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The effects of the Coulomb-like tensor (CLT), Yukawa-like tensor (YLT) and generalized tensor
(GLT) interactions are investigated in the Dirac theory with the Schiéoberg and ManningÄRosen potentials
within the framework of spin and pseudospin symmetries using the NikiforovÄUvarov method. The
bound state energy spectra and the radial wave functions have been approximately obtained in the case
of spin and pseudospin symmetries. We have also reported some numerical results and ˇgures to show
the effects of these tensor interactions.
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INTRODUCTION

Within the framework of the Dirac theory, the spin symmetry occurs when the differ-
ence of the potential between the repulsive Lorentz vector potential V (r) and attractive
Lorentz scalar potential S(r) is a constant, that is, Δ(r) = V (r) − S(r) = const. On the
other hand, the pseudopsin symmetry arises when the sum of the potential of the repul-
sive Lorentz vector potential V (r) and attractive Lorentz scalar potential S(r) is a constant,
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that is, Σ(r) = V (r) + S(r) = const [1Ä6]. The solutions of the Dirac equation under
pseudospin and spin symmetries with a number of potential models have been investigated
by many researchers. These potentials include the ManningÄRosen [7], Eckart [8], Hyller-
aas [9], DengÄFan [10], Méobious square [11], Tietz [12], hyperbolical [13], Yukawa and
inversely quadratic Yukawa [14, 15] potentials. The spin and pseudospin symmetries under
various phenomenological potentials have been investigated using various methods, such as the
NikiforovÄUvarov (NU) method [16], supersymmetric quantum mechanics (SUSYQM) [17],
and others [18]. On the other hand, we are now almost sure that the spin and pseudospin
symmetries of the Dirac equation play a signiˇcant role in nuclear and hadronic spec-
troscopy [19, 20]. The tensor interaction has attracted a great attention as it removes the
degeneracy between the doublets [20]. In most of studies, due to the mathematical struc-
ture of the problem, the tensor interaction is considered as the Coulomb-like [19, 20] or
Cornell interaction. Hassanabadi et al. were the ˇrst who introduced the Yukawa tensor
interaction [21]. The investigation has shown that tensor interaction removes the degeneracy
between two states in the pseudospin and spin doublets. The effect of tensor coupling under
spin and pseudospin symmetries has been studied only for the Coulomb-like interaction until
recently that Hassanabadi et al. [21] introduced the Yukawa tensor interaction.

In the present study, we obtain the approximate analytical solutions of the Dirac equation
for the scalar and vector Schiéoberg and ManningÄRosen potentials together with the Coulomb-
like tensor (CLT), Yukawa-like tensor (YLT) and generalized tensor (GLT) potentials within
the framework of spin and pseudospin symmetry limits.

The paper is organized as follows. In Sec. 1, we review the NU method. Section 2 is
devoted to the Dirac equation for spin and pseudospin symmetries. We present the solutions
of the Dirac equation under the Coulomb tensor interaction in Sec. 3. Solutions of the Dirac
equation under the Yukawa tensor interaction are presented in Secs. 4 and 5. Special case of
the potential is discussed in Sec. 6. Finally, we give a brief conclusion.

1. THE NIKIFOROVÄUVAROV METHOD

The NU method can solve the second-order differential equation of the form [16]:

ψ′′
n (s) +

τ̃ (s)
σ (s)

ψ′
n (s) +

σ̃ (s)
σ2 (s)

ψn (s) = 0, (1)

where σ (s) and σ̃ (s) are polynomials, at most of the second degree, and τ̃ (s) is the ˇrst-
degree polynomial. To make the application of the NU method simpler and more direct, we
introduce a more compact presentation of the idea. In order to do this, we rewrite Eq. (1) as
follows [22]:

ψ′′
n (s) +

(
c1 − c2s

s (1 − c3s)

)
ψ′

n (s) +

(
−ξ1s

2 + ξ2s − ξ3

s2 (1 − c3s)
2

)
ψn (s) = 0, (2)

in which
ψn(s) = φ(s)yn(s). (3)

Comparing Eq. (1) with Eq. (2), we obtain the following identiˇcations:

τ̃ (s) = c1 − c2s, σ (s) = s (1 − c3s) , σ̃ (s) = −ξ1s
2 + ξ2s − ξ3. (4)
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Following the NU method, we obtain the following required parameters:
(i) The relevant constant

c4 =
1
2

(1 − c1) , c5 =
1
2

(c2 − 2c3) , c6 = c2
5 + ξ1,

c7 = 2c4c5 − ξ2, c8 = c2
4 + ξ3, c9 = c3c7 + c2

3c8 + c6,

(5)
c10 = c1 + 2c4 + 2

√
c8, c11 = c2 − 2c5 + 2 (

√
c9 + c3

√
c8) , c12 = c4 +

√
c8,

c13 = c5 − (
√

c9 + c3
√

c8) .

(ii) The essential polynomial functions

π (s) = c4 + c5s − [(
√

c9 + c3
√

c8) s −√
c8 ] , (6)

k = − (c7 + 2c3c8) − 2
√

c8c9, (7)

τ (s) = c1 + 2c4 − (c2 − 2c5) s − 2 [(
√

c9 + c3
√

c8) s −√
c8 ] , (8)

τ ′ (s) = −2c3 − 2 (
√

c9 + c3
√

c8) < 0. (9)

(iii) The energy equation

c2n− (2n + 1) c5 +(2n + 1) (
√

c9 + c3
√

c8)+n (n − 1) c3 + c7 +2c3c8 +2
√

c8c9 = 0. (10)

(iv) The wave functions

ρ (s) = sc10 (1 − c3s)
c11 , (11)

φ (s) = sc12 (1 − c3s)
c13 , c12 > 0, c13 > 0, (12)

yn (s) = P (c10,c11)
n (1 − 2c3s), c10 > −1, c11 > −1, (13)

ψnκ (s) = Nnκsc12 (1 − c3s)
−c12− c13

c3 P

(
c10−1,

c11
c3

−c10−1
)

n (1 − 2c3s), (14)

where P
(μ,ν)
n (x), μ > −1, ν > −1, and x ∈ [−1, 1] are the Jacobi polynomials with

P (α,β)
n (1 − 2s) =

(α + 1)n

n! 2F1(−n, 1 + α + β + n; α + 1; s), (15)

and Nnκ is the normalization constant. Also, the above wave functions can be expressed in
terms of the hypergeometric function via

ψnκ (s) = Nnκsc12 (1 − c3s)
c13

2F1(−n, 1 + c10 + c11 + n; c10 + 1; c3s), (16)

where c12 > 0, c13 > 0 and s ∈ [0, 1/c3], c3 �= 0.



