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RADIATIVE DECAYS
OF RADIALLY EXCITED PSEUDOSCALAR MESONS
IN THE EXTENDED NAMBUÄJONA-LASINIO MODEL

A. V. Vishneva 1, M.K. Volkov 2

Joint Institute for Nuclear Research, Dubna

In the extended NJL model the radiative decay widths of the radially excited states of the
pseudoscalar π, η, and η′ mesons are calculated. The predictions for the decay widths of the processes
π(1300) → (ρ0, ω)γ, η(1295) → (ρ0, ω, φ)γ, and η(1475) → (ρ0, ω, φ)γ are given. Nowadays, there
are no solid experimental data for these processes. The comparison of the results obtained in the frame-
work of the standard and the extended NJL models for decays of the ground states of mesons is given.
It is shown that these calculations correspond to each other and are also in satisfactory agreement with
experimental data. This allows one to expect that the extended NJL model can give reliable predictions
for the excited states of mesons.

‚ · ¸Ï¨·¥´´μ° ³μ¤¥²¨ � ³¡ÊÄ‰μ´ -‹ §¨´¨μ (�ˆ‹) ¢ÒÎ¨¸²¥´Ò Ï¨·¨´Ò · ¤¨ Í¨μ´´ÒÌ · ¸¶ -
¤μ¢ · ¤¨ ²Ó´μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° ¶¸¥¢¤μ¸± ²Ö·´ÒÌ π-, η- ¨ η′-³¥§μ´μ¢. „ ´Ò ¶·¥¤¸± § ´¨Ö
¤²Ö Ï¨·¨´ · ¸¶ ¤μ¢ π(1300) → (ρ0, ω)γ, η(1295) → (ρ0, ω, φ)γ, η(1475) → (ρ0, ω, φ)γ, ¤²Ö
±μÉμ·ÒÌ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¥Ð¥ ´¥É ´ ¤¥¦´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ. „ ´μ ¸· ¢´¥´¨¥ ·¥-
§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ¥´´ÒÌ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸É ´¤ ·É´μ° ¨ · ¸Ï¨·¥´´μ° �ˆ‹-³μ¤¥²¥°, ¤²Ö μ¸´μ¢´ÒÌ
¸μ¸ÉμÖ´¨° ³¥§μ´μ¢, ¨ ¶μ± § ´μ, ÎÉμ μ´¨ ³ ²μ μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£ . �É¨ ·¥§Ê²ÓÉ ÉÒ ´ Ìμ¤ÖÉ¸Ö
É ±¦¥ ¢ Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ³ ¸μ£² ¸¨¨ ¸ ¨³¥ÕÐ¨³¨¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨, ÎÉμ ¶μ§¢μ²Ö¥É
´ ¤¥ÖÉÓ¸Ö ´  ´ ¤¥¦´μ¸ÉÓ ¶·¥¤¸± § ´¨° ¤²Ö Ï¨·¨´ · ¸¶ ¤μ¢ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° ³¥§μ´μ¢.

PACS: 12.39.Fe; 13.20.Cz; 13.20.Jf

INTRODUCTION

Taking into account the excited states of mesons plays an important role in the de-
scription of hadronic interactions at low energies. Nowadays, the properties of the radially
excited mesons are studied at different colliders like VEPP-2000 (Novosibirsk), BEPC-II
(Beijing), etc.

However, we still do not have any solid experimental data in this domain. Therefore, the
theoretical study of the excited states of mesons is of apparent interest. The present work is
devoted to the solution of one of these problems.
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Let us note that for description of the low-energy interactions of mesons in the ground
states the U(3) × U(3) standard NambuÄJona-Lasinio (NJL) model can be successfully
used [1Ä7]. On the other hand, for the description of the ˇrst radial excitations of mesons
the extended NJL model was proposed [7Ä11]. In this model, the excited states are described
with a form factor in the form fa(k) = ca(1 + dak2), where da is a slope parameter, k
is transversal quark momentum, and ca is a constant deˇning the meson masses. As a re-
sult, the mass spectrum and strong, weak, and electromagnetic interactions of mesons were
described [10Ä17].

Let us emphasize that extra difˇculties appear in the description of the η and η′ mesons.
Indeed, even considering only ground states one has to take into account the singlet-octet
mixing caused by the gluon anomaly (UA(1)-problem). This problem is usually solved by
adding the 't Hooft interaction [3,4, 6].

