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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

‘ ´±É-�¥É¥·¡Ê·£¸±¨° £μ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É, ‘ ´±É-�¥É¥·¡Ê·£, �μ¸¸¨Ö

�μ²ÊÎ¥´  Ëμ·³Ê²  ¸¢¥É¨³μ¸É¨ ±μ²² °¤¥·  ¶·¨ ¸Éμ²±´μ¢¥´¨¨ ¤¢ÊÌ ¶ÊÎ±μ¢, μÉ²¨Î ÕÐ¨Ì¸Ö ¸¢μ-
¨³¨ ¶ · ³¥É· ³¨. �ÊÎ±¨ ¨³¥ÕÉ ¸μ¢¶ ¤ ÕÐ¨¥ ¶·μ¤μ²Ó´Ò¥ μ¸¨. ”μ·³Ê²  ¸¶· ¢¥¤²¨¢  ¤²Ö ¢¸É·¥Î´ÒÌ
¨ ®¶μ¶ÊÉ´ÒÌ¯ ¶ÊÎ±μ¢. �·¨¢¥¤¥´Ò É·¨ Î ¸É´ÒÌ ¸²ÊÎ Ö Ëμ·³Ê²Ò: ¸Éμ²±´μ¢¥´¨¥ ¤¢ÊÌ ¨¤¥´É¨Î´ÒÌ
 ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´ÒÌ ¸£Ê¸É±μ¢ ¸£·Ê¶¶¨·μ¢ ´´ÒÌ ¶ÊÎ±μ¢, ¸Éμ²±´μ¢¥´¨¥ ¸£Ê¸É±  ¸ · ¸¶ÊÐ¥´´Ò³
¶ÊÎ±μ³ ¨ ¸Éμ²±´μ¢¥´¨¥ ¤¢ÊÌ · ¸¶ÊÐ¥´´ÒÌ ¶ÊÎ±μ¢.

A formula for the collider luminosity is derived for a head-on collision of two beams with different
parameters. The colliding beams have coinciding longitudinal axes. The formula is valid for colliding
and partially separated (©mergingª) beams. Three particular cases are presented: the collision of two
identical axially symmetric bunches, the collision of a bunch with a disbanded beam, and the collision
of two disbanded bunches.

PACS: 29.20.db; 29.27.Fh
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‡ ¤ Î  · ¸Î¥É  ¸¢¥É¨³μ¸É¨ ±μ²² °¤¥·  ¨§¢¥¸É´  ¸μ ¢·¥³¥´¨ ¶μÖ¢²¥´¨Ö ¶¥·¢ÒÌ Ê¸±μ-
·¨É¥²¥° ´  ¢¸É·¥Î´ÒÌ ¶ÊÎ± Ì. ’¥³ ´¥ ³¥´¥¥ ¤μ ¸¨Ì ¶μ· ´¥ ¶·¥¤²μ¦¥´μ ¤μ¸É ÉμÎ´μ
±μ³¶ ±É´μ° Ëμ·³Ê²Ò, μ¶¨¸Ò¢ ÕÐ¥° ¸¢¥É¨³μ¸ÉÓ ±μ²² °¤¥·  ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¸Éμ²±´μ-
¢¥´¨Ö ¤¢ÊÌ ¶ÊÎ±μ¢ ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ¶ · ³¥É· ³¨, ¶μ§¢μ²ÖÕÐ¥° ¶·μ¨§¢μ¤¨ÉÓ  ´ ²¨É¨-
Î¥¸±¨¥ ¨²¨ Î¨¸²¥´´Ò¥ · ¸Î¥ÉÒ, ´¥ ¶·¨¡¥£ Ö ± ³¥Éμ¤ ³ ³ É¥³ É¨Î¥¸±μ£μ ³μ¤¥²¨·μ¢ -
´¨Ö. �μ¤μ¡´ Ö Ëμ·³Ê²  ´Ê¦´  ¤²Ö ¶·μ¢¥¤¥´¨Ö · ¸Î¥Éμ¢ ´  Ê·μ¢´¥ μÍ¥´μ±, ÎÉμ ´¥μ¡Ìμ-
¤¨³μ ¤²Ö ¢Ò¡μ·  ¨¸Ìμ¤´ÒÌ §´ Î¥´¨° ¶ · ³¥É·μ¢ ±μ²² °¤¥· . � ¨¡μ²¥¥ ¨§¢¥¸É´Ò Ëμ·-
³Ê²Ò ¤²Ö ¸²ÊÎ Ö ¸Éμ²±´μ¢¥´¨Ö ¤¢ÊÌ μ¤¨´ ±μ¢ÒÌ ¸£Ê¸É±μ¢ ¢¸É·¥Î´ÒÌ ¶ÊÎ±μ¢ (¸³., ´ ¶·¨-
³¥·, [1Ä3]). �μ¶ÒÉ±¨ ¶μ²ÊÎ¨ÉÓ Ëμ·³Ê²Ê ¤²Ö ¤μ¸É ÉμÎ´μ μ¡Ð¥£μ ¸²ÊÎ Ö ¶·¨¢μ¤ÖÉ, ± ±
¶· ¢¨²μ, ± £·μ³μ§¤±¨³ ¢Ò· ¦¥´¨Ö³, ¸μ¤¥·¦ Ð¨³ ³´μ£μ±· É´Ò¥ ¨´É¥£· ²Ò ¶μ Ï¥¸ÉÓ ±μ-
μ·¤¨´ É ¶·μ¸É· ´¸É¢  ±μμ·¤¨´ É-¨³¶Ê²Ó¸μ¢ [4].

