ) ¡Ò² ¶·μ¢¥¤¥´ ¢ [9]. � Ï ¸²ÊÎ ° μÉ²¨Î ¥É¸Ö É¥³, ÎÉμ
³Ò ¨¸¶μ²Ó§Ê¥³ ·¥ ²¨¸É¨Î¥¸±¨° ¶μÉ¥´Í¨ ² ƒ Ê¸¸ . �¡´ ·Ê¦¥´μ § ³¥É´μ¥ μÉ±²μ´¥´¨¥ μÉ
·¥§Ê²ÓÉ É  [9] (·¨¸. 2, 4). �É³¥É¨³ É ±¦¥ · ¸Î¥É ¸¶¥±É·  ¤²Ö ·¥ ²¨¸É¨Î¥¸±μ£μ É·¥Ì³¥·-
´μ£μ ¶μÉ¥´Í¨ ²  ³¥¦ Éμ³´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¨ ¤¢Ê³¥·´μ£μ μ¸Í¨²²ÖÉμ·´μ£μ ¶μÉ¥´Í¨ ² 
²μ¢ÊÏ±¨ ¢ [10], £¤¥ ¡Ò²μ ¶μ²ÊÎ¥´μ μÉ±²μ´¥´¨¥ μÉ ·¥§Ê²ÓÉ É , ¶μ²ÊÎ¥´´μ£μ ¢ ¶¸¥¢¤μ¶μ-
É¥´Í¨ ²Ó´μ³ ¶μ¤Ìμ¤¥.

ŒÒ ¨¸¶μ²Ó§Ê¥³ ± ± Î¨¸²¥´´Ò°, É ± ¨  ´ ²¨É¨Î¥¸±¨° ¶μ¤Ìμ¤ ± ·¥Ï¥´¨Õ ¶μ¸É ¢²¥´-
´μ° § ¤ Î¨. —¨¸²¥´´Ò° · ¸Î¥É ¢±²ÕÎ ¥É ¢ ¸¥¡Ö · ¸Î¥É § ¢¨¸¨³μ¸É¨ μ¡· É´μ° ¤²¨´Ò
· ¸¸¥Ö´¨Ö μÉ ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö. � ¸Î¥É Ô´¥·£¨¨ ¶·μ¨§¢μ¤¨É¸Ö ¸
¨¸¶μ²Ó§μ¢ ´¨¥³ ±μ´¥Î´μ-· §´μ¸É´μ°  ¶¶·μ±¸¨³ Í¨¨ ¢Éμ·μ£μ ¶μ·Ö¤±  ¨ ³¥Éμ¤  μ¡· É´μ°
¨É¥· Í¨¨. �´ ²¨É¨Î¥¸±¨° ¶μ¤Ìμ¤ · ¸Î¥É  Ô´¥·£¨¨ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ³¥Éμ¤μ³ μ¸Í¨²²ÖÉμ·-
´μ£μ ¶·¥¤¸É ¢²¥´¨Ö (��). Œ¥Éμ¤ �� μ¸´μ¢ ´ ´  ¨¤¥ÖÌ ¨ ³¥Éμ¤ Ì ¸± ²Ö·´μ° ±¢ ´Éμ¢μ°
É¥μ·¨¨ ¶μ²Ö, ¨ ¥£μ ÔËË¥±É¨¢´μ¸ÉÓ ¶·μ¤¥³μ´¸É·¨·μ¢ ´  ¶·¨ · ¸Î¥É¥ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°
· §²¨Î´ÒÌ ³ ²μÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ [8].

‘É ÉÓÖ ¶μ¸É·μ¥´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¢ · §¤. 1 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ § -
¢¨¸¨³μ¸É¨ μ¡· É´μ° ¤²¨´Ò · ¸¸¥Ö´¨Ö μÉ ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö ¨ § -
¢¨¸¨³μ¸É¨ Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö μÉ μ¡· É´μ° ¤²¨´Ò · ¸¸¥Ö´¨Ö. �μ²ÊÎ¥´´Ò¥
·¥§Ê²ÓÉ ÉÒ ¸· ¢´¨¢ ÕÉ¸Ö ¸ · ¸Î¥Éμ³, ¢Ò¶μ²´¥´´Ò³ ¢ ¶¸¥¢¤μ¶μÉ¥´Í¨ ²Ó´μ³ ¶μ¤Ìμ¤¥ [9];
¢ · §¤. 2 ¨§²μ¦¥´ Ëμ·³ ²¨§³ ³¥Éμ¤  �� ¶·¨³¥´¨É¥²Ó´μ ± ¤ ´´μ° § ¤ Î¥. ˆ¸¸²¥¤μ¢ ´ 
μ¡² ¸ÉÓ ¶·¨³¥´¥´¨Ö ³¥Éμ¤  ± ± ËÊ´±Í¨Ö ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö; ¢ § -
±²ÕÎ¥´¨¨ μ¡¸Ê¦¤ ÕÉ¸Ö ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

1. ��…�ƒˆŸ �‘��‚��ƒ� ‘�‘’�Ÿ�ˆŸ

–¥²ÓÕ · ¡μÉÒ Ö¢²Ö¥É¸Ö ¨¸¸²¥¤μ¢ ´¨¥ § ¢¨¸¨³μ¸É¨ Ô´¥·£¨¨ μ¸´μ¢´μ£μ Ê·μ¢´Ö E ¨
¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¢μ²´μ¢μ° ËÊ´±Í¨¨ (‚”) Ψ ¤¢ÊÌ ¡μ§μ´´ÒÌ  Éμ³μ¢, ¶²¥´¥´´ÒÌ ¢ μ¤´μ-
³¥·´μ° £ ·³μ´¨Î¥¸±μ° ²μ¢ÊÏ±¥, μÉ ¨´É¥´¸¨¢´μ¸É¨ ³¥¦ Éμ³´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. �É 
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§ ¤ Î  ¸¢μ¤¨É¸Ö ± ·¥Ï¥´¨Õ μ¤´μ³¥·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (“˜):

