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ƒμ³¥²Ó¸±¨° £μ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É ¨³. ”. ‘±μ·¨´Ò, ƒμ³¥²Ó, 	¥²μ·Ê¸¸¨Ö

�μ± § ´μ, ÎÉμ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¸ ²¨´¥°´Ò³ § ¶¨· ÕÐ¨³,
±Ê²μ´μ¢¸±¨³ ¨ ±μ·´¥²Ó¸±¨³ ¶μÉ¥´Í¨ ² ³¨ ¤²Ö ¸μ¸ÉμÖ´¨° ¸ ´Ê²¥¢Ò³ μ·¡¨É ²Ó´Ò³ ³μ³¥´Éμ³ ³μ-
¦¥É ¡ÒÉÓ ·¥Ï¥´μ ¸ ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ (´ ³´μ£μ ¶·¥¢μ¸Ìμ¤ÖÐ¥° ¤·Ê£¨¥ ³¥Éμ¤¨±¨) ¶μ¸·¥¤¸É¢μ³
¸¶¥Í¨ ²Ó´ÒÌ ±¢ ¤· ÉÊ·´ÒÌ Ëμ·³Ê² ¤²Ö ¸¨´£Ê²Ö·´ÒÌ ¨´É¥£· ²μ¢.

It is shown that the Schréodinger equation in the momentum representation with the linear conˇning
potential, Coulomb and Cornell potentials for states with zero orbital angular momentum can be solved
with high accuracy (far superior to other methods) using special quadrature formulas for singular
integrals.

PACS: 11.10.St; 02.60.Nm; 03.65.Ge; 12.39.Pn
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„μ¸Éμ¨´¸É¢  ¨¸¶μ²Ó§μ¢ ´¨Ö ¨³¶Ê²Ó¸´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¤²Ö ·¥Ï¥´¨Ö Ë¨§¨Î¥¸±¨Ì § -
¤ Î (Ê· ¢´¥´¨° ¤²Ö ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°, § ¤ Î · ¸¸¥Ö´¨Ö ¨ ¤·.) ¤ ¢´μ ¶·¨¢²¥± ²¨ ¢´¨-
³ ´¨¥ ¨¸¸²¥¤μ¢ É¥²¥° [1, 2]. ‚ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥, ¢ μÉ²¨Î¨¥ μÉ ±μμ·¤¨´ É´μ£μ,
μÉ¶ ¤ ¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¤μ¶μ²´¨É¥²Ó´ÒÌ ¶μ¸É·μ¥´¨°, ¸¢Ö§ ´´ÒÌ ¸ μ¶·¥¤¥²¥´¨¥³ ·¥²ÖÉ¨-
¢¨¸É¸±μ£μ μ¶¥· Éμ·  ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨ T (k) =

√
k2 + m2

1 +
√

k2 + m2
2. ’ ±¦¥ μÉ-

´μ¸¨É¥²Ó´μ ´¥¸²μ¦´μ ¶μ²ÊÎ¨ÉÓ ·¥²ÖÉ¨¢¨¸É¸±¨° ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ¨¸¶μ²Ó§μ¢ -
´¨¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°  ³¶²¨ÉÊ¤Ò Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö Î ¸É¨Í, ¸μ¸É ¢²ÖÕÐ¨Ì ¸¨¸É¥³Ê [3],
¶μ¸±μ²Ó±Ê · ¸Î¥É ¨§´ Î ²Ó´μ ¢¥¤¥É¸Ö ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨, ±μÉμ·μ¥ §¤¥¸Ó ¢μ§´¨-
± ¥É ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³.

Š·μ³¥ Éμ£μ, ¶·¨ ¶μ²ÊÎ¥´¨¨ ·¥²ÖÉ¨¢¨¸É¸±μ£μ μ¡μ¡Ð¥´¨Ö ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö
¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ V (r) ± ± ËÊ·Ó¥-μ¡· §   ³¶²¨ÉÊ¤Ò Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö Î -
¸É¨Í, ¸μ¸É ¢²ÖÕÐ¨Ì ¸¨¸É¥³Ê, ¢μ§´¨± ÕÉ É¥Ì´¨Î¥¸±¨¥ ¶·μ¡²¥³Ò (· ¸Ìμ¤¨³μ¸ÉÓ ¨´É¥£· -
²μ¢, ´ ²¨Î¨¥ ´¥²μ± ²Ó´ÒÌ ¸² £ ¥³ÒÌ). ‚¸¥ ÔÉμ ¢²¨Ö¥É ´  ÉμÎ´μ¸ÉÓ · ¸Î¥Éμ¢ Ì · ±É¥·¨-
¸É¨± ¸¢Ö§ ´´ÒÌ ¸¨¸É¥³.

1E-mail: vik.andreev@rambler.ru
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�¤´ ±μ ¶·μ¡²¥³  ¨¸¶μ²Ó§μ¢ ´¨Ö ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢  μ¸²μ¦´Ö¥É¸Ö É¥³, ÎÉμ
¤ ¦¥ ¶μÉ¥´Í¨ ²Ò ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·μ¸É¥°Ï¥£μ ¢¨¤  ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¶·¨-
¢μ¤ÖÉ ± ¨´É¥£· ² ³ ¸ μ¸μ¡¥´´μ¸ÉÖ³¨. �μÔÉμ³Ê ÉμÎ´μ¸ÉÓ ·¥Ï¥´¨Ö ¤²Ö Í¥²μ£μ ·Ö¤  § -
¤ Î (±Ê²μ´μ¢¸±¨°, ²¨´¥°´Ò° § ¶¨· ÕÐ¨° ¶μÉ¥´Í¨ ²Ò) ¡Ò²  μÉ´μ¸¨É¥²Ó´μ ´¥¢Ò¸μ±μ°
(10−4−10−6) [4Ä7], ÌμÉÖ ¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ Ê¤ ¥É¸Ö ¤μ¡¨ÉÓ¸Ö ¡μ²¥¥ ¢Ò¸μ±μ°
ÉμÎ´μ¸É¨ ∼ 10−11−10−13 [8].

�·μ¡²¥³  ÉμÎ´μ¸É¨ ¢ÒÎ¨¸²¥´¨° Ì · ±É¥·¨¸É¨± ±¢ ´Éμ¢ÒÌ ¸¢Ö§ ´´ÒÌ ¸¨¸É¥³ ´μ¸¨É
´¥ Éμ²Ó±μ  ± ¤¥³¨Î¥¸±¨° Ì · ±É¥·. �·¨ ¨§ÊÎ¥´¨¨ Ô´¥·£¥É¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± ¢μ¤μ-
·μ¤μ¶μ¤μ¡´ÒÌ ¸¨¸É¥³  ±ÉÊ ²Ó´Ò³ Ö¢²Ö¥É¸Ö ¶·¥Í¨§¨μ´´Ò° · ¸Î¥É · §²¨Î´ÒÌ ¶μ¶· ¢μ±,
É ± ± ± Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¨§³¥·¥´¨Ö É ±¨Ì ¢¥²¨Î¨´ ¶·μ¢μ¤ÖÉ¸Ö ¸ ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ
(δ ∼ 10−13) [9, 10].

’ ±¨³ μ¡· §μ³, ¶·¨ ¢ÒÎ¨¸²¥´¨¨ Ì · ±É¥·¨¸É¨± ±¢ ´Éμ¢ÒÌ ¸¢Ö§ ´´ÒÌ ¸¨¸É¥³ ¸²¥¤Ê¥É
¢Ò¤¥²¨ÉÓ § ¤ ÎÊ ¶μ¨¸±  ´μ¢ÒÌ ³¥Éμ¤μ¢ · ¸Î¥Éμ¢ ¨ · §¢¨É¨¥ ³ É¥³ É¨Î¥¸±μ£μ  ¶¶ · É ,
±μÉμ·Ò° ¶μ§¢μ²¨² ¡Ò ³ ±¸¨³ ²Ó´μ Ê¶·μ¸É¨ÉÓ ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ ¸Ì¥³Ò ¨ ¤μ¡¨ÉÓ¸Ö ·¥§Ê²Ó-
É Éμ¢ ¸ ¢Ò¸μ±μ° ¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨, ´¥μ¡Ìμ¤¨³μ° ¤²Ö Ô±¸¶¥·¨³¥´Éμ¢.

–¥²ÓÕ ¤ ´´μ° · ¡μÉÒ Ö¢²Ö¥É¸Ö · §· ¡μÉ±  ³¥Éμ¤μ¢ ¶·¥Í¨§¨μ´´μ£μ · ¸Î¥É  Ô´¥·£¥-
É¨Î¥¸±¨Ì ¸¶¥±É·μ¢ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¸ ±Ê²μ´μ¢¸±¨³,
²¨´¥°´Ò³ § ¶¨· ÕÐ¨³ ¨ ±μ·´¥²Ó¸±¨³ ¶μÉ¥´Í¨ ² ³¨. ‚ · ¡μÉ¥ μ£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³ · -
¤¨ ²Ó´ÒÌ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° ¸ μ·¡¨É ²Ó´Ò³ ³μ³¥´Éμ³ μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö
� = 0. Š ± ¡Ê¤¥É ¶μ± § ´μ, ¤²Ö ¤ ´´μ£μ ¢ ·¨ ´É  Ê¤ ¥É¸Ö · ¸¸Î¨É ÉÓ Ô´¥·£¥É¨Î¥¸±¨°
¸¶¥±É· ¸¢Ö§ ´´μ° ¸¨¸É¥³Ò ¸ ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ.

1. Œ…’�„ˆŠ� �…˜…�ˆŸ ˆ�’…ƒ��‹œ�›• “��‚�…�ˆ‰

“· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¤²Ö Í¥´É· ²Ó´μ-¸¨³³¥É·¨Î´ÒÌ
¶μÉ¥´Í¨ ²μ¢ ¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ V (r) ¶μ¸²¥ ¶ ·Í¨ ²Ó´μ£μ · §²μ¦¥´¨Ö ¨³¥¥É
¢¨¤

k2

2μ
φn�(k) +

∞∫
0

V�(k, k′)φn�(k′) k′2 dk′ = En�φn�(k), (1)

£¤¥ μ = m1m2/(m1 + m2) Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸ ; m1, m2 Å ³ ¸¸Ò ±μ´¸É¨ÉÊÔ´Éμ¢ ¸¢Ö-
§ ´´μ° ¸¨¸É¥³Ò; k Å ¨³¶Ê²Ó¸ μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö (|k| = k); φn�(k) Å · ¤¨ ²Ó´ Ö
Î ¸ÉÓ ËÊ·Ó¥-μ¡· §  ¢μ²´μ¢μ° ËÊ´±Í¨¨; V�(k, k′) Å μ¶¥· Éμ· l-° ¸μ¸É ¢²ÖÕÐ¥° ¶ ·Í¨-
 ²Ó´μ£μ · §²μ¦¥´¨Ö ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö; E Å Ô´¥·£¨Ö ¸¢Ö§¨.