790 Ikot A. N. et al.

2. THEORY OF THE DIRAC EQUATION

The Dirac equation for spin-1/2 particles moving in an attractive scalar potential S(r), a re-
pulsive vector potential V (r) and a tensor potential U(r) in the relativistic unit
(� = c = 1) is

[α · p + β(M + S(r)) − iβα · r̂U(r)] ψ(r) = [E − V (r)] ψ(r), (17)

where E is the relativistic energy of the system; p = −i∇ is the three-dimensional momentum
operator and M is the mass of the fermionic particle. α, β are the 4×4 Dirac matrices given as

α =
(

0 σi

σi 0

)
, β =

(
I 0
0 −I

)
, (18)

where I is the 2 × 2 unitary matrix and σi are the Pauli three-vector matrices:

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (19)

The eigenvalues of the spin-orbit coupling operator are κ=
(

j +
1
2

)
�0, κ=−

(
j +

1
2

)
≺0

for the unaligned j = l−1
2

and the aligned j = l+
1
2

spin, respectively. The set
(
H, K, J2, Jz

)
forms a complete set of conserved quantities. Thus, we can write the spinors as

ψnκ(r) =
1
r

(
Fnκ(r)Y l

jm(θ, ϕ)
iGnκ(r)Y l̃

jm(θ, ϕ)

)
, (20)

where Fnκ(r), Gnκ(r) represent the upper and lower components of the Dirac spinors.

Y l
jm(θ, ϕ), Y l̃

jm(θ, ϕ) are the spin and pseudospin spherical harmonics and m is the projection
on the z-axis. Using the well-known identities,

(σ ·A)(σ ·B) = A ·B + iσ · (A ·B), σ · p = σ · r̂
(

r̂ · p + i
σ · L

r

)
, (21)

as well as the relations

(σ · L)Y l̃
jm(θ, ϕ) = (κ − 1)Y l̃

jm(θ, ϕ),

(σ · L)Y l
jm(θ, ϕ) = −(κ − 1)Y l

jm(θ, ϕ),

(σ · r̂)Y l
jm(θ, ϕ) = −Y l̃

jm (θ, ϕ),

(σ · r̂)Y l̃
jm(θ, ϕ) = −Y l

jm (θ, ϕ),

(22)

we ˇnd the following two coupled ˇrst-order Dirac equations:(
d

dr
+

κ

r
− U(r)

)
Fnκ(r) = (M + Enκ − Δ(r)) Gnκ(r), (23)(

d

dr
− κ

r
+ U(r)

)
Gnκ(r) = (M − Enκ + Σ(r)) Fnκ(r), (24)
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where

Δ(r) = V (r) − S(r), (25)

Σ(r) = V (r) + S(r). (26)

Eliminating Fnκ(r) and Gnκ(r) in Eqs. (23) and (24), we obtain the second-order Schréodinger-
like equation

⎡
⎢⎢⎢⎢⎣

d2

dr2
− κ(κ + 1)

r2
+

2κU(r)
r

− dU(r)
dr

− U2(r) − (M + Enκ − Δ(r))

(M − Enκ + Σ(r)) +

dΔ(r)
dr

(
d

dr
+

κ

r
− U(r)

)
(M + Enκ − Δ(r))

⎤
⎥⎥⎥⎥⎦Fnκ(r) = 0,

(27)⎡
⎢⎢⎢⎢⎣

d2

dr2
− κ(κ − 1)

r2
+

2κU(r)
r

+
dU(r)

dr
− U2(r) − (M + Enκ − Δ(r))

(M − Enκ + Σ(r)) +

dΣ(r)
dr

(
d

dr
− κ

r
+ U(r)

)
(M − Enκ + Σ(r))

⎤
⎥⎥⎥⎥⎦Gnκ(r) = 0,

(28)
where κ(κ − 1) = l̃(l̃ + 1) and κ(κ + 1) = l(l + 1).

3. PSEUDOSPIN AND SPIN SYMMETRY LIMITS UNDER CLT INTERACTION

In this section, we intend to investigate the Dirac equation with the Schiéoberg and
ManningÄRosen potentials in the presence of the Coulomb-like tensor interactions.

3.1. Pseudospin Symmetry in the Dirac Equation with CLT Interaction. The pseudospin
symmetry occurs in the Dirac equation when dΣ(r)/dr = 0 or equivalently Σ(r) = Cps =
const. To investigate the approximate analytical solution of the Schiéoberg and ManningÄ
Rosen potentials, we deˇne the ManningÄRosen potential [7] and the Schiéoberg potential [23],
respectively, as

ṼSc = D0 (1 − σ coth (βr)) + D1 (1 − σ coth (βr))2 =

= D0

(
D2 + D3 e−2βr

1 − e−2βr

)
+ D1

(
D2 + D3 e−2βr

1 − e−2βr

)2

, (29)

ṼMR =
�

2

2Mb2

(
α(α − 1) e−4βr

(1 − e−2βr)2
− A e−2βr

1 − e−2βr

)
, (30)

where A and α are two constants and the parameter β characterizes the range of the potential.
D1, σ and D2 = (1 − σ), D3 = (1 + σ) are some parameters representing the molecular
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properties [24]. We consider the sum of the scalar and vector potentials as

Δ(r) = ṼSc + ṼMR = D0

(
D2 + D3 e−2βr

1 − e−2βr

)
+ D1

(
D2 + D3 e−2βr

1 − e−2βr

)2

+

+
�

2

2Mb2

(
α(α − 1) e−4βr

(1 − e−2βr)2
− A e−2βr

1 − e−2βr

)
(31)

in addition to the Coulomb tensor interaction term [25],

U(r) = −Hc

r
, r � Re, (32)

with

H =
zazb e2

4πε0
, (33)

where Re is the Coulomb radius, za and zb denote the charges of the projectile a and the
target nuclei b, respectively.