{
−1

2
d2

dx2
+

x2

2
+ V0 exp

{
−2cx2

}}
Ψ(x) = EΨ(x) (1)

¸ ´Ê²¥¢Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ Ψ(|x| → ∞) → 0 ¤²Ö ‚” μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö
 Éμ³μ¢ ¢ £ ·³μ´¨Î¥¸±μ³ ¶μÉ¥´Í¨ ²¥ Vconf(x) = x2/2. ŒÒ ¨¸¶μ²Ó§Ê¥³ μ¸Í¨²²ÖÉμ·´ÊÕ
¸¨¸É¥³Ê ¥¤¨´¨Í, ¢ ±μÉμ·μ° Ô´¥·£¨¨ ¨§³¥·ÖÕÉ¸Ö ¢ ¥¤¨´¨Í Ì �ω,   ¤²¨´Ò ¢ ¥¤¨´¨Í Ì√

�/mω. Œ¥¦ Éμ³´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ³μ¤¥²¨·μ¢ ²μ¸Ó ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±¨³ £ Ê¸¸μ¢Ò³
¶μÉ¥´Í¨ ²μ³ Vint(x) = V0 exp

{
−2cx2

}
1, ¢ ±μÉμ·μ³ ¶ · ³¥É· V0 § ¤ ¥É £²Ê¡¨´Ê,   c

μ¶·¥¤¥²Ö¥É Ï¨·¨´Ê ¶μÉ¥´Í¨ ² . ŒÒ ¨¸¸²¥¤μ¢ ²¨ § ¢¨¸¨³μ¸ÉÓ E ¨ Ψ(x) μÉ μ¡· É´μ°
¤²¨´Ò · ¸¸¥Ö´¨Ö a−1

1D(V0) ´  μ¤´μ³¥·´μ³ £ Ê¸¸μ¢μ³ ¶μÉ¥´Í¨ ²¥ V0 exp
{
−2cx2

}
¢ μÉ¸ÊÉ-

¸É¢¨¥ Ê¤¥·¦¨¢ ÕÐ¥£μ ¶μÉ¥´Í¨ ²  ²μ¢ÊÏ±¨ Vconf . ‚´ Î ²¥ ¡Ò²  · ¸¸Î¨É ´  § ¢¨¸¨³μ¸ÉÓ
a−1
1D(V0) ¶·¨ Î¨¸²¥´´μ³ ·¥Ï¥´¨¨ “˜ (1) ¤²Ö ¸²ÊÎ Ö Vconf = 0 ¤²Ö ¸μ¸ÉμÖ´¨Ö ´¥¶·¥·Ò¢-

´μ£μ ¸¶¥±É·  E > 0 ¸ £· ´¨Î´Ò³ Ê¸²μ¢¨¥³ ¤²Ö ‚”:

lim
|x|→∞

Ψ(x) ∼ cos (k|x| + δ(k)), (2)

£¤¥ k =
√

2E,   δ(k) Å Ë §  · ¸¸¥Ö´¨Ö. �·¨ ÔÉμ³ μ¤´μ³¥·´ Ö ¤²¨´  · ¸¸¥Ö´¨Ö μ¶·¥¤¥-
²Ö¥É¸Ö ± ±

a1D = lim
k→0

ctg (δ(k))
k

. (3)

� ¸¸Î¨É ´´ Ö § ¢¨¸¨³μ¸ÉÓ a−1
1D(V0) ¶·¨ · §²¨Î´ÒÌ ¶ · ³¥É· Ì c ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°-

¸É¢¨Ö ¶·¥¤¸É ¢²¥´  ´  ·¨¸. 1. �´ ²μ£¨Î´Ò° · ¸Î¥É É·¥Ì³¥·´μ° ¤²¨´Ò · ¸¸¥Ö´¨Ö ´  ±μ-
·μÉ±μ¤¥°¸É¢ÊÕÐ¥³ ¶μÉ¥´Í¨ ²¥ ¡Ò² ¶·μ¢¥¤¥´ ¢ [11].

„²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö (1) ¨¸¶μ²Ó§μ¢ ²¸Ö ³¥Éμ¤
μ¡· É´μ° ¨É¥· Í¨¨. „²Ö  ¶¶·μ±¸¨³ Í¨¨ ¶·μ¨§¢μ¤´ÒÌ, ¢Ìμ¤ÖÐ¨Ì ¢ “˜ (1), ¡Ò²¨ ¨¸¶μ²Ó-
§μ¢ ´Ò ±μ´¥Î´μ-· §´μ¸É´Ò¥  ¶¶·μ±¸¨³ Í¨¨ ¢Éμ·μ£μ ¶μ·Ö¤±  ÉμÎ´μ¸É¨, μ¡¥¸¶¥Î¨¢ ÕÐ¨¥
¶μ£·¥Ï´μ¸ÉÓ ¶μ·Ö¤±  h2, £¤¥ h ¥¸ÉÓ Ï £ · §´μ¸É´μ° ¸¥É±¨. �¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¶·¨¢¥-
¤¥´Ò ´  ·¨¸. 2Ä6, £¤¥ É ±¦¥ ¶·¥¤¸É ¢²¥´Ò · ¸¸Î¨É ´´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨. �¸´μ¢´Ò¥
·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° · ¡μÉÒ Å ´  ·¨¸. 2, 4.