‚ ¤ ´´μ° · ¡μÉ¥ · ¸¸³ É·¨¢ ¥É¸Ö ¸²ÊÎ ° ¸Éμ²±´μ¢¥´¨Ö ¢ ±μ²² °¤¥·¥ ¤¢ÊÌ ¶ÊÎ±μ¢,
¶ · ³¥É·Ò ±μÉμ·ÒÌ Å ¢¨¤ Î ¸É¨Í ¸£Ê¸É±  ¨ ¨Ì Î¨¸²μ, Ô´¥·£¨Ö, · §³¥·Ò ¨ Ëμ·³  Å
· §²¨Î´Ò.

1E-mail: meshkov@jinr.ru
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1. �‘ˆŒŒ…’�ˆ—�›… ‚‘’�…—�›… �“—Šˆ Å ��™ˆ‰ ‘‹“—�‰

� ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ Î ¸É¨Í ¢ μ¡μ¨Ì ¸£Ê¸É± Ì ¸£·Ê¶¶¨·μ¢ ´´ÒÌ ¶ÊÎ±μ¢ £ Ê¸¸μ¢μ
¶μ ¢¸¥³ É·¥³ ¨§³¥·¥´¨Ö³ (x, y, s):

ρi(t) =
Ni

(2π)3/2 σxi(t)σyi(t)σsi
exp

{
−1

2

(
x2

σ2
xi(t)

+
y2

σ2
yi(t)

+
s2

σ2
si

)}
, i = 1, 2. (1)

�´ ²μ£¨Î´ Ö Ëμ·³Ê²  · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¨ ¢ · ¸¶ÊÐ¥´´μ³ (coasting) ¶ÊÎ±¥ ¸ · ¢-
´μ³¥·´Ò³ · ¸¶·¥¤¥²¥´¨¥³ ¶²μÉ´μ¸É¨ Ni Î ¸É¨Í ¶μ ¶¥·¨³¥É·Ê ±μ²ÓÍ  ¨³¥¥É ¢¨¤

ρ(t) =
Ni

2πσxi(t)σyi(t)Cring
exp

{
−1

2

(
x2

σ2
xi(t)

+
y2

σ2
yi(t)

)}
. (2)

„²Ö Ê¶·μÐ¥´¨Ö μ¶¨¸ ´¨Ö ±¨´¥³ É¨±¨ ¸Éμ²±´μ¢¥´¨° (·¨¸Ê´μ±) ¢Ò¡¥·¥³ μÉ¸Î¥É ¢·¥³¥´¨
¨ ´ Î ²μ ±μμ·¤¨´ É É ±, ÎÉμ ¶·¨ t = 0 Í¥´É·Ò μ¡μ¨Ì ¸£Ê¸É±μ¢ ¡Ê¤ÊÉ ´ Ìμ¤¨ÉÓ¸Ö ¢
´ Î ²¥ ±μμ·¤¨´ É (x = y = s = 0). Šμμ·¤¨´ ÉÒ Í¥´É·μ¢ ¸£Ê¸É±μ¢ s0

i ¨§³¥´ÖÕÉ¸Ö ¸μ
¢·¥³¥´¥³ ± ±

s0
i (t) = vit, xi = yi = 0. (3)

�£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³ É ± ´ §Ò¢ ¥³ÒÌ ®²μ¡μ¢ÒÌ ¸Éμ²±´μ¢¥´¨°¯, ±μ£¤  μ¸¨ ¸£Ê¸É±μ¢ ¸μ-
¢¶ ¤ ÕÉ ³¥¦¤Ê ¸μ¡μ° ¨ ¸ μ¸ÓÕ s. Š ± ¡Ê¤¥É ¶μ± § ´μ, ·¥§Ê²ÓÉ É, ¶μ²ÊÎ¥´´Ò° ´¨¦¥, ¸¶· -
¢¥¤²¨¢ ± ± ¤²Ö ¢¸É·¥Î´ÒÌ (counter propagating), É ± ¨ ¤²Ö ®¶μ¶ÊÉ´ÒÌ¯ (co-propagating),
¨²¨ ®¸²¨¢ ÕÐ¨Ì¸Ö¯ (merging), ¸£Ê¸É±μ¢ (·¨¸Ê´μ±).