However, considering radially excited states of the η and η′ mesons, one has to take
into account the mixing of the ground and excited states. In order to describe both mixings
simultaneously, it is necessary to use the 4 × 4 matrix. This matrix was obtained in [18]
and successfully applied to describe the masses of the η and η′ mesons and the processes
involving them [10, 14, 17]. In the present work, this matrix is used for the description of
radiative decays of the radially excited η and η′ mesons.

The article is organized as follows. In the next section we introduce the Lagrangians of the
U(3)×U(3) standard and the extended NJL models describing the quarkÄmeson interactions.
In Sec. 2, the amplitudes and widths of the radiative decays of the processes considered in
this paper are given. The comparison of calculations within the standard and the extended
NJL models with experimental data is also shown. The predictions for the decay widths of
the excited pseudoscalar mesons are made in Sec. 3. In Conclusion our results are brie	y
discussed. In Appendix the problem concerning pseudoscalarÄaxial-vector (PÄA) transitions
for η and η′ is discussed. We give the alternative results for the processes considered here
without taking into account PÄA transitions.

1. LAGRANGIANS OF THE STANDARD AND THE EXTENDED NJL MODELS

The processes considered in this paper are shown in the Figure.

Quark triangle diagram describing radiative dacays of pseudoscalar (P) and vector (V) mesons. q =

(u, d, s) are quark ˇelds

The corresponding Lagrangian of the extended NJL reads [14,17]:

L = q̄(k′) (Lf + Lγ + LV (p) + LP (p)) q(k), (1)
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where p = k − k′,

Lf = i∂̂ − m, Lγ =
e

2

(
λ3 +

λ8√
3

)
Â,

LV (p) = Aω,ρ (λ3ρ̂(p) + λuω̂(p)) + Aφλsφ̂(p) − Aω′,ρ′ (λ3ρ̂
′(p) + λuω̂′(p)) − Aφ′λsφ̂′(p),

LP (p) =

⎛
⎝iγ5

∑
q=u,s

λq

∑
η=η,η′,η̂,η̂′

Aq
ηη(p)

⎞
⎠ + Aπλ3γ5π

0(p) − Aπ′λ3γ5π
′(p).

Here q̄ = (ū, d̄, s̄) are quark ˇelds; m = diag (mu, md, ms), where mu = md = 280 MeV,
ms = 405 MeV; Â is the photon ˇeld; ρ(ρ′), ω(ω′) and φ(φ′) are the vector meson ˇelds and
π(π′), η(η̂) and η′(η̂′) are the pseudoscalar meson ˇelds in the ground and excited states, re-
spectively; λ3 and λ8 are the Gell-Mann matrices, λu = diag (1, 1, 0), λs = diag (0, 0,−

√
2);

Aω,ρ = gρ1

sin (βu + βu
0 )

sin (2βu
0 )

+ gρ2fu(k⊥2
)
sin (βu − βu

0 )
sin (2βu

0 )
,

Aω′,ρ′ = gρ1

cos (βu + βu
0 )

sin (2βu
0 )

+ gρ2fu(k⊥2
)
cos (βu − βu

0 )
sin (2βu

0 )
,

Aφ = gφ1

sin (βs + βs
0)

sin (2βs
0)

+ gφ2fs(k⊥2
)
sin (βs − βs

0)
sin (2βs

0)
,

Aφ′ = gφ1

cos (βs + βs
0)

sin (2βs
0)

+ gφ2fs(k⊥2
)
cos (βs − βs

0)
sin (2βs

0)
,

Aπ = gπ1

sin (α + α0)
sin (2α0)

+ gπ2fs(k⊥2
)
sin (α − α0)

sin (2α0)
,

Aπ′ = gπ1

cos (α + α0)
sin (2α0)

+ gπ2fs(k⊥2
)
cos (α − α0)

sin (2α0)
,

(2)

the mixing angles are α0 = 59.06 ◦, α = 59.38 ◦, βu
0 = 61.44 ◦, βu = 79.85 ◦, βs

0 = 57.11 ◦,
βs = 76.18 ◦; the slope parameters in the form factors are du = −1.78 GeV−2, ds =
−1.73 GeV−2;

Aq
η,η̂,η′,η̂′ = gq1b

ϕq,1
η,η̂,η′,η̂′ + gq2b

ϕq,2
η,η̂,η′,η̂′fu(k⊥2

), (3)

where q = u, s; the mixing coefˇcients b
ϕq,i

η,η̂,η′,η̂′ are given in Table 1.