�¤´ ±μ μ¶¨¸ ´¨¥ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ Ê¸²μ¦´Ö¥É¸Ö ´¥-
μ¡Ìμ¤¨³μ¸ÉÓÕ ·¥Ï¥´¨Ö ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö (1), ¸μ¤¥·¦ Ð¥£μ ¸¨´£Ê²Ö·´Ò¥ Î²¥´Ò,
É¨¶ ±μÉμ·ÒÌ μ¶·¥¤¥²Ö¥É¸Ö ¢¨¤μ³ V�(k, k′). �·μ¨²²Õ¸É·¨·Ê¥³ ¤ ´´μ¥ ÊÉ¢¥·¦¤¥´¨¥.

ŠÊ²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ²
V (r) = −α/r (2)

¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¨³¥¥É ¢¨¤

V�(k, k′) = −αQ�(y)
π(kk′)

, (3)

£¤¥ α Å ¶ · ³¥É· ¶μÉ¥´Í¨ ² .
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‚ ¸μμÉ´μÏ¥´¨¨ (3) ¶ · ³¥É· y Å ÔÉμ ±μ³¡¨´ Í¨Ö ¨³¶Ê²Ó¸μ¢

y =
k2 + k′2

2kk′ , (4)

  ËÊ´±Í¨Ö Q�(y) Å ¶μ²¨´μ³ ‹¥¦ ´¤·  2-£μ ·μ¤ :

Q�(y) = P�(y)Q0(y) − wl−1(y), (5)

Q0(y) =
1
2

ln
∣∣∣∣1 + y

1 − y

∣∣∣∣ , wl−1(y) =
l∑

n=1

1
n

Pn−1(y)Pl−n(y), (6)

£¤¥ P�(y) Å ¶μ²¨´μ³ ‹¥¦ ´¤·  1-£μ ·μ¤ . ˆ§ (5) ¨ (6) ¸²¥¤Ê¥É, ÎÉμ ¶μÉ¥´Í¨ ² (3) ¨³¥¥É
²μ£ ·¨Ë³¨Î¥¸±ÊÕ ¸¨´£Ê²Ö·´μ¸ÉÓ ¢ ¸²ÊÎ ¥, ¥¸²¨ k = k′ (y = 1).

‹¨´¥°´Ò° § ¶¨· ÕÐ¨° ¶μÉ¥´Í¨ ² ¸ ¶ · ³¥É·μ³ σ:

V (r) = σr, (7)

¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

V�(k, k′) =
σQ′

�(y)
π(kk′)2

. (8)

‘ ¶μ³μÐÓÕ (5) ¨ (6) ´ Ìμ¤¨³, ÎÉμ ¶·μ¨§¢μ¤´ Ö Q′
�(y) ¢ (8) μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥-

´¨¥³
Q′

�(y) = P ′
�(y)Q0(y) + P�(y)Q′

0(y) − w′
l−1(y), (9)

Q′
0(y) =

1
1 − y2

= −
(

2kk′

k′ + k

)2 1
(k′ − k)2

. (10)

Š ± ¸²¥¤Ê¥É ¨§ (10), ËÊ´±Í¨Ö Q′
� £¨¶¥·¸¨´£Ê²Ö·´ Ö ¢ ¸²ÊÎ ¥, ¥¸²¨ k = k′,   ¸²¥¤μ¢ -

É¥²Ó´μ, ¨ ¸ ³ ¶μÉ¥´Í¨ ² V�(k, k′) É ±¦¥ Ö¢²Ö¥É¸Ö £¨¶¥·¸¨´£Ê²Ö·´Ò³.
—¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö (1) ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´μ ± § ¤ Î¥ ´ 

¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ³ É·¨ÍÒ, ±μÉμ· Ö ¢μ§´¨± ¥É ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ±¢ ¤· ÉÊ·´ÒÌ
Ëμ·³Ê² ¤²Ö ¨´É¥£· ²μ¢, ¢Ìμ¤ÖÐ¨Ì ¢ Ê· ¢´¥´¨¥.

�  ¶¥·¢μ³ ÔÉ ¶¥ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¶¥·¥Ìμ¤ μÉ ¨´É¥·¢ ²  ¨´É¥£·¨·μ¢ ´¨Ö [0,∞] ± ®¸É ´-
¤ ·É´μ³Ê¯ [−1, 1] ¸ ¶μ³μÐÓÕ § ³¥´Ò ¶¥·¥³¥´´ÒÌ

∞∫
0

f(k) dk =

1∫
−1

f(k(t))
dk

dt
dt. (11)

”Ê´±Í¨Ö k(t) Ê¤μ¢²¥É¢μ·Ö¥É £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³

k (t = −1) = 0, k(t = 1) = ∞. (12)

‘·¥¤¨ · §²¨Î´ÒÌ ¢μ§³μ¦´μ¸É¥° ¢ ²¨É¥· ÉÊ·¥ Î Ð¥ ¢¸É·¥Î ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¢ ·¨ ´ÉÒ
μÉμ¡· ¦¥´¨Ö μ¡² ¸É¨ [0,∞] ± ®¸É ´¤ ·É´μ°¯ [−1, 1] [6, 7, 11Ä13]:

k(t) = β0
1 + t

1 − t
, (13)

k(t) = β0

√
1 + t

1 − t
(14)
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¨²¨

k(t) = −β0 ln
∣∣∣∣1 − t

2

∣∣∣∣ , k(t) = β0 tg
[π

4
(1 + t)

]
, (15)

£¤¥ β0 Å ´¥±μÉμ·Ò° ¶ · ³¥É·, ¨³¥ÕÐ¨° · §³¥·´μ¸ÉÓ ¢¥²¨Î¨´Ò k. �´ ³μ¦¥É ¡ÒÉÓ
¨¸¶μ²Ó§μ¢ ´ ¤²Ö ¤μ¶μ²´¨É¥²Ó´μ£μ ·¥£Ê²¨·μ¢ ´¨Ö ¸±μ·μ¸É¨ ¸Ìμ¤¨³μ¸É¨ ¢ÒÎ¨¸²¨É¥²Ó´μ£μ
¶·μÍ¥¸¸ .

‘É ´¤ ·É´Ò° ¶μ¤Ìμ¤ μ¸´μ¢ ´ ´   ¶¶·μ±¸¨³ Í¨¨ ¨´É¥£· ²  (11) ¶μ¸·¥¤¸É¢μ³ ±¢ ¤· -
ÉÊ·´μ° Ëμ·³Ê²Ò

∞∫
0

f(k) dk ≈
N∑

j=1

ω̃jf(kj), (16)

£¤¥ ³´μ¦¨É¥²¨ ω̃j ¸¢Ö§ ´Ò ¸ É ¡²¨Î´Ò³¨ ¢¥¸μ¢Ò³¨ ³´μ¦¨É¥²Ö³¨ ωj ¤²Ö μ¡² ¸É¨ [−1, 1]
¸μμÉ´μÏ¥´¨¥³ ω̃j = (dk/dt)j ωj ,   ¢¥²¨Î¨´  N § ¤ ¥É Î¨¸²μ Ê§²μ¢.

‚ ¨Éμ£¥ Î¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö (1) ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´μ ± § -
¤ Î¥ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ³ É·¨ÍÒ Hij , ±μÉμ· Ö ¢μ§´¨± ¥É ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨
±¢ ¤· ÉÊ·´ÒÌ Ëμ·³Ê² ¢¨¤  (16) ¤²Ö ¨´É¥£· ²μ¢:

N∑
j=1

H(ki, kj)φ(kj) =
N∑

j=1

Hijφj = E(N)φi. (17)

ˆ ¥¸²¨ ¤²Ö i �= j § ¤ Î  · ¸Î¥É  Ô²¥³¥´Éμ¢ Hij ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¨ ²¨´¥°´μ£μ § ¶¨-
· ÕÐ¥£μ ¶μÉ¥´Í¨ ²μ¢ ´¥ Ö¢²Ö¥É¸Ö ¸²μ¦´μ°, Éμ ¶·¨ i = j (k = k′) ´ ¶·Ö³ÊÕ ÔÉμ ¸¤¥² ÉÓ
´¥ Ê¤ ¥É¸Ö ¢¸²¥¤¸É¢¨¥ ´ ²¨Î¨Ö ¸¨´£Ê²Ö·´μ¸É¥°.

2. Œ…’�„› �…˜…�ˆŸ “��‚�…�ˆ‰ ‘ ‘ˆ�ƒ“‹Ÿ��›Œˆ Ÿ„��Œˆ

2.1. ‹¨´¥°´Ò° § ¶¨· ÕÐ¨° ¶μÉ¥´Í¨ ². � ¸¸³μÉ·¨³ ³¥Éμ¤Ò ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ¸
£¨¶¥·¸¨´£Ê²Ö·´Ò³ Ö¤·μ³ c � = 0 ´  ¶·¨³¥·¥ Ê· ¢´¥´¨Ö (1) ¸ ²¨´¥°´Ò³ § ¶¨· ÕÐ¨³
¶μÉ¥´Í¨ ²μ³ (8), É. ¥.

