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‚¸¥·μ¸¸¨°¸±¨° Ô²¥±É·μÉ¥Ì´¨Î¥¸±¨° ¨´¸É¨ÉÊÉ, Œμ¸±¢ 

�¡¸Ê¦¤ ÕÉ¸Ö ³¥Éμ¤Ò ¶μ¸É·μ¥´¨Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨° Œ ±¸¢¥²²  ¤²Ö Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö ¶·¨-
³¥´¨É¥²Ó´μ ± ¶·μ¡²¥³¥ Ëμ±Ê¸¨·μ¢±¨ ¨´É¥´¸¨¢´ÒÌ ¶ÊÎ±μ¢ § ·Ö¦¥´´ÒÌ Î ¸É¨Í.

The methods of solution construction of Maxwell equation for electric ˇeld in problem of intense
charged particles beam electrostatic focusing are discussed.

PACS: 41.85.Lc

‚ · ¡μÉ¥ [1] ¨ ¶·¥¤Ï¥¸É¢ÊÕÐ¨Ì ¶Ê¡²¨± Í¨ÖÌ [2, 3] ¶·¥¤²μ¦¥´ ¨É¥· É¨¢´Ò° ¸¶μ¸μ¡
¶μ¸É·μ¥´¨Ö ·¥Ï¥´¨Ö ¤²Ö Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö E, § ¤ ´´μ£μ ´  ±μμ·¤¨´ É´μ° ¶μ¢¥·Ì´μ-
¸É¨ ¨ ±μμ·¤¨´ É´μ° ²¨´¨¨ ¢Ò¡· ´´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É. ‚ [1] ÔÉμ ¶²μ¸±μ¸ÉÓ ψ = 0
¨ μ¸Ó z Í¨²¨´¤·¨Î¥¸±μ° ¸¨¸É¥³Ò R, ψ, z. ‡´ Î¨É¥²Ó´ Ö Î ¸ÉÓ ·¥§Ê²ÓÉ Éμ¢ [1Ä3], ¸¢Ö-
§ ´´ÒÌ ¸ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨° Œ ±¸¢¥²² , μÉ´μ¸¨É¸Ö ± ¸²ÊÎ Õ ³Ê²ÓÉ¨¶²¨± É¨¢´μ£μ ¨²¨
 ¤¤¨É¨¢´μ£μ · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ ¢ ·¥§Ê²ÓÉ¨·ÊÕÐ¥³ ¢Ò· ¦¥´¨¨ ¤²Ö ¸± ²Ö·´μ£μ ¶μ-
É¥´Í¨ ²  ϕ. �·¨ ÔÉμ³ ¸Ëμ·³Ê²¨·μ¢ ´´Ò° ¶μ¤Ìμ¤ ¶·¨¢μ¤¨É ± ¡¥¸±μ´¥Î´Ò³ ·Ö¤ ³, ± ±
¶· ¢¨²μ, ¸Ê³³¨·Ê¥³Ò³ ¤²Ö Ô²¥³¥´É ·´ÒÌ ËÊ´±Í¨°, ´μ ´¥ ¤ ¥É μÉ¢¥É  μ ¶μ²´μ³ ´ ¡μ·¥
·¥Ï¥´¨° · ¸¸³ É·¨¢ ¥³μ£μ É¨¶ , ÌμÉÖ, ¶μ ¸ÊÉ¨, ·¥ÎÓ ¨¤¥É μ ¶μ¸É·μ¥´¨¨ Î ¸É´ÒÌ ÉμÎ´ÒÌ
·¥Ï¥´¨° Ê· ¢´¥´¨Ö ‹ ¶² ¸ . �¢Éμ· [1Ä3] μÉ³¥Î ¥É, ÎÉμ  ²£μ·¨É³ μÉ¸¥¨¢ ¥É ´¥Ë¨§¨Î´Ò¥
´ Î ²Ó´Ò¥ ¤ ´´Ò¥. ‡ ³¥É¨³, ÎÉμ ¶·¨ ÔÉμ³ μ´ ´¥ μ¡¥¸¶¥Î¨¢ ¥É ¨¸Î¥·¶Ò¢ ÕÐ¥£μ ¶¥·¥Î´Ö
Ë¨§¨Î¥¸±¨ ·¥ ²¨§Ê¥³ÒÌ ¸¨ÉÊ Í¨°.

