IMucem B BYASL. 2015. T. 12, Ne5(196). C.999-1018

OU3UKA BJIEMEHTAPHBIX YACTUII 1 ATOMHOI'O SAOPA. TEOPUA
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The two-loop (NNLO) electroweak radiative corrections to the parity-violating Meller scattering
asymmetry induced by insertions to boxes of electron and neutrino mass operators (fermion self-
energies), vertex functions and boson self-energies are discussed. The results will be relevant to the
ultraprecise 11 GeV MOLLER experiment planned at the Jefferson Laboratory (USA), which will
measure the weak charge of the electron and search for new physics. The numerical estimations for the
NNLO contribution to the cross-section asymmetry are presented.

O6c¢cyxn 1orca ayxmeriesble (NNLO) anexTpoci Oble p AW IIMOHHBIE MONP BKH K CHMMETPUH MEIN-
JIEPOBCKOIO p CCESHMS C H pyLIEHHeM YEeTHOCTH, KOTOPble BO3HHK IOT OT BCT BOK B M TP MMBI THII
«bOX» M CCOBBIX OIlEp TOPOB BMEKTPOHOB U HEUTPUHO (COOCTBEHHBIX DHEPTHH (DePMHUOHOB), BEPIIUHHBIX
(yHKIMI 1 cOOCTBEHHBIX ®HEpruii 6030HOB. [loydeHHBI pe3ybT T HMeeT OTHOIIEHUE K CBEPXTOYHOMY
skcriepumedTy MOLLER c sneprueit 11 I'sB, mn nupyemomy B JI 6op Topunm mm. T.dxeddepcon
(CILIA), KOTOpBIi H IeJIeH H H3MepeHHe CJ1 00ro 3 psj 9JIeKTPOH U IOHCK HOBOH ¢pusmku. IIpuBo-
J4TCA YHCcIeHHble oneHky wis Bk 4 NNLO B cuMMmeTpHIo cedeHwsl.

PACS: 12.15.Lk; 12.20.Ds; 13.40.Em

INTRODUCTION

The Moller scattering [1] with polarized electrons has attracted active interest from both
experimental and theoretical standpoints for several reasons. It has allowed the high-precision
determination of the electron-beam polarization at SLC [2], SLAC [3,4], JLab [5] and MIT-
Bates [6] (and as a future prospect — the ILC [7]). The polarized Moller scattering can
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be an excellent tool in measuring parity-violating weak interaction asymmetries [8]. The
first observation of Parity Violation (PV) in the Maller scattering was made by the E158
experiment at SLAC [9-11], which studied scattering of 45- to 48-GeV polarized electrons
on the unpolarized electrons of a hydrogen target. It results at Q2 = —t = 0.026 GeV?
for the observable parity-violating asymmetry Apy = (1.31 & 0.14 (stat.) 4= 0.10 (syst.)) x
10~7 [12,13], which allowed one of the most important parameters in the Standard Model
(SM) — the sine of the Weinberg angle sin fy; — to be determined with the accuracy of 0.5%.

The MOLLER (Measurement Of a Lepton-Lepton Electroweak Reaction) experiment
planned at the Jefferson Laboratory (USA) aims to measure the parity-violating asymmetry
in the scattering of 11 GeV longitudinally-polarized electrons from the atomic electrons in a
liquid hydrogen target with a combined statistical and systematic uncertainty of 2% [14-17].
At such a precision, any inconsistency with the Standard Model (SM) predictions will
clearly signal the new physics. However, a comprehensive analysis of radiative correc-
tions is needed before any conclusions can be made. Since MOLLER’s stated precision
goal is significantly more ambitious than that of its predecessor E158, theoretical input for
this measurement must include not only a full treatment of one-loop (next-to-leading order,
NLO) electroweak radiative corrections, but also two-loop corrections (next-to-next-to-leading
order, NNLO).

The significant theoretical effort has been dedicated to one-loop radiative corrections
already. A short review of the references on that topic is done in [18, 19], where we
calculated a full set of the one-loop electroweak corrections (EWC) both numerically with no
simplifications using computer algebra packages and by hand in a compact form analytically
free from nonphysical parameters, and found the total relative correction to the observable
asymmetry to be close to —70%. It is possible that a large theoretical uncertainty in the
prediction for the asymmetry may come from two-loop corrections. One way to find some
indication of the size of higher-order contributions is to compare the results that are expressed
in terms of quantities related to different renormalization schemes. In [20], we provided
a tuned comparison between the results obtained with different renormalization conditions,
first within one scheme, then between two schemes. Our calculations in the on-shell and
constrained differential renormalization schemes show the difference of about 11%, which
is comparable with the difference of 10% between MS [21] and the on-shell scheme [22].
It is also worth noting that although two-loop corrections to the cross section may seem to be
small, it is much harder to estimate their scale and behavior for such a complicated observable
as the parity-violating asymmetry to be measured by the MOLLER experiment.