(
En0 −

k2

2μ

)
φn0(k) =

σ

πk2

∞∫
0

Q′
0(y)φn0(k′) dk′. (18)

�μ¸²¥ ¶μ¤¸É ´μ¢±¨ (10) ¢ (18) ¶μ²ÊÎ¨³ ¢ Ö¢´μ³ ¢¨¤¥ Ê· ¢´¥´¨¥ ¸ £¨¶¥·¸¨´£Ê²Ö·´Ò³
Ö¤·μ³ (

En0 −
k2

2μ

)
φn0(k) = −4σ

π

∞∫
0

(
k′

k′ + k

)2 1
(k′ − k)2

φn0(k′) dk′. (19)

� ¨¡μ²¥¥ Î ¸Éμ ¨¸¶μ²Ó§Ê¥³Ò° ³¥Éμ¤ ¶μ²ÊÎ¥´¨Ö ·¥Ï¥´¨Ö ¸μ¸Éμ¨É ¢ ®¸μ±· Ð¥´¨¨¯
¸¨´£Ê²Ö·´μ¸É¨ ∼ 1/(k−k′)2 ¸ ¶μ³μÐÓÕ ±μ´É·Î²¥´  (³¥Éμ¤ ¢ÒÎ¨É ´¨Ö ‹ ´¤¥) [4,6,14Ä17]:

∞∫
0

dk Q′
0(y) = 0. (20)
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’μ£¤  Ê· ¢´¥´¨¥ (19) ¶μ¸²¥ ¤μ¡ ¢²¥´¨Ö (20) § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

(
En0 −

k2

2μ

)
φn0(k) = −4σ

π

∞∫
0

(
k′

k′ + k

)2 1
(k′ − k)2

(φ0(k′) − φn0(k)) dk′. (21)

„²Ö · ¸Î¥É  ¸¶¥±É·  ËÊ´±Í¨Ö φn0(k) ³μ¦¥É ¡ÒÉÓ · §²μ¦¥´  ¶μ ¶μ²´μ³Ê ´ ¡μ·Ê ËÊ´±-
Í¨°, ´ ¶·¨³¥· [6,14],

gA
i (k) =

1
(i/N)2 + k4

, gB
i (k) = exp

[
− i2k2

N

]
, (22)

£¤¥ N Å ³ ±¸¨³ ²Ó´μ¥ Î¨¸²μ ¡ §¨¸´ÒÌ ËÊ´±Í¨°, ¨¸¶μ²Ó§Ê¥³ÒÌ ¶·¨ · §²μ¦¥´¨¨,   i =
1, . . . , N .

„·Ê£μ° ¢ ·¨ ´É ¸μ¸Éμ¨É ¢ ¨¸¶μ²Ó§μ¢ ´¨¨ ±¢ ¤· ÉÊ·´ÒÌ Ëμ·³Ê² ¢¨¤  (16). ‚ · -
¡μÉ¥ [6] ¤²Ö ¶μ¢ÒÏ¥´¨Ö ÔËË¥±É¨¢´μ¸É¨ ·¥Ï¥´¨Ö ¶·¥¤²μ¦¥´ ±μ··¥±Í¨μ´´Ò° ³¥Éμ¤, ±μ-
Éμ·Ò° ¢±²ÕÎ ¥É ¤μ¶μ²´¨É¥²Ó´ÊÕ μ¡· ¡μÉ±Ê £¨¶¥·¸¨´£Ê²Ö·´μ£μ ¸² £ ¥³μ£μ ¸ Í¥²ÓÕ ¶μ²-
´μ£μ ¸μ±· Ð¥´¨Ö ¸¨´£Ê²Ö·´μ¸É¨. ‚ ·¥§Ê²ÓÉ É¥  ¢Éμ· ³ [6] Ê¤ ²μ¸Ó ¶μ¢Ò¸¨ÉÓ ÉμÎ´μ¸ÉÓ
¶μ²ÊÎ¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  c 10−3 (¸³. [6,14]) ¤μ 10−6 ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö
(n = 1) ¨ ¤μ 10−2−10−3 ¤²Ö n = 2, 3, 4 ¶·¨ N = 1400.

‚ · ¡μÉ¥ [7] ±μ··¥±Í¨μ´´Ò° ³¥Éμ¤ ¶μ¤¢¥·£´ÊÉ ±·¨É¨±¥ ¨ ¤²Ö ¶μ¢ÒÏ¥´¨Ö ÉμÎ´μ¸É¨
¶·¥¤²μ¦¥´μ ¶·¥μ¡· §μ¢ ÉÓ ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ (19) ¢ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¶μ-
¸·¥¤¸É¢μ³ ¸μμÉ´μÏ¥´¨Ö

∞∫
0

f(k, k′)
(k′ − k)2

φn0(k) dk′ =

∞∫
0

dk′

(k′ − k)
∂

∂k′ [f(k, k′)φn0(k)] , (23)

¶μ²ÊÎ¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨¥³ ¶μ Î ¸ÉÖ³. �·¨ ÔÉμ³ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ËÊ´±Í¨Ö f(k, k′)
´¥ ¸μ¤¥·¦¨É μ¸μ¡¥´´μ¸É¥° ¶·¨ k = k′.

�μ¸²¥ ¨¸¶μ²Ó§μ¢ ´¨Ö ¸μμÉ´μÏ¥´¨Ö (23) Ê· ¢´¥´¨¥ (19) ¶·¨´¨³ ¥É ¢¨¤

(
En0 −

k2

2μ

)
φn0(k) = −4σ

π

∞∫
0

dk′

(k′ − k)

{
∂φn0(k′)

∂k′ + φn0(k′)
∂

∂k′

}(
k′

k′ + k

)2

, (24)

¶·¨ ÔÉμ³ ¤²Ö · ¸Î¥É  ¶·μ¨§¢μ¤´μ° μÉ ´¥¨§¢¥¸É´μ° ËÊ´±Í¨¨ φn0(k′) ¶μ¸²¥ ¶·μÍ¥¤Ê·Ò
¤¨¸±·¥É¨§ Í¨¨ ¸ ¶μ³μÐÓÕ ±¢ ¤· ÉÊ·´ÒÌ Ëμ·³Ê² ¨¸¶μ²Ó§μ¢ ²μ¸Ó ¸μμÉ´μÏ¥´¨¥{

∂φ(k)
∂k

}
k=ki

=
N∑

j=1

Dij φ(kj). (25)

�²¥³¥´ÉÒ ³ É·¨ÍÒ Dij ³μ£ÊÉ ¡ÒÉÓ · ¸¸Î¨É ´Ò ¶μ¸²¥ · §²μ¦¥´¨Ö ËÊ´±Í¨¨ c ¶μ³μÐÓÕ
´¥±μÉμ·μ£μ ¨´É¥·¶μ²ÖÍ¨μ´´μ£μ ³´μ£μÎ²¥´  Gi(t)

φ(k) ≈
N∑

i=1

Gi(k)φ(ki). (26)

„ ´´ Ö ³¥Éμ¤¨±  ¶μ§¢μ²¨²  ´ Ìμ¤¨ÉÓ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö E c ÉμÎ´μ¸ÉÓÕ ∼ 10−6

¶·¨ N = 100 ¤²Ö μ¸´μ¢´μ£μ ¨ · ¤¨ ²Ó´μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° (n = 1, . . . , 4).
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2.2. Œ¥Éμ¤Ò ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ¸ Ö¤·μ³, ¨³¥ÕÐ¨³ ²μ£ ·¨Ë³¨Î¥¸±ÊÕ ¸¨´£Ê²Ö·-
´μ¸ÉÓ. � ¸¸³μÉ·¨³ ³¥Éμ¤Ò ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) ¸ ±Ê²μ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³ (3), É. ¥.
¸ Ö¤·μ³, ¨³¥ÕÐ¨³ ²μ£ ·¨Ë³¨Î¥¸±ÊÕ ¸¨´£Ê²Ö·´μ¸ÉÓ

(
En� −

k2

2μ

)
φn�(k) = − α

πk

∞∫
0

Ql(y)φn�(k′) k′ dk′. (27)

�μ¸²¥ ¶μ¤¸É ´μ¢±¨ (6) ¢ (27) ¶μ²ÊÎ¨³ ¢ Ö¢´μ³ ¢¨¤¥ Ê· ¢´¥´¨¥

(
En� −

k2

2μ

)
φn�(k) = − α

πk

∞∫
0

P�(y) ln
[
k′ + k

k′ − k

]
k′φn�(k′) dk′ +

+
α

πk

∞∫
0

w�−1(y) k′φn�(k′) dk′. (28)

‚ ¤ ´´μ³ ¢ ·¨ ´É¥, ± ± ¨ ¢ ¸²ÊÎ ¥ ¸ § ¶¨· ÕÐ¨³ ¶μÉ¥´Í¨ ²μ³, ´ ¨¡μ²¥¥ Î ¸Éμ ¨¸-
¶μ²Ó§Ê¥³Ò³ ³¥Éμ¤μ³ Ö¢²Ö¥É¸Ö ®¸μ±· Ð¥´¨¥¯ ²μ£ ·¨Ë³¨Î¥¸±μ° ¸¨´£Ê²Ö·´μ¸É¨ ¸ ¶μ³μÐÓÕ
±μ´É·Î²¥´  [4,6, 15,16]

∞∫
0

dk
Q0(y)

k
=

π2

2
. (29)

�¤´ ±μ ±μ´É·Î²¥´ (29) ´¥ ¸μ¢¸¥³ Ê¤μ¡¥´ ¤²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (27) ¶·¨ � �= 0.
�μÔÉμ³Ê ¢ · ¡μÉ¥ [18] ¶·¥¤²μ¦¥´μ ¢ÒÎ¨É ÉÓ ¸² £ ¥³μ¥ ¢¨¤ 

S� =

∞∫
0

dk

k

Q�(y)
P�(y)

=
π2

2
−

∞∫
0

dk

k

w�−1(y)
P�(y)

=
π2

2
− I�. (30)

‚ ¸μμÉ´μÏ¥´¨¨ (30) ¶μ¸²¥¤´¨° ¨´É¥£· ² I� ¶·¥¤²μ¦¥´μ · ¸¸Î¨É ÉÓ ¤²Ö Î ¸Éμ ¨¸¶μ²Ó-
§Ê¥³ÒÌ ¢ Ë¨§¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨ÖÌ §´ Î¥´¨° � = 0, 1, 2, 3, . . . , 10. ’ ±, ´ ¶·¨³¥·, I0 = 0,
I1 = 1, I2 =

√
3/2 ¨ I4 = (8 + 5

√
10)/18 [18]. ‚ · ¡μÉ¥ [19] ¶·¥¤² £ ¥É¸Ö ·¥¤ÊÍ¨·μ¢ ÉÓ

I� ± ¨´É¥£· ²Ê ¢¨¤ 

I� = 2

∞∫
1

dy

y

w�−1(y)

P�(y)
√

y2 − 1
∼ In

� = 2

∞∫
1

dy

y

yn

P�(y)
√

y2 − 1
. (31)

ˆ´É¥£· ² In
� ¢ [19] ¶·¥¤² £ ¥É¸Ö · ¸¸Î¨ÉÒ¢ ÉÓ ¶μ Ëμ·³Ê²¥

In
� = 2

�∑
k=1

(ξk,�)n

P ′
�(ξk,�)

arccos (−ξk,�)√
1 − ξ2

k,�

, (32)

£¤¥ ξk,� Å k-° ´Ê²Ó ¶μ²¨´μ³  ‹¥¦ ´¤·  P�(y).