Substituting the above equations into Eq. (28) yields

{
d2

dr2
− δ

r2
− ε2

ps + βps

[
D0

(
D2 + D3 e−2βr

1 − e−2βr

)
+ D1

(
D2 + D3 e−2βr

1 − e−2βr

)2
]}

Gps
n,κ(r)+

+ βps

(
�

2

2Mb2

[
α(α − 1) e−4βr

(1 − e−2βr)2
− A e−2βr

1 − e−2βr

])
Gps

n,κ = 0, (34)

where

δ = (κ(κ−1)+2κHc+H2
c −Hc) = (κ+Hc)(κ+Hc−1) = ηκ(ηκ−1) → ηκ = (κ+Hc), (35)

ε2
ps =

(
M + Eps

n,κ

) (
M − Eps

n,κ + Cps

)
, (36)

βps =
(
M − Eps

n,κ + Cps

)
. (37)

It is well known that the above equation cannot be solved exactly due to the centrifugal
term r−2. In order to get rid of the centrifugal term, we make use of the following approxi-
mation [26]:

1
r2

≈ 4β2 e−2βr

(1 − e−2βr)2
. (38)

Substituting Eq. (38) into Eq. (34) in view of the transformation, y = e−2βr, yields

d2Gps
n,κ

dr2
+

(1 − s)
s (1 − s)

dGps
n,κ

dr
+

1

s2 (1 − s)2
(
−ρps

1 s2 + ρps
2 s − ρps

3

)
Gps

n,κ = 0, (39)
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where

ρps
1 =

(
ε2
ps

4β2
+

βpsD0D3

4β2
− βpsD1D

2
3

4β2
− βps�

2α(α − 1)
8β2Mb2

− βps�
2A

8β2Mb2

)
, (40)

ρps
2 =

(
ε2
ps

2β2
+

βpsD0(D3 − D2)
4β2

+
βpsD1D2D3

2β2
− δ +

βps�
2A

8β2Mb2

)
, (41)

ρps
3 =

(
ε2
ps

4β2
− βpsD0D2

4β2
− βpsD1D

2
2

4β2

)
. (42)

3.2. Spin Symmetry in the Dirac Equation with CLT Interaction. In the spin symmetry
limit case, we use the following scalar, vector and tensor potentials:

Σ(r) = D0

(
D2 + D3 e−2βr

1 − e−2βr

)
+ D1

(
D2 + D3 e−2βr

1 − e−2βr

)2

+

+
�

2

2Mb2

(
α(α − 1) e−4βr

(1 − e−2βr)2
− A e−2βr

1 − e−2βr

)
, (43)

Δ(r) = Cs, U(r) = −Hc

r
.

Substituting Eq. (43) into Eq. (27) yields,{
d2

dr2
− ηκ(ηκ − 1)

r2
− ε2

s − βs

[
D0

(
D2 + D3 e−2βr

1 − e−2βr

)
+ D1

(
D2 + D3 e−2βr

1 − e−2βr

)2
]}

×

× F s
n,κ(r) − βs

[
�

2

2Mb2

(
α(α − 1) e−4βr

(1 − e−2βr)2
− A e−2βr

1 − e−2βr

)]
F s

nκ(r) = 0, (44)

where

γ = κ(κ + 1) + 2κHc + Hc + H2
c =

= (κ + Hc) (κ + Hc + 1) = ηκ(ηκ − 1) → ηκ = (κ + H + 1), (45)

ε2
s =
(
M − Es

n,κ

) (
M + Es

n,κ − Cs

)
, βs =

(
M + Es

n,κ − Cs

)
.

By using the approximation of Eq. (38) for the centrifugal term in Eq. (44), we obtain the
following second-order differential equation, in view of the z = e−2αr transformation,

d2F s
n,κ

dr2
+

(1 − z)
z(1 − z)

dF s
n,κ

dr
+

1
z2(1 − z)2

(
−ρs

1z
2 + ρs

2z − ρs
3

)
F s

n,κ(z) = 0, (46)

where

ρs
1 =
(

ε2
s

4β2
+

βsD1D
2
3

4β2
− βsD0D3

4β2
+

βs�
2α(α − 1)

8β2Mb2
+

βs�
2A

8β2Mb2

)
, (47)

ρs
2 =
(

2ε2
s

4β2
− βsD0(D3 − D2)

4β2
− 2βsD1D2D3

4β2
− βs�

2A

8β2Mb2
− γ

4

)
, (48)

ρs
3 =
(

2ε2
s

4β2
+

βsD0D2

4β2
+

βsD1D
2
2

4β2

)
. (49)
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3.3. Pseudospin and Spin Symmetry Solutions with CLT Interaction. We will solve the
solutions of Eqs. (39) and (46) by using the parametric generalization of the NU method in
the subsequent subsection.

3.3.1. Pseudospin Symmetry Solution with CLT Interaction. Now, comparing Eq. (2) with
Eq. (39), we obtain

c1 = 1, c2 = 1, c3 = 1, ξ1 = ρps
1 , ξ2 = ρps

2 , ξ3 = ρps
3 . (50)

Other parameters can be obtained from Eq. (5) as

c4 = 0, c5 = −1
2
, c6 =

1
4

+ ρps
1 , c7 = −ρps

2 ,

c8 = ρps
3 , c9 =

1
4

+ ρps
1 + ρps

3 − ρps
2 , c10 = 1 + 2

√
ρps
3 ,

(51)
c11 = 2 + 2

[√
1
4

+ ρps
1 + ρps

3 − ρps
2 +

√
ρps
3

]
, c12 =

√
ρps
3 ,

c13 = −1
2
−
(√

1
4

+ ρps
1 + ρps

3 − ρps
2 +

√
ρps
3

)
.

Substituting Eqs. (50) and (51) into Eq. (10) yields

n2 +
(

n +
1
2

)
+ (2n + 1)

(√
1
4

+ ρps
1 + ρps

3 − ρps
2 +

√
ρps
3

)
−

− ρps
2 + 2ρps

3 + 2

√
ρps
3

(
1
4

+ ρps
1 + ρps

3 − ρps
2

)
= 0. (52)

From Eqs. (14) and (15) the lower component of the wave functions is as follows:

Gps
n,κ(r) = Nps

n,κ e−2β
√

ρps
3 r×

×
(
1 − e−2βr

) 1
2+

√
1
4+ρps

1 +ρps
3 −ρps

2 P

(
2
√

ρps
3 ,2

√
1
4 +ρps

1 +ρps
3 −ρps

2

)

n (1 − 2 e−2βr) (53)

and the other component of the wave function can be obtained as

F ps
n,κ(r) =

1
M − Eps

n,κ + Cps

(
d

dr
− κ

r
− H

r

)
Gps

n,κ(r), (54)

where Nps
n,κ is the normalization constant and Eps

n,κ �= M + Cps.
3.3.2. Spin Symmetry Solution with CLT Interaction. Applying the same procedure to

Eq. (46) for the spin symmetry limits, the energy eigenvalues equation and the correspond-
ing upper wave function of the Dirac theory for the combined generalized Schiéoberg and
ManningÄRosen potentials in the presence of the Coulomb tensor interaction are obtained as

n2 +
(

n +
1
2

)
+ (2n + 1)

(√
1
4

+ ρs
1 + ρs

3 − ρs
2 +
√

ρs
3

)
−

− ρs
2 + 2ρs

3 + 2

√
ρs
3

(
1
4

+ ρs
1 + ρs

3 − ρs
2

)
= 0, (55)
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F s
n,κ(r) = Ns

n,κ e−2β
√

ρs
3r×

×
(
1 − e−2βr

) 1
2+

√
1
4 +ρs

1+ρs
3−ρs

2 P

(
2
√

ρs
3,2

√
1
4+ρs

1+ρs
3−ρs

2

)

n (1 − 2 e−2βr), (56)

where Ns
n,κ is the normalization constant.

