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� ¸¸³μÉ·¥´  § ¤ Î  μ ¢²¨Ö´¨¨ Ô²¥±É·μ³ £´¨É´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö Ô²¥±É·μ´´ÒÌ ¸£Ê¸É±μ¢ ¸ ¢ -
±ÊÊ³´μ° ± ³¥·μ° ´ ±μ¶¨É¥²Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í ´  ¶·μ¤μ²Ó´μ¥ ¤¢¨¦¥´¨¥ ¸£Ê¸É±μ¢,   ¨³¥´´μ: · ¸-
¸³μÉ·¥´Ò ÔËË¥±É ¨¸± ¦¥´¨Ö ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò ¨ É ± ´ §Ò¢ ¥³Ò¥ ±μ£¥·¥´É´Ò¥ ´¥Ê¸Éμ°Î¨¢μ¸É¨
¸¢Ö§ ´´ÒÌ ¸£Ê¸É±μ¢. �·¥¤¸É ¢²¥´μ ¶·¨¡²¨¦¥´´μ¥  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ¤²Ö Î ¸ÉμÉ ´¥±μ£¥·¥´É-
´ÒÌ ±μ²¥¡ ´¨° ¸£Ê¸É±μ¢, ¶·μ¨§¢μ²Ó´μ § ¶μ²´ÖÕÐ¨Ì μ·¡¨ÉÊ Ê¸±μ·¨É¥²Ö, ¶·¨ ¨¸± ¦¥´¨¨ Ëμ·³Ò
¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò. �·¥¤¸É ¢²¥´ ´μ¢Ò° ¶μ¤Ìμ¤ ± μ¶·¥¤¥²¥´¨Õ Î ¸ÉμÉ ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨°,
  É ±¦¥ ¶·¨¡²¨¦¥´´μ¥  ´ ²¨É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö μÍ¥´±¨ Ê¸Éμ°Î¨¢μ¸É¨ ¸¨¸É¥³Ò ¸£Ê¸É±μ¢ ¢
§ ¢¨¸¨³μ¸É¨ μÉ ¨Ì · ¸¶·¥¤¥²¥´¨Ö ´  μ·¡¨É¥ ´ ±μ¶¨É¥²Ö.

The problem of the ©beamÄchamberª interaction and its in	uence on the longitudinal motion of
electron bunches in the storage ring is considered, in particular the potential well distortion effect and the
so-called coupled bunch instabilities. An approximate analytical solution for the potential well distortion
effect of bunches arbitrarily distributed in the ring is presented. A new approach to the determination
of the coherent frequencies and the approximate analytical relation for estimating the stability of the
bunched beam depending on the order of bunches in the accelerator orbit are also presented.

PACS: 29.20.db; 29.20.dk; 29.27.Bd; 41.75.Ht
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μ²ÓÏμ¥ ±μ²¨Î¥¸É¢μ É·Ê¤μ¢ ¶μ¸¢ÖÐ¥´μ ¶·μ¡²¥³¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ®¶ÊÎμ±Ä± ³¥· ¯ ¨
¥¥ ·¥Ï¥´¨Õ. �¸´μ¢´Ò³¨ ´  ÔÉÊ É¥³Ê ³μ¦´μ ´ §¢ ÉÓ · ¡μÉÒ [1Ä12]. Š² ¸¸¨Ë¨± Í¨Ö
ÔËË¥±Éμ¢ ¤ ´  ¢ ¸É ÉÓÖÌ [13, 14]. �Ö¤ ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ¶· ±É¨Î¥¸±¨Ì ·¥Ï¥´¨° ¶·¥¤¸É ¢²¥´
¢ · ¡μÉ¥ [15].

� ¸¸³ É·¨¢ Ö ¶·μ¤μ²Ó´ÊÕ ¤¨´ ³¨±Ê Î ¸É¨Í ¢ ´ ±μ¶¨É¥²ÖÌ, ¢Ò¤¥²ÖÕÉ, ± ± ¶· ¢¨²μ,
¸²¥¤ÊÕÐ¨° ·Ö¤ Ö¢²¥´¨°: ¨¸± ¦¥´¨¥ ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò, ¢´ÊÉ·¨¸£Ê¸É±μ¢Ò¥ ¨ ³¥¦¸£Ê¸É-
±μ¢Ò¥ ±μ£¥·¥´É´Ò¥ ±μ²¥¡ ´¨Ö Î ¸É¨Í, ³¨±·μ¢μ²´μ¢ÊÕ ´¥Ê¸Éμ°Î¨¢μ¸ÉÓ ¨ ÉÊ·¡Ê²¥´É´μ¥
Ê¤²¨´¥´¨¥. ˆÌ ¢²¨Ö´¨¥ ´  ¤¢¨¦¥´¨¥ Ô²¥±É·μ´μ¢, Ëμ·³Ê ¨ · §³¥·Ò ¸£Ê¸É±μ¢ § ¢¨¸¨É μÉ
¨³¶¥¤ ´¸  ¢ ±ÊÊ³´μ° ± ³¥·Ò ±μ´±·¥É´μ° ³ Ï¨´Ò, ¸¶¥±É·  Éμ±  ¶ÊÎ±  ¨ · ¸¶·¥¤¥²¥´¨Ö
¸£Ê¸É±μ¢ ´  μ·¡¨É¥ Ê¸±μ·¨É¥²Ö.

1E-mail: sasmyga@mail.ru
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�·¨ · ¸¸³μÉ·¥´¨¨ ÔËË¥±É  ¨¸± ¦¥´¨Ö ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò ¨ ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨°
Ô²¥±É·μ´´ÒÌ ¸£Ê¸É±μ¢ § ¤ Î  ¸¢μ¤¨É¸Ö ± ´ Ìμ¦¤¥´¨Õ ¨¸± ¦¥´´μ° Ëμ·³Ò · ¸¶·¥¤¥²¥´¨Ö
Ô²¥±É·μ´μ¢ ¢ ¸£Ê¸É± Ì, Î ¸ÉμÉ ´¥±μ£¥·¥´É´ÒÌ ¨ ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨°. �μ¨¸± μ¡Ð¥£μ
·¥Ï¥´¨Ö § É·Ê¤´¨É¥²¥´, ¶μÔÉμ³Ê ¢ ¸ÊÐ¥¸É¢ÊÕÐ¨Ì · ¡μÉ Ì, ± ± ¶· ¢¨²μ, ¶·¥¤¸É ¢²¥´Ò
±μ´±·¥É´Ò¥ ³μ¤¥²¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ®¶ÊÎμ±Ä± ³¥· ¯ ¨ ¤²Ö ´¨Ì  ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö
¤²Ö ¤ ²Ó´¥°Ï¥£μ Î¨¸²¥´´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö ¨²¨ ¶·¨¡²¨¦¥´´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö
¤²Ö Î ¸ÉμÉ ¶·μ¤μ²Ó´ÒÌ ±μ²¥¡ ´¨°. �ËË¥±É ¨¸± ¦¥´¨Ö ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò · ¸¸³μÉ·¥´
³´μ£¨³¨  ¢Éμ· ³¨ ¤²Ö μ¤´μ£μ ¸£Ê¸É± , ¨³¥ÕÐ¥£μ · §²¨Î´Ò¥ Ëμ·³Ò ¸É Í¨μ´ ·´μ£μ · ¸-
¶·¥¤¥²¥´¨Ö Ô²¥±É·μ´μ¢. ‚ ¸²ÊÎ ¥ ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨° ¶·¨¡²¨¦¥´´μ¥  ´ ²¨É¨Î¥¸±μ¥
·¥Ï¥´¨¥ ¶μ²ÊÎ¥´μ ¤²Ö ³μ¤¥²¨ ÉμÎ¥Î´ÒÌ ¸£Ê¸É±μ¢, ¸¨³³¥É·¨Î´μ · ¸¶μ²μ¦¥´´ÒÌ ¢ ±μ²ÓÍ¥
Ê¸±μ·¨É¥²Ö.

‚ ´ Ï¥° ³μ¤¥²¨ Ô²¥±É·μ´´Ò¥ ¸£Ê¸É±¨ ¨³¥ÕÉ £ Ê¸¸μ¢Ê Ëμ·³Ê ¸É Í¨μ´ ·´μ£μ · ¸-
¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¨ · ¢´Ò° ¶·μ¤μ²Ó´Ò° · §³¥·, ¶·μ¨§¢μ²Ó´μ · ¸¶μ²μ¦¥´Ò ´  μ·¡¨É¥
Ê¸±μ·¨É¥²Ö ¨ ¸μ¢¥·Ï ÕÉ ¶·μ¤μ²Ó´μ¥ ¤¢¨¦¥´¨¥ ¢ μ¡Ð¥³ ¶μÉ¥´Í¨ ²¥. ŒÒ ´¥ ÊÎ¨ÉÒ¢ ¥³
¶μÉ¥·¨ Î ¸É¨Í ¢¸²¥¤¸É¢¨¥ · ¤¨ Í¨μ´´μ£μ ¨§²ÊÎ¥´¨Ö, ¸μÊ¤ ·¥´¨° ¤·Ê£ ¸ ¤·Ê£μ³ ¨ ³μ²¥±Ê-
² ³¨ μ¸É ÉμÎ´μ£μ £ § ; § ¢¨¸¨³μ¸ÉÓ ¶·μ¤μ²Ó´μ£μ · §³¥·  μÉ Ô²¥±É·μ´´μ£μ Éμ± , § ¤ ´´ÊÕ
¤²Ö ± ¦¤μ£μ ¸£Ê¸É±  ³´μ£μ±· É´Ò³ ¢´ÊÉ·¨¸£Ê¸É±μ¢Ò³ · ¸¸¥Ö´¨¥³; ´¥²¨´¥°´Ò¥ ÔËË¥±ÉÒ
�Œ-¢§ ¨³μ¤¥°¸É¢¨Ö ®¶ÊÎμ±Ä± ³¥· ¯. „²Ö ·¥Ï¥´¨Ö § ¤ Î¨ ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨° ³Ò § -
¤ ²¨ ´ Î ²Ó´μ¥ ¨¸± ¦¥´¨¥ Ëμ·³Ò · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ ¸£Ê¸É± Ì (¸³¥Ð¥´¨¥ ¸£Ê¸É±μ¢ ¢
¸¨´Ì·μÉ·μ´´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥), ÎÉμ ´¥ ¨¸¶μ²Ó§μ¢ ²μ¸Ó · ´¥¥ ¤·Ê£¨³¨  ¢Éμ· ³¨.
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� ¸¸³μÉ·¥´  ¸²¥¤ÊÕÐ Ö ³μ¤¥²Ó ¢§ ¨³μ¤¥°¸É¢¨Ö Ô²¥±É·μ´´ÒÌ ¸£Ê¸É±μ¢ ¨ ´ ¢¥¤¥´´ÒÌ
¨³¨ Ô²¥±É·μ³ £´¨É´ÒÌ ¶μ²¥° ¢ ¢ ±ÊÊ³´μ° ± ³¥·¥ ´ ±μ¶¨É¥²Ö § ·Ö¦¥´´ÒÌ Î ¸É¨Í.