ˆ§ £· Ë¨±  (·¨¸. 2) ¢¨¤´μ, ÎÉμ ¶·¨ μ¤´μ¢·¥³¥´´μ³ ¸Ê¦¥´¨¨ ¨ Ê£²Ê¡²¥´¨¨ (c, V0 → ∞)
¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö ¤¢ÊÌ  Éμ³μ¢, É. ¥. ¶·¨ ¶¥·¥Ìμ¤¥ ± ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥³Ê ¢§ -
¨³μ¤¥°¸É¢¨Õ ¢ ¶·¥¤¸É ¢²¥´´μ³ ´  £· Ë¨±¥ ¤¨ ¶ §μ´¥ 1/a1D, ³Ò ¶μ²ÊÎ ¥³ ¸Ìμ¤ÖÐ¨°¸Ö
·¥§Ê²ÓÉ É 2. �·¨ ¸· ¢´¥´¨¨ ÔÉμ£μ ·¥§Ê²ÓÉ É  ¸ ·¥§Ê²ÓÉ Éμ³ [9] ³Ò μ¡´ ·Ê¦¨¢ ¥³ ´¥¸μ-
¢¶ ¤¥´¨¥ ±·¨¢ÒÌ, ±μÉμ·μ¥ · ¸É¥É ¢ μ¡² ¸É¨ ¶μ²μ¦¨É¥²Ó´ÒÌ §´ Î¥´¨° 1/a1D. ‚ ¶·¥¤¥²¥
c → ∞ £ Ê¸¸μ¢ ¶μÉ¥´Í¨ ² ± Î¥¸É¢¥´´μ ¸É·¥³¨É¸Ö ± ¶μÉ¥´Í¨ ²Ê (¶¸¥¢¤μ¶μÉ¥´Í¨ ²Ê) ´Ê-
²¥¢μ£μ · ¤¨Ê¸ , ¨¸¶μ²Ó§μ¢ ´´μ³Ê ¢ [9]. ˆ§ μ¡Ð¨Ì ¸μμ¡· ¦¥´¨°, μ¤´ ±μ, Ö¸´μ, ÎÉμ  Éμ³Ò
μ¡² ¤ ÕÉ ¸É·Ê±ÉÊ·μ°, ¶μÔÉμ³Ê ¶μÉ¥´Í¨ ² ¤μ²¦¥´ ¨³¥ÉÓ ±μ´¥Î´Ò° · ¤¨Ê¸ ¤¥°¸É¢¨Ö.

‚ ´¥¤ ¢´¥³ Ô±¸¶¥·¨³¥´É¥ [5] ¡Ò²  ·¥ ²¨§μ¢ ´  μ¤´μ³¥·´ Ö £¥μ³¥É·¨Ö ¢ ¸¨£ ·μμ¡· §-
´μ³ É·¥Ì³¥·´μ³ ¶μÉ¥´Í¨ ²¥ ¸ μÉ´μÏ¥´¨¥³ ¶·μ¤μ²Ó´μ° Î ¸ÉμÉÒ ± ¶μ¶¥·¥Î´μ° ω‖/ω⊥ ≈
1 : 10. �¢Éμ·Ò ¨¸¸²¥¤ÊÕÉ ¸¨¸É¥³Ê ¤¢ÊÌ Ë¥·³¨μ´μ¢ ¸ ¶·μÉ¨¢μ¶μ²μ¦´μ ´ ¶· ¢²¥´´Ò³¨

1ŠμÔËË¨Í¨¥´É 2 ¢ Ô±¸¶μ´¥´É¥ ¢Ò¡· ´ ¨§ ¸μμ¡· ¦¥´¨Ö Ê¤μ¡¸É¢ .
2‚ ¤ ´´μ³ ¤¨ ¶ §μ´¥ 1/a1D · §²¨Î¨¥ ³¥¦¤Ê c = 100 ¨ c = 1000 ¥¤¢  § ³¥É´μ.
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�¨¸. 1. ‡ ¢¨¸¨³μ¸ÉÓ μ¡· É´μ° ¤²¨´Ò · ¸¸¥Ö´¨Ö a−1
1D μÉ £²Ê¡¨´Ò V0 ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò V (x) =

V0 exp
{
−2cx2

}
¨ ¶ · ³¥É·  c

�¨¸. 2. �´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¨ · §²¨Î´ÒÌ c; Epseudo Å Ô´¥·£¨Ö ¢ ¸²ÊÎ ¥ ±μ´É ±É´μ£μ

