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Œμ¸±μ¢¸±¨° £μ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É ¨³.Œ. ‚. ‹μ³μ´μ¸μ¢ , Œμ¸±¢ 

�μ± § ´μ, ÎÉμ ³μ¤¨Ë¨± Í¨Ö ¸¨³³¥É·¨Î¥¸±μ°, μ¶·¥¤¥²¥´´μ° ¶μ ƒ¨²Ó¡¥·ÉÊ ¶μ²´μ° ¶²μÉ´μ¸É¨

É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  tμν → tμν − m2

16πG
ϕ̃μν ¶·¨¢μ¤¨É ± ´¥±μ··¥±É´Ò³ ·¥§Ê²ÓÉ É ³ ¡ §μ-

¢ÒÌ Ô´¥·£¥É¨Î¥¸±¨Ì · ¸Î¥Éμ¢. �É³¥Î ¥É¸Ö, ÎÉμ ´¥±μÉμ·Ò¥ ¶μ¶ÒÉ±¨ ¤μ± § ÉÓ ¶μ²μ¦¨É¥²Ó´ÊÕ μ¶·¥-
¤¥²¥´´μ¸ÉÓ ¶μÉμ±  £· ¢¨É Í¨μ´´μ£μ ¨§²ÊÎ¥´¨Ö ¢ �’ƒ ¡ §¨·ÊÕÉ¸Ö ´  ´¥¸μÌ· ´ÖÕÐ¥³¸Ö É¥´§μ·¥
Ô´¥·£¨¨-¨³¶Ê²Ó¸ .

It is shown that the following modiˇcation of the symmetric (Gilbert) total energy-momentum

tensor (EMT) density tμν → tμν − m2

16πG
ϕ̃μν leads to incorrect results in basic energetical calculations.

It is pointed out that some attempts to prove a positive deˇniteness of the gravitational radiation 	ux in
RTG were based on the nonconservative energy-momentum tensor.

PACS: 04.50.Kd; 95.30.Sf

�¥²ÖÉ¨¢¨¸É¸± Ö É¥μ·¨Ö £· ¢¨É Í¨¨ ¡Ò²  ¶μ¸É·μ¥´  [1] ± ± É¥μ·¨Ö ³ ¸¸¨¢´μ£μ £· ¢¨-
É Í¨μ´´μ£μ ¶μ²Ö, μ¡² ¤ ÕÐ¥£μ ¸É·μ£¨³¨ § ±μ´ ³¨ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸ , ¶·¨-
Î¥³ ¨¸ÉμÎ´¨±μ³ É ±μ£μ ¶μ²Ö Ö¢²Ö¥É¸Ö ¶μ²´Ò° (¢¥Ð¥¸É¢μ+ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥) É¥´§μ·
Ô´¥·£¨¨-¨³¶Ê²Ó¸  (’�ˆ), μ¶·¥¤¥²¥´´Ò° ¶μ ƒ¨²Ó¡¥·ÉÊ ± ± ¢ ·¨ Í¨μ´´ Ö ¶·μ¨§¢μ¤´ Ö ¶μ
³¥É·¨±¥ Œ¨´±μ¢¸±μ£μ

(� + m2) ϕ̃μν = 16πG (tμν
g + tμν

M ), (1)

tμν
g = −2

δLg

δγμν
(2)

Å ¶²μÉ´μ¸ÉÓ ’�ˆ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö,

tμν
M = −2

δLM

δγμν
(3)

Å ¶²μÉ´μ¸ÉÓ ’�ˆ ¢¥Ð¥¸É¢  (¢¸¥ ¶μ²Ö, ±·μ³¥ £· ¢¨É Í¨μ´´μ£μ). ‡¤¥¸Ó m Å ³ ¸¸  £· -
¢¨Éμ´ ; � ≡ γαβ Dα Dβ Å ¤ ² ³¡¥·É¨ ´; Dα Å ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¶μ ³¥É·¨±¥
Œ¨´±μ¢¸±μ£μ γαβ ; ϕμν Å É¥´§μ· £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ϕ̃μν ≡