�²¥±É·μ´´Ò¥ ¸£Ê¸É±¨ · ¸¶μ²μ¦¥´Ò ´  μ·¡¨É¥ Ê¸±μ·¨É¥²Ö ¶·μ¨§¢μ²Ó´Ò³ μ¡· §μ³, ¨Ì
³ ±¸¨³ ²Ó´μ¥ Î¨¸²μ § ¤ ¥É¸Ö μÉ´μÏ¥´¨¥³ Î ¸ÉμÉÒ Ê¸±μ·ÖÕÐ¥£μ ‚—-¶μ²Ö ¨ Î ¸ÉμÉÒ μ¡· -
Ð¥´¨Ö, É ± ´ §Ò¢ ¥³Ò³ £ ·³μ´¨Î¥¸±¨³ Î¨¸²μ³, μ¶·¥¤¥²ÖÕÐ¨³ Î¨¸²μ ‚—-¸¥¶ · É·¨¸
±μ²ÓÍ . �É¸Î¥É ´μ³¥·  ¸£Ê¸É±  ¢¥¤¥É¸Ö ´ Î¨´ Ö ¸ ²Õ¡μ° § ¶μ²´¥´´μ° Ô²¥±É·μ´ ³¨ ¸¥¶ -
· É·¨¸Ò.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¶·μ¤μ²Ó´μ¥ ¸É Í¨μ´ ·´μ¥ · ¸¶·¥¤¥²¥´¨¥ Î ¸É¨Í ¢ μÉ¤¥²Ó´μ³ ¸£Ê¸É±¥
¶μ  ³¶²¨ÉÊ¤ ³ ±μ²¥¡ ´¨° μ¶·¥¤¥²Ö¥É¸Ö ±¢ ´Éμ¢Ò³¨ Ë²Ê±ÉÊ Í¨Ö³¨ ¢ ¸μ¢μ±Ê¶´μ¸É¨ ¸ · -
¤¨ Í¨μ´´Ò³ § ÉÊÌ ´¨¥³ ¨ ³´μ£μ±· É´Ò³ ¢´ÊÉ·¨¸£Ê¸É±μ¢Ò³ · ¸¸¥Ö´¨¥³ [16]. �μ ¤²Ö
Ô²¥±É·μ´´ÒÌ ´ ±μ¶¨É¥²¥° ¢Ò¸μ±μ° Ô´¥·£¨¨ Ëμ·³Ê ¸É Í¨μ´ ·´μ£μ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í
¢ ¸£Ê¸É± Ì ³μ¦´μ ¶·¨´ÖÉÓ ¡²¨§±μ° ± £ Ê¸¸μ¢μ°:

Ψ0(τ̂ ) =
1

2πσ2
τ

exp
(
− τ̂2

2σ2
τ

)
, (1)

£¤¥ στ Å ¸·¥¤´¥±¢ ¤· É¨Î´ Ö ¤²¨´  ¸£Ê¸É± .
�Œ-¢§ ¨³μ¤¥°¸É¢¨¥ ¸£Ê¸É±μ¢ ¸ ¢ ±ÊÊ³´μ° ± ³¥·μ° Ê¸±μ·¨É¥²Ö ¶·¨¢μ¤¨É ± ¨¸± ¦¥-

´¨Õ Ëμ·³Ò ¸É Í¨μ´ ·´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¨ · §¢¨É¨Õ ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨° Î ¸É¨Í.
Šμ£¥·¥´É´Ò¥ ±μ²¥¡ ´¨Ö ¤μ¡ ¢²ÖÕÉ ± ¸É Í¨μ´ ·´μ³Ê · ¸¶·¥¤¥²¥´¨Õ Ô²¥±É·μ´μ¢ ¢ ¸£Ê¸É-
± Ì ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ±μ³¶μ´¥´ÉÒ ¢μ§³ÊÐ¥´´μ° ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¸ ¸μ¡¸É¢¥´´Ò³¨
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±μ£¥·¥´É´Ò³¨ Î ¸ÉμÉ ³¨:

Ψk(τ̂ , ϕ, t) = Ψk
0(τ̂ ) +

∑
m �=0

Ψk
m(τ̂ ) e jmϕ e−jωsmt, (2)

£¤¥ τ̂ ¨ ϕ Å  ³¶²¨ÉÊ¤  ¨ Ë §  ±μ²¥¡ ´¨° Î ¸É¨ÍÒ ¢ ¶μ²Ö·´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É;
m Å ´μ³¥· ±μ£¥·¥´É´μ° ³μ¤Ò ±μ²¥¡ ´¨°, Í¥²μ¥ Î¨¸²μ ¢ ¨´É¥·¢ ²¥ (−∞, +∞); k Å
¶μ·Ö¤±μ¢Ò° ´μ³¥· ¸£Ê¸É± ; Ψk

m(τ̂ ) Å  ³¶²¨ÉÊ¤  ¢μ§³ÊÐ¥´´μ° ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö
m-° ³μ¤Ò ±μ²¥¡ ´¨°; ωsm Å Î ¸ÉμÉ  ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨° ¸μμÉ¢¥É¸É¢ÊÕÐ¥° m-°
³μ¤Ò ±μ²¥¡ ´¨°.

‚μ§´¨±Ï Ö ±μ£¥·¥´É´μ¸ÉÓ ³μ¦¥É · ¸¶ ¸ÉÓ¸Ö §  ¸Î¥É ¤¥°¸É¢¨Ö ¸²¥¤μ¢ÒÌ ¶μ²¥°,   ³μ-
¦¥É ¡ÒÉÓ Ê¸¨²¥´  ¨³¨ ¨ ¶·¨¢¥¸É¨ ± ¶μÉ¥·¥ Ê¸Éμ°Î¨¢μ¸É¨ ±μ²¥¡ ´¨° Î ¸É¨Í. �¥§Ê²ÓÉ É
�Œ-¢μ§¤¥°¸É¢¨Ö ´  ±μ£¥·¥´É´μ¥ ¤¢¨¦¥´¨¥ Ô²¥±É·μ´μ¢ ¶ÊÎ±  μ¡Ê¸²μ¢²¥´ ¸É·Ê±ÉÊ·μ° ¢ -
±ÊÊ³´μ° ± ³¥·Ò Ê¸±μ·¨É¥²Ö. � §²¨Î´Ò¥ ´¥μ¤´μ·μ¤´μ¸É¨ ± ³¥·Ò ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ°
μ¡Ñ¥³´Ò¥ ·¥§μ´ ´¸´Ò¥ ¸É·Ê±ÉÊ·Ò, μ¶¨¸ ÉÓ ± ¦¤ÊÕ ¨§ ±μÉμ·ÒÌ ³μ¦´μ ¸ ¶μ³μÐÓÕ ³μ-
¤¥²¨ ¨³¶¥¤ ´¸ , ¸μ¸É ¢²¥´´μ£μ ¨§ ´ ¡μ·  ±μ²¥¡ É¥²Ó´ÒÌ ±μ´ÉÊ·μ¢. …¸²¨ ´¥μ¤´μ·μ¤´μ¸É¨
Ô²¥±É·μ¤¨´ ³¨Î¥¸±¨ ´¥ ¸¢Ö§ ´Ò ³¥¦¤Ê ¸μ¡μ°, Éμ ¨Ì ¨³¶¥¤ ´¸Ò  ¤¤¨É¨¢´Ò:

Z(ω) =
∑

r

Rsh.r

1 + jQr

(
ω

ωr
− ωr

ω

) , (3)

£¤¥ ωr, Qr, Rsh.r Å Î ¸ÉμÉ , ¤μ¡·μÉ´μ¸ÉÓ ¨ ÏÊ´Éμ¢μ¥ ¸μ¶·μÉ¨¢²¥´¨¥ ±μ²¥¡ É¥²Ó´μ£μ
±μ´ÉÊ· .