The two-loop EWC to the Born cross section (~ /\/lo/\/lar ) can be divided onto two classes:
Q-part induced by quadratic one-loop amplitudes ~ MM, and T-part — the interference
of the Born and two-loop amplitudes ~ 2 Re (MqM3) (here index i in the amplitude M;
corresponds to the order of perturbation theory). The @Q-part was calculated exactly in [23]
(using the Feynman—'t Hooft gauge and the on-shell renormalization), where we show that
the @-part is much higher than the planned experimental uncertainty of MOLLER, i.e., the
two-loop EWC are larger than it was assumed in the past. The large size of the ()-part
demands detailed and consistent treatment of 7'-part, but this formidable task will require
several stages. Our first step was to calculate the gauge-invariant double boxes [24]. In this
paper, we do the next step — we consider the EWC arising from the contribution of a wide
class of the gauge-invariant Feynman amplitudes of the box type with one-loop insertions:
fermion mass operators (or Fermion Self-Energies in Boxes (FSEB)), vertex functions (or
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Vertices in Boxes (VB)), and polarization of vacuum for bosons (or Boson Self-Energies in
Boxes (BSEB)).

The paper is organized as follows. We define the basic notations in Sec.1 and present
FSEB, VB, and BSEB in Sec.2. In Sec.3, we provide the numerical results for asymmetry
for the kinematics conditions of the MOLLER experiment and discuss the work still to be
done in the future. In Appendix A, the mass operators of electron and neutrino are presented.
In Appendix B, we show the result for one-loop corrections to vertex functions for the case
when only one fermion is on the mass shell. In Appendix C, we consider the polarization
of vacuum for the virtual photon, Z and W boson. The details of calculation of ultraviolet
cut-off loop momenta integrals can be found in Appendix D.

1. BASIC NOTATIONS

We consider the process of electron—electron elastic scattering, i.e., Mgller process:

e—(p1, M) +e—(p2, A2) — e—(p3, A3) + e—(psa, M), (1)

where \; (i = 1,4) are the chiral states of initial and final electrons. The kinematical
invariants were defined in the standard way:

s=(p1+p2)’ t=(p1—p3)? u=(p—ps)’ (2)

In the MOLLER experiment, the expected beam energy is Epeam = 11 GeV, that is s =
2m Epeam ~ 0.01124 GeV?2, where m is the electron mass (p7 = m?). For the central region
of MOLLER (at 8 ~ 90° in the center-of-mass system of initial electrons), —t ~ —u =~
s/2, thus we can use an approximation that s, |t|,|u| > m?2. Also, as for the MOLLER
kinematics in the central region s, |t|, |u| < mQZ7W, we neglect in following the terms of
order O(s/mzw).

We consider the process (1) in terms of chiral amplitudes M?, where A = {A1 X234} s
the chiral state of initial and final electrons. The PV asymmetry to be measured by MOLLER
is then defined as

M2 = M2 44444 4
. E| |/V|lk|2 N 3 M = 2(8ma)2 th?u;r - 3)
A A
In the Born approximation, this asymmetry has the form
2tu a
A0 = > = 4
2mZ, st + 4 + ut s, @
proportional to

a=1-—4s%,. )

Let us now recall that sy (cw ) is the sine (cosine) of the Weinberg angle expressed in terms
of the Z- and W-boson masses according to the Standard Model rules:

9 mw
sw=1/1—cp, cw=—.
mz

(6)
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P b3 ~ _
N
P2 y2
a b
a) Fermion self-energies in boxes (FSEB); b) boxes with vertices (VB); ¢) boson self-energies in boxes

(BSEB). In these diagrams, all wavy lines are assumed to be photons or Z bosons. We also considered
crossed box diagrams, which can also contain W -boson legs

C

Thus, the factor a is just a ~ 0.109, and the asymmetry is therefore suppressed by both
s/m?%, and a. Even at 6 = 90°, where the Born asymmetry is maximal, it is extremely small:

S a

—— ~9.4968 - 105 (7

2
Imyy, sy

A0) —

We denote the specific contribution to the asymmetry by the index C, which thus can be
BSEB, FSEB, VB or IB =BSEB + FSEB + VB for the whole set of diagrams (see the Figure),
respectively.

