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KALUZAÄKLEIN REDUCTION
OF SUPERSYMMETRIC FIERZÄPAULI

L. Parra 1

Centre for Theoretical Physics, University of Groningen, Groningen, The Netherlands

We motivate the idea of constructing a supersymmetric model of New Massive Gravity (NMG)
without higher derivatives. We show how to construct explicitly the linearized, massive, off-shell,
spin-2, three-dimensional N = 1 supermultiplet. We comment about its massless limit.
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1. MOTIVATION

New Massive Gravity (NMG) is a higher-derivative extension of three-dimensional (3D)
EinsteinÄHilbert gravity that describes massive gravitons. It is interesting to study this model
because it describes unitarily two massive degrees of freedom of helicity +2 and −2.

At the linearized level, using auxiliary ˇelds, the action of this NMG model can be
explicitly split into a (non-propagating) massless spin-2 EinsteinÄHilbert theory and a 3D
massive spin-2 FierzÄPauli model. The introduction of auxiliary ˇelds helps to lower the
number of derivatives.

It is also possible to construct a linearized supersymmetric NMG model (SNMG) without
higher derivatives. For this case we need a 3D massless and a 3D massive spin-2 supermul-
tiplet. The massless multiplet is already known [1], but the massive multiplet, the one that is
constructed in detail just recently [2], was not.

We will show the procedure explicitly for the easier spin-1 case in Sec. 2. In Sec. 3 we
will show the results for the FierzÄPauli case. Along the construction of the multiplets we
will look in detail at the massless limit. Finally, we conclude in the ˇnal section.

2. SUPERSYMMETRIC PROCA

The starting point is the four-dimensional (4D) N = 1 Maxwell multiplet which consists
of a vector, a 4-component Majorana spinor and a real auxiliary scalar {V̂μ̂, ψ̂, F̂}. We put
hats on the ˇelds to signify that they are in 4D. The supersymmetry rules of these ˇelds are

δV̂μ̂ = −ε̄Γμ̂ψ̂ + ∂μ̂Λ̂, δψ̂ =
1
8
Γμ̂ν̂F̂μ̂ν̂ε +

1
4
iΓ5F̂ ε, δF̂ = iε̄Γ5Γμ̂∂μ̂ψ̂, (1)
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where F̂μ̂ν̂ = ∂μ̂V̂ν̂ − ∂ν̂ V̂μ̂ , ε is the supersymmetry spinor parameter and Λ̂ is the gauge
parameter. Now we wish to reduce the theory to 3D by compactifying one of the coordinates
on a circle, to do so, we will split the 4D coordinates as xμ̂ = (xμ, x3), and expand all
the ˇelds of the Maxwell multiplet as a Fourier series. The compactiˇed coordinate will be
x3 and the unhatted coordinates and ˇelds are in the lower-dimensional space-time. After
doing the expansion, one gets an inˇnite number of ˇelds in 3D labelled by the Fourier mode
number n. The modes with n = 0 are massless, while the modes with n �= 0 are associated
with massive ˇelds. Here we will be mainly interested in the ˇrst massive modes with n = 1.

Imposing the reality condition on the 4D bosonic ˇelds and on the gauge parameters, the
modes with numbers 1 and −1 are complex conjugates of each other, so one can write the
real and the imaginary parts of them as a combination (the sum and the difference) of the
ˇrst massive mode and its complex conjugate. In a similar way, the Majorana condition of
the 4D spinor ψ̂ for the ˇrst mode gives two Majorana spinors which are in 3D and have
4 components. Notice that, after doing the Fourier expansion, we doubled the number of
ˇelds; however, we are going to truncate the resulting multiplet to an N = 1 multiplet. The
truncation is given by setting half of the ˇelds to zero and also half of the symmetries.