Šμ²²¥±É¨¢´μ¥ ¤¢¨¦¥´¨¥ Î ¸É¨Í ¢ ¸£Ê¸É±¥ ¸ ´μ³¥·μ³ k ³μ¦´μ · ¸¸³μÉ·¥ÉÓ, ¨¸¶μ²Ó§ÊÖ
Ê· ¢´¥´¨¥ ´¥¶·¥·Ò¢´μ¸É¨ ¤²Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥
(ε, τ) [17]:

d

dt
Ψk(ε, τ, t) =

∂

∂t
Ψk(ε, τ, t) +

∂τ

∂t

∂

∂τ
Ψk(ε, τ, t) +

∂ε

∂t

∂

∂ε
Ψk(ε, τ, t) = 0, (4)

£¤¥ ε Å μÉ±²μ´¥´¨¥ Ô´¥·£¨¨ Î ¸É¨ÍÒ μÉ · ¢´μ¢¥¸´μ£μ §´ Î¥´¨Ö; τ Å μÉ±²μ´¥´¨¥ Î ¸É¨ÍÒ
¶μ ¢·¥³¥´¨ μÉ · ¢´μ¢¥¸´μ£μ ¶μ²μ¦¥´¨Ö. …¸É¥¸É¢¥´´μ ¶μ² £ ÉÓ, ÎÉμ · ¸¸³ É·¨¢ ¥³Ò¥
¢·¥³¥´  �Œ-¢§ ¨³μ¤¥°¸É¢¨Ö ³ ²Ò ¶μ ¸· ¢´¥´¨Õ ¸ ¢·¥³¥´¥³ · ¤¨ Í¨μ´´μ£μ § ÉÊÌ ´¨Ö,
  É ±¦¥ ³ ²Ò  ³¶²¨ÉÊ¤Ò ±μ²¥¡ ´¨° Î ¸É¨Í ¶μ ¸· ¢´¥´¨Õ ¸ · §³¥·μ³ ¸¥¶ · É·¨¸Ò, § -
¤ ´´μ° Ê¸±μ·ÖÕÐ¨³ ‚—-¶μ²¥³. Š·μ³¥ Éμ£μ, ¥¸É¥¸É¢¥´´μ ¶·¥´¥¡·¥£ ÉÓ ¶μÉ¥·Ö³¨ Î ¸É¨Í
¸£Ê¸É±μ¢.

‚ ¸¢μÕ μÎ¥·¥¤Ó, ¶·μ¤μ²Ó´μ¥ ¤¢¨¦¥´¨¥ μ¤´μ£μ Ô²¥±É·μ´  ¢ k-³ ¸£Ê¸É±¥ ¶μ¤ ¤¥°¸É¢¨¥³
¢´¥Ï´¥£μ Ê¸±μ·ÖÕÐ¥£μ ‚—-¶μ²Ö ¨ �Œ-¶μ²¥°, ¸μ§¤ ´´ÒÌ ¢ ¢ ±ÊÊ³´μ° ± ³¥·¥ ´ ±μ¶¨É¥²Ö
¢¸¥³¨ ¸£Ê¸É± ³¨, ¡¥§ ÊÎ¥É  ¶μÉ¥·Ó Ô´¥·£¨¨ ´  · ¤¨ Í¨μ´´μ¥ ¨§²ÊÎ¥´¨¥ μ¶¨¸Ò¢ ¥É¸Ö ¶ ·μ°
Ê· ¢´¥´¨° ¸¨´Ì·μÉ·μ´´ÒÌ ±μ²¥¡ ´¨° [18]:⎧⎪⎪⎨

⎪⎪⎩
dε

dt
=

e

T0
Urf(τ) +

e

T0
Uind(τ, τ̇ , t),

dτ

dt
=

η

β2

ε

E
,

(5)

£¤¥ Urf(τ) Å ´ ¶·Ö¦¥´¨¥ Ê¸±μ·ÖÕÐ¥£μ ‚—-¶μ²Ö; Uind(τ, τ̇ , t) Å ´ ¶·Ö¦¥´¨¥ ´ ¢¥¤¥´´ÒÌ
�Œ-¶μ²¥°; T0 Å ¶¥·¨μ¤ μ¡· Ð¥´¨Ö · ¢´μ¢¥¸´μ° Î ¸É¨ÍÒ ¢ Ê¸±μ·¨É¥²¥; E Å Ô´¥·£¨Ö
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· ¢´μ¢¥¸´μ° Î ¸É¨ÍÒ; η = α − 1/γ2, α Å ±μÔËË¨Í¨¥´É Ê¶²μÉ´¥´¨Ö μ·¡¨É, γ Ä ·¥²ÖÉ¨-
¢¨¸É¸±¨° Ë ±Éμ·; β = v/c Å μÉ´μ¸¨É¥²Ó´ Ö ¸±μ·μ¸ÉÓ Î ¸É¨ÍÒ; e Å § ·Ö¤ Ô²¥±É·μ´ .

� ¶·Ö¦¥´¨¥ Ê¸±μ·ÖÕÐ¥£μ ‚—-¶μ²Ö ¶·¥¤¸É ¢¨³μ ¢ ¢¨¤¥

Urf(τ) = Urf(τ)
∣∣
τ=0

+
∂

∂τ
Urf(τ)

∣∣
τ=0

τ, (6)

£¤¥ Urf(τ)
∣∣
τ=0

Å ´ ¶·Ö¦¥´¨¥, ±μ³¶¥´¸¨·ÊÕÐ¥¥ ¶μ¸ÉμÖ´´Ò¥ ¶μÉ¥·¨ Ô´¥·£¨¨ ´  · ¤¨ -
Í¨μ´´μ¥ ¨§²ÊÎ¥´¨¥ ¨ μ¶·¥¤¥²ÖÕÐ¥¥ ¢³¥¸É¥ ¸ ´¨³¨ §´ Î¥´¨¥ · ¢´μ¢¥¸´μ° Ë §Ò ¤²Ö Ô²¥±-
É·μ´μ¢.

‚ ¸¨²Ê ¶·¥¤¶μ²μ¦¥´¨Ö μ¡  ¤¤¨É¨¢´μ¸É¨ ¨³¶¥¤ ´¸  · §²¨Î´ÒÌ Ô²¥³¥´Éμ¢ ¢ ±ÊÊ³´μ°
± ³¥·Ò ´ ¶·Ö¦¥´¨¥ ¸²¥¤μ¢ÒÌ ¶μ²¥°, ¢μ§¤¥°¸É¢ÊÕÐ¥¥ ´  Î ¸É¨ÍÊ ¢ k-³ ¸£Ê¸É±¥ ¢¤μ²Ó
¸É·Ê±ÉÊ·Ò Ê¸±μ·¨É¥²Ö, ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± μ¡· É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ”Ê·Ó¥ ¶·μ¨§¢¥-
¤¥´¨Ö ¸¶¥±É·  Éμ±  ¶ÊÎ±  Sbeam(ϑ, ω) ¨ ¨³¶¥¤ ´¸  ¢ ±ÊÊ³´μ° ± ³¥·Ò Z(ω):

Uind(τ, τ̇ , t) = − 1
2π

+∞∫
−∞

Sbeam(ϑ, ω)Z(ω) e jωtdω
∣∣
ϑ=ϑk

, (7)

£¤¥ ϑk = ϑ0k + ω0τ − ω0t Å ¸μ¶·μ¢μ¦¤ ÕÐ¨°  §¨³ÊÉ Ô²¥±É·μ´ ; ϑ0k = 2π(k/h) Å
´ Î ²Ó´μ¥  §¨³ÊÉ ²Ó´μ¥ ¶μ²μ¦¥´¨¥ k-£μ ¸£Ê¸É±  ´  μ·¡¨É¥; ω0 = (2π)/T0 Å Î ¸ÉμÉ 
μ¡· Ð¥´¨Ö ¸£Ê¸É±μ¢. ‚ ¢Ò· ¦¥´¨¨ ¤²Ö ¶μÉ¥´Í¨ ²  ¶·¨¸ÊÉ¸É¢Ê¥É §´ ± ®³¨´Ê¸¯, É ± ± ±
¸μ§¤ ´¨¥ ¸²¥¤μ¢ÒÌ ¶μ²¥° ¸¢Ö§ ´μ ¸ ¶μÉ¥·¥° Ô´¥·£¨¨ Ô²¥±É·μ´ ³¨.

’μ± Ô²¥±É·μ´´μ£μ ¶ÊÎ± , ¸μ¸ÉμÖÐ¥£μ ¨§ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ¸£Ê¸É±μ¢, ¥¸ÉÓ ¸Ê³³  Éμ-
±μ¢ μÉ ± ¦¤μ£μ ¸£Ê¸É±  ¶μ ¶μ·Ö¤±μ¢μ³Ê ´μ³¥·Ê § ¶μ²´¥´´μ° ¸¥¶ · É·¨¸Ò:

Sbeam(ϑ, t) = ω0

h−1∑
i=0

Nie

2π∫
0

+∞∫
0

τ̂Ψi(τ̂ , ϕ, t) δ(ϑ − ϑ0i − ω0τ + ω0t) dτ̂ dϕ, (8)

£¤¥ ϑ = ϑ0i + ω0τ − ω0t Å Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¤²Ö μ¤´μ£μ Ô²¥±É·μ´ , ¸μ¢¥·Ï ÕÐ¥£μ
¸¨´Ì·μÉ·μ´´Ò¥ ±μ²¥¡ ´¨Ö ¨ ´ Ìμ¤ÖÐ¥£μ¸Ö ¢ i-° ¸¥¶ · É·¨¸¥; i Å ¶μ·Ö¤±μ¢Ò° ´μ³¥· ¸¥-
¶ · É·¨¸Ò; ϑ0i = 2π(i/h) Å ´ Î ²Ó´μ¥  §¨³ÊÉ ²Ó´μ¥ ¶μ²μ¦¥´¨¥ i-£μ ¸£Ê¸É±  ´  μ·¡¨É¥;
Ni Å Î¨¸²μ Î ¸É¨Í ¢ i-³ ¸£Ê¸É±¥; δ(ϑ) Å ¤¥²ÓÉ -ËÊ´±Í¨Ö „¨· ± . �μ¤¸É ´μ¢±  ¡¥¸±μ-
´¥Î´μ£μ ¢¥·Ì´¥£μ ¶·¥¤¥²  ¤²Ö ¨´É¥£· ²  ¶μ  ³¶²¨ÉÊ¤ ³ ±μ²¥¡ ´¨° τ̂ ¨³¥¥É ³¥¸Éμ ¢ ¸¨²Ê
μ£· ´¨Î¥´´μ¸É¨ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥.