‡ ¢¨¸¨³μ¸ÉÓ ¶μ¶¥·¥Î´ÒÌ · §³¥·μ¢ ¸£Ê¸É±μ¢ σxi(t), σyi(t) μÉ ¢·¥³¥´¨ ¶μÖ¢²Ö¥É¸Ö ¶·¨
¨Ì ¤¢¨¦¥´¨¨ ¢ Ëμ±Ê¸¨·ÊÕÐ¥° ¸¨¸É¥³¥:

σαi(t) =
√

εαi βαi, α = x, y, i = 1, 2, (4)

£¤¥ εαi = const Å Ô³¨ÉÉ ´¸ ¶ÊÎ± ,

βαi(si(t)) = β∗
αi +

s2
i (t)
β∗

αi

(5)

‘Ì¥³  ¸Éμ²±´μ¢¥´¨Ö ¤¢ÊÌ ¸£Ê¸É±μ¢. �1,2 Å Í¥´É·Ò ¸£Ê¸É±μ¢; η1,2 Å · ¸¸ÉμÖ´¨Ö ÉμÎ±¨ ¢§ ¨³μ¤¥°-
¸É¢¨Ö ¤¢ÊÌ Î ¸É¨Í (*) μÉ Í¥´É·μ¢ ¸£Ê¸É±μ¢; scoll Å Éμ ¦¥, μÉ ´ Î ²  ±μμ·¤¨´ É; β1,2 Å μ£¨¡ ÕÐ¨¥

(β-ËÊ´±Í¨¨) ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ¶ÊÎ±μ¢
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Å ¡¥É É·μ´´ Ö (β-) ËÊ´±Í¨Ö Ëμ±Ê¸¨·ÊÕÐ¥° ¸¨¸É¥³Ò; β∗
αi Å ¥¥ ³¨´¨³ ²Ó´μ¥ §´ Î¥´¨¥;

si(t) Å ±μμ·¤¨´ É  Î ¸É¨ÍÒ ¢ ³μ³¥´É ¢·¥³¥´¨ t.
ŒÒ ¶·¥¤¶μ² £ ¥³ É ±¦¥, ÎÉμ ¤¨¸¶¥·¸¨Ö ´  ÊÎ ¸É±¥ ¢¸É·¥Î¨ ¶ÊÎ±μ¢ · ¢´  ´Ê²Õ, ÎÉμ

¨³¥¥É ³¥¸Éμ ¢ ¡μ²ÓÏ¨´¸É¢¥ ¶· ±É¨Î¥¸±¨Ì ¸²ÊÎ ¥¢.
‚¢¥¤¥³ É¥¶¥·Ó ±μμ·¤¨´ ÉÒ Î ¸É¨Í ¢ ¸¨¸É¥³ Ì ¤¢¨¦ÊÐ¨Ì¸Ö ¸£Ê¸É±μ¢:

x′
i, y′

i, ηi.

�Î¥¢¨¤´μ, x′
i = xi, y′

i = yi,   s-±μμ·¤¨´ É  Î ¸É¨ÍÒ ¢ ² ¡μ· Éμ·´μ° ¸¨¸É¥³¥

si(t) = s0
i (t) + ηi. (6)

‘μμÉ¢¥É¸É¢¥´´μ s-±μμ·¤¨´ É  ¤¢ÊÌ ¸Éμ²±´Ê¢Ï¨Ì¸Ö Î ¸É¨Í ¸£Ê¸É±μ¢ 1 ¨ 2 · ¢´ 

scoll(t) = s0
1(t) + η1 = s0

2(t) + η2. (7)

�É¸Õ¤  ¸ ÊÎ¥Éμ³ Ê¸²μ¢¨° (3)

η2 = η1 +
(

1 − v2

v1

)
s0
1. (8)

‡¤¥¸Ó v1,2 Å ¸±μ·μ¸ÉÓ Î ¸É¨Í 1 ¨ 2. ‚¢¥¤Ö μ¡μ§´ Î¥´¨Ö ξ ≡ s0
1, η ≡ η1, § ¶¨Ï¥³

η2 = η + V ξ, V ≡ 1 − v1

v2
. (9)

‡  ¢·¥³Ö ¸Éμ²±´μ¢¥´¨Ö ¸²μ° Î ¸É¨Í ¶¥·¢μ£μ ¸£Ê¸É±  ρ1(x, y, η1, t) dη1 ¶¥·¥¸¥± ¥É ¸£Ê-
¸Éμ± 2, ¸É ²±¨¢ Ö¸Ó ¢ ± ¦¤μ° ÉμÎ±¥ scoll ¸μ ¸²μ¥³ ρ2(x, y, η2, t) dη2. �μ¸±μ²Ó±Ê ³Ò
¢Ò· §¨²¨ η2 Î¥·¥§ η ¨ ξ(t) = v1t, ¨´É¥£·¨·μ¢ ´¨¥ ¶μ ¢·¥³¥´¨ ¸Éμ²±´μ¢¥´¨Ö ³μ¦´μ § -
³¥´¨ÉÓ ¨´É¥£·¨·μ¢ ´¨¥³ ¶μ ξ (±μμ·¤¨´ É¥ Í¥´É·  ¶¥·¢μ£μ ¸£Ê¸É± ),   ¨´É¥£·¨·μ¢ ´¨¥ ¶μ
¤²¨´ ³ ¸£Ê¸É±μ¢ ¶·μ¢¥¸É¨ ¶μ ¶¥·¥³¥´´μ° η. ’¥¶¥·Ó § ¶¨Ï¥³ ®μÎ¥¢¨¤´μ¥¯ ¢Ò· ¦¥´¨¥
¤²Ö ¸¢¥É¨³μ¸É¨