¢§ ¨³μ¤¥°¸É¢¨Ö ¢¨¤  ¤¥²ÓÉ -ËÊ´±Í¨¨, · ¸¸Î¨É ´´ Ö ¢ [9]
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¸¶¨´ ³¨ ¢ ¶μÉ¥´Í¨ ²¥, ¸μ§¤ ´´μ³ μ¶É¨Î¥¸±μ° ¤¨¶μ²Ó´μ° ²μ¢ÊÏ±μ° ¨ £· ¤¨¥´Éμ³ ³ £´¨É-
´μ£μ ¶μ²Ö. �μ²ÊÎ¥´´ÊÕ § ¢¨¸¨³μ¸ÉÓ Ô´¥·£¨¨ μÉ ³ £´¨É´μ£μ ¶μ²Ö  ¢Éμ·Ò ¸· ¢´¨¢ ÕÉ ¸
·¥§Ê²ÓÉ Éμ³ [9], ¶μ¸±μ²Ó±Ê ¢ É ±μ³ ¶μÉ¥´Í¨ ²¥ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ ³μ¦¥É ¡ÒÉÓ Ìμ·μÏμ
μ¶¨¸ ´μ μ¤´μ³¥·´Ò³ £ ·³μ´¨Î¥¸±¨³ ¶·¨¡²¨¦¥´¨¥³ ²μ¢ÊÏ±¨ [5]. �¡² ¸ÉÓ ¨¸¸²¥¤μ¢ ´¨Ö
´ Ìμ¤¨É¸Ö ¢ · °μ´¥ ÉμÎ±¨ ¶¥·¥Ìμ¤  μÉ μ¸´μ¢´μ£μ ±μ ¢Éμ·μ³Ê ¢μ§¡Ê¦¤¥´´μ³Ê ¸μ¸ÉμÖ´¨Õ,
ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É §´ Î¥´¨Õ Ô´¥·£¨¨ 1,5. „¨ ¶ §μ´ μ¡· É´μ° ¤²¨´Ò · ¸¸¥Ö´¨Ö, ¢ ±μÉμ·μ³
¶·μ¢μ¤¨É¸Ö Ô±¸¶¥·¨³¥´É, ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ´ Î¨´ ¥É¸Ö ¶·¨¡²¨§¨É¥²Ó´μ ¸μ §´ Î¥-
´¨Ö −2,03: (1/a1D) � −2,03; ¤²Ö ¢Éμ·μ£μ ¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨Ö: (1/a1D) � 2,03.

2. Œ…’�„ �‘–ˆ‹‹Ÿ’����ƒ� ��…„‘’�‚‹…�ˆŸ (��)

�·¨¸ÉÊ¶¨³ ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1) ¸ ¶μ³μÐÓÕ ³¥Éμ¤  ��. �ÉμÉ ¶μ¤-
Ìμ¤ μ¸´μ¢ ´ ´  ³¥Éμ¤ Ì ¨ ¨¤¥ÖÌ ¸± ²Ö·´μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö. �μ²´μ¥ μ¶¨¸ ´¨¥
³¥Éμ¤  ¨§²μ¦¥´μ ¢ [8]. �·¥¨³ÊÐ¥¸É¢μ ³¥Éμ¤  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¶μ²ÊÎ¥´´Ò° ¢ ¥£μ · ³-
± Ì ·Ö¤ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¤²Ö Ï¨·μ±μ£μ ±² ¸¸  ¶μÉ¥´Í¨ ²μ¢ μÎ¥´Ó ¡Ò¸É·μ ¸Ìμ¤¨É¸Ö.
�·¥¤¶μ² £ ¥É¸Ö, ÎÉμ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ £ ³¨²ÓÉμ´¨ ´  ¸¢Ö§ ´´μ° ¸¨¸É¥³Ò ¢ ´Ê²¥¢μ³
¶·¨¡²¨¦¥´¨¨ μ¶¨¸Ò¢ ¥É¸Ö μ¸Í¨²²ÖÉμ·´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° ¸ ´¥±μÉμ·μ° ÔËË¥±É¨¢-
´μ° Î ¸ÉμÉμ° Ω. — ¸ÉμÉ  Ω μ¶·¥¤¥²Ö¥É¸Ö É ±¨³ μ¡· §μ³, ÎÉμ¡Ò μ´  ÊÎ²  μ¸´μ¢´μ°
±¢ ´Éμ¢Ò° ¢±² ¤ μÉ ¶μÉ¥´Í¨ ² , ¤μ¶Ê¸± ÕÐ¥£μ ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥. „²Ö ÔÉμ£μ ¢ ¨¸Ìμ¤-
´μ³ £ ³¨²ÓÉμ´¨ ´¥ ¢Ò¤¥²Ö¥É¸Ö μ¸Í¨²²ÖÉμ·´ Ö Î ¸ÉÓ ¸ ´¥¨§¢¥¸É´μ° ¶μ±  Î ¸ÉμÉμ° Ω,  
± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥, ±μμ·¤¨´ ÉÊ ¨ ¨³¶Ê²Ó¸ ¶·¥¤¸É ¢²ÖÕÉ Î¥·¥§ μ¶¥· Éμ·Ò ·μ¦¤¥-
´¨Ö a+ ¨ Ê´¨ÎÉμ¦¥´¨Ö a,   § É¥³ Ê¶μ·Ö¤μÎ¨¢ ÕÉ ¨Ì ¢ ´μ·³ ²Ó´μ° Ëμ·³¥. „ ²¥¥ É·¥¡Ê¥É¸Ö,
ÎÉμ¡Ò ¢ ¶·¥μ¡· §μ¢ ´´μ³ É ±¨³ μ¡· §μ³ £ ³¨²ÓÉμ´¨ ´¥ μÉ¸ÊÉ¸É¢μ¢ ²¨ ¸² £ ¥³Ò¥ ²¨´¥°-
´Ò¥ ¨ ±¢ ¤· É¨Î´Ò¥ ¶μ ± ´μ´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³. �Éμ Ê¸²μ¢¨¥ μ¶·¥¤¥²Ö¥É Ω-Î ¸ÉμÉÊ
μ¸Í¨²²ÖÉμ·  ¨ ´ §Ò¢ ¥É¸Ö Ê¸²μ¢¨¥³ μ¸Í¨²²ÖÉμ·´μ£μ ¶·¥¤¸É ¢²¥´¨Ö. ’ ±¨³ μ¡· §μ³,
¶μ²ÊÎ¥´´Ò° ·Ö¤ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ÔËË¥±É¨¢´μ ¸Ê³³¨·Ê¥É¸Ö.