The last step consists in gauging away the Stéuckelberg symmetries that remain due to the
dimensional reduction of the gauge symmetries. Taking this into account, we obtain the ˇnal
form of the supersymmetry transformation rules of the 3D, N = 1 massive theory which
corresponds to the well-known Proca theory in 3D:

δVμ = −ε̄γμψ +
1

4m
ε̄∂μχ, δψ =

1
8
γμνFμνε,

δF = −ε̄γμ∂μχ + 4mε̄ψ, δχ = mγμεVμ − 1
4
Fε, (2)

IProca =
∫

d3x

(
−1

4
Fμν Fμν − 2ψ̄ ∂/ ψ − 1

8
χ̄ ∂/ χ +

1
32

F 2 − 1
2

m2Vμ V μ + m ψ̄χ

)
.

To study the massless limit, we will couple the Proca system to a conjugate multiplet
{Jμ,Jψ,Jχ, JF } and sum to the Proca action an interaction part which describes the coupling
between the Proca multiplet and the conjugate multiplet

Iint = V μJμ + ψ̄�ψ + χ̄�χ + FJF . (3)

Requiring that the interaction part is separately invariant under supersymmetry, it is possible
to determine the transformation rules of the conjugate multiplet. Taking the massless limit
in the complete action and in the transformation rules is non-trivial due to a factor of 1/m
that will appear in them; therefore, it is necessary to work in the formulation where the
Stéuckelberg symmetry is not yet ˇxed, so we make the redeˇnition

Vμ = Ṽμ +
1
m

∂μφ, (4)

to return to the multiplet and the action where the massless limit is well-deˇned. To ˇx the
interaction part, we will impose some constraints over the currents. The massless limit is now
everywhere well-deˇned and the transformation rules reduce to the rules of a massless vector
and a massless scalar. The vector multiplet action is coupled to a spin-1 current multiplet:

I =
∫

d3x

[(
−1

4
F̃μν F̃μν − 2ψ̄∂/ ψ + Ṽ μJμ + ψ̄�ψ

)
− 1

2

(
∂μφ∂μφ +

1
4
χ̄∂/ χ − 1

16
F 2

)]
.
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3. SUPERSYMMETRIC FIERZÄPAULI

Now we are ready to move on to the FierzÄPauli case. Our starting point is the off-shell
4D N = 1, massless spin-2 multiplet which consists of a supersymmetric tensor, a graviton,
an auxiliary vector and two auxiliary scalars {ĥμ̂ν̂ , ψ̂μ̂, Âμ̂, M̂ , N̂}. The supersymmetry

rules (with constant ε and gauge parameters Λ̂μ and η̂) are

δĥμ̂ν̂ = ε̄Γ(μ̂ ψ̂ν̂) + ∂(μ̂ Λ̂ν̂),

δψ̂μ̂ = −1
4
Γρ̂λ̂ ∂ρ̂ĥλ̂μ̂ε− 1

12
Γμ̂(M̂ + i Γ5N̂) ε +

1
4
i Âμ̂Γ5ε −

1
12

i Γμ̂Γρ̂Âρ̂Γ5ε + ∂μ̂η̂,

δM̂ = −ε̄Γρ̂λ̂ ∂ρ̂ψ̂λ̂, δN̂ = −i ε̄Γ5 Γρ̂λ̂ ∂ρ̂ψ̂λ̂,

δÂμ̂ =
3
2
i ε̄Γ5 Γ ρ̂λ̂

μ̂ ∂ρ̂ ψ̂λ̂ − i ε̄Γ5 Γμ̂Γρ̂λ̂ ∂ρ̂ψ̂λ̂.