L = nbunchf0

∞∫
−∞

dx

∞∫
−∞

dy

∞∫
−∞

dη1

∞∫
−∞

dη2 ρ1(x, y, η1) ρ2(x, y, η2(t)), (10)

£¤¥ nbunch Å Î¨¸²μ ¸£Ê¸É±μ¢ (¸³. ´¨¦¥ · §¤. 5); f0 Å Î ¸ÉμÉ  μ¡· Ð¥´¨Ö Î ¸É¨Í, ¨ § É¥³
¶¥·¥¶¨Ï¥³ ¥£μ ¢ ¢¨¤¥

L =
nbunchN1N2f0

(2π)3σs1σs2

∞∫
−∞

dξ

∞∫
−∞

dη

∞∫
−∞

ψx(x) dx

∞∫
−∞

ψy(y) dy ×

× exp
{
−1

2

(
η2

σ2
s1

+
(η + V ξ)2

σ2
s2

)}
, (11)

ψx(x, ξ, η1) =
1

σx1(ξ, η)σx2(ξ, η)
exp

{
−

(
1

σx1(ξ, η)
+

1
σx2(ξ, η)

)
x2

2

}
. (12)

ψy(y, ξ, η1) Å  ´ ²μ£¨Î´μ ¸ § ³¥´μ° ¨´¤¥±¸  ¨  ·£Ê³¥´É  x ´  y.
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ˆ´É¥£· ² μÉ ψx ¶μ dx ¤ ¥É

∞∫
−∞

ψx(x, ξ, η1) dx =
√

2π√
σ2

x1(ξ, η) + σ2
x2(ξ, η)

. (13)

∞∫
−∞

ψy(y, ξ, η1) dy ¢ÒÎ¨¸²Ö¥É¸Ö  ´ ²μ£¨Î´μ ¸ § ³¥´μ° x ´  y.

ˆ¸¶μ²Ó§ÊÖ §´ Î¥´¨Ö (4) ¤²Ö σx1,2, § ¶¨Ï¥³√
σ2

x1(ξ, η) + σ2
x2(ξ, η) =

√
εx1βx1(ξ, η) + εx2βx2(ξ, η). (14)

�´ ²μ£¨Î´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö σy1,2 ´ °¤¥³ § ³¥´μ° x ´  y.
�μ¤¸É ¢²ÖÖ §´ Î¥´¨Ö ¨´É¥£· ²  (13) ¨ §´ ³¥´ É¥²Ö (14),   É ±¦¥ ¨Ì y- ´ ²μ£μ¢ ¢ (11),

¶·¨Ìμ¤¨³ ± ¤μ¢μ²Ó´μ £·μ³μ§¤±μ³Ê ¢Ò· ¦¥´¨Õ ¤²Ö ¸¢¥É¨³μ¸É¨ ±μ²² °¤¥·  ¸ ¶μ²´μ¸ÉÓÕ
 ¸¨³³¥É·¨Î´Ò³¨ ¸£Ê¸É± ³¨:

L =
nbunchN1N2f0

(2π)2σs1σs2

∞∫
−∞

dξ

∞∫
−∞

dη ×

×
exp

{
−1

2

(
η2

σ2
s1

+
(

η + V ξ

σs2

)2
)}

√
(εx1βx1 (ξ, η) + εx2βx2(ξ, η)) (εy1βy1(ξ, η) + εy2βy2(ξ, η))

. (15)

�É³¥É¨³, ÎÉμ β-ËÊ´±Í¨¨ ¢ ÉμÎ± Ì ¸Éμ²±´μ¢¥´¨Ö Î ¸É¨Í ¨³¥ÕÉ · §´Ò¥ §´ Î¥´¨Ö (βx,y)1,2,
¥¸²¨ Î ¸É¨ÍÒ 1 ¨ 2 μÉ²¨Î ÕÉ¸Ö ÌμÉÖ ¡Ò ¶μ μ¤´μ³Ê ¨§ ¶ · ³¥É·μ¢ Å § ·Ö¤Ê, ³ ¸¸¥ ¨²¨
Ô´¥·£¨¨. �μ¸±μ²Ó±Ê §´ Î¥´¨Ö ¡¥É É·μ´´ÒÌ ËÊ´±Í¨° β1,2 ¶·μ¶μ·Í¨μ´ ²Ó´Ò ³ £´¨É´μ°
¦¥¸É±μ¸É¨ Î ¸É¨Í, ³μ¦´μ ¢¢¥¸É¨ ®¶ · ³¥É· μÉ´μ¸¨É¥²Ó´μ° ³ £´¨É´μ° ¦¥¸É±μ¸É¨¯ p
¸É ²±¨¢ ÕÐ¨Ì¸Ö Î ¸É¨Í:

p =
β∗

1

β∗
2

=
p1

Z1

Z2

p2
. (16)