‘¶¥±É· Éμ±  ¶ÊÎ±  ¶μ²ÊÎ ¥É¸Ö ¶μ¸²¥ · §²μ¦¥´¨Ö ¢Ò· ¦¥´¨Ö (8) ¢ ·Ö¤ ¶μ  §¨³ÊÉ ²Ó´Ò³
£ ·³μ´¨± ³, ¢ ¸¨²Ê ¶¥·¨μ¤¨Î´μ¸É¨ ¤¢¨¦¥´¨Ö ¶μ  §¨³ÊÉÊ, ¨ ¨¸¶μ²Ó§μ¢ ´¨Ö ¶·¥μ¡· §μ¢ -
´¨Ö ”Ê·Ó¥:

Sbeam(ϑ, ω) = (2π)2
+∞∑

p=−∞

h−1∑
i=0

+∞∑
m=−∞

j−mIi
bF

i
pm e jp(ϑ−ϑ0i)δ(ω − pω0 + ωsm),

F i
pm =

+∞∫
0

τ̂Ψi
m(τ̂ )Jm(pω0τ̂) dτ̂ , (9)
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£¤¥ p Å ´μ³¥· £ ·³μ´¨±¨ Î ¸ÉμÉÒ μ¡· Ð¥´¨Ö Ô²¥±É·μ´´ÒÌ ¸£Ê¸É±μ¢, Í¥²μ¥ Î¨¸²μ ¢
¨´É¥·¢ ²¥ (−∞, +∞); Ii

b = (Nie)/T0 Å ¸·¥¤´¨° Éμ± i-£μ ¸£Ê¸É± ; Jm(pω0τ̂ ) Å ËÊ´±Í¨Ö

¥¸¸¥²Ö ¶¥·¢μ£μ ·μ¤ .

’ ±¨³ μ¡· §μ³, ¶μ¸²¥ ¶μ¤¸É ´μ¢±¨ ¢Ò· ¦¥´¨Ö (9) ¢ (7) ´ ¶·Ö¦¥´¨¥ ´ ¢¥¤¥´´ÒÌ
�Œ-¶μ²¥°, ¢μ§¤¥°¸É¢ÊÕÐ¥¥ ´  Ô²¥±É·μ´ ¢ k-³ ¸£Ê¸É±¥, ¨³¥¥É ¢¨¤

Uind(τ, τ̇ , t) = −2π

+∞∑
p=−∞

h−1∑
i=0

+∞∑
m=−∞

j−mIi
bF

i
pmZ(pω0 − ωsm)×

× e jp(ϑ0k−ϑ0i) e−jωsmt e jpω0τ . (10)

2. ���‹ˆ’ˆ—…‘Š�… �…˜…�ˆ…

2.1. �ËË¥±É ¨¸± ¦¥´¨Ö ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò. ˆ¸± ¦¥´¨¥ ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò, ¸μ-
§¤ ´´μ° ¢´¥Ï´¨³ Ê¸±μ·ÖÕÐ¨³ ‚—-¶μ²¥³, ¢μ§´¨± ¥É §  ¸Î¥É �Œ-¶μ²¥°, ´ ¢¥¤¥´´ÒÌ ¢
¢ ±ÊÊ³´μ° ± ³¥·¥ Ê¸±μ·¨É¥²Ö ¸É Í¨μ´ ·´Ò³ · ¸¶·¥¤¥²¥´¨¥³ Î ¸É¨Í ¢ ¸£Ê¸É±¥ [8]. ‚ ·¥-
§Ê²ÓÉ É¥ ¶μÖ¢²Ö¥É¸Ö § ¢¨¸¨³μ¸ÉÓ Î ¸ÉμÉÒ ´¥±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨° Î ¸É¨Í, ¶·μ¤μ²Ó´μ£μ
· §³¥·  ¸£Ê¸É±  ¨ · ¢´μ¢¥¸´μ° Ë §Ò ¸¨´Ì·μÉ·μ´´ÒÌ ±μ²¥¡ ´¨° μÉ Ô²¥±É·μ´´μ£μ Éμ± .

�ËË¥±É ¨¸± ¦¥´¨Ö ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò ¶·μÖ¢²Ö¥É¸Ö ± ± ¤²Ö μ¤´μ£μ ¸£Ê¸É±  ´  μ·-
¡¨É¥ Ê¸±μ·¨É¥²Ö, É ± ¨ ¤²Ö ¸¨¸É¥³Ò ¸£Ê¸É±μ¢. Šμ²¨Î¥¸É¢¥´´ Ö ¨ ± Î¥¸É¢¥´´ Ö · §´¨Í 
³¥¦¤Ê ´¨³¨ μ¡ÑÖ¸´Ö¥É¸Ö · §´¨Í¥° Î ¸ÉμÉ´ÒÌ ¸¶¥±É·μ¢ Ô²¥±É·μ´´μ£μ Éμ±  ¸£Ê¸É±μ¢ ¨,
¸²¥¤μ¢ É¥²Ó´μ, ¢¥²¨Î¨´ ³¨ ÔËË¥±É¨¢´μ£μ ¨³¶¥¤ ´¸  ± ³¥·Ò, ±μÉμ·Ò° § ¢¨¸¨É μÉ ÔÉμ£μ
¸¶¥±É· .

—Éμ¡Ò ´ °É¨ Î ¸ÉμÉÊ ´¥±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨°, ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ Ê· ¢´¥´¨¥
¸¨´Ì·μÉ·μ´´ÒÌ ±μ²¥¡ ´¨°, ±μÉμ·μ¥ ²¥£±μ ¶μ²ÊÎ ¥É¸Ö ¨§ ¸¨¸É¥³Ò (5) ¶μ¤¸É ´μ¢±μ° ´ -
¶·Ö¦¥´¨Ö ¸²¥¤μ¢ÒÌ ¶μ²¥° (10) ¶·¨ m = 0:

τ̈ + ω2
s0τ = −2π

eη

β2T0E

∑
p,i

Ii
b Z(pω0)Fp0 e jp(ϑ0k−ϑ0i) e jpω0τ , (11)

£¤¥ ωs0 = ω0

√
−eηhUmax cos ϕs

2πEβ2
Å Î ¸ÉμÉ  ´¥¢μ§³ÊÐ¥´´ÒÌ ´¥±μ£¥·¥´É´ÒÌ ¸¨´Ì·μ-

É·μ´´ÒÌ ±μ²¥¡ ´¨°; Umax Å  ³¶²¨ÉÊ¤  ´ ¶·Ö¦¥´¨Ö Ê¸±μ·ÖÕÐ¥£μ ‚—-¶μ²Ö; ϕs Å · ¢-
´μ¢¥¸´ Ö Ë §  Ê¸±μ·ÖÕÐ¥£μ ‚—-¶μ²Ö; h = ωrf/ω0 Å ±· É´μ¸ÉÓ £ ·³μ´¨±¨ Ê¸±μ·ÖÕÐ¥£μ

‚—-¶μ²Ö; Fp0 =

+∞∫
0

τ̂Ψ0(τ̂ )J0(pω0τ̂ ) dτ̂ =
1
2π

exp
[
− (pω0στ )2

2

]
Å ¶·¥μ¡· §μ¢ ´¨¥ ƒ ´-

±¥²Ö ¤²Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ƒ Ê¸¸ .
ˆ³¶¥¤ ´¸ ´  Î ¸ÉμÉ¥ pωo ³μ¦´μ § ¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Z(pω0) = −j
∑

r

Rsh.rhr

Qr(p1.r − p2.r)

(
p

(p − p1.r)
− p

(p − p2.r)

)
, (12)

£¤¥ p1,2.r = j
hr

2Qr
± hr

2Qr

√
4Q2

r − 1, hr =
ωr

ω0
Å ±· É´μ¸ÉÓ ‚—-³μ¤Ò ´ ¢¥¤¥´´μ£μ

�Œ-¶μ²Ö (Î¨¸²μ ´¥ Í¥²μ¥).
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‚ Ê· ¢´¥´¨¨ (11) ³´μ¦¨É¥²Ó e jpω0τ ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ ·Ö¤  ¶μ ËÊ´±Í¨Ö³ 
¥¸¸¥²Ö
¶¥·¢μ£μ ·μ¤ :

e jpω0τ =
+∞∑

n=−∞
jnJn(pω0τ̂ ) e jnϕ = J0(pω0τ̂ ) + 2

+∞∑
n=1

jnJn(pω0τ̂ ) cos nϕ. (13)

�μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨Ö (12), (13) ¨ Fp0 ¢ (11), ¶¥·¥¶¨Ï¥³ Ê· ¢´¥´¨¥ ¸¨´Ì·μÉ·μ´´ÒÌ
±μ²¥¡ ´¨°:

τ̈ + ω2
s0τ = j

eη

β2T0E

∑
r,p,i

Rsh.rhr

Qr(p1.r − p2.r)
Ii
b exp

[
− (pω0στ )2

2

]
×

×
(

p

(p − p1.r)
− p

(p − p2.r)

)
e jp(ϑ0k−ϑ0i)(J0(pω0τ̂ ) + 2

+∞∑
n=1

jnJn(pω0τ̂) cos nϕ). (14)

“· ¢´¥´¨¥ (14) ¸μ¤¥·¦¨É ·Ö¤Ò ¶μ ¡¥¸±μ´¥Î´μ³Ê ¶ · ³¥É·Ê p, §´ Î¥´¨Ö ¸Ê³³ ±μÉμ·ÒÌ
³μ¦´μ ´ °É¨.