The contribution to the asymmetry (AA)c and the relative correction D§ are defined as

————2 _ ++++2
(AA)C _ |MC | |)'\A;lC | ,
> Mg

(AA)e Mg 2= | MEP
A0 T My P My TR

The relative correction to observable asymmetry from the contribution of type C' looks as
(see derivation in more detail in [19]):

AC _A® DG 4
A0 T 110

(®)

©)

D§ =

59 = (10)

where the relative correction to unpolarized cross section o, (we used short notation for
differential cross section o = do/d(cos9)) is
c
g
5¢ =00, (11)
900
For the two-loop effects, where 6 is small, we can use an approximate equation for relative
correction to asymmetry 6§ ~ D§.

2. INSERTION OF MASS OPERATOR, VERTEX AND
VACUUM POLARIZATION FUNCTIONS TO THE BOX-TYPE AMPLITUDE

The numerical value of loop momentum squared |k?| in the box-type amplitudes with the
heavy boson exchange is large compared with the square of electron mass |k?| > m?, since if
|k?| is far from M2 y;,, the contribution is suppressed with the mass of heavy boson squared in
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denominator. So, we can use the asymptotic expressions for the one-loop vertex functions as
well as the mass and vacuum polarization operators. Using the well-known approach [25,26],
which we successfully employed for the box-type chiral amplitudes in [24] (see also [27]),
we can write for the direct ZZ-box chiral amplitude of “+ + +4" type:

uzyu(a +s5)ky(a +ys)ur sy (a +45)(=k)7"(a + vs5)uz =
(a+1)* 8k2s2t(a + 1)

= ————"Sp |P37ky D1Dapay Ky Pobrws | = —————. (12)
af ef

Lt}

Easily we can get a similar expression for the crossed box and for the amplitude of “————
type. The quantities g and f in (12) coincide with a and b from [24], respectively, and are
defined as

g = Ww_powiuy, [ =Usw_prwius,

where wy = (1 £ 5) /2 are the chirality projection operators. Let us calculate the ¢-channel
amplitude; the u-channel amplitude can be obtained by the replacement ¢ «<» w. This inter-
change will be denoted below as the operator P,.

The box-type amplitude with the double Z-boson exchange with all the possible insertions
(i.e., VB, FSEB and BSEB) has the form

oo

2 4 a2

274+  .o*(1+a) 65t/ dr

’ = I 13

M "ewsw)igfmg | T +7)? 22(7), (1
0

where “+” sign corresponds to the chiral amplitudes M****_ The expression for the box
amplitude with Z~ exchange is similar:

203(1+a)? 6% 7 dr

MZE = I : 14
Tewsw)? o | aam o
0
At last, for yvy-exchange amplitude we have
yy,E . 9 682t Ood'r
MYTE — iy gmeZ ﬁIVV(T)' (15)

z

In all the above cases, the integration variable is related to the loop momentum as 7 =
—k%/m%. The lower limit of integration 2 = —t/m?% for M?7 is introduced to avoid the
double counting for the region of small loop momenta squares —k? < s, where we use the
Yennie—Frautschi—Suura approach [28]. Finally, the contribution to M ~7""" arises from the
box-type Feynman diagram with two-1-boson exchange:

0
2

« SQt dTW
ww = —i I = —k*/mjy. 16
M ZZsévgfm%V/(1+TW)2 ww (Tw ), W /miy (16)
0
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The structure of the quantities I;; in (13), (14), (15) and (16) corresponds to three types
of radiative corrections, FSEB, VB and BSEB, respectively:

Izz =2Me+4Veez + 212,
IZ'y = 2Me + 2Veez + 2‘/66’}/ +1zz + H’y'y;
I, = 2M, + 4Vee, + 211,

Iww =2M, +4Ve,w + 2w w.

A7)

Here, we use the dimensionless quantities for the product of the fermion Green function and
the truncated mass operators of electron M, and neutrino M, (see Appendix A):

Me,u = L2

Me,y. (18)

The vertex function Ve’év(kQ) with one electron on the mass shell and another electron off the

mass shell is normalized as

VE (k) = —iey"Veey (K?),  Veey(0) = 0. (19)

eey

The vertex function V', (k?) is normalized at the point k% = m?%:

e

VE, (k) = Vi Veez(k?),  Veez(m%) =0, (20)

B 4CW Sw
and similarly for evW-vertex function we have

VE o (62) = ——— P Vi (K2, Veyw (my) = 0. @1
V2sw

The explicit expressions for the vertices Ve, Veez and Ve, are given in Appendix B.
The dimensionless products of the boson Green function with the relevant regularized
polarization operator I1,,,,(¢) = I1(¢*)g. + B(q*)quq. are defined as