�·¨ ¶μ¸É·μ¥´¨¨ ·¥Ï¥´¨Ö ¢ ¸¨¸É¥³¥ R, ψ, z ¢ ¢¨¤¥

ϕ = U(R)V (ψ)W (z) (1)

¢μ§³μ¦´Ò ¸²¥¤ÊÕÐ¨¥ ±μ³¡¨´ Í¨¨. „²Ö W ′′ = 0 ¨³¥¥³

W = W1z + W2,
V ′′

V
= CV ,

U = U1 cos (k ln R) + U2 sin (k ln R), V = V1 ch (kψ) + V2 sh (kψ), CV = k2; (2)

U =
1
2
(U1 + U2)Rκ +

1
2
(U1 − U2)R−κ, V = V1 cos (κψ) + V2 sin (κψ), CV = −κ2.
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‡¤¥¸Ó ¨ ¤ ²¥¥ ¢ ¢Ò· ¦¥´¨ÖÌ ¤²Ö U , V , W ¸¨³¢μ²Ò ¸ ´¨¦´¨³¨ ¨´¤¥±¸ ³¨ Å
±μ´¸É ´ÉÒ.

�¥Ï¥´¨¥ 3.3.1 ¢ [2] ¶μ²ÊÎ ¥É¸Ö ¨§ (2) ¶·¨ W1 = 0, W2 = 1, V2 = 0, U1 = U2,
CV = −κ2.

�·¨ W ′′/W = CW , V ′′/V = CV ·¥Ï¥´¨¥ μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê² ³¨

CW = l2, W = W1 ch (lz) + W2 sh (lz),

CV = k2, U = Zik(lR); CV = −κ2, U = Zκ(lR);

CW = −λ2, W = W1 cos (λz) + W2 sin (λz),

CV = k2, U = Zik(iλR); CV = −κ2, U = Zκ(iλR),

(3)

£¤¥ Zν Å ¶·μ¨§¢μ²Ó´ Ö ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö ¡¥¸¸¥²¥¢ÒÌ ËÊ´±Í¨° ¶¥·¢μ£μ ¨ ¢Éμ-
·μ£μ ·μ¤ .

“· ¢´¥´¨¥ ‹ ¶² ¸  ¢ Í¨²¨´¤·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ¶·¥-
μ¡· §μ¢ ´¨Ö

ϕ̄ = ϕ + aψ + bz, a, b = const, (4)

±μÉμ·μ¥ ¶·¨ a = 0 ¶μ§¢μ²Ö¥É ¤μ¡ ¢¨ÉÓ ± ²Õ¡μ³Ê ¤¢Ê³¥·´μ³Ê ·¥Ï¥´¨Õ ϕ(R, ψ) μ¤´μ·μ¤-
´μ¥ Ô²¥±É·¨Î¥¸±μ¥ ¶μ²¥ Ez. ‚ [1] ¶μ¸É·μ¥´ Î ¸É´Ò° ¸²ÊÎ ° ·¥Ï¥´¨Ö (2) ¶·¨ W1 = 0,
W2 = 1, V2 = 0, κ = 2 ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸¢μ°¸É¢  (4).

‚ ¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì r, θ, ψ ¤²Ö ·¥Ï¥´¨Ö ¢ ¢¨¤¥

ϕ = U(r)V (ψ)W (θ) (5)

¢μ§³μ¦´Ò¥ ¢ ·¨ ´ÉÒ ·¥Ï¥´¨° ¸¢μ¤ÖÉ¸Ö ± ¸²¥¤ÊÕÐ¥³Ê:

U ′′ +
2
r
U ′ = 0, U = U1 +

U2

r
,

V ′′

V
= CV . (6)

„²Ö CV = −κ2 ËÊ´±Í¨Ö V μ¶·¥¤¥²¥´  Ëμ·³Ê² ³¨ ¨§ (2),   W μ¶¨¸Ò¢ ¥É¸Ö ¢Ò· -
¦¥´¨¥³

W =
1
2
(W1 + W2) tgκ θ

2
+

1
2
(W1 − W2) tg−κ θ

2
. (7)

�·¨ U1 = 1, U2 = 0, W1 = W2, V2 = 0 ¶μ²ÊÎ ¥³ ÉμÎ´μ¥ ·¥Ï¥´¨¥ ¸ Er = 0,
Eθ(r, θ, 0) = E(θ), Eψ = 0 ¢ ¢¨¤¥1