�Ê¸ÉÓ ¢ μ¤´μ³¥·´μ³ ¶·μ¸É· ´¸É¢¥ R
1 § ¤ ´ £ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò ¢¨¤ 

H =
p2

2
+ W (x2), (4)

£¤¥, ¢ ´ Ï¥³ ±μ´±·¥É´μ³ ¸²ÊÎ ¥,

W (x2) =
x2

2
+ V0 exp

{
−2cx2

}
(5)

¥¸ÉÓ ¶μÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö. ‚Ò¤¥²Ö¥³ Î¨¸Éμ μ¸Í¨²²ÖÉμ·´ÊÕ Î ¸ÉÓ:

H =
1
2
(p2 + Ω2x2) +

[
W (x2) − Ω2

2
x2

]
, (6)

£¤¥ Ω Ö¢²Ö¥É¸Ö ¶μ±  ¶·μ¨§¢μ²Ó´Ò³ ¶μ²μ¦¨É¥²Ó´Ò³ ¶ · ³¥É·μ³. Š ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´-
´Ò¥ x, p ¶·¥¤¸É ¢¨³ Î¥·¥§ μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö:

x =
a + a+

√
2Ω

, p =

√
Ω
2

a − a+

i
. (7)
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„ ²¥¥ ¶μ¤¸É ¢²Ö¥³ ¢Ò· ¦¥´¨Ö ¤²Ö ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ x ¨ p ¢ (6) ¨ ¶·μ¨§¢μ¤¨³
Ê¶μ·Ö¤μÎ¥´¨¥ ¶μ μ¶¥· Éμ· ³ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö. ’μ£¤  ¶μÉ¥´Í¨ ², ¶·¥¤¸É ¢²¥´´Ò°
¢ ´μ·³ ²Ó´μ° Ëμ·³¥, ¶·¨´¨³ ¥É ¢¨¤ (¸³. ¤¥É ²¨ ¢ [8]):

W (x2) =

∞∫
−∞

(
dk

2π

)
W̃ (k2) eikx =

∞∫
−∞

(
dk

2π

)
W̃ (k2) exp

{
− k2

4Ω

}
: exp {ikx} :, (8)

£¤¥ : ∗ : ¥¸ÉÓ ¸¨³¢μ² ´μ·³ ²Ó´μ£μ Ê¶μ·Ö¤μÎ¥´¨Ö ¨

W̃ (k2) =

∞∫
−∞

dρW (ρ2) eikρ. (9)

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¸μμÉ´μÏ¥´¨Ö, ¶¥·¥¶¨Ï¥³ £ ³¨²ÓÉμ´¨ ´ (6) ¢ ¢¨¤¥ (¸³. ¤¥É ²¨ ¢ [8]):

H = H0 + HI + ε0(Ω), (10)

£¤¥
H0 = Ω(a+a),

HI =

∞∫
−∞

(
dk

2π

)
W̃ (k2) exp

{
− k2

4Ω

}
: eikx

2 :,

ε0 (Ω) =
Ω
4

+

∞∫
−∞

(
dk

2π

)
W̃ (k2) exp

{
− k2

4Ω

}
,

ez
2 = ez − 1 − z − z2

2
,

  ε0(Ω) ¥¸ÉÓ Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö, ¨²¨ ¢ ±ÊÊ³  £ ³¨²ÓÉμ´¨ ´  (6). “· ¢´¥´¨¥
¤²Ö Ω, ¶μ²ÊÎ¥´´μ¥ ¨§ Ê¸²μ¢¨Ö μ¸Í¨²²ÖÉμ·´μ£μ ¶·¥¤¸É ¢²¥´¨Ö, ¸μ¢¶ ¤ ¥É ¸ Ê· ¢´¥´¨¥³,
μ¶·¥¤¥²ÖÕÐ¨³ ³¨´¨³Ê³ Ô´¥·£¨¨ ε0(Ω) ¶μ Ω (¸³. ¤¥É ²¨ ¢ [8]):

∂ε0(Ω)
∂Ω

= 0. (11)

— ¸ÉμÉ  μ¸Í¨²²ÖÉμ·  Ω ¥¸ÉÓ ËÊ´±Í¨Ö ¨¸Ìμ¤´ÒÌ ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ²  W (x2). ’ ±¨³
μ¡· §μ³, ¤²Ö Éμ£μ ÎÉμ¡Ò ¢ÒÎ¨¸²¨ÉÓ Ô´¥·£¨Õ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ε0(Ω), ´ ³ ´¥μ¡Ìμ¤¨³μ,
ÎÉμ¡Ò ¤²Ö Î ¸ÉμÉÒ Ω ¢Ò¶μ²´Ö²μ¸Ó · ¢¥´¸É¢μ (11). ˆ¸¶μ²Ó§ÊÖ ±μ´±·¥É´Ò° ¢¨¤ ¶μÉ¥´Í¨ ² 
W (x2), ³Ò ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥° μ¶É¨³¨§ Í¨μ´´μ° § ¤ Î¥ 1:

ε0(Ω) = min
Ω

⎧⎪⎪⎨
⎪⎪⎩

Ω
4

+
1

4Ω
+

V0√
1 +

2c

Ω

⎫⎪⎪⎬
⎪⎪⎭

, Ω2 = 1 − 4cV0(
1 +

2c

Ω

)3/2
. (12)

1”μ·³Ê²  (12) ¢Ò¢¥¤¥´  ƒ. ‚. …Ë¨³μ¢Ò³.
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�É³¥É¨³, ÎÉμ Ê· ¢´¥´¨¥ ¤²Ö Ω ¢ (12) ¨³¥¥É μ¤¨´-¥¤¨´¸É¢¥´´Ò° ¶μ²μ¦¨É¥²Ó´Ò° ¢¥-
Ð¥¸É¢¥´´Ò° ±μ·¥´Ó.