The other component of the Dirac spinor can be found as

Gs
n,κ(r) =

1
M + Es

n,κ − Cs

(
d

dr
+

κ

r
+

H

r

)
F s

n,κ(r). (57)

4. PSEUDOSPIN AND SPIN SYMMETRY LIMITS UNDER YLT INTERACTION

In the following section, we intend to investigate the Dirac equation with the Schiéoberg and
ManningÄRosen potentials in the presence of the Yukawa-like tensor interactions. The present
Yukawa potential as the tensor term in the Dirac equation also removes the degeneracies in
addition to the Coulomb tensor interaction. Therefore, it is necessary to investigate this
potential model with the Yukawa potential as tensor interaction term.

4.1. Pseudospin Symmetry in the Dirac Equation with YLT Interaction. The pseudospin
symmetry occurs in the Dirac theory as dΣ(r)/dr = 0 or equivalently Σ(r) = Cps = const.
In order to ˇnd the approximate analytical solution of the Dirac equation under the pseudospin
symmetry limit, we take the difference of the scalar and vector potentials as the combined
generalized Schiéoberg and ManningÄRosen potentials

Δ(r) = D0

(
D2 + D3 e−2βr

1 − e−2βr

)
+ D1

(
D2 + D3 e−2βr

1 − e−2βr

)2

+

+
�

2

2Mb2

(
α(α − 1) e−4βr

(1 − e−2βr)2
− A e−2βr

1 − e−2βr

)
(58)

in addition to the Yukawa tensor interaction

U(r) = −VY e−βr

r
, (59)

where VY is the Yukawa parameter. Inserting Eqs. (58) and (59) into Eq. (28) yields

{
d2

dr2
− κ(κ − 1)

r2
− 2κVY e−βr

r2
+

βVY e−βr

r
+

VY e−βr

r2
− V 2

Y e−2βr

r2

}
Gps

n,κ(r)+

+

{
−ε2

ps + βps

[
D0

(
D2 + D3 e−2βr

1 − e−2βr

)
+ D1

(
D2 + D3 e−2βr

1 − e−2βr

)2

+

+
�

2

2Mb2

(
α(α − 1) e−4βr

(1 − e−2βr)2
− A e−2βr

1 − e−2βr

)]}
Gps

n,κ(r) = 0, (60)

where ε2
ps =

(
M + Eps

n,κ

) (
M − Eps

n,κ + Cps

)
and βps =

(
M − Eps

n,κ + Cps

)
.
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Again Eq. (60) cannot be solved exactly by any known method because of the centrifugal
term 1/r2. In order to get the approximate solution of Eq. (60), we use Eq. (38) and the
following approximation [27]:

1
r2

≈ 4β2 e−βr

(1 − e−2βr)2
. (61)

Substituting Eq. (61) into Eq. (60) and applying the transformation s = e−2βr, we get

dGps
n,κ

ds2
+

(1 − s)
s(1 − s)

dGps
n,κ

ds
+

1
s2 (1 − s)2

(
−γps

1 s2 + γps
2 s − γps

3

)
Gps

n,κ(s) = 0, (62)

where

γps
1 =

(
ε2
ps

4β2
+ VY

(
VY +

1
2

)
+

βpsD0D3

4β2
− βpsD1D

2
3

4β2
−

− βps�
2A

8β2Mb2
− βps�

2α(α − 1)
8β2Mb2

)
, (63)

γps
2 =

(
−κ(κ − 1) −

(
2κ − 3

2

)
VY +

+
ε2
ps

2β2
+

βpsD0(D3 − D2)
4β2

+
βpsD1D2D3

2β2
− βps�

2A

8β2Mb2

)
, (64)

γps
3 =

(
ε2
ps

4α2
− βpsD0D2

4β2
− βpsD1D

2
2

4β2

)
. (65)

4.2. Spin Symmetry in the Dirac Equation with YLT. In the spin symmetry limit case,
we use the following scalar, vector and tensor potentials:

Δ(r) = Cs, Σ(r) = D0

(
D2 + D3 e−2βr

1 − e−2βr

)
+

+ D1

(
D2 + D3 e−2βr

1 − e−2βr

)2

+
�

2

2Mb2

(
α(α − 1) e−4βr

(1 − e−2βr)2
− A e−2βr

1 − e−2βr

)
, (66)

U(r) = −VY e−αr

r
, (67)

which transform Eq. (27) into the form

d2F s
n,κ

dr2
+

(1 − s)
s(1 − s)

dF s
n,κ

dr
+

1
s2(1 − s)2

(
−σs

1s
2 + σs

2s − σs
3

)
F s

n,κ(s) = 0, (68)
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where

σs
1 =

(
ε2

s

4β2
+ VY

(
VY − 1

2

)
− βsD0D3

4β2
+

+
βsD1D

2
3

4β2
+

�
2βsα(α − 1)
8β2Mb2

+
�

2βsA

8β2Mb2

)
, (69)

σs
2 =

(
2ε2

s

4β2
− κ(κ + 1) −

(
2κ +

3
2

)
VY −

−βsD0(D3 − D2)
4β2

− βsD1D2D3

2β2
+

�
2βsA

8β2Mb2

)
, (70)

σs
3 =

(
ε2

s

4β2
+

βsD0D2

4β2
+

βsD1D
2
2

4β2

)
. (71)

5. PSEUDOSPIN AND SPIN SYMMETRY SOLUTIONS WITH YLT

In this section, we intend to investigate the solutions of Eqs. (63) and (68) for pseudospin
and spin symmetry using the parametric generalization of the NU method.