�Ö¤Ò ¨ ¨Ì ¸Ê³³Ò ¤²Ö i = k ´ Ìμ¤ÖÉ¸Ö ¸ ¶μ³μÐÓÕ ³¥Éμ¤ , μ¶¨¸ ´´μ£μ 
. ‡μÉÉ¥·μ³ ¢
· ¡μÉ¥ [19], ¨ ¨³¥ÕÉ ¢¨¤

+∞∑
p=−∞

p exp
[
− (pω0στ )2

2

]
(p − p1,2.r)

Jn(pω0τ̂ ) =

= p1,2.r

+∞∑
l=0

(−1)l

l!Γ(l + n + 1)

(
p1,2.rω0τ̂

2

)2l+n

⎛
⎜⎜⎜⎝R1,2 +

L∑
l′=0

Γ
(

l′ +
1
2

)
(

p1,2.rω0στ√
2

)2l′+1

⎞
⎟⎟⎟⎠, (15)

£¤¥ n = 0, 1, 2, 3 ¨ É. ¤.; L = s ¶·¨ 2l + n + 1 = 2s + 1 ¨²¨ L = s− 1 ¶·¨ 2l + n + 1 = 2s,

s = 0, 1, 2, 3 ¨ É. ¤.; R1,2 = −π exp

[
−

(
p1,2.rω0στ√

2

)2
]

ctg πp1,2 + jπ

(
w

(
p1,2.rω0στ√

2

)
−

− exp

[
−

(
p1,2.rω0στ√

2

)2
])

, w(z) = e−z2

(
1 +

2j√
π

z∫
0

et2 dt

)
Å ±μ³¶²¥±¸´ Ö ËÊ´±Í¨Ö

μÏ¨¡μ±.
‘Ê³³Ò ·Ö¤μ¢ ¤²Ö i �= k ´ Ìμ¤ÖÉ¸Ö ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ · ¢¥´¸É¢⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Jn(z) =
+∞∑
l=0

(−1)l

l!Γ(l + n + 1)

(z

2

)2l+n

,

e−z2
=

+∞∑
q=0

(−1)q z2q

q!
,

+∞∑
p=−∞

pm cos pθ

p − a
= −amπ

cos a(π − θ)
sin aπ

, 0 < θ < 2π,

+∞∑
p=−∞

pm sin pθ

p − a
= amπ

sin a(π − θ)
sin aπ

, 0 < θ < 2π,

(16)
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¨ ¨³¥ÕÉ ¢¨¤

+∞∑
p=−∞

p

(p − p1,2.r)
exp

[
− (pω0στ )2

2

]
e jpϑkiJn(pω0τ̂ ) =

= −πp1,2.r
e−jp1,2.r(π−ϑki)

sin πp1,2.r
exp

[
−

(
p1,2.rω0στ√

2

)2
]

Jn(p1,2.rω0τ̂ ), (17)

£¤¥ n = 0, 1, 2 . . . ; ϑki = ϑ0k − ϑ0i = 2π
k − i

h
.

‚ ¸²ÊÎ ¥, ±μ£¤  Ô²¥±É·μ´´Ò° ¶ÊÎμ± ¸μ¸Éμ¨É ¨§ ³´μ¦¥¸É¢  ¸£Ê¸É±μ¢, § ¶μ²´ÖÕÐ¨Ì
¢¸¥ ¨²¨ ¶μÎÉ¨ ¢¸¥ ¸¥¶ · É·¨¸Ò ±μ²ÓÍ , ¨³¥¥É ¸³Ò¸² · ¸¸³ É·¨¢ ÉÓ �Œ-¢§ ¨³μ¤¥°¸É¢¨¥ ¸
‚—-³μ¤ ³¨, ±μÉμ·Ò¥ Ì · ±É¥·¨§ÊÕÉ¸Ö ¢Ò¸μ±μ° ¤μ¡·μÉ´μ¸ÉÓÕ ¨ ¤²¨´ ³¨ ¢μ²´, ¡μ²ÓÏ¨³¨
¨ ³´μ£μ ¡μ²ÓÏ¨³¨ ¶·μ¤μ²Ó´μ£μ · §³¥·  ¸£Ê¸É±μ¢. ’ ±¨¥ ¶μ²Ö ¨³¥ÕÉ ¶μ¸ÉμÖ´´ÊÕ ¢·¥³¥´¨
¸¶ ¤ , ¸· ¢´¨³ÊÕ ¸ ¶¥·¨μ¤μ³ μ¡· Ð¥´¨Ö ¸£Ê¸É±μ¢ ¨²¨ ¡μ²ÓÏÊÕ. ’μ£¤  Ê· ¢´¥´¨¥ ¸¨´Ì·μ-
É·μ´´ÒÌ ±μ²¥¡ ´¨° (14) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ²¨´¥°´μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ  ³¶²¨ÉÊ¤ ³ ±μ²¥-
¡ ´¨°. „²Ö ÔÉμ£μ ¢ Ê· ¢´¥´¨¨ (14) μÉ ·Ö¤  ¶μ n ¤μ¸É ÉμÎ´μ μ¸É ¢¨ÉÓ ¸² £ ¥³μ¥ ¶·¨ n = 1

¨ ¶μ¤¸É ¢¨ÉÓ ´¥μ¡Ìμ¤¨³Ò¥ ¸Ê³³Ò (15) ¨ (17) ¶·¨ Ê¸²μ¢¨ÖÌ

∣∣∣∣p1,2.rω0τ̂

2

∣∣∣∣ <

√
Γ(n + 2)
Γ(n + 1)

¨

τ̂√
2στ

<

√
Γ(n + 2)Γ(1/2)
Γ(n + 1)Γ(3/2)

.

‹¨´¥ ·¨§μ¢ ´´μ¥ Ê· ¢´¥´¨¥ ¸¨´Ì·μÉ·μ´´ÒÌ ±μ²¥¡ ´¨° ¨³¥¥É ¢¨¤

τ̈ + ω2
sτ = Φ, (18)

£¤¥ Φ = j
eη

β2T0E

∑
r

Rsh.rhr

Qr(p1.r − p2.r)

[
Ik
b (p1.rR1 − p2.rR2) + π

∑
i�=k

Ii
b

(
p2.r

e−jp2.r(π−ϑki)

sin πp2.r
×

× exp

[
−

(
p2.rω0στ√

2

)2
]
− p1.r

e−jp1.r(π−ϑki)

sin πp1.r
exp

[
−

(
p1.rω0στ√

2

)2
])]

μ¶·¥¤¥²Ö¥É ¸¤¢¨£

· ¢´μ¢¥¸´μ£μ ¶μ²μ¦¥´¨Ö Î ¸É¨Í,   ωs ¥¸ÉÓ ¨¸±μ³ Ö Î ¸ÉμÉ  ¢μ§³ÊÐ¥´´ÒÌ ´¥±μ£¥·¥´É´ÒÌ
±μ²¥¡ ´¨°:

ω2
s = ω2

s0 +
eη

2πβ2E
ω2

0

∑
r

Rsh.rhr

Qr(p1.r − p2.r)

[
Ik
b

(
p2
1.rR1 − p2

2.rR2+

+
√

2π
(p1.r − p2.r)

ω0στ

)
+ π

∑
i�=k

Ii
b

(
p2
2.r

e−jp2.r(π−ϑki)

sin πp2.r
exp

[
−

(
p2.rω0στ√

2

)2
]
−

−p2
1.r

e−jp1.r(π−ϑki)

sin πp1.r
exp

[
−

(
p1.rω0στ√

2

)2
])]

. (19)

“¸²μ¢¨Ö

∣∣∣∣p1,2.rω0τ̂

2

∣∣∣∣ <

√
Γ(n + 2)
Γ(n + 1)

¨
τ̂√
2στ

<

√
Γ(n + 2)Γ(1/2)
Γ(n + 1)Γ(3/2)

¶·¨ n = 0 ´ ±² ¤Ò-

¢ ÕÉ μ£· ´¨Î¥´¨¥ ´   ³¶²¨ÉÊ¤Ê ±μ²¥¡ ´¨° τ̂ < 2στ ¨ ´  ±· É´μ¸ÉÓ ‚—-³μ¤Ò ¸²¥¤μ¢ÒÌ
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¶μ²¥° |p1,2.r| = hr <
1

ω0στ
. �μ¸²¥¤´¥¥ μ§´ Î ¥É, ÎÉμ μ£· ´¨Î¥´μ Î¨¸²μ ¢§ ¨³μ¤¥°¸É¢Ê-

ÕÐ¨Ì ¸μ ¸£Ê¸É± ³¨ ³μ¤ ´ ¢¥¤¥´´ÒÌ �Œ-¶μ²¥°, É. ¥. Î¨¸²μ r. “Î¨ÉÒ¢ Ö ¨§ ÔÉμ£μ Î¨¸² 
³μ¤Ò ¸ ¢Ò¸μ±μ° ¤μ¡·μÉ´μ¸ÉÓÕ, ¤²Ö ±μÉμ·ÒÌ ¢Ò¶μ²´Ö¥É¸Ö Ê¸²μ¢¨¥ Qr � hr/2, ¢ · ¢¥´-
¸É¢¥ (19) ³μ¦´μ ¶μ²μ¦¨ÉÓ p1,2.r = ±hr ¨ § ¶¨¸ ÉÓ ¢Ò· ¦¥´¨¥ ¤²Ö Î ¸ÉμÉ ¸¨´Ì·μÉ·μ´´ÒÌ
±μ²¥¡ ´¨° ¢ ¢¨¤¥

ω2
s = ω2

s0 +
eηω2

0

2πβ2E

∑
r

Rsh.rhr

Qr
×

×
[
Ik
b

√
2π

ω0στ
(1 − (hrω0στ )2) − πhr

h−1∑
i=0

Ii
b

cos hr(π − ϑki)
sin πhr

]
. (20)