‡¤¥¸Ó Z1,2e, p1,2 Å § ·Ö¤ ¨ ¨³¶Ê²Ó¸ Î ¸É¨Í 1 ¨ 2. � · ³¥É· p = 1 ¨ ¢ ¸²ÊÎ ¥ ¶ÊÎ±μ¢
· §´ÒÌ Î ¸É¨Í, ¥¸²¨ Ëμ±Ê¸¨·ÊÕÐ¨¥ ¸¨¸É¥³Ò ¤¢ÊÌ ±μ²¥Í ±μ²² °¤¥·  ´¥ ¨³¥ÕÉ ´  μ¡-
Ð¥³ ÊÎ ¸É±¥ (ÊÎ ¸É±¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Î ¸É¨Í) Ëμ±Ê¸¨·ÊÕÐ¨Ì Ô²¥³¥´Éμ¢, μ¶·¥¤¥²ÖÕÐ¨Ì
§´ Î¥´¨Ö β-ËÊ´±Í¨°.

‚Ò· ¦¥´¨¥ (15) ¸ÊÐ¥¸É¢¥´´μ Ê¶·μÐ ¥É¸Ö ¢ É·¥Ì Î ¸É´ÒÌ ¸²ÊÎ ÖÌ, · ¸¸³μÉ·¥´´ÒÌ
¤ ²¥¥.

2. �„ˆ��Š�‚›… ‚‘’�…—�›… �“—Šˆ

‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¨³¥¥³

v1 = −v2, V = 2, β∗
x1 = β∗

x2 ≡ β∗
x, β∗

y1 = β∗
y2 ≡ β∗

y ,

σs1 = σs2 ≡ σs, εx1 = εx2 ≡ εx, εy1 = εy2 ≡ εy.
(17)
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ˆ§ (15) ¶μ²ÊÎ¨³

L =
nbunchN1N2f0

8π2σ2
s

√
εxεyβ∗

xβ∗
y

× Int1 (βx, βy, σs) ,

Int1 =

∞∫
−∞

dξ

∞∫
−∞

dη
1√√√√[

1 +
(

ξ + η

β∗
x

)2
] [

1 +
(

ξ + η

β∗
y

)2
] exp

{
−η2 + (η + 2ξ)2

2σ2
s

}
.

�·¥μ¡· §ÊÖ Î¨¸²¨É¥²Ó ¶μ± § É¥²Ö Ô±¸¶μ´¥´ÉÒ:

η2 + (η + 2ξ)2 = 2
[
(ξ + η)2 + ξ2

]
,

¶¥·¥°¤Ö § É¥³ μÉ ¶¥·¥³¥´´ÒÌ ¨´É¥£·¨·μ¢ ´¨Ö ξ, η ± ¶¥·¥³¥´´Ò³ ξ ¨ ϕ = ξ+η ¨ ¢ÒÎ¨¸²¨¢

Ö±μ¡¨ ´ ¶¥·¥Ìμ¤ 
D(ξ, η)
D(ξ, φ)

= 1, ´ Ìμ¤¨³

Int1 =

∞∫
−∞

e−ξ2/σ2
s dξ

∞∫
−∞

dφ√√√√[
1 +

(
φ

β∗
x

)2
][

1 +
(

φ

β∗
y

)2
] e−φ2/σ2

s dφ. (18)

’ ±¨³ μ¡· §μ³, ¤¢μ°´μ° ¨´É¥£· ² ¶·¥μ¡· §μ¢ ´ ¢ ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ ¨´É¥£· ²μ¢. �¥·¢Ò°
¨§ ´¨Ì, ¨´É¥£· ² ¶μ ξ, · ¢¥´

√
π. ‚ ¸²ÊÎ ¥ β∗

x = β∗
y ≡ β∗ ¶μ²ÊÎ ¥³ ¨§ (18) ¨§¢¥¸É´μ¥

¢Ò· ¦¥´¨¥ ¸¢¥É¨³μ¸É¨ ±μ²² °¤¥·  ´   ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ³ ¶ÊÎ±¥ (¸·. [1], Ëμ·³Ê²Ò
(6.134), (6.135)):

L =
nbunchN1N2f0

4π
√

εxεyβ∗ FHG, FHG(α) =
1√
π

∞∫
0

e−u2
du

1 + (α · u)2
, α =

σs

β∗ . (19)

‡¤¥¸Ó FHG(α) Å É ± ´ §Ò¢ ¥³ Ö ®ËÊ´±Í¨Ö ¶¥¸μÎ´ÒÌ Î ¸μ¢¯, μ¶¨¸Ò¢ ÕÐ Ö § ¢¨¸¨³μ¸ÉÓ
¸¢¥É¨³μ¸É¨ μÉ ¶ · ³¥É·μ¢ σs ¨ β∗.