5.1. Pseudospin Symmetry Solution. Comparing Eqs. (63) and (2), we obtain

c1 = 1, c2 = 1, c3 = 1, ξ1 = γps
1 , ξ2 = γps

2 , ξ3 = γps
3 (72)

and other parameters are obtained as follows:

c4 = 0, c5 = −1
2
, c6 =

1
4

+ γps
1 , c7 = −γps

2 ,

c8 = γps
3 , c9 =

1
4

+ γps
1 + γps

3 − γps
2 ,

(73)
c10 = 1 + 2

√
γps
3 , c11 = 2 + 2

(√
1
4

+ γps
1 + γps

3 − γps
2 +

√
γps
3

)
,

c12 =
√

γps
3 , c13 = −1

2
−
(√

1
4

+ γps
1 + γps

3 − γps
2 +

√
γps
3

)
.

Substituting Eqs. (72) and (73) into Eq. (10) gives the energy eigenvalues as

n(n + 1) +
1
2

+ (2n + 1)

(√
1
4

+ γps
1 + γps

3 − γps
2 +

√
γps
3

)
−

− γps
2 + 2γps

3 + 2

√
−γps

3 γps
2 + (γps

3 )2 + γps
1 γps

3 +
γps
3

4
= 0. (74)

From Eq. (14) the lower and upper components of the wave function are obtained as follows:

Gps
n,κ(r) = Nps′

n,κ e−2β
√

γps
3 r×

×
(
1 − e−2βr

) 1
2+

√
1
4+γps

1 +γps
3 −γps

2 P

(
2
√

γps
3 ,2

√
1
4+γps

1 +γps
3 −γps

2

)

n (1 − 2 e−2βr), (75)
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F ps
n,κ(r) =

1
M − Eps

n,κ + Cps

(
d

dr
− κ

r
+ U(r)

)
Gps

n,κ(r), (76)

where Eps
n,κ �= M + Cps.

5.2. Spin Symmetry Solution. Also, comparing Eqs. (68) and (2), we obtained

c1 = 1, c2 = 1, c3 = 1, ξ1 = σs
1, ξ2 = σs

2, ξ3 = σs
3. (77)

From Eq. (5) other parameters are obtained as follows:

c4 = 0, c5 = −1
2
, c6 =

1
4

+ σs
1, c7 = −σs

2, c8 = σs
3,

c9 =
1
4

+ σs
1 + σs

3 − σs
2, c10 = 1 + 2

√
σs

3,

(78)
c11 = 2 + 2

(√
1
4

+ σs
1 + σs

3 − σs
2 +
√

σs
3

)
, c12 =

√
σs

3,

c13 = −1
2
−
(√

1
4

+ σs
1 + σs

3 − σs
2 +
√

σs
3

)
.

Substituting Eqs. (77) and (78) into Eq. (10) gives the energy eigenvalues as

n(n + 1) +
1
2

+ (2n + 1)

(√
1
4

+ σs
1 + σs

3 − σs
2 +
√

σs
3

)
−

− σs
2 + 2σs

3 + 2

√
σs

3

(
1
4

+ σs
1 + σs

3 − σs
2

)
= 0. (79)

Finally, we obtain the upper and lower wave functions as

F s
n,κ(r) = Ns′

n,κ e−2β
√

σs
3r
(
1 − e−2βr

) 1
2+

√
1
4+σs

1+σs
3−σs

2 ×

× P

(
2
√

σs
3,2

√
1
4+σs

1+σs
3−σs

2

)

n (1 − 2 e−2βr), (80)

Gs
n,κ(r) =

1
M + Es

n,κ − Cs

(
d

dr
+

κ

r
− U(r)

)
F s

n,κ(r). (81)

6. PSEUDOSPIN AND SPIN SYMMETRY LIMITS UNDER GLT INTERACTION

In the following section, we intend to investigate the Dirac equation with the Schiéoberg and
ManningÄRosen potentials in the presence of GLT interactions. The present GLT potential
as the tensor term in the Dirac equation also removes the degeneracies in addition to the
Coulomb-like and Yukawa-like tensor interactions. Thus, it is pertinent to investigate this
potential under consideration with GLT as interaction term.
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6.1. Pseudospin Symmetry in the Dirac Equation with GLT. The pseudospin symmetry
occurs in the Dirac theory as dΣ(r)/dr = 0 or equivalently Σ(r) = Cps = const. In order to
ˇnd the approximate analytical solution of the Dirac equation under the pseudospin symmetry
limit, we take the difference of the scalar and vector potentials as the combined Schiéoberg
and ManningÄRosen potentials

Δ(r) = D0

(
D2 + D3 e−2βr

1 − e−2βr

)
+ D1

(
D2 + D3 e−2βr

1 − e−2βr

)2

+

+
�

2

2Mb2

[
α(α − 1) e−4βr

(1 − e−2βr)2
− A e−2βr

1 − e−2βr

]
. (82)

In addition, we proposed a novel generalized tensor interaction of the form

U(r) = − (UC(r) + UY (r)) , (83)

where, UC(r) and UY (r) are the Coulomb-like and Yukawa-like potentials deˇned as

UC(r) = −Hc

r
, UY (r) = −VY

e−βr

r
. (84)

If we identify UC(r) as the standard Coulomb potential, the potential parameter Hc is the
Coulomb parameter and VY is the Yukawa parameter.

Substituting Eq. (84) into Eq. (83), we obtained our proposed Generalized Tensor Interac-
tion (GTI) as

U(r) = −1
r

(
Hc + VY e−βr

)
. (85)

Substituting the above equations into Eq. (28) yields[
d2

dr2
− κ(κ − 1)

r2
− 2κHc

r2
+

Hc

r2
− H2

c

r2
−
(
M + Eps

n,κ

) (
M − Eps

n,κ + Cps

)]
Gps

n,κ(r)×

×
(
−2VY κ e−βr

r2
+

βVY e−βr

r
+

VY e−βr

r2
− 2HcVY e−βr

r2
− V 2

Y e−2βr

r2

)
Gps

nκ(r)+

+
(
M − Eps

n,κ + Cps

)
⎡
⎢⎢⎢⎣
D0

(
D2 + D3 e−2βr

1 − e−2βr

)
+ D1

(
D2 + D3 e−2βr

1 − e−2βr

)2

+

�
2

2Mb2

(
α(α − 1) e−4βr

(1 − e−2βr)2
− A e−2βr

1 − e−2βr

)
⎤
⎥⎥⎥⎦Gps

n,κ(r) = 0.