‚Ò¤¥²¥´¨¥ ¢ ¨¸Ìμ¤´μ° § ¤ Î¥ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö HI ¶μ§¢μ²Ö¥É ¢ · ³± Ì
É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° (’‚) ¢ÒÎ¨¸²ÖÉÓ ¢Ò¸Ï¨¥ ¶μ¶· ¢±¨ ± Ô´¥·£¨¨ Ê·μ¢´Ö. �¥·¢Ò° ¶μ·Ö-
¤μ± ’‚ ¢ �� · ¢¥´ ´Ê²Õ. ‚Éμ·μ° ¶μ·Ö¤μ± ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ (¸³. ¤¥É ²¨ ¢ [8]):

ε2 = −〈0|HI
1

H0
HI |0〉 = − 1

2Ω

∞∑
n=2

B

(
1
2
,
1
2

+ n

)
A2

n, (13)

£¤¥

|0〉 =
(

Ω
π

)1/4

exp
{
−Ω

2
x2

}
(14)

¢μ²´μ¢ Ö ËÊ´±Í¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ��,   Γ(x), B(x) ¥¸ÉÓ £ ³³ - ¨ ¡¥É -ËÊ´±Í¨¨
¸μμÉ¢¥É¸É¢¥´´μ,

An =
V0

n!
√

π

(
2c

Ω

)n Γ
(

n +
1
2

)
(

1 +
2c

Ω

)n+1/2
. (15)

’ ±¨³ μ¡· §μ³, Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨¸Ìμ¤´μ£μ £ ³¨²ÓÉμ´¨ ´  (4) ¢ÒÎ¨¸²Ö-
¥É¸Ö ± ±

E0 = ε0 + ε2 + . . . (16)

�¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ ³¥Éμ¤μ³ �� ¶·¨ · §²¨Î´ÒÌ ¶ · ³¥É· Ì ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö
¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 3Ä6. �  £· Ë¨± Ì É ±¦¥ ¶·¨¢¥¤¥´Ò ±·¨¢Ò¥, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¢Éμ-
·μ³Ê ¶μ·Ö¤±Ê É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ³¥Éμ¤  ��.

�  ·¨¸. 3 ¶·¥¤¸É ¢²¥´Ò £· Ë¨±¨ ¸ É·¥³Ö ±·¨¢Ò³¨ ´  ± ¦¤μ³. „¢¥ ±·¨¢Ò¥ ¸μμÉ¢¥É-
¸É¢ÊÕÉ · ¸Î¥ÉÊ ³¥Éμ¤μ³ ��,   É·¥ÉÓÖ Å · ¸Î¥ÉÊ Î¨¸²¥´´Ò³ ³¥Éμ¤μ³. �  ¶¥·¢μ³ £· Ë¨±¥,
£¤¥ É·¨ ±·¨¢Ò¥ ¸²¨¢ ÕÉ¸Ö, ´ ¡²Õ¤ ¥É¸Ö μÉ²¨Î´μ¥ ¸μ¢¶ ¤¥´¨¥ ¤¢ÊÌ ³¥Éμ¤μ¢. ˆ§ £· Ë¨±μ¢
¢¨¤´μ, ÎÉμ ¶·¨ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨ÖÌ V0 < 0 ³¥Éμ¤ �� ´ Î¨´ ¥É μÉ±²μ´ÖÉÓ¸Ö μÉ
Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ ¶·¨ c, V0 → ∞. ‚Éμ·μ° ¶μ·Ö¤μ± ’‚ ¢ �� μÉ±²μ´Ö¥É¸Ö ¶·¨ ÔÉ¨Ì ¦¥
¶ · ³¥É· Ì ¶μÉ¥´Í¨ ²  ³¥´ÓÏ¥ ¨ ¢ μ¡² ¸É¨ μÉ·¨Í É¥²Ó´ÒÌ V0 ¶μ± §Ò¢ ¥É μÎ¥´Ó Ìμ·μ-
ÏÊÕ ÉμÎ´μ¸ÉÓ. �¤´ ±μ ¤²Ö ¶μ²μ¦¨É¥²Ó´ÒÌ V0 > 0 ± ± ´Ê²¥¢μ°, É ± ¨ ¢Éμ·μ° ¶μ·Ö¤μ± ’‚
³¥Éμ¤  �� ¶·¨ c, V0 → ∞ μÉ±²μ´ÖÕÉ¸Ö μÉ Î¨¸²¥´´μ£μ · ¸Î¥É  §´ Î¨É¥²Ó´μ.

�  ·¨¸. 4 · ¸Î¥ÉÒ ³¥Éμ¤μ³ �� ¸· ¢´¨¢ ÕÉ¸Ö ¸ Î¨¸²¥´´Ò³ · ¸Î¥Éμ³ ¨ · ¸Î¥Éμ³, ¶·μ-
¢¥¤¥´´Ò³ ¢ [9] ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¶¸¥¢¤μ¶μÉ¥´Í¨ ²  ¢¨¤  ¤¥²ÓÉ -ËÊ´±Í¨¨, ¢ § ¢¨¸¨³μ¸É¨
μÉ μ¡· É´μ° ¤²¨´Ò · ¸¸¥Ö´¨Ö.