Table 1. The mixing coefˇcients b
ϕq,i

η,η̂,η′,η̂′ for the isoscalar pseudoscalar meson states

η η̂ η′ η̂′

ϕu,1 0.71 0.62 −0.32 0.56

ϕu,2 0.11 −0.87 −0.48 −0.54

ϕs,1 0.62 0.19 0.56 −0.67

ϕs,2 0.06 −0.66 0.30 0.82
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The coupling constants gπi = gui , gsi , gρi and gφi , where i = 1 for the ground state and
i = 2 for the ˇrst radial excitations, have the form

gq1 =
(

4
I2(mq)

Zq

)−1/2

, gq2 =
(
4If2

2 (mq)
)−1/2

,

gρ1 =
(

2
3
I2(mu)

)−1/2

, gρ2 =
(

2
3
If2

2 (mu)
)−1/2

,

gφ1 =
(

2
3
I2(ms)

)−1/2

, gφ2 =
(

2
3
If2

2 (ms)
)−1/2

,

(4)

the factor Zq appears from PÄA transitions, Zu � Zs = 1.2 (see also Appendix),

Ifn

m (mq) =
∫

d4k

(2π)4
(fq(k⊥2))n

(m2
q − k2)m

Θ(Λ2
3 − k2), (5)

the cut-off parameter Λ2
3 = 1.03 GeV.

In the framework of the standard NJL the Lagrangian has a simpler form [1,14]:

L = q̄ (Lf + Lγ + LV + LP ) q, (6)

where

Lf = i∂̂ − m, Lγ =
e

2

(
λ3 +

λ8√
3

)
Â,

LV =
gρ1

2
(λ3ρ̂ + λuω̂) +

gφ1

2
λsφ̂,

LP = igπγ5λ3π
0 + iγ5η

(
λugπ sin θ̄ + λsgs cos θ̄

)
+ iγ5η

′ (λugπ cos θ̄ − λsgs sin θ̄
)
,

where θ̄ = 54◦, and the coupling constants are gπ = mu/Fπ, gs = ms/Fs, Fπ = 93 MeV,
Fs = 1.28Fπ.

2. DECAY WIDTHS FOR THE GROUND STATES OF THE MESONS
IN THE STANDARD AND THE EXTENDED NJL MODELS

The widths of the decays shown in the Figure in the framework of the standard NJL take
the form

ΓNJL(V → Pγ) =
ααρ

6
C2

V P

F 2
P

(
M2

V − M2
P

4πMV

)3

, (7)

ΓNJL(P → V γ) = 3
ααρ

6
C2

V P

F 2
P

(
M2

P − M2
V

4πMP

)3

, (8)
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where αρ = g2
ρ/4π,

Cρπ = 1, Cωπ = 3, Cωη = sin θ̄, Cρη = 3 sin θ̄,

Cφη = 2 cos θ̄, Cρη′ = 3 cos θ̄, Cωη′ = cos θ̄, Cφη′ = 2 sin θ̄.
(9)

In the extended NJL the decay widths take the form

ΓENJL(V → Pγ) =
6α

(16π2mq)2
V 2

V P

(
M2

V − M2
P

MV

)3

, (10)

ΓENJL(P → V γ) = 3
6α

(16π2mq)2
V 2

V P

(
M2

P − M2
V

MP

)3

, (11)

where

VV π = gV1

(
sin (βu + βu

0 )
sin (2βu

0 )
gρ1I3(mu) +

sin (βu − βu
0 )

sin (2βu
0 )

gρ2I3(mu)
)

, (12)

VV ηi =
sin (βq + βq

0)
sin (2βq

0)
b
ϕq,1
η,η′ gV1gq1I3(mq) +

sin (βq − βq
0)

sin (2βq
0)

b
ϕq,1
η,η′ gV2gq1I

f
3 (mq)+

+
sin (βq + βq

0)
sin (2βq

0)
b
ϕq,2
η,η′ gV1gq2I

f
3 (mq) +

sin (βq − βq
0)

sin (2βq
0)

b
ϕq,2
η,η′ gV2gq2I

f2

3 (mq), (13)

where V is ρ, ω, φ, and ηi are η, η′; q = u for ρ and ω, and q = s for φ. Using these
expressions we obtained the widths of the decays of the ground states of the mesons given
in Table 2.