(5)

The procedure is the same as in the spin-1 case. We ˇrst perform a harmonic expansion of
all ˇelds and local parameters, then we have to project onto the lowest KaluzaÄKlein massive
sector. Remembering that this procedure doubles all the ˇelds, we will have to do a consistent
truncation. The last step is to ˇx all the Stéuckelberg symmetries. Doing so, we obtain the
ˇnal form of the supersymmetry rules of the 3D N = 1 off-shell massive spin-2 multiplet:

δhμν = ε̄γ(μψν) +
1
m

ε̄∂(μχν),

δψμ = −1
4
γρλ∂ρhλμε +

1
12

γμ(M + P )ε +
1

12m
∂μ(N + γρAρ)ε,

δχμ =
1
4
mγρhρμε +

1
4
Aμε − 1

12
γμ(N + γρAρ)ε −

1
12m

∂μ(M − 2P )ε,

δM = ε̄γρλ∂ρψλ − mε̄γρχρ, δN = −ε̄γρλ∂ρχλ + mε̄γρψρ,

δP =
1
2
ε̄γρλ∂ρψλ + mε̄γρχρ,

δAμ =
3
2
ε̄γμ

ρλ∂ρχλ − ε̄γμγρλ∂ρχλ − 1
2
mε̄γμ

ρψρ + mε̄ψμ,

(6)

and the action invariant under them

Im �=0 =
∫

d3x

{
hμνGlin

μν(h) − m2
(
hμνhμν − h2

)
−

− 4ψ̄μγμνρ∂νψρ − 4χ̄μγμνρ∂νχρ + 8mψ̄μγμνχν − 2
3
M2 − 2

3
N2 +

2
3
P 2 +

2
3
AμAμ

}
.

The ˇrst line is the FierzÄPauli action. The fermionic off-diagonal mass term in the second
line can be diagonalized by going to a basis in terms of the +3/2 and −3/2 helicity states
formed by the sum and difference of the two vector-spinors ψμ and χμ. The ©trivialª auxiliary
ˇelds M, N, P and Aμ are needed for the off-shell closure of the supersymmetry algebra.

As is well known, the massless limit m → 0 of the ordinary spin-2 FierzÄPauli the-
ory in the presence of sources leads to linearized Einstein gravity plus an extra term cou-
pling the matter and the scalar mode of the graviton. This phenomenon is known as the
van DamÄVeltmanÄZakharov (vDVZ) discontinuity.
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As in the Proca case we will include a coupling to a conjugate multiplet, we will require
that the interaction action is separately invariant under supersymmetry and we will go back
to a formulation invariant under the Stéuckelberg symmetries and impose some constraints on
the currents. The resulting action consists of three massless multiplets: a spin-2 multiplet, a
mixed graviton-vector multiplet and a scalar multiplet:

I =
∫

d3x

{
h′μνGlin

μν(h′) − 4ψ̄′
μγμνρ∂νψ′

ρ − 8S′2 + h′
μνT μν + ψ̄′μ� ψ

μ + S′TS−

− FμνFμν − 2
3
N2 +

2
3
AμAμ − 4χ̄′

μγμνρ∂νχ′
ρ − 8ψ̄γμ∂μψ+

+ 2
[
−∂μφ′∂μφ′ − 1

4
χ̄′γμ∂μχ′ +

1
16

F 2

]
+ φ′ημνTμν − 1

4
χ̄′ γμ� ψ

μ − 1
8
FTS

}
. (7)

The spin-2 multiplet couples to the super current multiplet in the usual fashion. Unlike the
Proca case, however, there is also a coupling between the scalar multiplet and the trace of the
energy-momentum tensor. This is a 3D supersymmetric version of the vDVZ discontinuity.

CONCLUSIONS

We motivated and discussed the KaluzaÄKlein formulation to obtain the 3D, off-shell
massive spin-2 supermultiplet. This multiplet, together with the off-shell massless spin-2
multiplet which is already known, can be used to write a supersymmetric version of linearized
NMG in the auxiliary ˇeld form.

In the massless limit there is a non-trivial coupling of a scalar multiplet to a current
multiplet. In the usual FierzÄPauli case, it is possible to cure vDVZ discontinuity taking into
account the non-linear version of it, but a non-linear version of the SNMG is not obvious
since the construction of the massive spin-2 supermultiplet is based on the truncation of
the KaluzaÄKlein expansion to the ˇrst massive level, which can only be performed at the
linearized level. To obtain the non-linear SNMG theory, one should perhaps use superspace
techniques.
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