(86)

It is well known that the above equation cannot be solved exactly due to the centrifugal
term r−2. In order to get rid of the centrifugal term, we make use of Eq. (38) and Eq. (61).

By using approximation (38) for
(κ(κ − 1)

r2
,
2κHc

r2
,
Hc

r2
,
H2

c

r2
,
βV0 e−αr

r
and

V 2
Y e−2βr

r2

)
, and

approximation (61) for
(2VY κ e−βr

r2
,
VY e−βr

r2
and

2HcVY e−βr

r2

)
, as well as applying the

transformation s = e−2βr, we obtain

d2Gps
n,κ

ds2
+

(1 − s)
s (1 − s)

dGps
n,κ

dr
+

1

s2 (1 − s)2
[
−χps

1 s2 + χps
2 s − χps

3

]
Gps

n,κ = 0, (87)
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where

χps
1 =

ε2
ps

4β2
+

βpsD0D3

4β2
− βpsD1D

2
3

4β2
+ VY

(
VY +

1
2

)
− �

2βpsα(α − 1)
8Mb2β2

− �
2βpsA

8Mb2β2
, (88)

χps
2 =

2ε2
ps

4β2
+

2βpsD1D2D3

4β2
+

βpsD0(D3 − D2)
4β2

−

− �
2βpsA

8Mb2β2
− VY

(
2κ + 2Hc −

3
2

)
− ηκ(ηκ − 1), (89)

χps
3 =

ε2
ps

4β2
− βpsD0D2

4β2
− βpsD1D

2
2

4β2
, (90)

ε2
ps = M2 − E2

nκ + (M + Enκ)Cps, (91)

βps = (M − Enκ + Cps), (92)

H2 + 2κHc + κ(κ − 1) − Hc = ηκ(ηκ − 1) → ηκ = (κ + Hc). (93)

6.2. Spin Symmetry in the Dirac Equation with GLT. In the spin symmetry limit
condition, we take the sum potential Σ(r) as the hyperbolical potential, the difference potential
Δ(r) as the constant and the tensor potential U(r) as the GTI term. Thus, we have the
following:

Σ(r) = D0

(
D2 + D3 e−2βr

1 − e−2βr

)
+ D1

(
D2 + D3 e−2βr

1 − e−2βr

)2

+

+
�

2

2Mb2

(
α(α − 1) e−4βr

(1 − e−2βr)2
− A e−2βr

1 − e−2βr

)
, Δ(r) = Cs,

U(r) = −1
r

(
Hc + VY e−αr

)
.

(94)

Substituting Eq. (94) into Eq. (27) yields⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d2

dr2
− κ(κ + 1)

r2
− 2κHc

r2
− Hc

r2
− H2

c

r2
− (M + Enκ − Cs) (M − Enκ)−

− (M + Enκ − Cs)

[
D0

(
D2 + D3 e−2βr

1 − e−2βr

)
+ D1

(
D2 + D3 e−2βr

1 − e−2βr

)2

+

+
�

2

2Mb2

(
α(α − 1) e−4βr

(1 − e−2βr)2
− A e−2βr

1 − e−2βr

)]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

F s
n,κ(r)−

−
(

2κVY e−βr

r2
+

βVY e−βr

r
+

VY e−βr

r2
+

2HcVY e−βr

r2
+

V 2
Y e−2βr

r2

)
F s

nκ(r) = 0.

(95)

By using approximation (38) for
(κ(κ + 1)

r2
,
2κHc

r2
,
Hc

r2
,
H2

c

r2
,
βVY e−βr

r
and

V 2
Y e−2βr

r2

)
,

and approximation (62) for
(2VY κ e−βr

r2
,
VY e−βr

r2
and

2HcVY e−βr

r2

)
, the above second-order
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differential equation via the transformation y = e−2βr appears as

d2F s
n,κ

dy2
+

(1 − y)
y(1 − y)

dF s
n,κ

dy
+

1
y2(1 − y)2

(
−fs

1y2 + fs
2y − fs

3

)
F s

n,κ(y) = 0, (96)

where

fs
1 =

ε2
s

4β2
+

βsD1D
2
3

4β2
− βsD0D3

4β2
+ VY

(
VY − 1

2

)
+

�
2βsα(α − 1)
8Mb2β2

+
�

2βsA

8Mb2β2
, (97)

fs
2 =

2ε2
s

4β2
− 2βsD1D2D3

4β2
− βsD0(D3 − D2)

4β2
+

+
�

2βsA

8Mb2β2
− VY

(
2κ + 2Hc +

3
2

)
− Λκ(Λκ − 1), (98)

fs
3 =

ε2
s

4β2
+

βsD1D
2
2

4β2
+

βsD0D2

4β2
, (99)

ε2
s = M2 − (Es

nκ)2 + (Es
nκ − M)Cs, (100)

βs = (M + Es
nκ − Cs), (101)

H2 + 2κHc + κ(κ − 1) + Hc = Λκ(Λκ − 1) → Λκ = (κ + Hc + 1). (102)

6.3. Pseudospin and Spin Symmetry Solutions. We will solve Eqs. (87) and (96) by using
the parametric generalization of the NU method in the subsequent subsection.

6.4. Pseudospin Symmetry Solution. Now, comparing Eq. (2) with Eq. (89), we obtain

c1 = 1, c2 = 1, c3 = 1, ξ1 = χps
1 , ξ2 = χps

2 , ξ3 = χps
3 . (103)

Other parameters can be obtained from Eq. (5) as

c4 = 0, c5 = −1
2
, c6 =

1
4

+ χps
1 , c7 = −χps

2 ,

c8 = χps
3 , c9 =

1
4

+ χps
1 + χps

3 − χps
2 , c10 = 1 + 2

√
χps

3 ,

(104)
c11 = 2 + 2

(√
1
4

+ χps
1 + χps

3 − χps
2 +

√
χps

3

)
, c12 =

√
χps

3 ,

c13 = −1
2
−
(√

1
4

+ χps
1 + χps

3 − χps
2 +

√
χps

3

)
.