_ —1 tr /2 tr _ 9 tr —_ 0.
H’Y - q_QH'y'y(q )7 H'y'y(o) - 8_q2H'y'y(0) - 0,
—1 r r 9 r
Uz = WH%Z(QQ)v 1%, (m%) = 8_(]2thz(m22) =0
Z
. (22)
e r
HZ’Y = ?H‘;Z'y (qz)ﬂ HtZ'y (0) =0;
—i r r 9 r
Hw = mn‘ﬁ/w(qQ% iy (miy) = @H%W(m%v) = 0.
w

The structure B(¢?)guq» does not contribute due to the gauge invariance. The explicit
expressions for the “truncated” quantities are given in Appendix C.
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3. NUMERICAL RESULTS AND CONCLUSION

For the numerical calculations, we use the central kinematical point of the MOLLER
experiment and o, myy and mz in accordance with the Particle Data Group [29]. The effective
quark masses used for the vector boson self-energy loop contributions are extracted from the
shifts in the fine structure constant due to hadronic vacuum polarization Aoz]g)d (m%) =
0.02757 [30]. For the mass of the Higgs boson, we take my = 125 GeV.

The contribution relevant to the observed asymmetry is the interference of the two-loop
box-type amplitudes with the Born amplitudes M., z. The contribution to the matrix element
squared (i.e., cross section) has the form

M2 = 2 (14 P) [(MP7 4 M7 4 MY ) M3+ MM @3)

In the right-hand side of this equation, we assume that the amplitudes are taken in the same
chiral state corresponding to the state of the left-hand side. Note that the intermediate states
with W bosons and the Faddeev—Popov ghosts fov contribute to the mass and vertex
operators in the M™~ "~ chiral amplitude. Since the parameter a is very small, we can
present the final result as

0H(a

Mi = = (M = —H @) + (o) +7) = ~2a20D| - y

and thus the relative correction D'P has the form

t2u? H 1
B al (—Qaa O] - Y) S (25)
128 (ra)” (s* + t* + u?) da la—o AW
We define H and Y as

H:HZZ+HZ’y+H'y’y+HWW+HIniX) (26)

Y =Yzz+Yz, + Yy + Yww + Yaix,

where the first four terms in both H and Y correspond to the box-type amplitudes with ZZ,

Z7, vy and WW bosons exchanged between electrons, and the last term corresponds to the

cases with Z or « and the mixed boson Green function with polarization operator I1z..
Using the following relations (see, for example, [24] and [27]):

1 1 1\" 1 1 t u\" 2
—\ 7= == Z\F ) = = (27)
gf \gf «cd st2u’  gf \gf cd st

we obtain the following numerical results:

oo

B 3a3m(1+a)* &3 dr

8(ewsw)t mQZtu(l + Ptu)b/ (14 7)2 [

42l + 4V + (14 a)?V7)] = —1.653-1073 (1 + a)’* (—81.36 —1.1293 (1 + a)2) ,

Hyz = 20MY + (1+a)’M?)+
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3

3ol S dr

Yz = —
22z (1+7)2

—— (1 + P,)

QMW 4(VV 2v\]
8(cwsw )t mytu a AV + V)

=3.139-10712,

oo

12a37(1 +a)? s° dr
Hzy =~ 1+ Py, (MY +(1 2717
Zy (cw sw )2 m%tu( + )/T(1+T)[ (M) +(1+4+a)*M2)+

0
+Hzz + 1y +2(V7 + V0, + (1 +a)* (V2 + V) =

— 9.155- 107 (1 + a)? (—4.30744 —0.04567 (1 + a)2) ,
1205 T
(e}
Vi =~ Pu) [ s MY 2V V£ V)] -
0
=6.974-1071, (28)

1237 (1 + a)?

dr
H,. = P, 2(M) + (1 *Mm?
= e (14 P Zt/TQ[ (M7 + (1 + 0 ME )+
+ 2H’Y’Y + 4(‘/;73’}/ (1 + Cl) Vvei’y)] =
= —3.094- 1072(1 + a)?(—2.52038 — 5.04456 - 1075(1 + a)?),
120837 dr
Y= —— P, oMW +4VWV ] = —4.4261-10717
Y (CWSW)Q( + tu) Zt/ [ + eew] )
z
Hwyw =0,
oo
8alT
Yoow = —— (1+ Pu,) / 5[2M, + 2Mlww + 4Vew, | =
(sw)* mZtu 1 —|— ™w)?
0

=-3.36-10"1°.