3. ‘’�‹Š��‚…�ˆ… ��‘�“™…���ƒ�
�“—Š� ‘� ‘ƒ“‘’Š�Œ ‘ƒ�“��ˆ��‚����ƒ� �“—Š�

�μ-¶·¥¦´¥³Ê ¸Î¨É ¥³ Ëμ±Ê¸¨·ÊÕÐÊÕ ¸¨¸É¥³Ê  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ° ´  ÊÎ ¸É±¥
¢¸É·¥Î¨, ´μ É¥¶¥·Ó ¶ÊÎ±¨ ¸μ¤¥·¦ É Î ¸É¨ÍÒ · §´μ£μ ¢¨¤  ¨ μÉ²¨Î ÕÐ¨¥¸Ö, ¢μμ¡Ð¥ £μ¢μ·Ö,
¶μ Ô´¥·£¨¨. �μÔÉμ³Ê

β∗
x1 = β∗

y1 ≡ β∗
1 �= β∗

x2 = β∗
y2 ≡ β∗

2 . (20)

”μ·³Ê²  ¤²Ö ¸¢¥É¨³μ¸É¨, ±μ£¤  μ¤¨´ ¨§ ¸É ²±¨¢ ÕÐ¨Ì¸Ö ¶ÊÎ±μ¢ (N2) · ¸¶ÊÐ¥´ ¨ ¨³¥¥É
· ¢´μ³¥·´ÊÕ ¶μ ¶¥·¨³¥É·Ê ±μ²ÓÍ  Cring ¶²μÉ´μ¸ÉÓ (¸³. Ëμ·³Ê²Ê (2)), μÉ²¨Î ¥É¸Ö μÉ (15)
¢Ò· ¦¥´¨¥³ ¢ §´ ³¥´ É¥²¥ ¤·μ¡¨ ¶¥·¥¤ ¨´É¥£· ²μ³, · ¢´Ò³ É¥¶¥·Ó (2π)3/2σsCring. ‡¤¥¸Ó
σs ≡ σs1 Å ®£ Ê¸¸μ¢¯ ¶ · ³¥É· ¤²¨´Ò ¸£Ê¸É±  ¸£·Ê¶¶¨·μ¢ ´´μ£μ ¶ÊÎ± .
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�£· ´¨Î¨¢Ï¨¸Ó ¸²ÊÎ ¥³  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´ÒÌ ¶ÊÎ±μ¢, ´ °¤¥³, ÎÉμ Ëμ·³Ê²  (15)
¶·¨´¨³ ¥É ¢¨¤

L =
nbunchN1N2f0

(2π)3/2σsCring
× Int2(βx, βy, σs),

Int2 =

∞∫
−∞

dξ

∞∫
−∞

dη
1

ε1β∗
1

[
1 +

(
ξ + η

β∗
1

)2
]

+ ε2β∗
2

[
1 +

(
ξ + η

β∗
2

)2
] exp

{
− η2

2σ2
s

}
.

(21)

�·¨¡²¨¦¥´¨¥ ¡¥¸±μ´¥Î´ÒÌ ¶·¥¤¥²μ¢ ¨´É¥£·¨·μ¢ ´¨Ö ¸¶· ¢¥¤²¨¢μ ¶·¨ Ê¸²μ¢¨¨

σs, β
∗
1,2 � Cring. (22)

�μ¢Éμ·¨³ ¶·¥μ¡· §μ¢ ´¨¥ ¶¥·¥³¥´´ÒÌ  ´ ²μ£¨Î´μ ¸¤¥² ´´μ³Ê ¢ÒÏ¥:

φ = ξ + η, ψ = η.

�É¸Õ¤  ξ = ψ − φ, η = ψ ¨ Ö±μ¡¨ ´ ¶¥·¥Ìμ¤ 
D(ξ, η)
D(ξ, ψ)

= 1.

‚ ·¥§Ê²ÓÉ É¥

Int2 =

∞∫
−∞

exp
(
− ψ2

2σ2
s

)
dψ

∞∫
−∞

dφ

ε1β∗
1

[
1 +

(
φ

β∗
1

)2
]

+ ε2β∗
2

[
1 +

(
φ

β∗
y

)2
] . (23)

�·μ¨§¢¥¤Ö ¨´É¥£·¨·μ¢ ´¨¥, μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ¨³

L =
nbunchN1N2f0

2Cring

√
β∗

1β∗
2

(ε1β∗
1 + ε2β∗

2 )(ε1β∗
2 + ε2β∗

1 )
. (24)

‚Ò· ¦¥´¨¥ (24) ³μ¦´μ Ê¶·μ¸É¨ÉÓ, ¨¸¶μ²Ó§ÊÖ ¶ · ³¥É· p (16):

L =
nbunchN1N2f0

2Cring

√
p

p (ε2
1 + ε2

2) + ε1ε2(1 + p2)
. (25)

4. ‘’�‹Š��‚…�ˆ… „‚“• ��‘�“™…��›• �“—Š�‚

�·¨ É¥Ì ¦¥ Ê¸²μ¢¨ÖÌ (22) ¶μ²ÊÎ¨³ ¨§ (15)  ´ ²μ£¨Î´μ (21) §´ Î¥´¨¥ ¸¢¥É¨³μ¸É¨:

L =
N1N2f0

2C1C2
× Int3(βx, βy, σs),

Int3 =

C1/2∫
−C1/2

dξ

∞∫
−∞

dη
1

ε1β∗
1

[
1 +

(
ξ + η

β∗
1

)2
]

+ ε2β∗
2

[
1 +

(
ξ + η

β∗
2

)2
] exp

{
− η2

2σ2
s

}
.