46 �´¤·¥¥¢ ‚. ‚.

‚ ¤ ´´μ³ ¨¸¸²¥¤μ¢ ´¨¨ ¶·¥¤² £ ¥É¸Ö ´μ¢μ¥ μ¡μ¡Ð¥´¨¥ ±μ´É·Î²¥´  (29), ³ ±¸¨³ ²Ó´μ
Ê¤μ¡´μ£μ ¤²Ö ¢ÒÎ¨É ´¨Ö, ¶μ§¢μ²ÖÕÐ¥¥ ¶μ¢Ò¸¨ÉÓ ÉμÎ´μ¸ÉÓ ·¥Ï¥´¨Ö ¶μ ¸· ¢´¥´¨Õ ¸ ¢ -
·¨ ´É ³¨ (29) ¨ (30):

C� =

∞∫
0

dk
Q�(y)

k
. (33)

ˆ¸¶μ²Ó§ÊÖ ¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ¶μ²¨´μ³  Q�(y), ¶μ¸²¥ ·Ö¤  ¶·¥μ¡· §μ¢ ´¨°
¶μ²ÊÎ¨³  ´ ²¨É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö C� ¢ ¢¨¤¥

∞∫
0

Q�(y)
k

dk =

[
(� − 1)!!

�!!

]2 {
π2/2, � = 2m, m = 0, 1, 2 . . . ,
2, � = 2m + 1, m = 0, 1, 2 . . .

(34)

‚ ¨Éμ£¥ Ê· ¢´¥´¨¥ (18) ¶μ¸²¥ ¤μ¡ ¢²¥´¨Ö (34) § ¶¨Ï¥É¸Ö ± ±

(
E − k2

2μ
+

α

π
C�k

)
φn�(k) = −α

π

∞∫
0

Ql(y)
(

k′

k
φn�(k′) − k

k′φn�(k)
)

dk′. (35)

„ ´´ Ö ³¥Éμ¤¨±  ¶μ§¢μ²Ö¥É ´ Ìμ¤¨ÉÓ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö En� c ÉμÎ´μ¸ÉÓÕ ∼ 10−6

¤²Ö � = 0 ¨ ∼ 10−5 ¤²Ö � = 1 ¶·¨ N = 100 ¤²Ö μ¸´μ¢´μ£μ (n = 1) ¨ · ¤¨ ²Ó´μ
¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° ¸μμÉ¢¥É¸É¢¥´´μ.

Š ± ¢¨¤¨³, ³ ±¸¨³ ²Ó´ Ö ¢μ§³μ¦´ Ö ÉμÎ´μ¸ÉÓ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ¨³-
¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ ¤μ¸É¨£ ¥É ∼ 10−6 ± ± ¤²Ö ±Ê²μ´μ¢¸±μ£μ, É ± ¨ ¤²Ö ²¨´¥°´μ£μ § ¶¨-
· ÕÐ¥£μ ¶μÉ¥´Í¨ ²μ¢, ÌμÉÖ ¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ Ê¤ ¥É¸Ö ¤μ¡¨ÉÓ¸Ö §´ Î¨É¥²Ó´μ
¢Ò¸μ±μ° ÉμÎ´μ¸É¨: ∼ 10−11−10−13 [8]. �μÔÉμ³Ê É·¥¡ÊÕÉ¸Ö É ±¨¥ ³¥Éμ¤Ò ´ Ìμ¦¤¥´¨Ö
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°, ±μÉμ·Ò¥ ¡Ò²¨ ¡Ò ¸· ¢´¨³Ò ¸ ÉμÎ´μ¸ÉÓÕ ·¥Ï¥´¨°, ¶μ²ÊÎ ¥³ÒÌ ¢
±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥.

‚ μÉ²¨Î¨¥ μÉ ¢ÒÏ¥Ê¶μ³Ö´ÊÉÒÌ ¶μ¤Ìμ¤μ¢, ¶·¨³¥´Ö¥³ÒÌ ¤²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥· , £² ¢´μ° μ¸μ¡¥´´μ¸ÉÓÕ · §· ¡ ÉÒ¢ ¥³μ£μ ¶μ¤Ìμ¤ , ±μÉμ·Ò° ¤μ²¦¥´ ¶μ¢Ò¸¨ÉÓ
ÉμÎ´μ¸ÉÓ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) ¸ ¸¨´£Ê²Ö·´Ò³¨ ¶μÉ¥´Í¨ ² ³¨, Ö¢²Ö¥É¸Ö ¢±²ÕÎ¥´¨¥ μ¸μ-
¡¥´´μ¸É¥° ¢ ¢¥¸μ¢Ò¥ ³´μ¦¨É¥²¨ ωi ±¢ ¤· ÉÊ·´μ° Ëμ·³Ê²Ò ¢¨¤  (16).

„ ´´ Ö ¨¤¥Ö ¢±²ÕÎ¥´¨Ö μ¸μ¡¥´´μ¸É¥° ¢ ¢¥¸μ¢Ò¥ ³´μ¦¨É¥²¨ ´¥ ´μ¢  ¨ ¶·¨ Î¨¸²¥´´μ³
¢ÒÎ¨¸²¥´¨¨ ¸¨´£Ê²Ö·´ÒÌ ¨´É¥£· ²μ¢  ±É¨¢´μ ¨¸¶μ²Ó§Ê¥É¸Ö [20Ä25 ¨ ¤·.]. ‚ · ¡μÉ¥ [26]
É ±μ° ¶μ¤Ìμ¤ ¡Ò² ¨¸¶μ²Ó§μ¢ ´ ¤²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1) ¸ ±Ê²μ´μ¢¸±¨³ ¶μ-
É¥´Í¨ ²μ³ (²μ£ ·¨Ë³¨Î¥¸± Ö ¸¨´£Ê²Ö·´μ¸ÉÓ), ÎÉμ ¶μ§¢μ²¨²μ ¶μ¢Ò¸¨ÉÓ ÉμÎ´μ¸ÉÓ ·¥Ï¥´¨Ö
¤μ ∼ 10−13−10−14.

„ ²¥¥ · ¸¸³μÉ·¨³ μ¡ÐÊÕ ³¥Éμ¤¨±Ê ¶μ²ÊÎ¥´¨Ö É ±¨Ì ¢¥¸μ¢ÒÌ ³´μ¦¨É¥²¥° ¸ ¨¸¶μ²Ó-
§μ¢ ´¨¥³ ¨´É¥·¶μ²ÖÍ¨μ´´μ£μ ³´μ£μÎ²¥´ 

Gi(t) =
P

(α,β)
N (t)

(t − ξi,N )P
′(α,β)
N (ξi,N )

, (36)

£¤¥ ξi,N Ö¢²ÖÕÉ¸Ö ±μ·´Ö³¨ ³´μ£μÎ²¥´  Ÿ±μ¡¨

P
(α,β)
N (ξi,N ) = 0 (i = 1, 2, . . . , N). (37)
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‚ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ¶μ²ÊÎ¨³ ´μ¢Ò¥ Ëμ·³Ê²Ò ¤²Ö £¨¶¥·¸¨´£Ê²Ö·´ÒÌ ¨´É¥£· ²μ¢,  
É ±¦¥ · ¸Ï¨·¨³ ´ ¡μ· ±¢ ¤· ÉÊ·´ÒÌ Ëμ·³Ê² ¤²Ö ¨´É¥£· ²μ¢ c ²μ£ ·¨Ë³¨Î¥¸±μ° ¸¨´£Ê-
²Ö·´μ¸ÉÓÕ.

ˆ§ ¢¸¥Ì ¶μ²¨´μ³μ¢ Ÿ±μ¡¨ P
(α,β)
N (z) ²ÊÎÏ¥ ¢¸¥£μ ¡· ÉÓ ¶μ²¨´μ³Ò ¸ α, β = ±1/2. „²Ö

´¨Ì ¸Ìμ¤¨³μ¸ÉÓ ±¢ ¤· ÉÊ· Ö¢²Ö¥É¸Ö ³ ±¸¨³ ²Ó´μ° ¶μ μÉ´μÏ¥´¨Õ ± ¤·Ê£¨³ ¶μ²¨´μ³ ³
Ÿ±μ¡¨, ±·μ³¥ ÔÉμ£μ ´Ê²¨ ¶μ²¨´μ³μ¢ ²¥£±μ · ¸¸Î¨É ÉÓ (¥¸ÉÓ  ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö),
¨ ³´μ£¨¥ ¨´É¥£· ²Ò ¤²Ö ¢¥¸μ¢ÒÌ ³´μ¦¨É¥²¥° ¸ ¸¨´£Ê²Ö·´μ¸ÉÖ³¨ ¤ ÕÉ¸Ö μÉ´μ¸¨É¥²Ó´μ
¶·μ¸ÉÒ³¨ Ëμ·³Ê² ³¨ [23,25,27Ä29].

3. ��‘’��…�ˆ… Š‚�„��’“��›• ”��Œ“‹
„‹Ÿ ‘ˆ�ƒ“‹Ÿ��›• ˆ�’…ƒ��‹�‚

�μ²ÊÎ¨³ ±¢ ¤· ÉÊ·´ÊÕ Ëμ·³Ê²Ê ¤²Ö ¨´É¥£· ²  ¢¨¤ 

I(z) =

1∫
−1

F (t)w(t) g(t, z) dt, (38)

£¤¥ g(t, z) Å ËÊ´±Í¨Ö, ¸¨´£Ê²Ö·´ Ö ¶·¨ t = z; F (t) ¨ w(t) Å Î ¸É¨ Ö¤· , ±μÉμ·Ò¥ ´¥
¸μ¤¥·¦ É ¸¨´£Ê²Ö·´μ¸É¥° ¤²Ö ¢¸¥Ì −1 < t, z < 1.