√
−det (γαβ) ϕμν ; G Å

£· ¢¨É Í¨μ´´ Ö ¶μ¸ÉμÖ´´ Ö, μ¸É ²Ó´Ò¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ ¶μ¸ÉμÖ´´Ò¥ · ¢´Ò ¥¤¨´¨Í¥:
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k = � = c = 1. LM Å ¶²μÉ´μ¸ÉÓ ² £· ´¦¨ ´  ¢¥Ð¥¸É¢ ; Lg Å ¶²μÉ´μ¸ÉÓ ² £· ´¦¨ ´ 
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. ƒ·¥Î¥¸±¨¥ ¨´¤¥±¸Ò ¶·μ¡¥£ ÕÉ §´ Î¥´¨Ö 0, 1, 2, 3,   ² É¨´¸±¨¥ Å
1, 2, 3. ‘μÌ· ´ÖÕÐ¨°¸Ö ¢¸²¥¤¸É¢¨¥ É¥μ·¥³Ò �¥É¥· ¶μ²´Ò° ¸¨³³¥É·¨Î¥¸±¨° ’�ˆ

Dμ (tμν
g + tμν

M ) = 0 (4)

¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Ö³ ¶μ²Ö, ¢Ò·¥§ ÕÐ¨³ ¨§ É¥´§μ·  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¸¶¨´Ò 1
¨ 0′:

Dβ (
√
−γϕαβ) = 0. (5)

“´¨¢¥·¸ ²Ó´μ¸ÉÓ ¤¥°¸É¢¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö μ¡Ê¸²μ¢²¨¢ ¥É § ¢¨¸¨³μ¸ÉÓ ¶²μÉ´μ¸É¨
² £· ´¦¨ ´  ¢¥Ð¥¸É¢  Éμ²Ó±μ μÉ ³¥É·¨±¨ ÔËË¥±É¨¢´μ£μ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨
gμν ¨ ¶μ²¥° ³ É¥·¨¨ φA: LM = LM (gμν , φA). „²Ö Éμ£μ ÎÉμ¡Ò Ê· ¢´¥´¨Ö (1), (3) ¸²¥¤μ-
¢ ²¨ ¨§ ¶·¨´Í¨¶  ´ ¨³¥´ÓÏ¥£μ ¤¥°¸É¢¨Ö, ´¥μ¡Ìμ¤¨³μ ¨ ¤μ¸É ÉμÎ´μ [1], ÎÉμ¡Ò ·¨³ ´μ¢ 
³¥É·¨±  gμν ¡Ò²  ¸¢Ö§ ´  ¸ ³¥É·¨±μ° Œ¨´±μ¢¸±μ£μ ¨ £· ¢¨É Í¨μ´´Ò³ ¶μ²¥³ ¸²¥¤ÊÕÐ¨³
¸μμÉ´μÏ¥´¨¥³:

√
−ggαβ = g̃αβ =

√
−γ(γαβ + ϕαβ),

g = det (gαβ), γ = det (γαβ).
(6)

�²μÉ´μ¸ÉÓ ² £· ´¦¨ ´  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ¶·¨¢μ¤ÖÐ Ö ± Ê· ¢´¥´¨Õ ¶μ²Ö (1) ¨ ´¥
¸μ¤¥·¦ Ð Ö ¢Éμ·ÒÌ ¶·μ¨§¢μ¤´ÒÌ, ¨³¥¥É ¢¨¤ [1]:

Lg =
g̃αβ

16πG
(Gσ

αβ Gμ
σμ − Gμ

αν Gν
βμ) − m2

16πG

(
1
2
√
−ggαβγαβ −

√
−g −

√
−γ

)
. (7)

‡¤¥¸Ó É¥´§μ· ¸¢Ö§´μ¸É¨ Gσ
αβ · ¢¥´

Gσ
αβ =

1
2

gσν (Dαgβν + Dβgαν − Dνgαβ).

�¡ÒÎ´μ ¤²Ö ·¥Ï¥´¨Ö ±μ´±·¥É´ÒÌ § ¤ Î Ê· ¢´¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (1) Ê¤μ¡´¥¥
§ ¶¨¸ ÉÓ ¢ Ëμ·³¥, μ¡μ¡Ð ÕÐ¥° Ê· ¢´¥´¨Ö Ô°´ÏÉ¥°´μ¢¸±μ° μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó-
´μ¸É¨:

Rμν − m2

2
(gμν − γμν) = 8πG

(
Tμν − 1

2
gμνT

)
, (8)

£¤¥
√
−gTμν = 2

δLM

δgμν
(9)

Å ’�ˆ (´¥£· ¢¨É Í¨μ´´μ£μ) ¢¥Ð¥¸É¢ , T ≡ gμνT μν , Rμν Å É¥´§μ· �¨ÎÎ¨ ¶μ ³¥É-
·¨±¥ gμν .