The “mixed”-type amplitude in two-loop approximation has two different contributions
(H,Y )mix = (H, Y)fil)x + (H, Y)Efi)x. The first contribution is associated with the two-loop
box-type amplitude:

oo

3 3
1 _ 6a’m(l+a) s d
Hmix_ - (CWSW)3 1+Ptu

’YZ(TW)X
0

1
X ((4CWSW)QE + (]. + a)2 1+ TW) =

= —1.10029 - 10~(1 + a)(0.007746 — 0.000340(1 + a)?),
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v =0

mix

ac 1
R'yZ(TW) = W (—34—2(3—26%‘/)%) Lw(Tw),

Lw(tw) = /da:log 1+ z(1 —2)1w).
0

The second contribution arises from the interference of the Born-type amplitude with the
mixed Green function and the box-type one-loop amplitude with the v~ exchange:

48a37(1 + 3
HE), = %(1 + Ptu)%sz (z) = —3.982-10713(1 4 a),
(29)
Y& =o.

The contributions to the asymmetry from the transition polarization operator 11z, with leptons
in the fermion loop are proportional to higher powers of a, which is small. The same reasoning
is valid for the quark—antiquark state contribution. Specifically, it enters with the factor

2 8,\ 1 4,\ a
(-2 ) s (1252, ) =2 30
3< 35W) 3< 3SW) 3 (30)

The contributions from (W+W ™), (W*GY,), (G5 G5,) intermediate states are considered
in Appendix C.

At last, we are ready to present final numerical value for the relative corrections considered
in this paper to the observable cross-section asymmetry. The one-loop (NLO) corrections [18,
19] give the biggest contribution,

ONEO — _0.6953. (31)

Several categories of the NNLO contributions (@Q-part and double boxes) are calculated in [23]
and [24] and give the following values:

RFOT? = —0.6535, 0GP & DYPI PN = —0.0101. (32)

Summing up all the contributions in (25), the numerical result of the class of the gauge-
invariant Feynman amplitudes considered in this paper (boxes with one-loop insertions of
fermion mass operators, vertex functions and polarization of vacuum for bosons) is

618 ~ DB = —0.0039. (33)

As one can see, the relative correction we obtained is much less than the expected MOLLER
experimental error, but it is still a non-negligible contribution to the MOLLER error budget.
Most likely, the entire set of two-loop corrections will be smaller than the experimental
statistical error, but, in the light of the MOLLER success depending so crucially on its
precision, the two-loop corrections still need to be controlled.

As the low-energy precision experiment, MOLLER is complementary to the LHC efforts
and may discover new physics signal that could escape the LHC detection. However, for
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the MOLLER experiment to produce meaningful physics, the uncertainties in the NNLO
EWC must be much smaller than the MOLLER statistical error. Clearly, there is a need
for the complete study of the two-loop electroweak radiative corrections in order to meet the
MOLLER precision goals.
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Appendix A
MASS OPERATORS

Here, we will define the explicit form of the quantities M., M,, which enter to I;;
from (17). The quantity M, has the following form:

M, = M)+ (a=+v5)°MZ + > MY, (34)

The explicit expression for the truncated mass operator in QED was found by R. Karplus and
N. Kroll in 1950 [31,32]:

i, 2 1 2-3p
M) = — 1-— 1 —
= g 0= [y (- e
) 1 2 44p—4 A
_ptm 2 p+ T ) f 142108 2 )|, 35)
mp \2(1-p) 1—0p m
2
p
Pl
It is useful to note that the expression in the square brackets is finite at p — 1. In the limit
of large 71 = —p?/m? with logarithmical accuracy we have
o
Mg =MI(n) pm~——log(n)-p, m> 1 (36)
This mass operator contribution to the integral in (15) with logarithmical accuracy gives
t T dr @ —t
- — M =——Ilog—. 37
[ G = e &
—t/m?%,

The mass operators induced by additional Z and W bosons have the following form:

1

Z _

M7 = 4CW5W2/1_x log (1 + 1) dz,
0

(38)

1
M, =MY = /(1—x)10g(1+7x)dm.
0
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Appendix B
VERTICES

The general form of the vertex function is V¥ (k) = Ay* + Bk"; the term Bk* inserted in
the box-type amplitude gives no contribution due to the gauge invariance. The vertex function
with one electron on the mass shell and other electron off the mass shell V/, (p,p—k,k) =
—iey"Veey (k?), normalized as V.., (0) = 0, has three contributions:

Veey = V2 4+ (a£7)°VE +w? VW (39)

eey eey — Veey:*
First, let us consider the QED-type contribution with the virtual photon intermediate state

V.. The standard procedure of joining denominators and performing the loop momenta

integration leads to

1 1 B

o @ A% K2bb B o

Vely(/f)g/dfﬂ/ydyOongrﬁ . b=ay, b=1-0b,
0 0

(40)
D = (m? - k*z(1 - 2))y* + (1 —y)A\* — y(1 —y)(k* — 2p1k),

where A is a cut-off regularization parameter. Since the subset of the diagrams considered here
is gauge invariant on its own, it was not essential for us to use the dimensional regularization
scheme providing gauge invariance, so we simply applied the cut-off technique. There is no
significant numerical difference between two schemes in this situation.