Substituting Eqs. (103) and (104) into Eq. (10) yields

n2 +
(

n +
1
2

)
+ (2n + 1)

(√
1
4

+ χps
1 + χps

3 − χps
2 +

√
χps

3

)
− χps

2 + 2χps
3 +

+ 2

√
χps

3

(
1
4

+ χps
1 + χps

3 − χps
2

)
= 0. (105)
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This equation determines the energy eigenvalues. From Eqs. (14) and (15) the lower
component of the wave functions is as follows:

Gps
n,κ(r) = Nps

n,κ e−2β
√

χps
3 r×

×
(
1 − e−2βr

) 1
2+

√
1
4+χps

1 +χps
3 −χps

2 P

(
2
√

χps
3 ,2

√
1
4 +χps

1 +χps
3 −χps

2

)

n (1 − 2 e−2βr) (106)

and the other component of the wave function can be obtained as

F ps
n,κ(r) =

1
M − Eps

n,κ + Cps

(
d

dr
− κ

r
+ U(r)

)
Gps

n,κ(r), (107)

where Nps
n,κ is the normalization constant and Eps

n,κ �= M + Cps.

6.5. Spin Symmetry Solution. We applied the same procedure of Eq. (87) to Eq. (96)
for the spin symmetry limits to avoid repetition. The energy eigenvalues equation and the
corresponding upper wave function of the Dirac theory for the Schiéoberg and ManningÄRosen
potentials in the presence of generalized tensor interaction are obtained as

n2 +
(

n +
1
2

)
+ (2n + 1)

(√
1
4

+ fs
1 + fs

3 − fs
2 +
√

fs
3

)
− fs

2 + 2fs
3+

+ 2

√
fs
3

(
1
4

+ fs
1 + fs

3 − fs
2

)
= 0, (108)

F s
n,κ(r) = Ns

n,κ e−2α
√

fs
3 r×

×
(
1 − e−2αr

) 1
2+

√
1
4+fs

1 +fs
3−fs

2 P

(
2
√

fs
3 ,2

√
1
4+fs

1 +fs
3−fs

2

)

n (1 − 2 e−2αr). (109)

Equation (109) determines the energy eigenvalues of the spin symmetry, and Ns
n,κ is the

normalization constant. The other component of the Dirac spinor can be found as

Gs
n,κ(r) =

1
M + Es

n,κ − Cs

(
d

dr
+

κ

r
− U(r)

)
F s

n,κ(r). (110)

7. NUMERICAL RESULTS

In this section, we discuss the effect of the tensor interactions on the wave functions and
energy of the Dirac equation. In our calculations, we have taken M = 5, β = 0.1, D0 = −1,
D1 = −0.5, D2 = −0.3, D3 = −0.9, α = 2, b = 1, A = −0.5, Cps = −5 for the pseudospin
symmetry limit and M = 5, β = 0.1, D0 = −1, D1 = −0.5, D2 = −0.3, D3 = 0.9, α = 2,
b = 1, A = −0.5, Cs = 5 for the spin symmetry limit.
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7.1. The Effect of the Coulomb-Like Tensor Interaction. To show the effect of the
Coulomb-like Tensor Interaction (CTI) on the energy eigenvalues and the wave functions
of the system, we have calculated numerical results for different states both in pseudospin
symmetry and spin symmetry limits in Tables 1 and 2, respectively. We can see that there
are degeneracies among energy levels in the absence of CTI such as (1p3/2, 0f5/2), (1s1/2,
0d3/2), . . . in pseudospin symmetry and (0p3/2, 0p1/2), (0d5/2, 0d3/2), . . . in the spin symmetry
limits and, when the CTI appears, these degeneracies remove. Figure 1 shows the effect of
CTI on the components of the Dirac spinors. The effect of the parameters H and β on the
energy of the pseudospin symmetry limits for 1p3/2, 0f5/2, 1d5/2, 0g7/2 and spin symmetry
limits for 0d5/2, 0d3/2, 0f7/2, 0f5/2 is plotted in Figs. 2 and 3. It is clear that when H = 0,
(1p3/2, 0f5/2) and (1d5/2, 0g7/2) ((0d5/2, 0d3/2) and (0f7/2, 0f5/2)) are degenerated in the
pseudospin symmetry (spin symmetry).

Table 1. The energy of the pseudospin symmetry in the presence and absence of CTI

l̃ n, κ State Eps
n,κ(Hc=0)

Eps
n,κ(Hc=0.5)

n − 1, κ State Eps
n,κ(Hc=0)

Eps
n,κ(Hc=0.5)

1 1, Ä1 1s1/2 Ä4.608653315 Ä4.600841083 0, 2 0d3/2 Ä4.608653315 Ä4.618940601

2 1, Ä2 1p3/2 Ä4.631144681 Ä4.618940601 0, 3 0f5/2 Ä4.631144681 Ä4.644655207

3 1, Ä3 1d5/2 Ä4.658858604 Ä4.644655207 0, 4 0g7/2 Ä4.658858604 Ä4.673175985

4 1, Ä4 1f7/2 Ä4.687088176 Ä4.673175985 0, 5 0h9/2 Ä4.687088176 Ä4.700148773

Table 2. The energy of the spin symmetry in the presence and absence of CTI

l n, κ State Es
n,κ(Hc=0) Es

n,κ(Hc=0.5) n, κ State Es
n,κ(Hc=0) Es

n,κ(Hc=0.5)

1 0, Ä2 0p3/2 4.789457980 4.621780059 0, 1 0p1/2 4.789457980 4.925299124

2 0, Ä3 0d5/2 5.027073504 4.925299124 0, 2 0d3/2 5.027073504 5.101155481

3 0, Ä4 0f7/2 5.154405031 5.101155481 0, 3 0f5/2 5.154405031 5.192262398

4 0, Ä5 0g9/2 5.218681837 5.192262398 0, 4 0g7/2 5.218681837 5.236461226

Fig. 1. Wave functions in the pseudospin and spin symmetry limits in the presence and absence of CTI
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Fig. 2. Energy spectra in the pseudospin and spin symmetries versus H for CTI

Fig. 3. Energy spectra in the pseudospin and spin symmetries versus β for CTI

7.2. The Effect of the Yukawa-Like Tensor Interaction. In Tables 3 and 4, the energy of
the Dirac equation in the absence and presence of the Yukawa-like Tensor Interaction (YTI)
is reported. It is obvious that when VY = 0.5, we have degeneracies between (1p3/2, 0d3/2),
(1d5/2, 0f5/2) and (0g7/2,1f7/2) in the pseudospin symmetry and between (0p1/2, 0d5/2),

Table 3. The energy of the pseudospin symmetry in the presence of YTI

l̃ n, κ State Eps
n,κ(VY =0.5) Eps

n,κ(VY =1) n − 1, κ State Eps
n,κ(VY =0.5) Eps

n,κ(VY =1)