‚ ¶μ¸²¥¤´¥³, 3-³ ¨§¤ ´¨¨ ³μ´μ£· Ë¨¨ ®�¥²ÖÉ¨¢¨¸É¸± Ö É¥μ·¨Ö £· ¢¨É Í¨¨¯ [1] ¢³¥-
¸Éμ É· ¤¨Í¨μ´´μ£μ ¸¨³³¥É·¨Î¥¸±μ£μ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  (2), (3), ± ± ÔÉμ ¡Ò²μ
¢μ ¢¸¥Ì ¶·¥¤Ï¥¸É¢ÊÕÐ¨Ì ¨§¤ ´¨ÖÌ, ¸É ² ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ¤·Ê£μ° ¸μÌ· ´ÖÕÐ¨°¸Ö É¥´-
§μ·, μ¸É ¢²ÖÕÐ¨° ¢ ²¥¢μ° Î ¸É¨ Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ²¨ÏÓ ¤ ² ³¡¥·É¨ ´
�ϕ̃μν (Ëμ·³Ê²  (8.3) ¢ [1]):

�ϕ̃μν = 16πG
(−g)√−γ

(T μν + τμν
g ) ≡ 16πGt̂μν

tot. (10)

‘¢Ö§Ó É¥´§μ·  t̂μν
tot ¸ ¸¨³³¥É·¨Î¥¸±¨³ tμν

g + tμν
M ¡Ê¤¥É Ê¸É ´μ¢²¥´  ´¨¦¥ (¸³. (20)).
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„ ²¥¥ ¸ ¶μ³μÐÓÕ · ¸Î¥Éμ¢ ´¥±μÉμ·ÒÌ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ ´  μ¸´μ¢¥ É¥´§μ·  Ô´¥·-
£¨¨-¨³¶Ê²Ó¸  (10) ¡Ê¤¥É ¶μ± § ´μ, ÎÉμ μ´ ´¥ Ö¢²Ö¥É¸Ö ±μ··¥±É´Ò³ ’�ˆ. �μÔÉμ³Ê, ´  ³μ°
¢§£²Ö¤, μÉ± §Ò¢ ÉÓ¸Ö μÉ É· ¤¨Í¨μ´´μ£μ, μ¶·¥¤¥²¥´´μ£μ ¶μ ƒ¨²Ó¡¥·ÉÊ ¸¨³³¥É·¨Î¥¸±μ£μ
É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ´¥É μ¸´μ¢ ´¨°.

�μ²ÊÎ¨³ ¢´ Î ²¥ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö tμν
g ¨ tμν

M , ´¥ ¶·¥¤¸É ¢²¥´´Ò¥ ¢ [1], ¨ · §μ¡Ó¥³
¨Ì ´  ¸É·Ê±ÉÊ·´Ò¥ ¡²μ±¨. �Éμ ¶μ§¢μ²¨É μ¶·¥¤¥²¨ÉÓ ¨Ì ¸μ¸É ¢ ¨ ´ £²Ö¤´¥¥ Ê¢¨¤¥ÉÓ μÉ²¨Î¨¥
tμν
g + tμν

M μÉ T μν + τμν
g .

ˆÉ ±, ¤²Ö ¶²μÉ´μ¸É¨ ² £· ´¦¨ ´  ³ É¥·¨¨ LM = LM (gμν , φA) ¶²μÉ´μ¸ÉÓ ’�ˆ tμν
M

· ¢´  ¶μ μ¶·¥¤¥²¥´¨Õ

tμν
M = −2

δLM

δγμν
= −2

δg̃αβ

δγμν

δLM

δg̃αβ
=

=
1
2
√
−γ[γαμγβν + γβμγαν − γμν(γαβ + ϕαβ)]

(
Tαβ − 1

2
gαβT

)
.