„²Ö ÔÉμ£μ ËÊ´±Í¨Ö F (t) ¢ (38) c ¶μ³μÐÓÕ ¨´É¥·¶μ²ÖÍ¨μ´´μ£μ ³´μ£μÎ²¥´  (36) § ³¥-
´Ö¥É¸Ö · §²μ¦¥´¨¥³

F (t) ≈
N∑

i,=1

Gi(t)F (ξi,N ), (39)

£¤¥ ξi,N Ö¢²ÖÕÉ¸Ö ±μ·´Ö³¨ ³´μ£μÎ²¥´  Ÿ±μ¡¨.
�μ¤¸É ¢²ÖÖ · §²μ¦¥´¨¥ (39) ¢ I(z), ¶μ²ÊÎ¨³, ÎÉμ ±¢ ¤· ÉÊ·´ Ö Ëμ·³Ê²  ¤²Ö ¨´É¥£· ² 

¶·¨´¨³ ¥É ¢¨¤

I(z) ≈
N∑

i=1

ωi(z)F (ξi,N ), (40)

£¤¥

ωi(z) =
1

P
′(α,β)
N (ξi,N )

1∫
−1

g (t, z)w(t)
P

(α,β)
N (t)

t − ξi,N
dt. (41)

’ ±¨³ μ¡· §μ³, ¢ÒÎ¨¸²¥´¨¥ (41) ¶μ§¢μ²¨É ´ °É¨ ¢¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¤²Ö ±¢ ¤· -
ÉÊ·´μ° Ëμ·³Ê²Ò (38), ¸μ¤¥·¦ Ð¥° ¸¨´£Ê²Ö·´μ¸É¨. �·¨ ÔÉμ³ ¢ ¦´Ò³ ³μ³¥´Éμ³ Ö¢²Ö¥É¸Ö
¶μ²ÊÎ¥´¨¥  ´ ²¨É¨Î¥¸±¨Ì ¢Ò· ¦¥´¨°, ¶μ¸±μ²Ó±Ê Éμ²Ó±μ ¢ ÔÉμ³ ¸²ÊÎ ¥ Ê¤ ¥É¸Ö ¶μ¢Ò¸¨ÉÓ
ÉμÎ´μ¸ÉÓ · ¸Î¥Éμ¢.

4. ���‹ˆ’ˆ—…‘Šˆ‰ ‚ˆ„ ‚…‘�‚›• Œ��†ˆ’…‹…‰

� ¸¸³μÉ·¨³ ¢μ§³μ¦´μ¸ÉÓ  ´ ²¨É¨Î¥¸±μ£μ ¢ÒÎ¨¸²¥´¨Ö ¢¥¸μ¢ÒÌ ³´μ¦¨É¥²¥° ¤²Ö · §-
²¨Î´ÒÌ ¢¨¤μ¢ ¸¨´£Ê²Ö·´μ¸É¥°, É. ¥. ¢ § ¢¨¸¨³μ¸É¨ μÉ ¢¨¤  ËÊ´±Í¨¨ g(t, z).
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4.1. ‘¨´£Ê²Ö·´Ò° ¨´É¥£· ² ŠμÏ¨. � ¨¡μ²¥¥ ¨§¢¥¸É´Ò³ ¢ ·¨ ´Éμ³ (38) ¢ ²¨É¥· ÉÊ·¥
Ö¢²Ö¥É¸Ö ¨´É¥£· ² ŠμÏ¨

g(t, z) =
1

t − z
, −1 < z < 1.

�ÉμÉ ¸²ÊÎ ° μ¶¨¸ ´ ¢ ¡μ²ÓÏμ³ ±μ²¨Î¥¸É¢¥ · ¡μÉ (c³., ´ ¶·¨³¥·, [23,25,28]), ¢ ±μÉμ·ÒÌ
¶·¥¤² £ ÕÉ¸Ö · §²¨Î´Ò¥ ¢ ·¨ ´ÉÒ ±¢ ¤· ÉÊ·´ÒÌ Ëμ·³Ê². ‚ ÔÉμ³ ¸²ÊÎ ¥ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ
Ëμ·³Ê²Ò ¤²Ö ¢¥¸μ¢ÒÌ ³´μ¦¨É¥²¥° (41) ´¥¶μ¸·¥¤¸É¢¥´´μ ¢ÒÎ¨¸²¥´¨¥³ ¨´É¥£· ² 

ωC
i (z) =

1∫
−1

w(t)

P
′(α,β)
N (ξi,N )

P
(α,β)
N (t)

(t − ξi,N )(t − z)
dt. (42)

C ¶μ³μÐÓÕ Éμ¦¤¥¸É¢ 

1
(t − ξi,N )(t − z)

=
1

z − ξi,N

[
1

t − z
− 1

t − ξi,N

]
(43)

±μÔËË¨Í¨¥´ÉÒ (42) ¶·¨¢¥¤¥³ ± ¢¨¤Ê

ωC
i (z) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1

P
′(α,β)
N (ξi,N )

Π(α,β)
N (z) − Π(α,β)

N (ξi,N )
(z − ξi,N )

, ¥¸²¨ z �= ξi,N ,

Π′(α,β)
N (ξi,N )

P
′(α,β)
N (ξi,N )

, ¥¸²¨ z = ξi,N ,

(44)

£¤¥

Π(α,β)
n (z) =

1∫
−1

w(t)
P

(α,β)
n (t)
(t − z)

dt. (45)

„²Ö · ¸Î¥É  ±μÔËË¨Í¨¥´Éμ¢ ωC
i (z) ¸ ¢Ò¸μ±μ° ¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨ ´¥μ¡Ìμ¤¨³μ · ¸¸Î¨É ÉÓ

 ´ ²¨É¨Î¥¸±¨ ¨´É¥£· ² (45) ¤²Ö · §²¨Î´ÒÌ ¢ ·¨ ´Éμ¢ ËÊ´±Í¨¨ w(t).
� ¨¡μ²¥¥ ¨§¢¥¸É´Ò³ Ö¢²Ö¥É¸Ö ¢ ·¨ ´É w(t) ¸ ¢¥¸μ¢μ° ËÊ´±Í¨¥° ¶μ²¨´μ³  Ÿ±μ¡¨

P
(α,β)
n (t), É. ¥.

w(t) = w(α,β)(t) ≡ (1 − t)α(1 + t)β .

’μ£¤  ¤²Ö ¨´É¥£· ²  (45) ¨³¥¥³

Π(α,β)
n (z) = Q(α,β)

n (z),

£¤¥

Q(α,β)
n (z) =

1∫
−1

(1 − t)α(1 + t)β P
(α,β)
n (t)
(t − z)

dt. (46)

‚ ¸ ³μ³ μ¡Ð¥³ ¸²ÊÎ ¥ ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ α ¨ β ËÊ´±Í¨Ö Q(α,β)
n (z) ¸¢Ö§ ´  ¸ ¶μ²¨´μ-

³ ³¨ Ÿ±μ¡¨ ¢Éμ·μ£μ ·μ¤  Q
(α,β)
n (z) ¸μμÉ´μÏ¥´¨¥³

Q(α,β)
n (z) = (−2)(z − 1)α(z + 1)βQ(α,β)

n (z), (47)
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£¤¥

Q(α,β)
n (z) = 2α+β+n Γ(n + α + 1)Γ(n + β + 1)

Γ(2n + α + β + 2)
×

× (z + 1)−β(z − 1)−α−n−1
2F1

(
n + 1, n + α + 1; 2n + α + β + 2;

2
1 − z

)
. (48)

4.2. ƒ¨¶¥·¸¨´£Ê²Ö·´Ò° ¢ ·¨ ´É. � ¸¸³μÉ·¨³ £¨¶¥·¸¨´£Ê²Ö·´Ò° ¢ ·¨ ´É ¨´É¥£· -
²  (41), ±μ£¤  ËÊ´±Í¨Ö g(t, z) = 1/(t − z)2.

Šμ´Í¥¶Í¨Ö · ¸Î¥É  ±μ´¥Î´μ° Î ¸É¨ É ±μ£μ É¨¶  ¨´É¥£· ²μ¢ ¡Ò²  ¢¶¥·¢Ò¥ ¢¢¥¤¥´ 
�¤ ³ ·μ³ (Hadamard J. Lectures on Cauchy's Problem in Linear Partial Differential Equa-
tions. Yale University Press, 1923) ¨ · §¢¨É  ¢ · ¡μÉ Ì [27, 30, 31 ¨ ¤·.]. Šμ´¥Î´ Ö Î ¸ÉÓ
£¨¶¥·¸¨´£Ê²Ö·´μ£μ ¨´É¥£· ² , μ¡μ§´ Î¥´´ Ö §´ ±μ³ ®=¯, ¸¢Ö§ ´  ¸ ¨´É¥£· ²μ³ ŠμÏ¨
¶μ¸·¥¤¸É¢μ³ Ê· ¢´¥´¨Ö [27]

1∫
−1

=
w(t)F (t)
(t − z)2

dt =
d

dz

⎡
⎣ 1∫

−1

− w(t)F (t)
t − z

dt

⎤
⎦ , −1 < z < 1. (49)

‘²¥¤μ¢ É¥²Ó´μ, ¢¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ ±¢ ¤· ÉÊ·´μ° Ëμ·³Ê²Ò

1∫
−1

w(t)F (t)
(t − z)2

dt =
N∑

i=1

ωH
i (z)F (ξi,N ) (50)

¸¢Ö§ ´Ò ¸ ±μÔËË¨Í¨¥´É ³¨ (44) ¸μμÉ´μÏ¥´¨¥³

ωH
i (z) =

d

dz

[
ωC

i (z)
]
. (51)

’μ£¤  ¢¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¤²Ö ¨´É¥£· ²  (50) ³μ¦´μ · ¸¸Î¨É ÉÓ ¶μ Ëμ·³Ê² ³

ωH
i (z) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1

P
′(α,β)
N (ξi,N )

{
Π′(α,β)

N (z)
(z − ξi,N )

− Π(α,β)
N (z) − Π(α,β)

N (ξi,N )
(z − ξi,N )2

}
, ¥¸²¨ z �= ξi,N ,

Π′′(α,β)
N (ξi,N )

2P
′(α,β)
N (ξi,N )

, ¥¸²¨ z = ξi,N .