�·¨Î¨´  μÉ±²μ´¥´¨Ö ³¥Éμ¤  �� ¶·¨ · §²¨Î´ÒÌ ¶ · ³¥É· Ì ¶μÉ¥´Í¨ ²  μ¡ÑÖ¸´Ö¥É¸Ö
É¥³, ÎÉμ ¢ �� ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ μ¶¨¸Ò¢ ¥É¸Ö £ Ê¸¸¨ ´μ³ (14).
’¥³ ¸ ³Ò³ μÉ±²μ´¥´¨¥ �� μ¡Ê¸²μ¢²¥´μ μÉ±²μ´¥´¨¥³ £ Ê¸¸μ¢  ¶μ¢¥¤¥´¨Ö μ¸Í¨²²ÖÉμ·´μ°
¢μ²´μ¢μ° ËÊ´±Í¨¨ μÉ ¶μ¢¥¤¥´¨Ö ¨¸É¨´´μ° ‚”, ÎÉμ ³μ¦´μ ¶·μ´ ¡²Õ¤ ÉÓ ´  ·¨¸. 5, 6.

�  ·¨¸. 5, 6 ¢¨¤´μ, ÎÉμ μÉ±²μ´¥´¨¥ �� μÉ Î¨¸²¥´´μ£μ · ¸Î¥É , ¢μ§´¨± ÕÐ¥¥ ¢ μ¡² ¸É¨
¶μ²μ¦¨É¥²Ó´ÒÌ V0, ¶·¨ c, V0 → ∞ ¸μμÉ¢¥É¸É¢Ê¥É · ¸Ìμ¦¤¥´¨Õ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ÔÉ¨Ì
¤¢ÊÌ ¶μ¤Ìμ¤μ¢. ’ ±¨³ μ¡· §μ³, ³μ¦´μ ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ ¤²Ö ¤ ´´μ£μ £ ³¨²ÓÉμ´¨ ´  (1)
¶·¨³¥´¨³μ¸ÉÓ ³¥Éμ¤  �� Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö.
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�¨¸. 3. ƒ· ´¨ÍÒ ¶·¨³¥´¨³μ¸É¨ ³¥Éμ¤  �� ¤²Ö Ê· ¢´¥´¨Ö (1). ‘¶²μÏ´Ò¥ ²¨´¨¨ Å Î¨¸²¥´´Ò°

· ¸Î¥É Ô´¥·£¨¨; ÏÉ·¨Ì¶Ê´±É¨·´Ò¥ Å Ô´¥·£¨Ö ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ��; ¶Ê´±É¨·´Ò¥ Å Ô´¥·£¨Ö
¢μ ¢Éμ·μ³ ¶·¨¡²¨¦¥´¨¨ ��

�¨¸. 4. ‘· ¢´¥´¨¥ · ¸Î¥Éμ¢ · §²¨Î´Ò³¨ ³¥Éμ¤ ³¨; Enum Å Î¨¸²¥´´Ò° · ¸Î¥É Ô´¥·£¨¨,

Epseudo Å Ô´¥·£¨Ö ¢ ¸²ÊÎ ¥ ±μ´É ±É´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢¨¤  ¤¥²ÓÉ -ËÊ´±Í¨¨, · ¸¸Î¨É ´´ Ö ¢ [9];
Ezeroth order

OR Å Ô´¥·£¨Ö ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ��, Esecond order
OR Å Ô´¥·£¨Ö ¢μ ¢Éμ·μ³ ¶·¨¡²¨¦¥-

´¨¨ ��
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�¨¸. 5. ‘· ¢´¥´¨¥ ‚” Î¨¸²¥´´μ£μ · ¸Î¥É  ¨ ‚” ³¥Éμ¤  �� ¶·¨ · §²¨Î´ÒÌ V0 ¤²Ö c = 1000.

‘¶²μÏ´Ò¥ ²¨´¨¨ Å ‚” Î¨¸²¥´´μ£μ · ¸Î¥É ; ÏÉ·¨Ì¶Ê´±É¨·´Ò¥ Å ‚” ´Ê²¥¢μ£μ ¶μ·Ö¤±  ��.

Enum Å Î¨¸²¥´´Ò° · ¸Î¥É Ô´¥·£¨¨; Ezeroth
OR Å Ô´¥·£¨Ö ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ��; Esecond

OR Å
Ô´¥·£¨Ö ¢μ ¢Éμ·μ³ ¶·¨¡²¨¦¥´¨¨ ��

�¨¸. 6. ‘· ¢´¥´¨¥ ‚” Î¨¸²¥´´μ£μ · ¸Î¥É  ¨ ‚” ³¥Éμ¤  �� ¶·¨ · §²¨Î´ÒÌ V0 ¤²Ö c = 1.

‘¶²μÏ´Ò¥ ²¨´¨¨ Å ‚” Î¨¸²¥´´μ£μ · ¸Î¥É ; ÏÉ·¨Ì¶Ê´±É¨·´Ò¥ Å ‚” ´Ê²¥¢μ£μ ¶μ·Ö¤±  ��.

Enum Å Î¨¸²¥´´Ò° · ¸Î¥É Ô´¥·£¨¨; Ezeroth
OR Å Ô´¥·£¨Ö ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ��; Esecond

OR Å
Ô´¥·£¨Ö ¢μ ¢Éμ·μ³ ¶·¨¡²¨¦¥´¨¨ ��
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‡�Š‹�—…�ˆ…

‚ ¤ ´´μ° · ¡μÉ¥ ¡Ò²  · ¸¸Î¨É ´  Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö “˜ (1), μ¶¨¸Ò¢ Õ-
Ð¥£μ ¤¢ÊÌ¡μ§μ´´ÊÕ ¸¢Ö§ ´´ÊÕ ¸¨¸É¥³Ê ¢ μ¤´μ³¥·´μ° £ ·³μ´¨Î¥¸±μ° ²μ¢ÊÏ±¥, ± ± ËÊ´±-
Í¨Ö μ¡· É´μ° ¤²¨´Ò · ¸¸¥Ö´¨Ö. �μ²ÊÎ¥´´ Ö § ¢¨¸¨³μ¸ÉÓ E(a−1