ϕ = cos (κψ) tgκ θ

2
, Eθ =

κ

r
cos (κψ)

⎡
⎢⎣tgκ

θ

2
sin θ

⎤
⎥⎦ , (8)

¤²Ö ±μÉμ·μ£μ ¶·¨ ³ ²ÒÌ θ ¶μ²¥ Eθ ∼ θκ−1. �·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ ÔÉμ£μ É¨¶  Ê± § ´μ
¢ [2] (¶·¨³¥· 3.4). �±¢¨¶μÉ¥´Í¨ ²Ó ϕ = ϕ∗ ·¥Ï¥´¨Ö (8) μ¶¨¸Ò¢ ¥É¸Ö Ëμ·³Ê²μ°

θ = 2 arctg

[(
ϕ∗

cos (κψ)

)1/κ
]

. (9)

1�·¨ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ ÔÉμ£μ É¨¶  ¸Ê³³¨·μ¢ ´¨¥ ¢μ§´¨± ÕÐ¥£μ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ [1] ·Ö¤ , ¶μ-¢¨¤¨³μ³Ê,
§ É·Ê¤´¨É¥²Ó´μ,   É ´£¥´¸Ê ¶μ²μ¢¨´´μ£μ Ê£²  ¢ ¡ §μ¢ÒÌ ËÊ´±Í¨ÖÌ ¢§ÖÉÓ¸Ö ¶·μ¸Éμ ´¥μÉ±Ê¤ .
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�·¨ CV = k2 ËÊ´±Í¨Ö W μ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

W = W1 cos (kξ) + W2 sin (kξ), ξ = ln tg
θ

2
;

W = W1ξ + W2, k = 0.
(10)

‚Éμ· Ö ¢μ§³μ¦´μ¸ÉÓ ¤²Ö ·¥Ï¥´¨Ö (5) ¸¢Ö§ ´  ¸ ¸μμÉ´μÏ¥´¨¥³

r2

U

(
U ′′ +

2
r
U ′

)
= CU , U = U1 exp (λ1ξ) + U2 exp (λ2ξ),

ξ = ln r, λ1,2 = −1
2
±

√
1
4

+ CU ,

(11)

£¤¥ ±μ´¸É ´ÉÒ λ1, λ2 ³μ£ÊÉ ¡ÒÉÓ ± ± ¤¥°¸É¢¨É¥²Ó´Ò³¨, É ± ¨ ±μ³¶²¥±¸´Ò³¨.
”Ê´±Í¨Ö W ¶·¨ ÔÉμ³ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¶·μ¨§¢μ²Ó´ÊÕ ²¨´¥°´ÊÕ ±μ³¡¨´ Í¨Õ ¶·¨-

¸μ¥¤¨´¥´´ÒÌ ËÊ´±Í¨° ‹¥¦ ´¤· 

W = Pμ
ν (cos θ), CU = ν(ν + 1), CV = μ2. (12)

�·¨³¥· 3.5 ¨§ [2] ¶·¨ C2 = −C1 cos θ0, C3 = 0 Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ ¶μÉ¥´Í¨ ² 
¸  ¤¤¨É¨¢´Ò³ · §¤¥²¥´¨¥³ ¶¥·¥³¥´´ÒÌ:

ϕ = C1 ln r +
(

C1 ln sin θ + C2 ln tg
θ

2

)
+ C3ψ. (13)

‡ ³¥É¨³, ÎÉμ ´ ¶·Ö¦¥´´μ¸ÉÓ ³ £´¨É´μ£μ ¶μ²Ö H Ê¤μ¢²¥É¢μ·Ö¥É É¥³ ¦¥ Ê· ¢´¥´¨Ö³,
ÎÉμ ¨ E. �·¨ ¨¸¸²¥¤μ¢ ´¨¨ ÉμÎ´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ¨´É¥´¸¨¢´μ£μ ¶ÊÎ±  ¡Ò² ¸Ëμ·-
³Ê²¨·μ¢ ´ ËÊ´±Í¨μ´ ²Ó´Ò° ¢¨¤ ¤μ¶Ê¸É¨³ÒÌ ³ £´¨É´ÒÌ ¶μ²¥°. ‚ · ¡μÉ¥ [4] ¶·¨¢¥¤¥´Ò
±μ³¶μ´¥´ÉÒ H, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ëμ·³Ê²¥ (13):

Hr =
C1

r
, Hθ =

1
r

(
C1 ctg θ +

C2

sin θ

)
, Hψ =

C3

r sin θ
, (14)