(52)

�É³¥É¨³, ÎÉμ ¤ ´´ Ö Ëμ·³Ê²  ¤²Ö £¨¶¥·¸¨´£Ê²Ö·´μ£μ ¨´É¥£· ²  ¶μ²ÊÎ¥´  ¢¶¥·¢Ò¥.
„²Ö ¨´É¥£· ²  ŠμÏ¨ (g(t, z) = 1/(t − z)) ¸ α = −β = −1/2 ¨³¥¥³

Π(−1/2,1/2)
n (z) =

1∫
−1

√
1 + t

1 − t

Vn(t)
(t − z)

dt = πWn(z), (53)

£¤¥ Vn(z) ¨ Wn(z) Å ¶μ²¨´μ³Ò —¥¡ÒÏ¥¢  3-£μ ¨ 4-£μ ·μ¤  ¸μμÉ¢¥É¸É¢¥´´μ [32] (¸³. ¶. 4.3).
’μ£¤  ±¢ ¤· ÉÊ·´ Ö Ëμ·³Ê²  ¤²Ö £¨¶¥·¸¨´£Ê²Ö·´μ£μ ¨´É¥£· ²  ¨³¥¥É ¢¨¤

1∫
−1

√
1 + t

1 − t

F (t)
(t − z)2

dt ≈
N∑

i=1

ωH
i (z)F (ξi,N ), (54)
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£¤¥

ωH
i (z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

π

V ′
N (ξi,N )

{
W ′

N (z)
(z − ξi,N )

− WN (z) − WN (ξi,N )
(z − ξi,N )2

}
, ¥¸²¨ z �= ξi,N ,

π

2
W ′′

N (ξi,N )
V ′

N (ξi,N )
, ¥¸²¨ z = ξi,N .

(55)

”μ·³Ê²  (55) ¤²Ö ¢¥¸μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ¶μ§¢μ²Ö¥É · ¸¸Î¨É ÉÓ ¨Ì ¸ ¢Ò¸μ±μ° ÉμÎ´μ-
¸ÉÓÕ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´  ¤²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸
²¨´¥°´Ò³ § ¶¨· ÕÐ¨³ ¶μÉ¥´Í¨ ²μ³ ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥.

4.3. ‹μ£ ·¨Ë³¨Î¥¸± Ö ¸¨´£Ê²Ö·´μ¸ÉÓ. � ¸¸³μÉ·¨³ ¢¥¸μ¢μ° ±μÔËË¨Í¨¥´É (41) ¤²Ö
α, β = ±1/2 ¸ w(t) = 1 ¨

g(t, z) = Q0(t, z) = ln

∣∣∣∣∣1 − tz +
√

(1 − t2) (1 − z2)
t − z

∣∣∣∣∣ , (56)

É. ¥.

ωQ0
i (z) =

1

P
′(α,β)
n (ξi,N )

1∫
−1

Q0(t, z)
P

(α,β)
N (t)

t − ξi,N
dt. (57)

�´ ²¨É¨Î¥¸±μ¥ ¢ÒÎ¨¸²¥´¨¥ (57) ³μ¦´μ ¶·μ¤¥² ÉÓ ¸ ¶μ³μÐÓÕ · §²μ¦¥´¨Ö ¤²Ö ¶μ²¨-

´μ³μ¢ P
(α,β)
N (z) ¸ α = β = ±1/2:

K
(α,β)
N (t) − K

(α,β)
N (z)

t − z
= 2

N−1∑
j=0

UN−1−k(z)K(α,β)
j (t) = 2

N−1∑
j=0

K
(α,β)
N−1−j(z)Uj(t), (58)

£¤¥ ËÊ´±Í¨Ö

K
(α,β)
N (z) =

⎧⎪⎪⎨
⎪⎪⎩

TN(z), α = β = −1/2,
UN(z), α = β = 1/2,
VN (z), α = −β = −1/2,
WN (z), α = −β = 1/2

(59)

¢±²ÕÎ ¥É ¶μ²¨´μ³Ò —¥¡ÒÏ¥¢  1Ä4-£μ ·μ¤μ¢ (¶μ¤·μ¡´μ¸É¨ μ¡ ÔÉ¨Ì ¶μ²¨´μ³ Ì ³μ¦´μ
´ °É¨ ¢ [32]).

�Ê²¨ ¶μ²¨´μ³μ¢ —¥¡ÒÏ¥¢  μ¶·¥¤¥²ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨¥³

ξi,N = cos θi,N (i = 1, . . . , N). (60)

’·¨£μ´μ³¥É·¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö ¨ ¢Ò· ¦¥´¨Ö ¤²Ö θi,N ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 1.
‚ Î ¸É´μ¸É¨ ¤²Ö α = β = −1/2 ¸μμÉ´μÏ¥´¨¥ (58) ¶·¨¢μ¤¨É ± · §²μ¦¥´¨Õ ¢¨¤ 

TN(t) − TN (z)
t − z

= 2
N−1∑
k=0

′UN−1−k(z)Tk(t) = 2
N−1∑
k=0

′′TN−1−k(z)Uk(t), (61)

£¤¥ ¸¨³¢μ²Ò ′ ¨ ′′ μ§´ Î ÕÉ, ÎÉμ ¶¥·¢μ¥ ¨²¨ ¶μ¸²¥¤´¥¥ ¸² £ ¥³μ¥ ¢ ¸Ê³³¥ ¤¥²¨É¸Ö ¶μ¶μ² ³
¸μμÉ¢¥É¸É¢¥´´μ.
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’ ¡²¨Í  1. ‘μμÉ´μÏ¥´¨Ö ¤²Ö ¶μ²¨´μ³μ¢ —¥¡ÒÏ¥¢ 

�¡μ§´ Î¥´¨¥ ‚Ò· ¦¥´¨¥ θi,N

TN (x) cos [N arccos (x)] (i − 1/2)π/N

UN (x) sin [(N + 1) arccos (x)] /
√

1 − x2 iπ/(N + 1)

VN (x) cos [(N + 1/2) arccos (x)] / cos [arccos (x)/2] (2i − 1)π/(2N + 1)

WN (x) sin [(N + 1/2) arccos (x)] / sin [arccos (x)/2] (2i)π/(2N + 1)

ˆ¸¶μ²Ó§ÊÖ (58), ¸μμÉ´μÏ¥´¨¥ (57) ¶·¨¢¥¤¥³ ± ¢¨¤Ê

ωQ0
i (z) =

2

P
′(α,β)
N (ξi,N )

N−1∑
k=0

K
(α,β)
N−1−k(ξi,N )

1∫
−1

Q0(t, z)Uk(t) dt. (62)

ˆ´É¥£· ² ¢ (62) ¢ÒÎ¨¸²Ö¥É¸Ö ¶ÊÉ¥³ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ Î ¸ÉÖ³, É. ¥.

1∫
−1

Q0(t, z)Uk(t) dt =
√

1 − z2

k + 1

1∫
−1

Tk+1(t)√
1 − t2(t − z)

dt =
π
√

1 − z2

k + 1
Uk(z). (63)

‚ ¨Éμ£¥ ±¢ ¤· ÉÊ·´ Ö Ëμ·³Ê²  ¤²Ö ¨´É¥£· ²  ¸ ²μ£ ·¨Ë³¨Î¥¸±μ° ¸¨´£Ê²Ö·´μ¸ÉÓÕ
¢¨¤  (56)

1∫
−1

F (t) ln

∣∣∣∣∣1 − tz +
√

(1 − t2)(1 − z2)
t − z

∣∣∣∣∣ dt ≈
N∑

i=1

ωQ0
i (z)F (ξi,N ) (64)

¸μ¤¥·¦¨É ¢¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ

ωQ0
i (z) =

2π
√

1 − z2

K
′(α,β)
N (ξi,N )

N−1∑
k=0

K
(α,β)
N−1−k(ξi,N )

Uk(z)
k + 1

. (65)

5. ��‘—…’ 	�…�ƒ…’ˆ—…‘Š�ƒ� ‘�…Š’��
„‹Ÿ ‹ˆ�…‰��ƒ� ‡��ˆ���™…ƒ� ��’…�–ˆ�‹� ‘ � = 0

“· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ ²¨´¥°´Ò³ § ¶¨· ÕÐ¨³ ¶μÉ¥´Í¨ ²μ³

k2

2μ
φn�(k) +

σ

πk2

∞∫
0

Q′
�(y)φn�(k′) dk′ = En� φn�(k) (66)

¶·¨¢¥¤¥³ ± ¢¨¤Ê

k̃2φn�(k̃) +
1

πk̃2

∞∫
0

Q′
�(y) k̃′φn�(k̃′) dk̃′ = εn� φn�(k̃) (67)

¸ ¶μ³μÐÓÕ § ³¥´

k = βk̃, E =
β2

2μ
ε, β = (2μσ)1/3, φn�(k̃) = β3/2φn�(k). (68)
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ˆ¸¶μ²Ó§ÊÖ μÉμ¡· ¦¥´¨¥

k̃ = β0

√
1 + z

1 − z
, k̃′ = β0

√
1 + t

1 − t
, (69)

¶μ²ÊÎ¨³, ÎÉμ Ê· ¢´¥´¨¥ (67) ¶·¥μ¡· §Ê¥É¸Ö ± ¢¨¤Ê

1
πβ0

(
1 − z

1 + z

) 1∫
−1

Q′
�(y(t, z))

φn�(t) dt

(1 − t)
√

1 − t2
=

(
εn� − β2

0

1 + z

1 − z

)
φn�(z). (70)

„²Ö ¸²ÊÎ Ö � = 0 Ê· ¢´¥´¨¥ (70) ¶μ¸²¥ Ê¶·μÐ¥´¨° § ¶¨Ï¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

− 1
πβ0

(1 − z)2
1∫

−1

φn0(t)

√
1 + t

1 − t

dt

(t − z)2
=

(
εn0 − β2

0

1 + z

1 − z

)
φn0(z). (71)

’ ±¨³ μ¡· §μ³, ¤²Ö § ¶¨· ÕÐ¥£μ ¶μÉ¥´Í¨ ²  ¨³¥¥³ £¨¶¥·¸¨´£Ê²Ö·´μ¥ Ö¤·μ ∼ 1/(t−z)2,
¨, ¸²¥¤μ¢ É¥²Ó´μ, ¤²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ´¥μ¡Ìμ¤¨³μ ¨¸¶μ²Ó§μ¢ ÉÓ ¢¥¸μ¢Ò¥ ±μÔËË¨Í¨-
¥´ÉÒ (55), ¶·¨¢¥¤¥´´Ò¥ ¢ ¶. 4.2. ”Ê´±Í¨Ö w(t) ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¢Ò¡¨· ¥É¸Ö ¢ ¢¨¤¥

w(t) =

√
1 + t

1 − t
.