1D) ´¥¸±μ²Ó±μ μÉ²¨Î ¥É¸Ö
μÉ · ¸Î¥É  [9], ¢Ò¶μ²´¥´´μ£μ ¢ ¶¸¥¢¤μ¶μÉ¥´Í¨ ²Ó´μ³ ¶μ¤Ìμ¤¥. � Ï ¸²ÊÎ ° μÉ²¨Î ¥É¸Ö
É¥³, ÎÉμ ³Ò ¨¸¶μ²Ó§μ¢ ²¨ ·¥ ²¨¸É¨Î´Ò° ¶μÉ¥´Í¨ ² ƒ Ê¸¸ , ¢Ò¡μ· ±μÉμ·μ£μ Ö¢²Ö¥É¸Ö ¡μ-
²¥¥ ¥¸É¥¸É¢¥´´Ò³, É ± ± ± μ´ ÊÎ¨ÉÒ¢ ¥É ´ ²¨Î¨¥ Ê  Éμ³μ¢ ´¥±μ° ¸É·Ê±ÉÊ·Ò. ’ ±¦¥ ³μ¦´μ
§ ±²ÕÎ¨ÉÓ, ÎÉμ ¶¥·¥Ìμ¤ μÉ ¶μÉ¥´Í¨ ²  ±μ´¥Î´μ£μ · ¤¨Ê¸  ± ¶μÉ¥´Í¨ ²Ê ¤¥²ÓÉ -ËÊ´±Í¨¨
Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ ¶·¨¡²¨¦¥´¨¥³. �μÌμ¦¥¥ ¸· ¢´¥´¨¥ · ¸Î¥Éμ¢, ¢Ò¶μ²´¥´´ÒÌ ¸
É·¥Ì³¥·´Ò³¨ ·¥ ²¨¸É¨Î¥¸±¨³ ¶μÉ¥´Í¨ ²μ³ ¨ ¶¸¥¢¤μ¶μÉ¥´Í¨ ²μ³ ´Ê²¥¢μ£μ · ¤¨Ê¸ , ¶·μ-
¢¥¤¥´μ ¢ [10] ¤²Ö ¤¢Ê³¥·´μ° £ ·³μ´¨Î¥¸±μ° ²μ¢ÊÏ±¨.

�¶·¥¤¥²¥´  μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨ ³¥Éμ¤  μ¸Í¨²²ÖÉμ·´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¤²Ö § -
¤ Î¨ (1) ± ± ËÊ´±Í¨Ö ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö. �É±²μ´¥´¨¥ ³¥Éμ¤  ��
μÉ Î¨¸²¥´´μ£μ · ¸Î¥É  μ¡Ê¸²μ¢²¥´μ μÉ±²μ´¥´¨¥³ £ Ê¸¸μ¢  ¶μ¢¥¤¥´¨Ö μ¸Í¨²²ÖÉμ·´μ° ‚”
μÉ ¶μ¢¥¤¥´¨Ö ¨¸É¨´´μ° ‚”. �¶·¥¤¥²¥´¨¥ μ¡² ¸É¨ ¶·¨³¥´¨³μ¸É¨ �� ´¥μ¡Ìμ¤¨³μ ¶·¨
¤ ²Ó´¥°Ï¥³ ¶·¨³¥´¥´¨¨ ³¥Éμ¤  ¢ ¸²ÊÎ ¥ · ¸Î¥É  ¸¶¥±É·  ¤¢ÊÌ Éμ³´μ° ¸¨¸É¥³Ò ¢  ´£ ·-
³μ´¨Î¥¸±μ° ²μ¢ÊÏ±¥.

�¸´μ¢´ Ö ¸²μ¦´μ¸ÉÓ ¶·¨ · ¸Î¥É¥ ¸¶¥±É·  ¤¢ÊÌ Éμ³´μ° ¸¨¸É¥³Ò ¢  ´£ ·³μ´¨Î¥¸±μ°
²μ¢ÊÏ±¥ ¸¢Ö§ ´  ¸ É¥³, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ μÉ´μ¸¨É¥²Ó´μ° ±μμ·¤¨-
´ ÉÒ ¨ ±μμ·¤¨´ ÉÒ Í¥´É·  ³ ¸¸ Ê¦¥ ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢μ§³μ¦´Ò³. ‚μ§³μ¦´μ¸ÉÓ · ¸Î¥É 
 ²ÓÉ¥·´ É¨¢´Ò³¨ ³¥Éμ¤ ³¨ ¡Ê¤¥É ¸¶μ¸μ¡¸É¢μ¢ ÉÓ ´ ¤¥¦´μ¸É¨ ·¥§Ê²ÓÉ Éμ¢.

�¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ ‚. ‘.Œ¥²¥¦¨±Ê ¨ ƒ. ‚. …Ë¨³μ¢Ê: ‚. ‘.Œ¥²¥¦¨±Ê Å
§  ¶μ¸É ´μ¢±Ê § ¤ Î¨, §  ¸¢Ö§ ´´Ò¥ ¸ ´¥° ¤¨¸±Ê¸¸¨¨ ¨ §  ¶·μ¢¥·±Ê ¶· ¢¨²Ó´μ¸É¨ ¥¥
¢Ò¶μ²´¥´¨Ö; ƒ. ‚. …Ë¨³μ¢Ê Å §  ¤¨¸±Ê¸¸¨¨, ¸¢Ö§ ´´Ò¥ ¸ · ¡μÉμ° [9], ¨ §  ¶·¨³¥´¥´¨¥
³¥Éμ¤  ��.
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