�Í¥´¨³ ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì. …£μ ³μ¦´μ ¸· ¢´¨ÉÓ ¸μ ¸² £ ¥³Ò³
¨§ ¸Ê³³Ò ¶·¨ i = k − πhr ctg (πhr). ‚¥²¨Î¨´  hr · ¢´  P ± Δ, £¤¥ P Å ¡²¨¦ °Ï Ö
£ ·³μ´¨±  Éμ±  ¶ÊÎ±  ¨ Í¥²μ¥ ¶μ²μ¦¨É¥²Ó´μ¥ Î¨¸²μ,   ¤μ¡ ¢±  Δ ³ ²  ¨ ¨³¥¥É ¢¥²¨-
Î¨´Ê ¶μ·Ö¤±  hr/(2Qr), É. ¥. ¶μ·Ö¤±  ¶μ²μ¸Ò ¶·μ¶Ê¸± ´¨Ö ‚—-³μ¤Ò, ÎÉμ ´¥μ¡Ìμ¤¨³μ ¤²Ö
¢μ§¡Ê¦¤¥´¨Ö ‚—-³μ¤Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¥° £ ·³μ´¨±μ° Éμ±  ¶ÊÎ± . ’μ£¤  ³μ¦´μ ¶μ²μ¦¨ÉÓ
πhr ctg (πhr) ≈ hr/Δ ≈ 2Qr � 1. �¥·¢μ¥ ¸² £ ¥³μ¥ ¢ ±¢ ¤· É´ÒÌ ¸±μ¡± Ì ¡Ê¤¥É ¢´μ-
¸¨ÉÓ ¸ÊÐ¥¸É¢¥´´Ò° ¢±² ¤ ¢ μ¶·¥¤¥²¥´¨¥ Î ¸ÉμÉÒ ¢μ§³ÊÐ¥´´ÒÌ ´¥±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨°

¶·¨ Ê¸²μ¢¨¨, ÎÉμ ¤²¨´  ¸£Ê¸É±  Ê¤μ¢²¥É¢μ·Ö¥É ´¥· ¢¥´¸É¢Ê στ � Δ
√

2π

hrω0
≈

√
2π

2Qrω0
. �É 

¢¥²¨Î¨´  ¶·¨ ¤μ¡·μÉ´μ¸ÉÖÌ Qr ∼ 104 ¨ Î ¸ÉμÉ Ì μ¡· Ð¥´¨Ö f0 = ω0/(2π) ∼ 108Ä109

¨³¥¥É ³ ²μ¥ §´ Î¥´¨¥ ¶μ·Ö¤±  10−12Ä10−13 ¸. —Éμ ´¥¤μ¸É¨¦¨³μ ¢ ·¥ ²Ó´ÒÌ Ê¸²μ¢¨ÖÌ.
‘ ÊÎ¥Éμ³ ¸± § ´´μ£μ ¶·¨¡²¨¦¥´´μ¥ ¢Ò· ¦¥´¨¥ (20) ¶·¨μ¡·¥É ¥É ¢¨¤

ω2
s = ω2

s0 −
eηω2

0

2β2E

∑
r

Rsh.rh
2
r

Qr

h−1∑
i=0

Ii
b

cos hr(π − ϑki)
sin πhr

. (21)

’ ±¨³ μ¡· §μ³, ¶·¨ § ¤ ´´ÒÌ μ£· ´¨Î¥´¨ÖÌ Ì · ±É¥· § ¢¨¸¨³μ¸É¨ Î ¸ÉμÉÒ ´¥±μ£¥-
·¥´É´ÒÌ ±μ²¥¡ ´¨° μÉ Éμ±  ¶ÊÎ±  μ¶·¥¤¥²Ö¥É¸Ö · ¸¶·¥¤¥²¥´¨¥³ ¸£Ê¸É±μ¢ ´  μ·¡¨É¥ Ê¸±μ-
·¨É¥²Ö ¨ ¸Ê³³ ·´Ò³ ¢±² ¤μ³ ÊÎ ¸É¢ÊÕÐ¨Ì ¢μ ¢§ ¨³μ¤¥°¸É¢¨¨ ³μ¤ ´ ¢¥¤¥´´ÒÌ �Œ-¶μ-
²¥°. …¸²¨ ¸Ê³³ ·´Ò° ÔËË¥±É¨¢´Ò° ¨³¶¥¤ ´¸ ¸É·Ê±ÉÊ·Ò ±μ²ÓÍ  ¡Ê¤¥É ¥³±μ¸É´Ò³, Éμ μ¡-
Ð¥¥ ´ ¶·Ö¦¥´¨¥, ¸μ§¤ ¢ ¥³μ¥ Ê¸±μ·ÖÕÐ¨³ ‚—-¶μ²¥³ ¨ ´ ¢¥¤¥´´Ò³¨ �Œ-¶μ²Ö³¨, ¡Ê¤¥É
Ê¢¥²¨Î¨¢ ÉÓ¸Ö ¸ ·μ¸Éμ³ Éμ±  Ô²¥±É·μ´´ÒÌ ¸£Ê¸É±μ¢, ¸²¥¤μ¢ É¥²Ó´μ, ¡Ê¤¥É Ê¢¥²¨Î¨¢ ÉÓ¸Ö ¨
Î ¸ÉμÉ  ´¥±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨°. …¸²¨ ÔËË¥±É¨¢´Ò° ¨³¶¥¤ ´¸ Ö¢²Ö¥É¸Ö ¨´¤Ê±É¨¢´Ò³,
± ·É¨´  ¡Ê¤¥É ¶·μÉ¨¢μ¶μ²μ¦´μ°. • · ±É¥· ¨³¶¥¤ ´¸  ¤²Ö ± ¦¤μ° ‚—-³μ¤Ò ¸²¥¤μ¢ÒÌ
¶μ²¥° μ¶·¥¤¥²Ö¥É¸Ö · ¸¶μ²μ¦¥´¨¥³ Î ¸ÉμÉÒ £ ·³μ´¨±¨ Éμ±  ¶ÊÎ±  μÉ´μ¸¨É¥²Ó´μ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥° ·¥§μ´ ´¸´μ° Î ¸ÉμÉÒ ¨³¶¥¤ ´¸ . …¸²¨ ·¥§μ´ ´¸´ Ö Î ¸ÉμÉ  ´ Ìμ¤¨É¸Ö ´¨¦¥
Î ¸ÉμÉÒ ¤¥°¸É¢ÊÕÐ¥° £ ·³μ´¨±¨ Éμ±  (É. ¥. hr ³¥´ÓÏ¥ ¡²¨¦ °Ï¥£μ Í¥²μ£μ Î¨¸² ), Éμ
ÔËË¥±É¨¢´Ò° ¨³¶¥¤ ´¸ ‚—-³μ¤Ò ¥³±μ¸É´Ò°, ¨ ´ μ¡μ·μÉ.

�·μ¤μ²Ó´Ò° · §³¥· ± ¦¤μ£μ ¸£Ê¸É±  ¡Ê¤¥É ¨³¥ÉÓ μ¡ÐÊÕ § ¢¨¸¨³μ¸ÉÓ μÉ Éμ±  Ô²¥±-
É·μ´´μ£μ ¶ÊÎ±  ¨ Ê³¥´ÓÏ ÉÓ¸Ö ¶·¨ ·μ¸É¥ Î ¸ÉμÉÒ ´¥±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨° ¨²¨ Ê¢¥²¨-
Î¨¢ ÉÓ¸Ö ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥.

2.2. Šμ£¥·¥´É´Ò¥ ±μ²¥¡ ´¨Ö ¸¢Ö§ ´´ÒÌ ¸£Ê¸É±μ¢. �Œ-¶μ²Ö, ¸μ§¤ ´´Ò¥ Ô²¥±É·μ´-
´Ò³¨ ¸£Ê¸É± ³¨ ¢ ¢Ò¸μ±μ¤μ¡·μÉ´ÒÌ ¸É·Ê±ÉÊ· Ì, ³μ£ÊÉ ¶·¨¢μ¤¨ÉÓ ± · §¢¨É¨Õ ³¥¦¸£Ê¸É-
±μ¢ÒÌ ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨° [4, 9]. ‚ ´ Î ²¥ ¶·μÍ¥¸¸  · §¢¨É¨Ö ´¥Ê¸Éμ°Î¨¢μ¸É¨, ±μ£¤ 
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 ³¶²¨ÉÊ¤Ò ±μ²¥¡ ´¨° ³ ²Ò, ±μ²²¥±É¨¢´μ¥ ¤¢¨¦¥´¨¥, ¸μ£² ¸´μ É¥μ·¥³¥ ‹¨Ê¢¨²²Ö [17] μ
¶μ¸ÉμÖ´¸É¢¥ ¶²μÉ´μ¸É¨ Î ¸É¨Í ¢¤μ²Ó Ë §μ¢ÒÌ É· ¥±Éμ·¨° ±μ´¸¥·¢ É¨¢´μ° ¸¨¸É¥³Ò, μ¶¨-
¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³ ´¥¶·¥·Ò¢´μ¸É¨ (4) ¤²Ö ¢μ§³ÊÐ¥´´μ° ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í
¢ ¸£Ê¸É±¥.