(26)
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‡¤¥¸Ó C1, C2 Å ¶¥·¨³¥É·Ò ±μ²¥Í ´ ±μ¶¨É¥²¥°, ¨ ¶·¨´ÖÉμ, ÎÉμ ¸¶· ¢¥¤²¨¢μ Ê¸²μ¢¨¥ (22)
¤²Ö β∗

1 , β∗
2 . — ¸ÉμÉ  ¸Éμ²±´μ¢¥´¨°: f0 = v1/C1 ´¥§ ¢¨¸¨³μ μÉ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê

§´ Î¥´¨Ö³¨ ¸±μ·μ¸É¥° Î ¸É¨Í v1 ¨ v2.
�·μ¨§¢¥¤Ö ¨´É¥£·¨·μ¢ ´¨¥  ´ ²μ£¨Î´μ (23)Ä(25), ´ Ìμ¤¨³

L =
N1N2f0

2C2

√
p

p (ε2
1 + ε2

2) + ε1ε2(1 + p2)
. (27)

5. ‘ˆ�•���ˆ‡�–ˆŸ ‘’�‹Š��‚…�ˆ‰ ˆ ˆ• —�‘’�’�.
��‘��…„…‹…�ˆ… ‘‚…’ˆŒ�‘’ˆ �� „‹ˆ�… “—�‘’Š� ‚‘’�…—ˆ

‘Éμ²±´μ¢¥´¨Ö Î ¸É¨Í ¤¢ÊÌ ¸£·Ê¶¶¨·μ¢ ´´ÒÌ ¶ÊÎ±μ¢ ¶·μ¨¸Ìμ¤ÖÉ ´  μ¤´μ³ ¨ Éμ³ ¦¥
ÊÎ ¸É±¥, μ¡Ð¥³ ¤²Ö μ¡μ¨Ì ±μ²¥Í, ¥¸²¨ Î ¸ÉμÉÒ μ¡· Ð¥´¨Ö Î ¸É¨Í f1,2 ¨ Î¨¸²μ ¸£Ê¸É±μ¢
¢ ¶ÊÎ± Ì (nbunch)1,2 Ê¤μ¢²¥É¢μ·ÖÕÉ · ¢¥´¸É¢Ê

n1 nbunch1 f1 = n2 nbunch2 f2, (28)

£¤¥ n1,2 Å Í¥²Ò¥ Î¨¸² . ‚ μ¶É¨³ ²Ó´μ³ ¢ ·¨ ´É¥ · §³¥·Ò ±μ²¥Í ¨ Ô´¥·£¨Ö Î ¸É¨Í
¢Ò¡· ´Ò É ±, ÎÉμ n1 = n2 = 1. �·¨ ÔÉμ³ Î ¸ÉμÉ  ¸Éμ²±´μ¢¥´¨°

fcoll = nbunch1 f1 = nbunch2 f2. (29)

�Éμ ¨ ¥¸ÉÓ ¶ · ³¥É· nbunch f0 ¶·¨ ¸Éμ²±´μ¢¥´¨¨ ¤¢ÊÌ ¸£·Ê¶¶¨·μ¢ ´´ÒÌ ¶ÊÎ±μ¢ (¸³. (10),
(11), (15)). “¸²μ¢¨¥ ¸¨´Ì·μ´¨§ Í¨¨ (28) ¢Ò¶μ²´Ö¥É¸Ö Éμ²Ó±μ ¤²Ö μ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨°
Ô´¥·£¨¨ (¸±μ·μ¸É¥° v1, v2) ¸É ²±¨¢ ÕÐ¨Ì¸Ö Î ¸É¨Í:

v2 = v1
n1 nbunch1

n2 nbunch2

C2

C1
. (30)

�μ¸±μ²Ó±Ê ¶ · ³¥É·Ò n1,2 ¨ nbunch Å Í¥²Ò¥ Î¨¸² , ³¨´¨³ ²Ó´μ¥ ¨§³¥´¥´¨¥ Ô´¥·£¨¨
Î ¸É¨Í ¢μ§³μ¦´μ Éμ²Ó±μ ¸± Î±μμ¡· §´μ, ¸ Ï £μ³ Δn = 1. ‘± ´¨·μ¢ ´¨¥ ¸ ¡μ²¥¥ ³¥²±¨³
Ï £μ³ É·¥¡Ê¥É ¸¶¥Í¨ ²Ó´ÒÌ ³¥· ¶μ ¨§³¥´¥´¨Õ ¤²¨´Ò μ·¡¨ÉÒ μ¤´μ£μ ¨§ ¶ÊÎ±μ¢. …¸²¨
μ¤¨´ ¨§ ¶ÊÎ±μ¢ ¨²¨ μ¡  · ¸¶ÊÐ¥´´Ò¥, É ± Ö ¶·μ¡²¥³  ´¥ ¸ÊÐ¥¸É¢Ê¥É. ‘± § ´´μ¥ μ¸μ-
¡¥´´μ ¸ÊÐ¥¸É¢¥´´μ ¤²Ö ¢¸É·¥Î´ÒÌ ¶ÊÎ±μ¢ Ê³¥·¥´´μ ·¥²ÖÉ¨¢¨¸É¸±¨Ì Î ¸É¨Í, ÎÉμ ¨³¥¥É
³¥¸Éμ, ´ ¶·¨³¥·, ¢ Ô²¥±É·μ´-¨μ´´ÒÌ ±μ²² °¤¥· Ì [5].