The renormalization procedure consists in subtraction at £ = 0 and leads to

1
o
VL, (Te) = i /log 14+2(1 —2)1e)dx, Te=——. 41)
0

The contribution of this vertex function to the integral in (15) has the form
t dr « —t
-5 / ﬁvgw(n) =~ E (1 — 10g W) . (42)

The other contributions are

1 1 _
1—y bbr
VZ = $/d / dy (1 — — — ],
7 2m(dewsw)? vy e C y+bbr  2(1 —y+bbr)
00

(43)

1 1
) _ _
e ycyy + Tbb 7b(b —b)
vy = d dy ( 31 - — .
Y T Uns2, / a:/y Y ( 8 ycy, 2(yc?, + Tbb)

0 0

Vertex function V!, = —iGv"(a £ v5)Veez, G = €/(4swew) has four different contribu-

tions:
Veez =w_ V7 + (a+7)?VZ +w_ VY + V¥, (44)
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and is normalized as V.7 (k‘2 = mQZ) = 0. These contributions are

i

\% in ogT,

[ bb bb bb
1—y— T

d dy | 1 — _ _

/x/yy(Ogl—y—l—bbT 2(1 —y+ bbr) 2(1—y—bb))’

0 0

1 1
2 2 i 7 7
—aCW/dx/ydy<3logycvg+Tb_b— Tb(b b)_ _ b(b b)_>, 45)
4 yc
0 0

|V —

(07
4CW8W (dewsw )2 2

2, —bb  2(yck, +7bb)  2(yck, — bb)

«
VQI/ _

dx

o — _
o — _

ydy (1og (1—y)ciy —bb Tbb bb )

2msd, (1—y)cZ, +70b  2(yc%, +7bb)  2(ycZ, — bb)

YW —

V2

Veow = VW L yWZ L yoW, (46)

And finally, the vertex function Ve’iW = i———V,,w as well contains three contributions:

and is normalized as V., w (7 = —C%/V) =0and VZW =VWZ_ S, the contributions are

o (3100 Y% + 7bb 7b(b — b) . e, b(b—b)
yaz — & bb - 2(yag +7bb)  2(ya, — ¢, bb)
1 1
vw = % /dm/dyx
am
0 0
bek, + 7+ ¢ 7(b —b) 1, m% 1. m?

X (310g b2, +2(C%V—|—TE) _1+11°gﬁ+11°gﬁ ,

where a; = = + (1 — x)c%,. Note that the term containing log(m?/A?) in expression V"W
can be omitted as it will be absorbed by the similar terms in two-loop contributions after
applying the Yennie—Frautschi—Suura regularization (see [33] for details).

Appendix C
POLARIZATION OPERATORS
While considering the vacuum polarization operators of photon, Z and W boson at one

loop, one should recall that the regularization implies the double subtraction procedure. The
“truncated” operators imply including only the vertices of interaction of bosons with the
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fermion loop. From now on, we will omit index “tr”. The general form of the polarization
operator is

L (q) = 9 11(¢%) + 0ua B(¢). 47)

We only need to consider a part of polarization tensor proportional to g,,. The reason is
the gauge invariance of the whole set of the double-box amplitudes, which leads to a zero
contribution for terms proportional to g,,q, tensor.
Let us define II7 as '
i
7 = — =117 (¢*). (48)
q
It has five types of contributions, corresponding to the intermediate state of lepton—antilepton
pairs, quark—antiquark pairs, W~ and the charged ghost state G;FVG;V:

Y =I + I9 + OVW 4+ 6w e 4 v 6w (49)

The contribution of leptons and quarks is associated with the quadratic divergent integral over
the loop momentum:

i / (k;2 _ m2) ((C]i(;k_ q)2 — m2) Sp (f{ + m)'y“(f{ — q + m)ryyi| . (50)

Using the set of divergent integrals (see Appendix D) and performing the regularization
procedure, we include the contribution of leptons and quarks as

(67

HMLH(I:F Y G(roh)+3 Y QG(r.o) |, (51)
l=e,u,T q=u,d,s,...

where

g

G(r,0) = %(T —20)L (1) + éT, L(z) = /dm log (1 + 2(1 — 2)2),
0

2 2

F_ __4a
ol ==, T=-——%.
my my

Factor 3 takes into account the number of quark colours. The last three contributions
in (49) are