„²Ö ·¥Ï¥´¨Ö § ¤ Î¨ ¶·¥¤¶μ²μ¦¨³, ÎÉμ ´ Î ²Ó´μ¥ ¢μ§³ÊÐ¥´¨¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥-
´¨Ö (1) ± ¦¤μ£μ ¸£Ê¸É±  ¥¸ÉÓ ¥¥ ¸³¥Ð¥´¨¥ ± ± Í¥²μ£μ ¢ ¸¨´Ì·μÉ·μ´´μ³ Ë §μ¢μ³ ¶·μ-
¸É· ´¸É¢¥ ¢ ¶μ²μ¦¥´¨¥ (τ̂0, ϕ0):

Ψ′(τ̂ , ϕ) =
1

2πσ2
τ

exp
[
− τ̂2 + τ̂2

0 − 2τ̂ τ̂0 cos (ϕ − ϕ0)
2σ2

τ

]
. (22)

�Éμ ¶·¥¤¶μ²μ¦¥´¨¥ ¢¶μ²´¥ § ±μ´´μ, ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ ¡Ò¸É·μ¥ (¶μ ¸· ¢´¥´¨Õ ¸ ¶¥·¨μ-
¤μ³ ¸¨´Ì·μÉ·μ´´ÒÌ ±μ²¥¡ ´¨°) § ¶μ²´¥´¨¥ ±μ²ÓÍ  ¨´¦¥±É¨·Ê¥³Ò³¨ Î ¸É¨Í ³¨. ’μ£¤ 
ËÊ·Ó¥-±μ³¶μ´¥´ÉÒ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¸μ£² ¸´μ

Ψm(τ̂ ) =
1
2π

2π∫
0

Ψ′(τ̂ , ϕ) e−jmϕdϕ (23)

± ±

Ψm(τ̂ ) =
1

2πσ2
τ

exp
(
− τ̂2 + τ̂2

0

2σ2
τ

)
e−jmϕ0Im

(
τ̂ τ̂0

σ2
τ

)
, (24)

£¤¥ m Å Í¥²μ¥ Î¨¸²μ ¢ ¨´É¥·¢ ²¥ (−∞, +∞); Im

(
τ̂ τ̂0

σ2
τ

)
Å ³μ¤¨Ë¨Í¨·μ¢ ´´ Ö ËÊ´±Í¨Ö


¥¸¸¥²Ö ¶¥·¢μ£μ ·μ¤ .
‚ Ê· ¢´¥´¨¨ (4) Ê¤μ¡´μ ¶¥·¥°É¨ μÉ ±μμ·¤¨´ É (ε, τ) Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  ± ¶¥-

·¥³¥´´Ò³ (τ̂ , ϕ) ¶μ²Ö·´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É. �¥·¥Ìμ¤ ¸μ¢¥·Ï ¥É¸Ö ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
Ê· ¢´¥´¨° ¸¨´Ì·μÉ·μ´´ÒÌ ±μ²¥¡ ´¨° (5) ¨ ¸¢Ö§¨ ´μ·³¨·μ¢ ´´μ£μ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢ 
¸ ¶μ²Ö·´μ° ¸¨¸É¥³μ° ±μμ·¤¨´ É: ⎧⎨

⎩
τ = τ̂ cos ϕ,

τ̇

ωs
= −τ̂ sin ϕ,

(25)

£¤¥ ωs Å Î ¸ÉμÉ  ¢μ§³ÊÐ¥´´ÒÌ ´¥±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨° ¸ ÊÎ¥Éμ³ ÔËË¥±É  ¨¸± ¦¥´¨Ö
¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò.

�μ¸²¥ ¶·¥μ¡· §μ¢ ´¨° Ê· ¢´¥´¨¥ ´¥¶·¥·Ò¢´μ¸É¨ (Ê· ¢´¥´¨¥ ‚² ¸μ¢ ) ¤²Ö ËÊ´±Í¨¨
· ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢ ¸£Ê¸É±¥ ¨³¥¥É ¢¨¤

∂

∂t
Ψ(τ̂ , ϕ, t) +

(
ωs − F (τ̂ , ϕ, t)

cos ϕ

ωsτ̂

)
∂

∂ϕ
Ψ(τ̂ , ϕ, t)−

− eη

β2T0E
Uind(τ̂ , ϕ, t)

sin ϕ

ωs

∂

∂τ̂
Ψ(τ̂ , ϕ, t) = 0. (26)

‚ Ê· ¢´¥´¨¨ (26) ¶·¨ ¶·μ¨§¢μ¤´μ° ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶μ Ë §¥ ¶¥·¥³¥´´Ò³¨ ´¥²¨-

´¥°´Ò³¨ ¤μ¡ ¢± ³¨ F (τ̂ , ϕ, t)
cos ϕ

ωsτ̂
± Î ¸ÉμÉ¥ ¢μ§³ÊÐ¥´´ÒÌ ´¥±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨°
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³μ¦´μ ¶·¥´¥¡·¥ÎÓ, É ± ± ± ¢ ¸·¥¤´¥³ §  ¶¥·¨μ¤ ±μ²¥¡ ´¨° μ´¨ · ¢´Ò ´Ê²Õ. ’ ±¦¥ ¶·¨
³ ²μ³ ´ Î ²Ó´μ³ ¸³¥Ð¥´¨¨ (τ̂0, ϕ0) ¨ Ê¸²μ¢¨ÖÌ (τ̂ τ̂0)/(2σ2

τ ) < 1, τ̂0 < 2τ̂ ¢±² ¤ ¶·μ¨§¢μ¤-
´ÒÌ μÉ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶μ  ³¶²¨ÉÊ¤ ³ ±μ²¥¡ ´¨° ¶·¨ m �= 0 ³ ² ¶μ ¸· ¢´¥´¨Õ
¸ ¶·μ¨§¢μ¤´μ° μÉ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶·¨ m = 0. �Éμ ¤¥°¸É¢¨É¥²Ó´μ É ±, ¶μ¸±μ²Ó±Ê
± ¦¤ Ö ±μ³¶μ´¥´É  ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö § ¢¨¸¨É μÉ ³μ¤¨Ë¨Í¨·μ¢ ´´μ° ËÊ´±Í¨¨ 
¥¸-
¸¥²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶μ·Ö¤± , §´ Î¥´¨¥ ±μÉμ·μ° Ê³¥´ÓÏ ¥É¸Ö ¸ ·μ¸Éμ³ ¶μ·Ö¤± . ’μ£¤ ,
¶μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨¥ (10) ¤²Ö ¶μÉ¥´Í¨ ²  ´ ¢¥¤¥´´ÒÌ �Œ-¶μ²¥° ¢ (26) ¨ ¸μÌ· ´ÖÖ ¶·μ-
¨§¢μ¤´ÊÕ μÉ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶μ  ³¶²¨ÉÊ¤ ³ ±μ²¥¡ ´¨° ¶·¨ m = 0, Ê· ¢´¥´¨¥
(26) ³μ¦´μ § ¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

∑
m �=0

j(ωsm − mωs)Ψm(τ̂ ) e jmϕ e−jωsmt = 2π
eη

β2T0E
×

×
∑

p,m′,i

j−m′
Ii
bZ(pω0 − ωsm′)Fpm′ e jp(ϑ0k−ϑ0i) e jpω0τ e−jωsm′ t sin ϕ

ωs

∂Ψ0(τ̂ )
∂τ̂

, (27)

£¤¥ m′ Å Í¥²μ¥ Î¨¸²μ ¢ ¨´É¥·¢ ²¥ (−∞, +∞).
�·μ¨§¢¥¤¥´¨¥ e jpω0τ sin ϕ, £¤¥ τ = τ̂ cos ϕ, ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ·Ö¤  ¶μ ËÊ´±-

Í¨Ö³ 
¥¸¸¥²Ö ¶¥·¢μ£μ ·μ¤ :

e jpω0τ sin ϕ = −
+∞∑

n=−∞

n

pω0τ̂
jn e jnϕJn(pω0τ̂ ). (28)

�μ² £ Ö μÉ¸ÊÉ¸É¢¨¥ ¸¢Ö§¨ ³μ¤ ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨°, ¸Ê³³Ò ¶μ m, n ¨ m′ ¢ Ê· ¢´¥´¨¨
(27) ³μ¦´μ μ¶Ê¸É¨ÉÓ ¶·¨ n = m′ = m.

�μ¤¸É ¢¨¢ ¢ (27) ±μ³¶μ´¥´ÉÒ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö (24) ¨ ¨³¶¥¤ ´¸ ± ³¥·Ò ´ 
Î ¸ÉμÉ¥ pω0 −ωsm  ´ ²μ£¨Î´μ Ëμ·³Ê²¥ (12), ³μ¦´μ § ¶¨¸ ÉÓ Ê· ¢´¥´¨¥ ¤²Ö Î ¸ÉμÉ ±μ£¥-
·¥´É´ÒÌ ±μ²¥¡ ´¨°:

(ωsm − mωs)Im

(
τ̂ τ̂0

σ2
τ

)
= − eη

2πβ2E

m

ωsσ2
τ

(
I0

(
τ̂ τ̂0

σ2
τ

)
− τ̂0

τ̂
I1

(
τ̂ τ̂0

σ2
τ

))
×

×
∑
r,p,i

Ii
b

Rsh.rhr

Qr(p1.r − p2.r)

(
p − νsm

p(p − p1.r)
− p − νsm

p(p − p2.r)

)
×

× exp

[
−

(
pω0στ√

2

)2
]

e jp(ϑ0k−ϑ0i)Jm(pω0τ̂0)Jm(pω0τ̂ ), (29)

£¤¥ p1,2.r = νsm + j
hr

2Qr
± hr

2Qr

√
4Q2

r − 1, νsm =
ωsm

ω0
, ¶·¨ ³ ²ÒÌ Éμ± Ì νsm ≈ mνs =

(mωs)/ωo.