‚ ¨Éμ£¥ ³ É·¨Í  ¤²Ö § ¤ Î¨ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¶·¨´¨³ ¥É ¢¨¤

Hij =

[
β2

0δij

(
1 + ξj,N

1 − ξj,N

)
−

ωH
j (ξi,N )
πβ0

(1 − ξi,N )2
]

, (72)

£¤¥ ξi,N (z → ξi,N , t → ξj,N ) Å ´Ê²¨ ¶μ²¨´μ³  VN (t),   ³ É·¨Í  ωH
j (ξi,N ) · ¸¸Î¨ÉÒ¢ -

¥É¸Ö ¸ ¶μ³μÐÓÕ (55).
„²Ö ²¨´¥°´μ£μ § ¶¨· ÕÐ¥£μ ¶μÉ¥´Í¨ ²  ¶·¨ � = 0 ¨§¢¥¸É´μ, ÎÉμ

εn0 = −zn, n = 1, 2, 3 . . . , (73)

£¤¥ zn Ö¢²ÖÕÉ¸Ö ´Ê²Ö³¨ ËÊ´±Í¨¨ �°·¨ Ai(z). �μÔÉμ³Ê ¨³¥¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ ¸· ¢´¨ÉÓ
·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ ¸ ³ É·¨Í¥° (72) ¨ ÉμÎ´Ò³¨ §´ Î¥´¨Ö³¨ (¸³. É ¡². 2).
‚ É ¡². 2 ¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö μÉ´μ¸¨É¥²Ó´μ° ¶μ£·¥Ï´μ¸É¨

δ =
εn0 − ε

(N)
n

εn0
, (74)

’ ¡²¨Í  2. �É´μ¸¨É¥²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ δ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (72) (β0 = 0,999992)

N n = 1 n = 2 n = 3 n = 4 n = 5 n = 6

50 3 · 10−22 4 · 10−20 3 · 10−17 3 · 10−15 8 · 10−14 2 · 10−12

80 5 · 10−33 2 · 10−29 1 · 10−26 3 · 10−24 4 · 10−22 3 · 10−20

100 2 · 10−39 1 · 10−35 1 · 10−32 4 · 10−31 5 · 10−28 6 · 10−26

150 4 · 10−54 8 · 10−50 5 · 10−47 1 · 10−43 6 · 10−42 6 · 10−39
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£¤¥ ε
(N)
n Å Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·, ¶μ²ÊÎ¥´´Ò° ¶ÊÉ¥³ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ ´ 

¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ³ É·¨ÍÒ (72) ¶·¨ § ¤ ´´μ³ Î¨¸²¥ Ê§²μ¢ N . ‚ÒÎ¨¸²¥´¨Ö
¶·μ¢μ¤¨²¨¸Ó ¢ ¸¨¸É¥³¥ Mathematica [33], ¶·¨ ÔÉμ³ ÉμÎ´μ¸ÉÓ ¢¥¸μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ¨
´Ê²¥° ¢Ò¡¨· ² ¸Ó · ¢´μ° 90, ÎÉμ¡Ò μ¶·¥¤¥²¨ÉÓ ¢μ§³μ¦´ÊÕ μÉ´μ¸¨É¥²Ó´ÊÕ ¶μ£·¥Ï´μ¸ÉÓ
·¥Ï¥´¨Ö.

6. ��‘—…’ 	�…�ƒ…’ˆ—…‘Š�ƒ� ‘�…Š’��
„‹Ÿ Š“‹���‚‘Š�ƒ� ��’…�–ˆ�‹� ‘ � = 0

“· ¢´¥´¨¥ ¸ ±Ê²μ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³

k2

2μ
φn�(k) − α

πk

∞∫
0

Q�(y)k′φn�(k′) dk′ = En�φn�(k) (75)

¶·¨¢¥¤¥³ ± ¢¨¤Ê

k̃2φn�(k̃) − 2
πk̃

∞∫
0

Q�(y)k̃′φn�(k̃′) dk̃′ = εn�φn�(k̃), (76)

£¤¥

k = βk̃, En� =
β2

2μ
εn�, φn�(k̃) = β3/2φn�(k), β = μα. (77)

ˆ¸¶μ²Ó§ÊÖ μÉμ¡· ¦¥´¨¥ (69), ¶μ²ÊÎ¨³, ÎÉμ Ê· ¢´¥´¨¥ (75) ¶·¥μ¡· §Ê¥É¸Ö ± ¢¨¤Ê

2β0

π

√
1 − z

1 + z

1∫
−1

Q�(y(t, z))
φn�(t) dt

(1 − t)2
=

(
β2

0

1 + z

1 − z
− εn�

)
φn�(z), (78)

£¤¥

y(t, z) =
1 − tz√

1 − t2
√

1 − z2
. (79)

’μ£¤  ¤²Ö � = 0 ¶μ²ÊÎ¨³, ÎÉμ

2β0

π

√
1 − z

1 + z

1∫
−1

φn0(t) ln

∣∣∣∣∣1 − tz +
√

(1 − t2)(1 − z2)
t − z

∣∣∣∣∣ dt

(1 − t)2
=

=
(

β2
0

1 + z

1 − z
− εn0

)
φn0(z). (80)

� ¸¸³μÉ·¨³ Î¨¸²¥´´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (80) ¸ ¶μ³μÐÓÕ ±¢ ¤· ÉÊ·´ÒÌ Ëμ·³Ê².
Š ± ¸²¥¤Ê¥É ¨§ ¢¨¤  Ê· ¢´¥´¨Ö, ËÊ´±Í¨Ö w(t) ¤²Ö ¶μ²¨´μ³μ¢ Ÿ±μ¡¨ ¸ α, β = ±1/2
³μ¦¥É ¡ÒÉÓ ¢Ò¡· ´  ¢ ¢¨¤¥ w(t) = 1, ¶·¨ ÔÉμ³ ¶ · ³¥É·Ò z = ξi,N ¨ t = ξj,N .

‘ ¶μ³μÐÓÕ (65) ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ (78) ¸¢μ¤¨É¸Ö ± § ¤ Î¥ ´  ¸μ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö

N∑
j=1

Hijφn0(ξj,N ) = ε
(N)
n0 φn0(ξi,N ), (81)
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’ ¡²¨Í  3. �É´μ¸¨É¥²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ δ ¤²Ö ¶μ²¨´μ³μ¢ Vn(t) c w(t) = 1

N n = 1 n = 2 n = 3 n = 4 n = 5 n = 6

50 0 · 10−90 1 · 10−40 2 · 10−21 5 · 10−12 9 · 10−7 1 · 10−3

80 0 · 10−90 1 · 10−68 5 · 10−38 1 · 10−23 5 · 10−15 2 · 10−9

100 0 · 10−90 3 · 10−87 2 · 10−49 1 · 10−31 5 · 10−21 5 · 10−14

150 0 · 10−90 0 · 10−90 2 · 10−78 2 · 10−52 8 · 10−36 3 · 10−26

’ ¡²¨Í  4. �É´μ¸¨É¥²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ δ ¤²Ö ¶μ²¨´μ³μ¢ Tn(t) c w(t) = 1

N n = 1 n = 2 n = 3 n = 4 n = 5 n = 6

50 0 · 10−90 8 · 10−40 1 · 10−20 1 · 10−11 2 · 10−6 2 · 10−3

80 0 · 10−90 1 · 10−67 2 · 10−37 3 · 10−23 9 · 10−15 3 · 10−9

100 0 · 10−90 3 · 10−86 7 · 10−49 3 · 10−31 1 · 10−20 9 · 10−14

150 0 · 10−90 0 · 10−90 6 · 10−78 5 · 10−52 2 · 10−36 5 · 10−26

£¤¥ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ H § ¤ ÕÉ¸Ö Ëμ·³Ê²μ°

Hij = β0

[
β0δij

(
1 + ξj,N

1 − ξj,N

)
− 2

π

ωQ0
j (ξi,N )

(1 − ξj,N )2

√
1 − ξi,N

1 + ξi,N

]
. (82)

Œ É·¨Í  ωQ0
j (ξi,N ) · ¸¸Î¨ÉÒ¢ ¥É¸Ö ¸ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨Ö (65).

�·μ¢¥¤¥³ ¢ÒÎ¨¸²¥´¨Ö ¤²Ö ¤¢ÊÌ ´ ¡μ·μ¢ ¶μ²¨´μ³μ¢ c α = β = −1/2 (¶μ²¨´μ³Ò
—¥¡ÒÏ¥¢  1-£μ ·μ¤  Tn(t)) ¨ ¸ α = −1/2, β = 1/2 (¶μ²¨´μ³Ò —¥¡ÒÏ¥¢  3-£μ ·μ¤ 
Vn(t)).

‚ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ¨§¢¥¸É´Ò ÉμÎ´Ò¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö Ô´¥·£¨¨,
  ¨³¥´´μ, εn� = −1/n2. ‚ É ¡². 3 ¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö μÉ´μ¸¨É¥²Ó´μ° ¶μ£·¥Ï´μ¸É¨ (74),
¶μ²ÊÎ¥´´Ò¥ ¢ ·¥§Ê²ÓÉ É¥ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¢ § ¢¨¸¨³μ¸É¨ μÉ Î¨¸²  Ê§²μ¢ N . �¥Ï¥´¨¥
Ê· ¢´¥´¨Ö (81) ¤²Ö ¶μ²¨´μ³μ¢ —¥¡ÒÏ¥¢  1-£μ ·μ¤  Tn(t) ¤ ¥É  ´ ²μ£¨Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ
(¸³. É ¡². 4).