‘ ¶μ³μÐÓÕ (6) ´ Ìμ¤¨³ μÉ¸Õ¤ 

tμν
M =

√
−γ

[
γαμγβνTαβ +

T

2

(√
g

γ
γμν − γαμγβνgαβ

)]
. (11)

�¶Ê¸± Ö ¨´¤¥±¸Ò ³¥É·¨±μ° γμν , ¶μ²ÊÎ ¥³ μ±μ´Î É¥²Ó´μ

tM,μν ≡ γαμγβνtαβ
M =

√
−γ

[
Tμν − T

2

(
gμν −

√
g

γ
γμν

)]
.

„²Ö ¸² ¡μ£μ ¶μ²Ö |ϕμν | � 1 £¨²Ó¡¥·Éμ¢ ¨ ·¨³ ´μ¢ ’�ˆ ¸μ¢¶ ¤ ÕÉ:

tM,μν = Tμν +
1
2
ϕμνT + O (ϕ2T ),

  ¤²Ö ±μ¸³μ²μ£¨Î¥¸±μ£μ Ë·¨¤³ ´μ¢¸±μ£μ ·¥Ï¥´¨Ö μ´¨ ³μ£ÊÉ ¸¨²Ó´μ · §²¨Î ÉÓ¸Ö.
� °¤¥³ É¥¶¥·Ó £¨²Ó¡¥·Éμ¢Ê ¶²μÉ´μ¸ÉÓ ’�ˆ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢ ¶·¨¸ÊÉ¸É¢¨¨ ¢¥-

Ð¥¸É¢ . ‡ ³¥´ÖÖ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ´  ±μ¢ ·¨ ´É´Ò¥ ∂μ → Dμ, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ
Éμ¦¤¥¸É¢μ, μ¡μ¡Ð ÕÐ¥¥ Ëμ·³Ê²Ê ¤²Ö ¶¸¥¢¤μÉ¥´§μ·  ‹ ´¤ ÊÄ‹¨ËÏ¨Í :

(−g)
8πG

(
Rμν − 1

2
gμνR

)
≡ DαDβ

[
(−g)
16πG

(gμνgαβ − gβνgαμ)
]
− (−g)τμν

LL,

£¤¥ ¸ ÊÎ¥Éμ³ Ê· ¢´¥´¨Ö (5)

(−g)τμν
LL =

1
16πG

[
1
2

(
gβνgαμ − 1

2
gμνgαβ

) (
gεσgδλ − 1

2
gδσgελ

)
Dαϕ̃σδDβϕ̃ελ+

+ gαβgτσDαϕ̃μσDβϕ̃τν +
1
2
gμνgτσDαϕ̃βσDβϕ̃τα −

− gμτgαβDτ ϕ̃βεDεϕ̃
αν − gτνgαβDτ ϕ̃βεDεϕ̃

μα

]
, (12)
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¨ ¢ ¨Éμ£¥
(−g)
8πG

(
Rμν − 1

2
gμνR

)
=

√−γ

16πG
�g̃μν − (−g)(τμν

LL + τμν
div). (13)

‡¤¥¸Ó ¸¶· ¢  ¸Éμ¨É ¸¨³³¥É·¨Î´Ò° É¥´§μ· Š·ÊÉ±μ¢ :

(−g)τμν
div = − 1

16πG
DαDβ (ϕ̃μν ϕ̃αβ − ϕ̃μαϕ̃βν), (14)

±μÉμ·Ò°  ¢Éμ³ É¨Î¥¸±¨ ¸μÌ· ´Ö¥É¸Ö ¢ ¸¨²Ê ¸¢μ¥°  ´É¨¸¨³³¥É·¨Î´μ° ±μ´¸É·Ê±Í¨¨

Dμ [(−g)τμν
div] ≡ 0.

’ ± ± ± �g̃μν = �ϕ̃μν , Éμ ¨§ (13) ´ Ìμ¤¨³
√−γ

16πG
(� + m2)ϕ̃μν =

(−g)
8πG

(
Rμν − 1

2
gμνR

)
+ (−g) (τμν

LL + τμν
div) +

√−γm2ϕ̃μν

16πG
.

