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We propose a new formulation of the functional renormalization group (FRG) approach based on
the use of regulator functions as composite operators. In this case, one can provide (in contrast with
standard approach) on-shell gauge invariance for the effective average action.

PACS: 12.10.-g; 12.15.-y

INTRODUCTION

Functional renormalization group (FRG) approach has been proposed in [1, 2] in terms
of effective average action. Now, it is one of the most popular and developed methods
in Quantum Field Theory (QFT), which can be seen from the review papers on the FRG
method [3Ä6, 8, 9]. Note that the special attention has been paid to the study of effective
average action in gauge theories [10, 11] (see also [12Ä19] and a very clear and complete
review [20]).

Despite the fact that many aspects of gauge theories in the FRG approach have been
discussed with success [11,13Ä15,17,19,20], nevertheless, the problem of gauge dependence
remains unsolved. The gauge dependence of effective average action in the standard formula-
tion of FRG for YangÄMills ˇelds was analyzed in [21] and it was shown that even on-shell
the effective average action depends on gauge regardless of the approximate schemes. We
present here a possibility to solve the gauge dependence in FRG, which is based on an old
idea of [22] about introduction of composite operators in gauge theories. Namely, we propose
to consider the regulator functions being main ingredients of FRG as composite operators and
show that, in this case, the effective average action does not depend on gauge on-shell.

We employ the standard condensed notation of DeWitt [23]. Derivatives with respect to
sources and antiˇelds are taken from the left, while those with respect to ˇelds are taken from
the right. Left derivatives with respect to ˇelds are labeled by a subscript l. The Grassmann
parity of a quantity F is denoted as ε(F ).
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A NEW APPROACH

Here we are going to describe an approach in spirit of the FRG, which is free of the gauge
dependence problem for the YangÄMills theory. This new approach is based on implementing
regulator functions of FRG by means of composite ˇelds.

Effective action for composite ˇelds in QFT was introduced in [24]. Later on, effective
action for composite ˇelds in gauge theories was introduced and studied in papers [22,25,26].
The effective action depends on gauge, but this dependence has a very special form and there
is a possibility to deˇne a theory with composite ˇelds in such a way that the effective action
of these ˇelds becomes gauge-independent on-shell.

Let us consider Lagrangian of the regulator functions (Rk,A)ab
μν(x) and (Rk,gh)ab(x),

L1
k(x) =

1
2

Aaμ(x)(Rk,A)ab
μν(x)Abν (x), L2

k(x) = C̄a(x)(Rk,gh)ab(x)Cb(x), (1)

appearing in sectors of YangÄMills Aa
μ(x) and ghost Ca(x) and antighost C̄a(x) ˇelds in the

standard FRG approach. Here k is a parameter, such that

lim
k→0

(Rk,A)ab
μν(x) = 0, lim

k→0
(Rk,gh)ab(x) = 0. (2)

Now, we introduce external scalar sources Σ1(x) and Σ2(x) and construct the generating
functional of Green's functions for YangÄMills theories with composite ˇelds

Zk(J, K; Σ) =
∫

DΦ exp
{

i

�

[
SFP(Φ) + JΦ + KŝΦ + ΣLk(Φ)

]}
, (3)

where Φ = {ΦA = (Aaμ, Ba, Ca, C̄a)} is the set of all ˇelds of conˇguration space for the
given YangÄMills theory, SFP(Φ) is the FaddeevÄPopov action, JA = (ja

μ, σa, η̄a, ηa) are
external sources to ˇelds ΦA (JΦ = JAΦA), ŝ is the operator of the BRST transformations,
KA = (Ka

μ, Na, P̄ a, P a) are external sources to the BRST transformations ŝΦA and ΣLk =
Σ1L

1
k + Σ2L

2
k.