‘Ê³³Ò ·Ö¤μ¢ ¶μ £ ·³μ´¨± ³ Î ¸ÉμÉÒ μ¡· Ð¥´¨Ö p ´ Ìμ¤ÖÉ¸Ö É ±¦¥ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
³¥Éμ¤  
. ‡μÉÉ¥·  ¨ · ¢¥´¸É¢ (16).
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�Ö¤Ò ¨ ¨Ì ¸Ê³³Ò ¤²Ö i = k ¨³¥ÕÉ ¢¨¤

+∞∑
p=−∞

exp
[
− (pω0στ )2

2

]
(p − p1,2.r)

Jm(pω0τ̂0)Jm(pω0τ̂) =

=
+∞∑

l,n=0

(−1)l+n

l!n!Γ(l + m + 1)Γ(n + m + 1)

(
p1,2.rω0τ̂

2

)2l+m (
p1,2.rω0τ̂0

2

)2n+m

×

×

⎛
⎜⎜⎜⎝R1,2 +

l+n+m−1∑
l′=0

Γ(l′ + 1/2)(
p1,2.rω0στ√

2

)2l′+1

⎞
⎟⎟⎟⎠, (30 )

+∞∑
p=−∞

p−1

(p − p1,2.r)
exp

[
− (pω0στ )2

2

]
Jm(pω0τ̂0)Jm(pω0τ̂ ) =

=
1

p1,2.r

+∞∑
l,n=0

(−1)l+n

l!n!Γ(l + m + 1)Γ(n + m + 1)

(
p1,2.rω0τ̂

2

)2l+m (
p1,2.rω0τ̂0

2

)2n+m

×

×

⎛
⎜⎜⎜⎝R1,2 +

l+n+m−1∑
l′=0

Γ(l′ + 1/2)(
p1,2.rω0στ√

2

)2l′+1

⎞
⎟⎟⎟⎠. (30¡)

�Ö¤Ò ¨ ¨Ì ¸Ê³³Ò ¤²Ö i �= k ¨³¥ÕÉ ¢¨¤

+∞∑
p=−∞

1
(p − p1,2.r)

exp
[
− (pω0στ )2

2

]
e jpϑkiJm(pω0τ̂0)Jm(pω0τ̂ ) =

= −π
e−jp1,2.r(π−ϑki)

sin πp1,2.r
exp

[
−

(
p1,2ω0στ√

2

)2
]

Jm(p1,2.rω0τ̂0)Jm(p1,2.rω0τ̂), (31 )

+∞∑
p=−∞

p−1

(p − p1,2.r)
exp

[
− (pω0στ )2

2

]
e jpϑkiJm(pω0τ̂0)Jm(pω0τ̂ ) =

= − π

p1,2.r

e−jp1,2.r(π−ϑki)

sin πp1,2.r
exp

[
−

(
p1,2ω0στ√

2

)2
]

Jm(p1,2.rω0τ̂0)Jm(p1,2.rω0τ̂). (31¡)
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�·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ ¤²Ö Î ¸ÉμÉ ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨° ¶μ²ÊÎ ¥É¸Ö ¨§ Ê· ¢´¥-
´¨Ö (29) ¶μ¤¸É ´μ¢±μ° ¸Ê³³ (30a), (30¡), (31a), (31¡) ¨ ¶·¨ ¢Ò¶μ²´¥´¨¨ ·Ö¤  Ê¸²μ¢¨°:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

τ̂ τ̂0

2σ2
τ

< 1,
τ̂0√
2στ

< 1,

∣∣∣∣p1,2.rω0τ̂

2

∣∣∣∣ <

√
Γ(m + 2)
Γ(m + 1)

,
τ̂√
2στ

<

√
Γ(m + 2)Γ(m − 1/2)
Γ(m + 1)Γ(m + 1/2)

,

Qr >
hr

2
, νsm � hr, στ >

√
2

hrω0

2m−1
√

ΔΓ(m − 1/2).

(32)

�¥Ï¥´¨¥ ¨³¥¥É ¢¨¤

(ωsm − mωs) =
eη

β2E

m

ωs

σ2m−2
τ ω2m

0

2m+1Γ(m + 1)

(
1 − τ̂2

0

2σ2
τ

) ∑
r

Rsh.rh
2m
r

Qr
×

× exp

[
−

(
hrω0στ√

2

)2
]{

Ik
b ctg πhr +

∑
i�=k

Ii
b

exp
[

hr

2Qr
(π − ϑki)

]
sin πhr

cos hr(π − ϑki)+

+ j
νsm

hr

(
Ik
b

ctg πhr

2Qr
+

∑
i�=k

Ii
b

exp
[

hr

2Qr
(π − ϑki)

]
sin πhr

×

×
(

sin hr(π − ϑki) +
cos hr(π − ϑki)

2Qr

))}
, (33)

£¤¥ m = 1, 2, 3 ¨ É. ¤. �¥Ï¥´¨¥ ¤²Ö μÉ·¨Í É¥²Ó´ÒÌ m Ê¤μ¢²¥É¢μ·Ö¥É · ¢¥´¸É¢ ³
Re (ωs(−m)) = −Re (ωsm), Im (ωs(−m)) = Im (ωsm).

— ¸ÉμÉÒ ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨° ¨³¥ÕÉ ³´¨³ÊÕ ¨ ¤¥°¸É¢¨É¥²Ó´ÊÕ Î ¸É¨. Œ´¨³ Ö
Î ¸ÉÓ μ¡Ê¸² ¢²¨¢ ¥É Ê¸Éμ°Î¨¢μ¸ÉÓ ¸¨¸É¥³Ò ¸£Ê¸É±μ¢ ¨ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ § ¢¨¸¨É μÉ ¸Ì¥³Ò
§ ¶μ²´¥´¨Ö μ·¡¨ÉÒ ¨ Ì · ±É¥·  ÔËË¥±É¨¢´μ£μ ¨³¶¥¤ ´¸  ¢ ±ÊÊ³´μ° ± ³¥·Ò ´ ±μ¶¨É¥²Ö.
� ¶·¨³¥·, ¥¸²¨ ¨³¶¥¤ ´¸ ‚—-³μ¤Ò ¥³±μ¸É´Ò°, Éμ ¸¨¸É¥³  ¸£Ê¸É±μ¢ Ê¸Éμ°Î¨¢  ¶·¨ ¶μ-
¸²¥¤μ¢ É¥²Ó´μ³ § ¶μ²´¥´¨¨ μ·¡¨ÉÒ. …¸²¨ Ì · ±É¥· ¨³¶¥¤ ´¸  ¨´¤Ê±É¨¢´Ò°, Éμ ¸¨¸É¥³ 
´¥Ê¸Éμ°Î¨¢  ¤²Ö ¢Ò¡· ´´μ° ³μ¤Ò.

’ ±¦¥, ¢ ± Î¥¸É¢¥ ¶·¨³¥· , ¢ ¸Ì¥³¥ ¸ μ¤´¨³ ¸£Ê¸É±μ³ ¤²Ö ¤¨¶μ²Ó´μ° ³μ¤Ò ±μ²¥¡ ´¨°
m = 1 ¨³¥¥³

(ωs1 − ωs) =
eη

4β2E

ω2
0

ωs
Ib

(
1 − τ̂2

0

2σ2
τ

)
×

×
∑

r

Rsh.rh
2
r

Qr
exp

[
−

(
hrω0στ√

2

)2
]

ctg πhr

(
1 + j

νs

2Qrhr

)
. (34)

‡ ¢¨¸¨³μ¸ÉÓ ±μ£¥·¥´É´ÒÌ Î ¸ÉμÉ (33) ¨ (34) μÉ ´ Î ²Ó´μ£μ ¸³¥Ð¥´¨Ö τ̂0 ¢ § ¤ ´´ÒÌ
μ£· ´¨Î¥´¨ÖÌ ¸² ¡ Ö. �Éμ μ§´ Î ¥É, ÎÉμ ¶·¨ ³ ²ÒÌ ¢μ§³ÊÐ¥´¨ÖÌ ¸É Í¨μ´ ·´μ° ËÊ´±-
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Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¢±² ¤ ¸²¥¤μ¢ÒÌ ¶μ²¥° ¢ ¶·μ¤μ²Ó´μ¥ ±μ£¥·¥´É´μ¥ ¤¢¨¦¥´¨¥
Ô²¥±É·μ´´ÒÌ ¸£Ê¸É±μ¢ ¸² ¡μ § ¢¨¸¨É μÉ Ëμ·³Ò ´ Î ²Ó´μ£μ ¢μ§³ÊÐ¥´¨Ö.

‡�Š‹	—…�ˆ…

�·¨³¥´¨¢ ´μ¢Ò° ¶μ¤Ìμ¤ ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ μ ±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨ÖÌ ¸¨¸É¥³Ò
Ô²¥±É·μ´´ÒÌ ¸£Ê¸É±μ¢, ³Ò ¶μ²ÊÎ¨²¨ ¶·¨¡²¨¦¥´´μ¥  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ¤²Ö Î ¸ÉμÉ
±μ£¥·¥´É´ÒÌ ±μ²¥¡ ´¨°, § ¢¨¸ÖÐ¥¥ μÉ ¸Ì¥³Ò · ¸¶μ²μ¦¥´¨Ö ¸£Ê¸É±μ¢ ´  μ·¡¨É¥ Ê¸±μ·¨-
É¥²Ö. Š·μ³¥ Éμ£μ, ³Ò · ¸¸³μÉ·¥²¨ ÔËË¥±É ¨¸± ¦¥´¨Ö ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò ¤²Ö ³´μ¦¥¸É¢ 
Ô²¥±É·μ´´ÒÌ ¸£Ê¸É±μ¢ ¨ ´ Ï²¨ ·¥Ï¥´¨¥ ¤²Ö Î ¸ÉμÉ ¢μ§³ÊÐ¥´´ÒÌ ´¥±μ£¥·¥´É´ÒÌ ±μ²¥-
¡ ´¨°, § ¢¨¸ÖÐ¥¥ μÉ · ¸¶·¥¤¥²¥´¨Ö ¸£Ê¸É±μ¢ ´  μ·¡¨É¥ ¨ μÉ Ì · ±É¥·  ÔËË¥±É¨¢´μ£μ
¨³¶¥¤ ´¸  ¸É·Ê±ÉÊ·Ò. ‚¸¥ ·¥§Ê²ÓÉ ÉÒ ¶μ²ÊÎ¥´Ò ¤²Ö Ô²¥±É·μ´´ÒÌ ¸£Ê¸É±μ¢, ¢§ ¨³μ¤¥°-
¸É¢ÊÕÐ¨Ì ¸ ¢Ò¸μ±μ¤μ¡·μÉ´Ò³¨ ¸É·Ê±ÉÊ· ³¨ ¢ ±ÊÊ³´μ° ± ³¥·Ò ´ ±μ¶¨É¥²Ö § ·Ö¦¥´´ÒÌ
Î ¸É¨Í.

ˆ¸¸²¥¤μ¢ ´¨¥ ¢Ò¶μ²´¥´μ ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �””ˆ ¢ · ³± Ì ´ ÊÎ´μ£μ ¶·μ-
¥±É  º 16-32-00335 ³μ²  .
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