‡ ³¥´ÖÖ §¤¥¸Ó É¥´§μ· �°´ÏÉ¥°´  ¢ ¶· ¢μ° Î ¸É¨ ¥£μ ¢Ò· ¦¥´¨¥³ ¨§ Ê· ¢´¥´¨° ¶μ²Ö (8),
¶μ²ÊÎ¨³ μ±μ´Î É¥²Ó´μ

√−γ

16πG
(� + m2)ϕ̃μν = (−g) (T μν + τμν

LL + τμν
div + τμν

m ) ≡
√
−γtμν

tot, (15)

£¤¥ ³Ò μ¡μ§´ Î¨²¨ Î¥·¥§ τμν
m ¢±² ¤ ¢ ¶μ²´Ò° ’�ˆ tμν

tot, ¸μ¤¥·¦ Ð¨° ³ ¸¸Ê £· ¢¨Éμ´ :

(−g)τμν
m = − m2

16πG

[√
−gg̃μν +

(
g̃αμg̃βν − 1

2
g̃μν g̃αβ

)
γαβ −

√
−γϕ̃μν

]
. (16)

�μ²ÊÎ¨¢ ¢Ò· ¦¥´¨¥ ¤²Ö ¨¸ÉμÎ´¨±  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢ ¢¨¤¥ ¶· ¢μ° Î ¸É¨ (15), É¥¶¥·Ó
´¥¸²μ¦´μ ´ °É¨ ¢¥²¨Î¨´Ê £¨²Ó¡¥·Éμ¢μ° ¶²μÉ´μ¸É¨ ’�ˆ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö

tμν
g = −2

δLg

δγμν
= tμν

tot − tμν
M =

(−g)√−γ
(τμν

LL + τμν
div + τμν

m + τμν
M ), (17)

£¤¥ τμν
M Å ¢±² ¤ ¢ tμν

g , ¸μ¤¥·¦ Ð¨° ’�ˆ ¢¥Ð¥¸É¢  T μν :

τμν
M = T μν − γμν

2

√
γ

g
T − γμαγβν γ

g

(
Tαβ − gαβ

2
T

)
. (18)

’ ±¨³ μ¡· §μ³, ¢ ¢¥Ð¥¸É¢¥ ¶²μÉ´μ¸ÉÓ ’�ˆ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö tμν
g ´ ·Ö¤Ê ¸ ¶¥·¢Ò³¨

É·¥³Ö ¸² £ ¥³Ò³¨ ¢ ¶· ¢μ° Î ¸É¨ (17), § ¢¨¸ÖÐ¨³¨ Éμ²Ó±μ μÉ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö,
¸μ¤¥·¦¨É ¨ Ö¢´μ ¢Ìμ¤ÖÐ¨° É¥´§μ· ³ É¥·¨¨ (18). …£μ, ¢¶·μÎ¥³, É ±¦¥ ³μ¦´μ § ³¥´¨ÉÓ ¸
¶μ³μÐÓÕ Ê· ¢´¥´¨° ¶μ²Ö (8).

’¥´§μ· tμν
tot (15) ¢ ¶·¨¡²¨¦¥´¨¨ ¸² ¡μ£μ ¶μ²Ö ´¥ ¨³¥¥É ²¨´¥°´ÒÌ Î²¥´μ¢:

tμν
tot = T μν +

1
32πG

{
∂μϕαβ∂νϕαβ − 1

2
∂μϕ∂νϕ + 2∂αϕν

β∂αϕμβ−

− 2∂αϕν
β∂μϕαβ − 2∂αϕμ

β∂νϕαβ − ∂α∂β(ϕ̃μν ϕ̃αβ − ϕ̃μαϕ̃βν)−

−γμν

2

[
∂εϕαβ∂εϕαβ − 1

2
∂εϕ∂εϕ − 2∂εϕαβ∂αϕεβ

]}
−

− m2

32πG

[
ϕμ

αϕαν − γμν

2

(
ϕαβϕαβ − ϕ2

2

)]
+ O

(
ϕ(∂ϕ)2

)
+ O

(
m2ϕ3

)
. (19)
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’¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  τμν
g , ±μÉμ·Ò° ¨¸¶μ²Ó§μ¢ ²¸Ö ¢ [1] (Ëμ·³Ê²  (8.3)), ³μ¦´μ

¶μ²ÊÎ¨ÉÓ ¨§ ¶²μÉ´μ¸É¨ tμν
tot, ¥¸²¨ ®Ê¡· ÉÓ¯ ¨§ ²¥¢μ° Î ¸É¨ (15) Î²¥´ ¸ ³ ¸¸μ° £· ¢¨Éμ´  1:

τμν
g =

√−γ

(−g)