  ¢ [5Ä7] Å É ¡²¨ÍÒ ·¥Ï¥´¨° ¤²Ö H.
…Ð¥ μ¤¨´ ¶·¨³¥· ¨¸±·¨¢²¥´´μ° ¡ §μ¢μ° ¶μ¢¥·Ì´μ¸É¨, ¶μ³¨³μ ±μ´Ê¸ , ¤ ¥É · ¸¸³μ-

É·¥´¨¥ ¸¶¨· ²Ó´μ° Í¨²¨´¤·¨Î¥¸±μ° ¸¨¸É¥³Ò p, q, z:

p = ā ln R − b̄ψ, q = b̄ ln R + āψ, ā =
a

a2 + b2
, b̄ =

b

a2 + b2
,

ϕ = U(p)V (q)W (z),
V ′′

V
= CV = k2, W = W1z + W2,

U = U1 cos (kp) + U2 sin (kp), V = V1 ch (kq) + V2 sh (kq).

(15)

Š ± ¨ Í¨²¨´¤·¨Î¥¸± Ö ¸¨¸É¥³  R, ψ, z, ±μμ·¤¨´ ÉÒ (15) ¤μ¶Ê¸± ÕÉ ¢¢¥¤¥´¨¥ μ¤´μ-
·μ¤´μ£μ ¶μ²Ö Ez.

ˆ¸¸²¥¤μ¢ ´¨¥ ÉμÎ´ÒÌ ·¥Ï¥´¨° ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¨§¢¥¸É´ÒÌ ¢ ³ É¥³ É¨Î¥¸±μ° Ë¨-
§¨±¥ ±·¨¢μ²¨´¥°´ÒÌ μ·Éμ£μ´ ²Ó´ÒÌ ¸¨¸É¥³ [8, 9],  ´ ²μ£¨Î´μ¥ ¶·μ¢¥¤¥´´μ³Ê ¢ [10] ¶·¨
¨§ÊÎ¥´¨¨ ¡·¨²²ÕÔ´μ¢¸±¨Ì ¶μÉμ±μ¢ ¢ ´¥μ¤´μ·μ¤´ÒÌ ¢´¥Ï´¨Ì ³ £´¨É´ÒÌ ¶μ²ÖÌ, ¶μ§¢μ²¨É
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¸ÊÐ¥¸É¢¥´´μ · ¸Ï¨·¨ÉÓ Î¨¸²μ ¨¸±·¨¢²¥´´ÒÌ ¡ §μ¢ÒÌ ¶μ¢¥·Ì´μ¸É¥° ¶·¨ ¶μ²´μ³ ¶¥·¥-
Î¨¸²¥´¨¨ ¢μ§³μ¦´μ¸É¥°, ¶·¥¤μ¸É ¢²Ö¥³ÒÌ ÔÉ¨³¨ ·¥Ï¥´¨Ö³¨ ¸ ³Ê²ÓÉ¨¶²¨± É¨¢´Ò³ ¨²¨
 ¤¤¨É¨¢´Ò³ · §¤¥²¥´¨¥³ ¶¥·¥³¥´´ÒÌ. ‚ ¸²ÊÎ ¥ ±μ³¶²¥±¸´ÒÌ ¸μ³´μ¦¨É¥²¥° ¢μ§´¨± ÕÉ
¡μ²¥¥ ¸²μ¦´Ò¥ ¸É·Ê±ÉÊ·Ò, μ¶·¥¤¥²Ö¥³Ò¥ ¤¥°¸É¢¨É¥²Ó´μ° ¨ ³´¨³μ° Î ¸ÉÖ³¨ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨Ì ¢Ò· ¦¥´¨°. �μ¸²¥¤ÊÕÐ Ö ¨´É¥·¶·¥É Í¨Ö ¶μ§¢μ²¨É ¢ÒÖ¢¨ÉÓ ¢ ·¨ ´ÉÒ, ¶·¥¤¸É ¢²Ö-
ÕÐ¨¥ ¶· ±É¨Î¥¸±¨° ¨´É¥·¥¸ ¶·¨ Ô²¥±É·μ¸É É¨Î¥¸±μ° Ëμ±Ê¸¨·μ¢±¥ ¨´É¥´¸¨¢´ÒÌ ¶ÊÎ±μ¢
§ ·Ö¦¥´´ÒÌ Î ¸É¨Í.
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