Š ± ¸²¥¤Ê¥É ¨§ ·¥§Ê²ÓÉ Éμ¢, ®¶μÎÉ¨¯ ÉμÎ´ Ö ±¢ ¤· ÉÊ·´ Ö Ëμ·³Ê²  ¤²Ö ¨´É¥£· ²  ¢
Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥·  ¶μ§¢μ²Ö¥É ¢μ¸¶·μ¨§¢¥¸É¨ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸ ¢Ò¸μ±μ° ¸É¥-
¶¥´ÓÕ ÉμÎ´μ¸É¨, ´ ³´μ£μ ¶·¥¢μ¸Ìμ¤ÖÐ¥°  ´ ²μ£¨Î´Ò¥ ¢ÒÎ¨¸²¥´¨Ö [6,7, 34].

7. ��‘—…’ 	�…�ƒ…’ˆ—…‘Š�ƒ� ‘�…Š’��
„‹Ÿ Š���…‹œ‘Š�ƒ� ��’…�–ˆ�‹� ‘ � = 0

Œ É·¨Í  Hij ¤²Ö Ê· ¢´¥´¨Ö ¸ ±μ·´¥²Ó¸±¨³ ¶μÉ¥´Í¨ ²μ³ V (r) = −α/r + σr

k2

2μ
φ�(k) − α

πk

∞∫
0

Q�(y) k′φ�(k′) dk′ +
σ

πk2

∞∫
0

Q′
�(y)φ�(k′) dk′ = Eφ�(k) (83)

¸ ¶μ³μÐÓÕ (82) ¨ (72) ¶·¨ � = 0 § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

Hij = β2
0δij

(
1 + ξj,N

1 − ξj,N

)
−

ωH
j (ξi,N )
πβ0

(1 − ξi,N )2 − λβ0

π

ωQ0
j (ξi,N )

(1 − ξj,N )2

√
1 − ξi,N

1 + ξi,N
, (84)
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’ ¡²¨Í  5. ‚¥²¨Î¨´  δ ¤²Ö ¶μ²¨´μ³μ¢ VN(t) c β0 = 0,99992 ¨ λ = 1

N n = 1 n = 2 n = 3 n = 4 n = 5 n = 6

50 4 · 10−17 8 · 10−18 1 · 10−17 1 · 10−15 1 · 10−13 4 · 10−12

80 5 · 10−17 1 · 10−17 6 · 10−18 4 · 10−18 3 · 10−18 3 · 10−18

100 4 · 10−17 1 · 10−17 6 · 10−18 4 · 10−18 3 · 10−18 3 · 10−18

150 4 · 10−17 1 · 10−17 5 · 10−18 4 · 10−18 2 · 10−18 2 · 10−18

£¤¥
λ =

α

(σ/(2μ)2)1/3
. (85)

‚ μÉ²¨Î¨¥ μÉ ±Ê²μ´μ¢¸±μ£μ ¨ ²¨´¥°´μ£μ § ¶¨· ÕÐ¥£μ ¶μÉ¥´Í¨ ²μ¢ ¢ ¤ ´´μ³ ¸²ÊÎ ¥
ÉμÎ´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö μÉ¸ÊÉ¸É¢ÊÕÉ. �μÔÉμ³Ê Î¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ¢ ¨³¶Ê²Ó¸-
´μ³ ¶·μ¸É· ´¸É¢¥ ¡Ê¤¥³ ¸· ¢´¨¢ ÉÓ ¸ ·¥Ï¥´¨¥³ ÔÉμ£μ ¦¥ Ê· ¢´¥´¨Ö ¢ ±μμ·¤¨´ É´μ³
¶·μ¸É· ´¸É¢¥.

„²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ ¨¸¶μ²Ó§Ê¥³ ¢ ·¨ Í¨μ´´Ò° ³¥-
Éμ¤ ·¥Ï¥´¨Ö ¸ ¶¸¥¢¤μ±Ê²μ´μ¢¸±¨³¨ ¶·μ¡´Ò³¨ ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨ [35]

ψC
n�(r, β) = NC

n�(2β)3/2 (2βr)� e−βrL2�+2
n (2βr), NC

n� =

√
n!

(n + 2� + 2)!
, (86)

£¤¥ L�
n(z) Å ¶μ²¨´μ³Ò ‹ £¥·· ; Î¨¸²  n, � � 0. ‚ · ¡μÉ¥ [36] ¶μ²ÊÎ¥´Ò  ´ ²¨É¨Î¥¸±¨¥

¢Ò· ¦¥´¨Ö ¤²Ö ¨´É¥£· ²μ¢ ¸ ËÊ´±Í¨Ö³¨ (86), ¢μ§´¨± ÕÐ¨Ì ¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´-
¸É¢¥. �Éμ ¶μ§¢μ²Ö¥É ¶·μ¨§¢¥¸É¨ ¢ÒÎ¨¸²¥´¨Ö ¸ ¢Ò¸μ±μ° ¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨.

‚ É ¡². 5 ¶·¥¤¸É ¢²¥´Ò §´ Î¥´¨Ö ¢¥²¨Î¨´Ò

δ =
ε̃n0 − ε

(N)
n

ε̃n0
, (87)

£¤¥ ε̃n0 Å ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö, ¶μ²ÊÎ¥´´Ò¥ ¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥. ‡ ³¥É¨³,
ÎÉμ Î¨¸²¥´´Ò¥ · ¸Î¥ÉÒ ¸ ¶μ³μÐÓÕ (84) ¶μ²´μ¸ÉÓÕ ¸μ¢¶ ¤ ÕÉ ¸ ·¥§Ê²ÓÉ É ³¨ [8], ±μÉμ·Ò¥
¡Ò²¨ ¶·μ¤¥² ´Ò ¸ ÉμÎ´μ¸ÉÓÕ 10−12.

‡�Š‹�—…�ˆ…

’ ±¨³ μ¡· §μ³, ´μ¢Ò¥ ±¢ ¤· ÉÊ·´Ò¥ Ëμ·³Ê²Ò (52) ¨ (64), ¢ ±μÉμ·ÒÌ ¸¨´£Ê²Ö·´μ¸É¨
¨´É¥£· ²μ¢ ¢±²ÕÎ¥´Ò ¢ ¢¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¨ ®μ¡· ¡μÉ ´Ò¯  ´ ²¨É¨Î¥¸±¨, ¶μ§¢μ²ÖÕÉ
·¥Ï ÉÓ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ ±Ê²μ´μ¢¸±¨³, ²¨´¥°´Ò³ § ¶¨· ÕÐ¨³ ¨ ±μ·´¥²Ó¸±¨³
¶μÉ¥´Í¨ ² ³¨ ¤²Ö � = 0 ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ ¸ ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ. ’μÎ´μ¸ÉÓ
· ¸Î¥Éμ¢ ´  ³´μ£μ ¶μ·Ö¤±μ¢ ¢ÒÏ¥  ´ ²μ£¨Î´ÒÌ ¢ÒÎ¨¸²¥´¨° ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥,
¶·μ¢¥¤¥´´ÒÌ ¢ · ¡μÉ Ì [6,7, 15,17,34,37].

„ ´´ Ö ³¥Éμ¤¨±  ²¥£±μ μ¡μ¡Ð ¥É¸Ö ¨ ¤²Ö ·¥²ÖÉ¨¢¨¸É¸±¨Ì Ê· ¢´¥´¨°, £¤¥ ¶μÉ¥´Í¨ ²Ò,
± ± ¶· ¢¨²μ, ¶μ²ÊÎ ÕÉ ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥. ‘²¥¤μ¢ É¥²Ó´μ, · §· ¡μÉ ´´ Ö ³¥Éμ-
¤¨±  ¶μ²ÊÎ¥´¨Ö Ô´¥·£¥É¨Î¥¸±¨Ì ¸¶¥±É·μ¢ ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´  ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¨
· ¸Î¥Éμ¢ · §²¨Î´ÒÌ ÔËË¥±Éμ¢ É ±¨Ì ¶·μ¸É¥°Ï¨Ì ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³, ± ± ¢μ¤μ·μ¤μ¶μ¤μ¡-
´Ò¥  Éμ³Ò,   É ±¦¥ ¨ ¤²Ö ±¢ ·±μ¢ÒÌ ¸¢Ö§ ´´ÒÌ ¸¨¸É¥³.
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‡ ³¥É¨³, μ¤´ ±μ, ÎÉμ ³¥Éμ¤¨± , ¶·¥¤¸É ¢²¥´´ Ö ¢ · ¡μÉ¥, ¤ ¥É ¶·¥Í¨§¨μ´´Ò¥ ·¥§Ê²Ó-
É ÉÒ Éμ²Ó±μ ¤²Ö ¢ ·¨ ´É  ¸ � = 0. ‚ ¸²ÊÎ ¥, ¥¸²¨ � > 0, Ö¤·μ Ê· ¢´¥´¨° (71) ¨ (80)
¨§³¥´Ö¥É¸Ö, ÎÉμ ¶·¨¢μ¤¨É ± ·¥§±μ³Ê Ê³¥´ÓÏ¥´¨Õ ÉμÎ´μ¸É¨. �¤´ ±μ ¨ ¢ ÔÉμ³ ¸²ÊÎ ¥
³μ¦´μ ´ Ìμ¤¨ÉÓ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸ μÉ´μ¸¨É¥²Ó´μ° ÉμÎ´μ¸ÉÓÕ ∼ 10−15, ´μ ¸ ¶μ³μ-
ÐÓÕ ¤·Ê£¨Ì ±¢ ¤· ÉÊ·´ÒÌ Ëμ·³Ê² (ÎÉμ ¶² ´¨·Ê¥É¸Ö ¶μ± § ÉÓ ¢ ¤ ²Ó´¥°Ï¨Ì · ¡μÉ Ì).

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ 	¥²μ·Ê¸¸±μ£μ ·¥¸¶Ê¡²¨± ´¸±μ£μ Ëμ´¤  ËÊ´¤ ³¥´-
É ²Ó´ÒÌ ¨¸¸²¥¤μ¢ ´¨° (Œ¨´¸±, �¥¸¶Ê¡²¨±  	¥²μ·Ê¸¸¨Ö).
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