�·¨ ¸Éμ²±´μ¢¥´¨¨ · ¸¶ÊÐ¥´´μ£μ ¶ÊÎ±  ¸μ ¸£·Ê¶¶¨·μ¢ ´´Ò³ fcoll = nbunch f0, £¤¥
nbunch ¨ f0 Å ¶ · ³¥É·Ò ¸£·Ê¶¶¨·μ¢ ´´μ£μ ¶ÊÎ± ,   ¶·¨ ¸Éμ²±´μ¢¥´¨¨ ¤¢ÊÌ · ¸¶ÊÐ¥´´ÒÌ
¶ÊÎ±μ¢

fcoll = max {f1, f2},

£¤¥ f1,2 Å Î ¸ÉμÉÒ μ¡· Ð¥´¨Ö Î ¸É¨Í ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ¶ÊÎ±μ¢.
�É³¥É¨³, ÎÉμ ¶μ²ÊÎ¥´´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¸¢¥É¨³μ¸É¨ (15), (24), (25), (27) ¸¶· ¢¥¤²¨¢Ò

± ± ¤²Ö ¢¸É·¥Î´ÒÌ, É ± ¨ ¤²Ö ¶μ¶ÊÉ´ÒÌ ¶ÊÎ±μ¢.
�¥³ ²μ¢ ¦´μ° Ì · ±É¥·¨¸É¨±μ° ¸¢¥É¨³μ¸É¨ Ö¢²Ö¥É¸Ö ¥¥ · ¸¶·¥¤¥²¥´¨¥ ¶μ ¤²¨´¥

ÊÎ ¸É±  ¢§ ¨³μ¤¥°¸É¢¨Ö ¶ÊÎ±μ¢. Š ± Ö¢´μ ¢¨¤´μ ¨§ ¶μ¤Ò´É¥£· ²Ó´ÒÌ ¢Ò· ¦¥´¨° ¢ Ëμ·-
³Ê² Ì ¤²Ö Int1 (18) ¨ FHG(α) (19), Int2 (21), (23) ¨ Int3 (26), Ì · ±É¥·´μ¥ §´ Î¥´¨¥ Δs
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¶·μÉÖ¦¥´´μ¸É¨ ËÊ´±Í¨¨ dL/ds(s) μ¶·¥¤¥²Ö¥É¸Ö ³¨´¨³ ²Ó´Ò³¨ §´ Î¥´¨Ö³¨ β-ËÊ´±Í¨°
(¥¸²¨ ¶·μÉÖ¦¥´´μ¸ÉÓ ÊÎ ¸É±  ¸Éμ²±´μ¢¥´¨Ö ´¥ μ£· ´¨Î¥´  ¸¶¥Í¨ ²Ó´μ):

Δs ≈ min {β∗
1 , β∗

2} .

�¢Éμ· ¢Ò· ¦ ¥É ¡² £μ¤ ·´μ¸ÉÓ ‚.�. ‹¥¡¥¤¥¢Ê, †. ‹.Œ ²ÓÍ¥¢μ°, ‘.‘.� £ °Í¥¢Ê ¨
�.	.˜ ÉÊ´μ¢Ê §  ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö ¨ Í¥´´Ò¥ § ³¥Î ´¨Ö.

‘�ˆ‘�Š ‹ˆ’…��’“�›

1. Lebedev V., Shiltsev V. Accelerator Physics at Tevatron Collider. Springer, 2014. P. 252.

2. Syphers M. J., Zimmermann F. Accelerator Physics of Collider. Paragraph 29.1. Luminosity. 2015;
http://pdg.lbl.gov/2015/reviews/rpp2015-rev-accel-phys-colliders.pdf.

3. Batygin Y., Katayama T. Merging BeamÄBeam Collisions at RIKEN RI Beam Factory // Proc. of
EPAC-1996; http://accelconf.web.cern.ch/AccelConf/e96/PAPERS/MOPL/MOP097L.PDF.

4. Batygin Y., Katayama T. Luminosity of Particle Collider. Preprint RIKEN-AF-AC-10. Tokyo, 1998.
21 p.

5. Antonov A. N. et al. The ElectronÄIon Scattering Experiment ELISe at the International Facility for
Antiproton and Ion Research (FAIR) Å A Conceptual Design Study // Nucl. Instr. Meth. A. 2011.

V. 637. P. 60Ä76.

�μ²ÊÎ¥´μ 19 Ë¥¢· ²Ö 2018 £.