The generating functional (3) may be regarded as a generalization of the generating
functionals of the standard FRG approach, the difference is related to the new sources Σ1(x)
and Σ2(x) and to the corresponding composite ˇelds. Consider the FRG �ow equations in the
approach with composite operators, based on the new generating functional (3). Repeating
usual manipulations with (3), we arrive at the new version of the FRG �ow equation for the
generating functional Zk = Zk(J, K; Σ),

∂tZk =
�

i

{
1
2

Σ1 ∂t(Rk,A)ab
μν

δ2Zk

δja
μ δjb

ν

+ Σ2 ∂t(Rk,gh)ab δ2Zk

δηa δη̄b

}
, (4)

where we used the standard notation

∂t = k
d

dk

and took into account that the dependence on k comes only from the corresponding dependence
of the regulator functions in (1).
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The effective average action with composite ˇelds, Γk = Γk(Φ, K; F ), can be introduced
by means of the following double Legendre transformations (see [24] for the details in case
of usual effective action):

Γk(Φ, K; F ) = Wk(J, K; Σ) − JAΦA − Σi

[
Li

k(Φ) + �F i
]
, (5)

where Wk = −i� lnZk and

ΦA =
δWk

δJA
, �F i =

δWk

δΣi
− Li

k

(
δWk

δJ

)
, i = 1, 2. (6)

From (5) and (6) it follows that

δΓk

δΦA
= −JA − Σi

δLi
k(Φ)

δΦA
,

δΓk

δF i
= −�Σi. (7)

Let us introduce the full sets of ˇelds FA and sources JA according to

FA = (ΦA, �F i), JA = (JA, �Σi). (8)

From the condition of solvability of Eqs. (7) with respect to the sources J and Σ, it
follows that

δFC(J )
δJB

δlJA(F)
δFC = δBA. (9)

One can express JA as a function of the ˇelds in the form

JA =
(
− δΓk

δΦA
− δΓk

δF i

δLi
k(Φ)

δΦA
, −δΓk

δF i

)
(10)

and, therefore,
δlJB(F)

δFA = −(G′′
k)AB,

δFB(J )
δJA

= −(G′′−1
k )AB. (11)

Now, we are in a position to derive the FRW equation for Γk = Γk(Φ, K; F ) and see
that it gains more complicated form due to the presence of composite ˇelds. The expression
for the generating functional of connected Green's functions can be obtained from (3), (5)
and (6). The equation for Γk reads

exp
{

i

�
[Γk(Φ, K; F ) + �ΣF ]

}
=

=
∫

DΦ′ exp
{

i

�

[
SFP(Φ′) + J(Φ′ − Φ) + KŝΦ + Σ

(
Lk(Φ

′
) − Lk(Φ)

)]}
.

Making shift of the variables of integration in the functional integral, Φ′ − Φ = ϕ, and
using (7), we obtain the equation for the effective action Γk = Γk(Φ; F ),

exp
{

i

�

[
Γk − δΓk

δF
F

]}
=

∫
Dϕ exp

{
i

�

[
SFP(Φ + ϕ) − δΓk

δΦ
ϕ+

+ Kŝ(Φ + ϕ) − 1
�

δΓk

δF

(
Lk(Φ + ϕ) − Lk(Φ) − δLk(Φ)

δΦ
ϕ

)]}
. (12)
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The solution of this equation in the tree-level approximation has the form

Γ(0)
k (Φ, K; F ) = SFP(Φ) + KŝΦ, (13)

which does not depend on the ˇelds F i and parameter k. The next step is to deˇne loop
corrections to (13), so we assume that

Γk(Φ, K; F ) = SFP(Φ) + �Γ̄k(Φ; F ). (14)

By taking into account the explicit structure of regulator functions, we obtain the equation
which can be, for example, a basis for deriving the loop expansion of Γ̄k = Γ̄k(Φ; F ),

exp
{

i

[
Γ̄k − δΓ̄k

δF
F

]}
=

∫
Dϕ exp

{
i

�

[
SFP(Φ + ϕ)−

− SFP(Φ) − δSFP(Φ)
δΦ

ϕ − �
δΓ̄k

δΦ
ϕ − δΓ̄k

δF
Lk(ϕ)

]}
. (15)

The FRG �ow equation, in terms of the functional Γk, is cast into the form

∂tΓk = −i

{
1
2

δΓk

δF 1
∂t(Rk,A)ab

μν

(
G′′−1

k

)(aμ)(bν) +
δΓk

δF 2
∂t(Rk,gh)

(
G′′−1

k

)ab
}

=

= − i

2
Tr

{
δΓk

δF 1
∂t(Rk,A)(G′′−1

k )
}

A

+ i Tr
{

δΓk

δF 2
∂t(Rk,gh)(G′′−1

k )
}

C

, (16)

when we used usual traces in the sectors of vector Aaμ and ghost Ca ˇelds, while the
Grassmann parity of quantum ˇelds is taken into account explicitly. We conclude that the
dependence of effective average action Γk on the cut-off parameter k disappears already on
surface deˇned by the equations

δΓk

δF i
= 0, i = 1, 2.