(
tμν
tot −

m2

16πG
ϕ̃μν

)
. (20)

�Î¥¢¨¤´μ, ÎÉμ τμν
g ¢ ¸²ÊÎ ¥ ¸² ¡μ£μ ¶μ²Ö ¸μ¤¥·¦¨É ²¨´¥°´Ò° ¶μ £· ¢¨É Í¨μ´´μ³Ê ¶μ²Õ

Î²¥´ m2ϕ̃μν . …£μ ¨§ÑÖÉ¨¥ ¨§ ’�ˆ ´¥²Ó§Ö μËμ·³¨ÉÓ ¢ ¢¨¤¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ³μ¤¨Ë¨± Í¨¨
² £· ´¦¨ ´  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¸ ¤μ¡ ¢²¥´¨¥³ ¶μ²´μ° ¶·μ¨§¢μ¤´μ°, É ± ± ± ÔÉμÉ
Î²¥´ ´¥ ¸μ¤¥·¦¨É ¶·μ¨§¢μ¤´ÒÌ. �μ± ¦¥³ É¥¶¥·Ó, ÎÉμ ¨¸¶μ²Ó§μ¢ ´¨¥ τμν

g ¢·Ö¤ ²¨ ¨³¥¥É
¸³Ò¸², É ± ± ± μ´ ¤ ¥É ´Ê²¥¢Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ´ ¨¡μ²¥¥ §´ Î¨³ÒÌ ¢ É¥μ·¨¨ £· ¢¨É Í¨¨
Ô´¥·£¥É¨Î¥¸±¨Ì § ¤ Î.

‚ ²¨´¥°´μ³ ¶μ ±μ´¸É ´É¥ ¸¢Ö§¨ G ¶·¨¡²¨¦¥´¨¨ ·¥Ï¥´¨¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° £· ¢¨-
É Í¨μ´´μ£μ ¶μ²Ö ¢ ¸É É¨Î¥¸±μ³, ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ³ ¸²ÊÎ ¥ § ¤ ¥É¸Ö ¶μÉ¥´Í¨ ²μ³

± ¢Ò [1]:

ϕ00 =
4GM

r
e−mr, ϕoi = ϕij = 0, g̃ij = γ̃ij , (21)

£¤¥ M Å £· ¢¨É Í¨μ´´ Ö ³ ¸¸  É¥² . � °¤¥³ ¨´¥·É´ÊÕ ³ ¸¸Ê ÔÉμ£μ É¥² , μ¸´μ¢Ò¢ Ö¸Ó ´ 
¶²μÉ´μ¸É¨ ¶μ²´μ£μ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  tμν

tot (15) ¨ ´  ¶²μÉ´μ¸É¨ ¶μ²´μ£μ É¥´§μ· 
Ô´¥·£¨¨-¨³¶Ê²Ó¸  t̂μν

tot (10). ‚μ¸¶μ²Ó§Ê¥³¸Ö É¥³, ÎÉμ ¶·μ¨§¢μ¤´Ò¥ ¶μ ¢·¥³¥´¨ · ¢´Ò ´Ê²Õ,
  ¢¸¥ ¶μ¢¥·Ì´μ¸É´Ò¥ ¨´É¥£· ²Ò ¶·¨ r → ∞ É ±¦¥ μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó ¨§-§  Ô±¸¶μ´¥´ÉÒ

± ¢Ò:

lim
r→∞

∫
�ϕ00dV = − lim

r→∞

∫
Δϕ00dV = − lim

r→∞

∮
∂i(ϕ00) dSi = 0,

£¤¥ Δ Å μ¶¥· Éμ· ‹ ¶² ¸ ; dSi Å Ô²¥³¥´É ¶μ¢¥·Ì´μ¸É¨ ¸Ë¥·Ò ¸ · ¤¨Ê¸μ³ r. ’μ£¤ 
¨´¥·É´ Ö ³ ¸¸  ¡Ê¤¥É · ¢´ 

Min =
∫

t00tot dV =
1

16πG

∫
(� + m2)ϕ00 dV = M,

M̂in =
∫

t̂00tot dV =
1

16πG

∫
�ϕ00 dV = 0.