+ + a 1 T
oW 4 méweiv £ I e = - = (ET + (57 — éy)L (?)) : (52)
w

the known result for the Feynman—"t Hooft gauge used in [34,35].
The polarization operator for Z boson has seven types of contributions:

_ + A= + AT
N7 =1 + 1% + 10y + 1Y " 4 0gv oy 1 nge p . v, (53)
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where we used the definition

7
7 = —-——5 T (¢%). (54)
@2 —m% "

The contribution of lepton II,, quark I1%, and the neutrino IT% loops can be calculated in the
nonrenormalized approach:

« 9 A2 9
I, = Ton (q log Z +O(q )) G- (55)

The renormalization of R(7) for any contribution to the polarization operator of Z boson
consists of the following replacement:

R(1) = R(1) — R(=1) — (1 + 1)R'(-1). (56)
In particular, for example,
2
—¢*log q_2 —m%F(t), F(r)=7logr —1—1. (57)
m

Keeping in mind that there are three generations of charged leptons, neutrinos, and quarks,
we obtain

F(r) 3 1 20
ooty = 22T g 1-2s2, + b ). 58
z 271471 + 4(chw)2 + Q(chw)Q Siv 9 w (58)

The contribution of W W ™ pair in the intermediate state to the Z-boson polarization operator
looks like

HW+W7 _ OéCIQ/V 1
z 8msy, 1+ 7

o 19 16 (T 19 16 ot 17( +1)e

— T — — - | — | =7 — —(7

6 3 2, 6 3) ' 2 )

1
1 —
o =1L (—T> ~ —0.248, ¢ = / _2me) g~ 0.2,
Chr —x)/c
0

The contribution of the charged ghosts G%V is

2
G Gw _ @ (1—-2s3)" 1
z dr(cwsw)? 1+ 71

1 1 T 1 1 1
X [(ET“‘ gC%;) (L (%) - Cl) + %(T"" 1) (E - 56%/[/> CQ:| )
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And finally, the contribution from the state with ghosts G 2 is

«o 1
47T(Cwsw)2 1+7

G1G2 _
I =

[T(A(T) = A(=1)) + (7 + 1) A'(=1)], (59)

with explicit form of A(7) given in Appendix D

The polarization operator for W boson has contributions from the loop Feynman dia-
grams with (v,e), (d + 3)(u + ¢), (W, Z), (W,v) and the states with ghosts. Defining the
dimensionless combination

2

-z " (rw), Tw = ———, (60)
pepm—— (¢*) =11 (rw) m
we write
O =0+ ) I, + T2 4 Iy ©7 4 T 9% 4 Y + . (61)

q

From now on, when considering the definite contributions to I, we imply that 7 — Ty .
Let us first consider the contributions from fermions. For the state with a charged lepton and
the corresponding antineutrino we obtain

= « 1
o = —F 62
Z w 324#5%[, 147 (7). (62)

with function F' given in (57). Factor 3 corresponds to the number of lepton generations.
The contribution of quark states is

doomg, = = ——F(r), (63)

247r52 147
q=u,d,s,c

where factor 4 corresponds to the number of pairs (d + 5)(u + c). For the (W, Z) state we
have

M7 = W () (1)~ (1 ) W1,

45, (1 4+ Tw)
1 1-—

U(z) = (4z -1- T) log ( 5 z x(1— a:)z) dx—
Gy Gy

1

_ (11—2z—|— %) /1og(1+x(1 —x)z)dz+

1 1
1 1—
+—s%V/dx/ylog <y+ (1— )( 2x>+y(1—y)z> dy, (64)
2 Ciy
0 0

U(—1)=0.226, W'(-1)=—1.26.

o—__
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Now we consider the intermediate states (W,Gz) and (Gw,Gz). For the insertion to the
box amplitude we have

1
(1—2)(1 + 72)c3
HW’GZ HGW,GZ _ /d W\
woo T Hw 27r1—|—T a:—i—(l—a:)Qc%V
0

_ <A(T) —A (—%)) — (T4 E)A (—%)] , (65)

with A(7) taken with v = 1/c%,.
For the last two terms we have

W | Gwey _ @ _ 5
I+ 1677 = s (100 + o) )

1
2
Q(T):T/dmog(1+m>+3+(1+7) <1+ L1og W;—z>
0

3
6 15 1
R(r)=-—=——+11+6 (i) log (1+7)—20—27(1+ 7).
T T T
Note that the term log (m2 / /\2) in the expression for Q(7) is compensated by the correspond-
ing contributions from the two-box amplitudes.
Let us now consider the contributions to the transition polarization Hfj =11%7g,, and
define the dimensionless function
i
% = —q—QHtZﬂ(q?). (66)
As shown above, the fermions contribution is proportional to a? and can be omitted. The

contributions of (W+W ™), (W*GT,), (G35 GF,) to 1?7 are, respectively:

. acw 19 16 cacw (1 2 . ac%v
— —— 4+ —L — - L ———1L .
Z87T5W ( 6 + 3Tw> (rw), Z87TSW <6 + 3Tw> (rw), 2T ST (Tw)
Thus, the total is
tacy 1
4 =——" [ — — (6 — 4¢3 L .
8msw ( st W (6 CW)) (rw) ©n
Appendix D

LOOP INTEGRALS AND REGULARIZATION

To calculate loop integrals, we perform the Wick rotation of the loop momentum k
(ko — ika, k? = —k% < 0). In order to regularize ultraviolet divergence, we introduce
the cut-off parameter A so k‘% < A2, and all of the kinematical invariants much less (i.e.,



NNLO Electroweak Corrections for Polarized Moller Scattering 1015

A? > |p;p;|). The final result will be independent of A after the renormalization procedure.
Let us now list all the integrals we need:

/ﬂ_l A2 3 /L_l Ay
k2-Dy *D 2 k2-Dy ®D "
dk 1 dk 1
/(kz’_p)&’_ﬁ’ /(k2_D)46D2’ (68)
/ (K7dk_ A2 11 / Rdk 1
& -Dy ®*D 6 (k2—D)Y 3D’

Here, we use the notation dk = d*k/(im?) = k%dk2, where kg is the Euclidean 4-vector
(.e., k% = k? + k3 + k3 + k% > 0), and omit the terms of order O(D/A?). We also use the
consequence of the integrand symmetry:

/f(k;Q) k,dk =0 (69)

for any function f(k?). The standard procedure of shifting variable in loop integrals [32]
leads to

/L_l A
(k—b2Z_a2 ®q >

Let us consider the divergent integrals with A = k? — m? and B = (¢ — k)?> — m*:

dk
o La-1-1
AB A )

kudk 1 3
[55 =50 (-3 -1).

(70)
kuk,dk A2 2 m? 1 5 ¢ 1 /¢? 9
g+ L T (2oL o (L2
AB g‘{4+72 e\ )ty T *
1 5 1
+qHQV{§LA__+_(m2_q2 L},

where
A? q
LAzlogW, L=L(r)= [dzlog(14+z(l —2)1), 7=—-——.
0

By contracting indices in the tensor integral (70), we obtain

K2dk 2
/ = A %—m2+2m2LA—m2L. an
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According to the renormalization procedure, we can omit the terms having the form ag? +bm?
and (cq® + dm?)Ly.
Let us consider now the general integral of the form

B ke, di
T = / 2 ) ((k — qF —ml) 72)

Now, let us use the following algebraic identity:

1 1 2qk — ¢? (2gk — ¢*)?
— . 73
G- Eem EomE oA kE-ml

Due to our renormalization convention, we can omit the first and the second terms in the
right-hand side of this equation, so the integral reads as

B ku k., (2qk — q*)? dk
T = / 2 — D) (&2 — m2)2((k — q)° — )’ 7

First, we combine the factors (k? — m?) and (k? — m3)? in the denominator, using the
Feynman trick

1

2/ (1—2x)dx 75)

(1—x)+bx)*’
0
and obtain
1 / 1 d
—x T
1
0

Next, we join the resulting expression with the factor ((k—q)?—m32) with the similar Feynman

identity
1
y)?
=3 / dj (76)
) )+ dy)”
And finally, get
1 / y)%d
Y
3/ a7
(k2 = M2)3((q — k)* —m3) J (k—yq)? — mld)

where
d=ny(l—y)+p? p=z1-y)+y+ 1 -2)(1-y),

2 2
__ 4 _ my
Tlf——Q, ’)/——2
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Thus, we have the logarithmically-divergent loop momentum integral, which allows the op-
eration of the loop momentum shifting k£ = k + qy. After that, we can use the loop integrals
from the beginning of this Appendix. Now, we have

L = A(11,7) ¢ g + O(gua0),
jZ I iz (78)
1 1 o2
A(r,v) = —/dm/dy(l —z)(1-y)* <1og d— %) )
0 0
therefore the renormalization procedure for this integral has the form
n1A(m,7) = mi(A(m,y) — A(=1,7)) + L+ m) A (= 1,7), (79

where A(—1,7) ~ —0.0896 and A’(—1,v) ~ 0.00654 for v = m% /m% = 1.879.
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