1 1, Ä1 1s1/2 Ä4.598964392 Ä4.590151550 0, 2 0d3/2 Ä4.617230119 Ä4.626318669

2 1, Ä2 1p3/2 Ä4.617230119 Ä4.603198793 0, 3 0f5/2 Ä4.643186449 Ä4.654834634

3 1, Ä3 1d5/2 Ä4.643186449 Ä4.626318669 0, 4 0g7/2 Ä4.671989498 Ä4.683941811

4 1, Ä4 1f7/2 Ä4.671989498 Ä4.654834634 0, 5 0h9/2 Ä4.699256858 Ä4.709724270
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Table 4. The energy of the spin symmetry in the presence of YTI

l n, κ State Es
n,κ(VY =0.5) Es

n,κ(VY =1) n, κ State Es
n,κ(VY =0.5) Es

n,κ(VY =1)

1 0, Ä2 0p3/2 4.621780059 4.436480125 0, 1 0p1/2 4.925299124 5.021208859

2 0, Ä3 0d5/2 4.925299124 4.778475420 0, 2 0d3/2 5.101155481 5.151282885

3 0, Ä4 0f7/2 5.101155481 5.021208859 0, 3 0f5/2 5.192262398 5.217118910

4 0, Ä5 0g9/2 5.192262398 5.151282885 0, 4 0g7/2 5.236461226 5.246962866

Fig. 4. Wave functions in the pseudospin and spin symmetry limits in the presence and absence of YTI

Fig. 5. Energy spectra in the pseudospin and spin symmetries versus VY for YTI

(0d3/2, 0f7/2) and (0f5/2, 0g9/2) in the spin symmetry. For VY = 1 there are degeneracies
between (1d5/2, 0d3/2) and (0f5/2, 1f7/2) in the pseudospin symmetry and between (0p1/2,
0f7/2) and (0d3/2, 0g9/2) in the spin symmetry. For VY = 0, 0.5, 1 we have plotted the wave
functions of the pseudospin and spin symmetries of the Dirac equation in Fig. 4. To show the
effect of parameters VY and β on the energy of the system, we have presented Figs. 5 and 6.
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Fig. 6. Energy spectra in the pseudospin and spin symmetries versus β for YTI

Table 5. The energy of the pseudospin symmetry in the presence of GTI

l̃ n, κ State Eps
n,κ(Hc=VY =0.5) Eps

n,κ(Hc=VY =0.75) n − 1, κ State Eps
n,κ(Hc=VY =0.5) Eps

n,κ(Hc=VY =0.75)

1 1, Ä1 1s1/2 Ä4.594034713 Ä4.590651427 0, 2 0d3/2 Ä4.629547878 Ä4.641892062
2 1, Ä2 1p3/2 Ä4.606848084 Ä4.597311362 0, 3 0f5/2 Ä4.657527906 Ä4.670943114
3 1, Ä3 1d5/2 Ä4.629547878 Ä4.615723251 0, 4 0g7/2 Ä4.686048811 Ä4.698469156
4 1, Ä4 1f7/2 Ä4.657527906 Ä4.641892062 0, 5 0h9/2 Ä4.711241559 Ä4.721170141

Table 6. The energy of the spin symmetry in the presence of GTI

l n, κ State Es
n,κ(Hc=VY =0.5) Es

n,κ(Hc=VY =0.75) n, κ State Es
n,κ(Hc=VY =0.5) Es

n,κ(Hc=VY =0.75)

1 0, Ä2 0p3/2 4.455746153 4.370885519 0, 1 0p1/2 5.027073504 5.099553937
2 0, Ä3 0d5/2 4.789457980 4.616217022 0, 2 0d3/2 5.154405031 5.191426720
3 0, Ä4 0f7/2 5.027073504 4.922303782 0, 3 0f5/2 5.218681837 5.236077381
4 0, Ä5 0g9/2 5.154405031 5.099553937 0, 4 0g7/2 5.247572613 5.253316145

Fig. 7. Wave functions in the pseudospin and spin symmetry limits in the presence and absence of GTI
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7.3. The Effect of Generalized Tensor Interaction. Equations (52), (55), (74), (79), (105)
and (108) determine the energy of the pseudospin and spin symmetries of the Dirac equations
in the presence of GTI. For Hc = VY = 0.5, 0.75 we have calculated the energy of the system
and presented it in Tables 5 and 6. It is illustrated that there are no degeneracies between the
energy levels. Figure 7 shows the lower and upper components of the Dirac spinors under
the pseudospin and spin symmetry limits. By taking Hc = 0.5, we have plotted the behavior
of the energy of the system versus VY in Fig. 8 for both the pseudospin symmetry and spin
symmetry. When VY = 0, (1d5/2, 0f5/2) in the pseudospin symmetry and (0d3/2, 0f7/2) in
the spin symmetry are degenerated. In Fig. 9, by choosing VY = 0.5, we have presented the
effect of Hc, on the energy of the pseudospin symmetry and spin symmetry. We can see
that in the case of Hc = 0, we have degeneracies between (1d5/2, 0f5/2) in the pseudospin

Fig. 8. Energy spectra in the pseudospin and spin symmetries versus VY for GTI

Fig. 9. Energy spectra in the pseudospin and spin symmetries versus Hc for GTI
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Fig. 10. Energy spectra in the pseudospin and spin symmetries versus β for GTI

symmetry and (0d3/2, 0f7/2) in the spin symmetry. And, ˇnally, the effect of parameter β
on the energy of the system is shown in Fig. 10. It is seen that as β increases, the energy of
the pseudospin (spin) symmetry decreases (increases).

CONCLUSIONS

We have used the NU method to obtain the approximate solutions of the Dirac equation
for the combined Schiéoberg and ManningÄRosen potentials within the framework of spin
and pseudospin symmetry limits. Based on the knowledge, it should be noted that the Dirac
equation with these potentials under the Coulomb, Yukawa and generalized tensor interactions
had not been considered before using the NU method. We have obtained explicitly the
energy levels in a closed form and the corresponding wave functions expressed in terms
of the Jacobi polynomials for these potentials besides the Coulomb-like, Yukawa-like and
generalized tensor interactions within the spin and pseudospin symmetry limits. We have also
computed the numerical results of our work and it shows that the present of the Coulomb,
Yukawa and generalized tensor terms removed the degeneracies between two states in spin
and pseudospin doublets. Finally, the results of our work ˇnd many applications in both
nuclear and hadron physics, and therefore provide more general solutions compared to other
previous works in [28] and [29].
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