It differs from the standard formulation of effective average action, which depends essentially
on k for any nonzero scale.

The BRST invariance of SFP [27] leads to the generalized SlavnovÄTaylor identity for
the generating functional (3):

JA
δZk

δKA
+

�

i

{
Σ1(Rk,A)ab

μν

δ2Zk

δjb
νδKa

μ

+ Σ2(Rk,gh)ab δ2Zk

δηaδP̄ a
−

− Σ2(Rk,gh)ab δ2Zk

δη̄bδP a

}
≡ 0. (17)

Let us explore the gauge dependence of generating functional of Green's functions in
the presence of composite ˇelds, (3). Under an inˇnitesimal variation of gauge function,
χa → χa + δχa, the variation of Zk = Zk(J, K; Σ) reads

δZk =
i

�

∫
DΦ

δ δψ

δΦA

δ(KŝΦ)
δKA

exp
{

i

�

[
SFP(Φ) + JΦ + KŝΦ + ΣLk

]}
, (18)
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where the Grassmann-odd functional δψ = C̄aδχa has been introduced. Starting from the
identity ∫

DΦ
δ

δΦA

[
δψ

δ(KŝΦ)
δKA

exp
{

i

�
[SFP(Φ) + JΦ + KŝΦ + ΣLk]

}]
= 0, (19)

we can derive the ˇnal form of equation, describing the gauge dependence of the generating
functional Zk,

δZk =
i

�
JA

δ

δKA
δψ

(
�

i

δ

δJ

)
Zk +

{
Σ1(Rk,A)ab

μν

δ2Zk

δja
μδjb

ν

+

+ Σ2(Rk,gh)ab δ2Zk

δηaδP̄ b
− Σ2(Rk,gh)ba δ2Zk

δη̄aδP b

}
δψ

(
�

i

δ

δJ

)
Zk. (20)

In particular, from (20) it follows that the vacuum functional in presence of sources KA,
Zk(K) = Zk(0, K; 0), does not depend on gauge.

If we introduce the notations

Li
k,A(Φ) =

∂Li
k(Φ)

∂ΦA
, i = 1, 2, (21)

then the gauge dependence of the effective average action is described by the equation

δΓk = − δΓk

δΦA

δ

δKA
δψ

(
Φ̂

)
− 1

�

δΓk

δF i
Li

k,A(Φ − Φ̂)
δ

δKA
δψ

(
Φ̂

)
. (22)

Let us deˇne the mass-shell of the quantum theory by the equations

δΓk

δΦA
= 0,

δΓk

δF i
= 0. (23)

Then, from (22) immediately follows the gauge independence of the effective action Γk =
Γk(Φ, K; F ) on-shell. Namely, when the relations (23) are satisˇed, we have δΓk = 0.
Moreover, all physical quantities calculated on the basis of the modiˇed version of the
effective average action do not depend on gauge and on the parameter k. The last feature is
common for the renormalization group based on the abstract scale parameters (such as cut-off,
k or μ), which require an additional identiˇcation of scale to be applied to one or another
physical problem.

CONCLUSIONS

We have proposed the new formulation of the theory with cut-off-dependent regulator
functions within the FRG approach. We have derived the FRG �ow equation for generating
functional of Green's functions and effective average action. It was found an interesting
feature of the FRG �ow for effective average action Γk consisting in the independence of
this action on the cut-off parameter k already on surface deˇned by δΓk/δF i = 0. It was
shown that if the regulator functions are introduced by means of the special composite ˇelds,
the vacuum functional does not depend on the choice of gauge and, ˇnally, the new theory,
in contrast with the standard formulation, is free from the on-shell gauge dependence.
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