Table 2. The decay widths of the ground states of the mesons within the standard and
the extended NJL

Decay Standard NJL, keV Extended NJL, keV PDG, keV [19]

ρ → πγ 89.8 81.7 89.4

ω → πγ 832 756 703

ρ → ηγ 72.9 63.4 44.7

ω → ηγ 8.7 7.6 3.9

φ → ηγ 54.6 51.8 55.3

φ → η′γ 0.47 0.35 0.27

η′ → ργ 69.9 82.3 57.7

η′ → ωγ 7.05 8.2 5.5

Let us note that the values presented in the second column of Table 2 agree with the
previous ones given in [5, 6]. It is interesting to emphasize that the results obtained within
the standard and the extended NJL models are close to each other and to the experiment.
Thus, we suppose that the extended NJL model can give trustworthy predictions for the decay
widths of the excited mesons.
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3. THE DECAY WIDTHS OF RADIALLY EXCITED PSEUDOSCALAR MESONS

The coefˇcients VV P for the amplitudes describing these decays read

VV π′ = −
(

sin (βq + βq
0)

sin (2βq
0)

cos (α + α0)
sin (2α0)

gV1gq1I3(mq)+

+
sin (βq − βq

0)
sin (2βq

0)
cos (α + α0)

sin (2α0)
gV2gq1I

f
3 (mq) +

sin (βq + βq
0)

sin (2βq
0)

cos (α − α0)
sin (2α0)

gV1gq2I
f
3 (mq)+

+
sin (βq − βq

0)
sin (2βq

0)
cos (α − α0)

sin (2α0)
gV2gq2I

f2

3 (mq)
)

, (14)

VV η̂i =
sin (βq + βq

0)
sin (2βq

0)
b
ϕq,1

η̂,η̂′ gV1gq1I3(mq) +
sin (βq − βq

0)
sin (2βq

0)
b
ϕq,1

η̂,η̂′ gV2gq1I
f
3 (mq)+

+
sin (βq + βq

0)
sin (2βq

0)
b
ϕq,2

η̂,η̂′ gV1gq2I
f
3 (mq) +

sin (βq − βq
0)

sin (2βq
0)

b
ϕq,2

η̂,η̂′ gV2gq2I
f2

3 (mq), (15)

where η̂i are η̂, η̂′. The corresponding results are shown in Table 3.

Table 3. The predictions for the decay widths of the excited mesons within the extended NJL

Decay Extended NJL, keV

π(1300) → ργ 26.2

π(1300) → ωγ 229

η(1295) → ργ 0.057

η(1295) → ωγ 0.006

η(1295) → φγ 6.6

η(1475) → ργ 61.4

η(1475) → ωγ 6.7

η(1475) → φγ 2.6

CONCLUSION

Our calculations for the ground states of mesons show that the results obtained within
the standard and the extended NJL models correspond to each other. One can see that the
agreement between the theoretical and experimental results for η and η′ is not as good as for
pions. It can be explained by the fact that in the case of pions the chiral symmetry breaking
is connected only with small nonzero current quark mass, and in the case of the η and η′

mesons there is also heavier s-quark and singlet-octet mixing. Therefore, in this case we have
stronger chiral symmetry breaking.

Unfortunately, there are no any reliable experimental data to test our calculations for the
excited mesons. However, we hope that our predictions will be veriˇed soon.

Acknowledgements. We are grateful to A. B.Arbuzov and D.G.Kostunin for useful dis-
cussions.
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Appendix

PROBLEMS CONCERNING PÄA TRANSITIONS

Let us remind that taking PÄA transition into account noticeably changes the coupling
constants of the pseudoscalar mesons [1, 6]. However, the case of pions and kaons differs
from that of the η and η′ mesons. Indeed, pions and kaons have the direct axial-vector
partners. This leads to transition of the form π ↔ a1, K ↔ K1. However, for the η and
η′ mesons the corresponding partners among the isoscalar axial-vector mesons do not exist.
Therefore, in the case of the η and η′ mesons additional renormalization is possibly absent
or has a more complicated form. Here we present the results without taking PÄA transitions
into account. In this case, we simply neglect the factor Z in Eq. (4).

The corresponding decay widths for the processes involving isoscalar pseudoscalar mesons
are given in Table 4.

Table 4. The decay widths without taking into account PÄA transitions

Decay Standard NJL, keV Extended NJL, keV PDG, keV [19]

ρ → ηγ 52.1 45.5 44.7

ω → ηγ 6.2 5.5 3.9

φ → ηγ 30.9 32.01 55.3

φ → η′γ 0.267 0.257 0.27

η′ → ργ 49.9 69.4 57.7

η′ → ωγ 5.03 6.9 5.5

η(1295) → ργ Å 12.6 Å

η(1295) → ωγ Å 1.4 Å

η(1295) → φγ Å 7.6 Å

η(1475) → ργ Å 11.9 Å

η(1475) → ωγ Å 2.9 Å

η(1475) → φγ Å 8.1 Å

One can see that in this case there is better agreement with experiment. Therefore, the
corresponding predictions for the processes with excited states can be more reliable.
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