‡¤¥¸Ó ³Ò ÊÎ²¨, ÎÉμ Ô±¸¶μ´¥´É  
± ¢Ò μ¡¥¸¶¥Î¨¢ ¥É ±μ´¥Î´μ¸ÉÓ ¨´É¥£· ² 

∫
ϕ00 dV = 4π

∞∫
0

r e−mrdr =
4π

m2
.

’ ±¨³ μ¡· §μ³, ¸É ´¤ ·É´Ò° ¸¨³³¥É·¨Î¥¸±¨° ’�ˆ tμν
tot ¶·¨¢μ¤¨É ± · ¢¥´¸É¢Ê ¨´¥·É´μ° ¨

£· ¢¨É Í¨μ´´μ° ³ ¸¸ É¥² ,   t̂μν
tot ¤ ¥É ´¥Ë¨§¨Î¥¸±¨° ´Ê²¥¢μ° ·¥§Ê²ÓÉ É. �μ¤Î¥·±´Ê, ÎÉμ

1� ·Ö¤Ê ¸ τμν
g (10), ¢ [1] ¨¸¶μ²Ó§Ê¥É¸Ö ¨ ¸¢μ¡μ¤´Ò° μÉ ¢Éμ·ÒÌ ¶·μ¨§¢μ¤´ÒÌ É¥´§μ· τμν

g − τμν
div (Ëμ·-

³Ê²  (8.2 )), ±μÉμ·Ò° μ¡μ§´ Î¥´ ± ± tμν
g , É. ¥. É ± ¦¥, ± ± £¨²Ó¡¥·Éμ¢  ¶²μÉ´μ¸ÉÓ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸ 

£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (¸³. (4.15), (4.25) ¢ [1]). Š ± ¸²¥¤Ê¥É ¨§ (12)Ä(16), ¥£μ ´¥μ¡Ìμ¤¨³μ μÉ²¨Î ÉÓ μÉ ¶²μÉ´μ-
¸É¨ tμν

g (15).
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¢Ò¢μ¤ μ · ¢¥´¸É¢¥ ¨´¥·É´μ° ¨ £· ¢¨É Í¨μ´´μ° ³ ¸¸ É¥²  ¡Ò² ¸¤¥² ´ ¢ [1] (¸³. § 9), ´μ
¸¤¥² ´ ¨³¥´´μ ´  μ¸´μ¢¥ tμν

tot.
�´ ²μ£¨Î´Ò° ´Ê²¥¢μ° ·¥§Ê²ÓÉ É ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨ ¤²Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ Ë·¨¤³ -

´μ¢¸±μ° ‚¸¥²¥´´μ°. …¥ · ¸Î¥É ¥¸É¥¸É¢¥´´μ ¶·μ¢μ¤¨ÉÓ ¢ £ ²¨²¥¥¢ÒÌ ±μμ·¤¨´ É Ì ¶·μ-
¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ:

ds2 = a (t)6dt2 − β4a (t)2 [dx2 + dy2 + dz2], (22)

dσ2 = dt2 − dx2 − dy2 − dz2. (23)

’μ£¤ 

� =
∂2

∂t2
, ϕ̃00 =

√−g

g00
− 1 = β6 − 1 = const.

�μÔÉμ³Ê ¶μ²´ Ö ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢μ ‚¸¥²¥´´μ° ¡Ê¤¥É
· ¢´  ¡μ²ÓÏμ° ¶μ¸ÉμÖ´´μ° ¢¥²¨Î¨´¥ ¢ ¶¥·¢μ³ ¸²ÊÎ ¥

t00tot =
m2

16πG
(β6 − 1) (24)

¨ ¸´μ¢  ´Ê²Õ ¢ ¶μ¸²¥¤´¥³:
t̂00tot = 0.

“· ¢´¥´¨Ö ¶μ²Ö (8) ¤²Ö ³¥É·¨± (22), (23) ¶μ²ÊÎ ÕÉ¸Ö ¢ ¢¨¤¥

1
a8

(
da

dt

)2

=
8πG

3
ρ − m2

6

(
1 − 3

2a2β4
+

1
2a6

)
. (25)

�¥·¥Ìμ¤Ö ± ¸μ¡¸É¢¥´´μ³Ê ¢·¥³¥´¨ τ , É ±μ³Ê, ÎÉμ

ȧ =
da

dτ
=

1
a3

da

dt
,

¨ ¢Ò· ¦ Ö ¨§ (25) m2, ¶μ²ÊÎ¨³ ¶¥·¢Ò° ¨´É¥£· ²:

m2 = 4β4

(
ȧ2 − 8πG

3
ρa2 +

m2a2

6
+

m2

12a4

)
.

�Éμ ¶μ§¢μ²¨É § ¶¨¸ ÉÓ ¶μ¸ÉμÖ´´ÊÕ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ (24) ¢ ¢¨¤¥

t00tot =
β4

(
β6 − 1

)
2πG

E, E =
(

ȧ2

2
+ V

)
=

m2

12β4
,

V = −4πG

3
ρa2 +

m2

12

(
a2 +

1
2a4

)
.

(26)

‘μÌ· ´ÖÕÐÊÕ¸Ö ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ‚¸¥²¥´´μ° (26) ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ¸Ê³³Ê
±¨´¥É¨Î¥¸±μ° ¨ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨. �·¨ ÔÉμ³ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ³Ò ¶μ²ÊÎ ¥³
μÉ¢¥É ´  ¢μ¶·μ¸, ¶μ¸É ¢²¥´´Ò° ¢ [1, ¸. 160]: Î¥³ § ¤ ¥É¸Ö ¨´É¥£· ² ¤¢¨¦¥´¨Ö E?

’·¥ÉÓ¥° ¢ ¦´μ° μ¡² ¸ÉÓÕ ¶·¨³¥´¥´¨Ö ’�ˆ ¢ ²Õ¡μ° É¥μ·¨¨ £· ¢¨É Í¨¨ Ö¢²Ö¥É¸Ö · ¸-
Î¥É ¶μÉ¥·¨ Ô´¥·£¨¨ ¤¢μ°´μ° ¸¨¸É¥³μ° ´  ¨§²ÊÎ¥´¨¥ £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¤²Ö ¸· ¢´¥´¨Ö
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¸ Ê¦¥ ¤ ¢´μ ¨§³¥·Ö¥³Ò³ ¢  ¸É·μ´μ³¨Î¥¸±¨Ì ´ ¡²Õ¤¥´¨ÖÌ Ê³¥´ÓÏ¥´¨¥³ μ·¡¨É ²Ó´μ£μ
¶¥·¨μ¤  ¤¢μ°´ÒÌ ¸¨¸É¥³ ¸ ¶Ê²Ó¸ ·μ³ [2, 3].

� ¸Î¥É ¢¥²¨Î¨´Ò ¶μÉμ± , Ê´μ¸¨³μ£μ £· ¢¨É Í¨μ´´Ò³¨ ¢μ²´ ³¨ μÉ ´¥¸É Í¨μ´ ·´μ£μ
¨¸ÉμÎ´¨±  μ¸É·μ¢´μ£μ É¨¶ , μ¸´μ¢ ´´μ£μ ´  ’�ˆ tμν

tot ¢ ²¨´¥°´μ³ ¶μ G ¨ m2 ¶·¨¡²¨-
¦¥´¨¨, ¸μ¤¥·¦¨É¸Ö ¢ [4]. ‚ ¨Éμ£¥ ¶μ²ÊÎ ¥É¸Ö ¸μμÉ´μÏ¥´¨¥, μ¡μ¡Ð ÕÐ¥¥ ¨§¢¥¸É´ÊÕ
Ô°´ÏÉ¥°´μ¢¸±ÊÕ Ëμ·³Ê²Ê 1/45:

Ṁ = − 1
45

(...
I

kq
)2

G2

(
1 +

5
6

m2

ω2
0

)
+

1
9

m2

ω2
0

G2 (
...
J

kk)
2
, (27)

£¤¥ Iij ¨ J ij Å ±¢ ¤·Ê¶μ²Ó´Ò¥ ³μ³¥´ÉÒ ¨¸ÉμÎ´¨± :

J ij =
∫

ρ(t, r)rirjdr, Iij = 3J ij − δijJkk, Ikk = 0.

’ ± ± ± ¢¥²¨Î¨´  ¶ · ³¥É·  m2/ω2
0 μÎ¥´Ó ³ ²  ¨§-§  ³ ²μ¸É¨ ³ ¸¸Ò £· ¢¨Éμ´  (m <

10−10 ²¥É [5]), ¢Ò· ¦¥´¨¥ (27), ¶μ²ÊÎ¥´´μ¥ ´  ¡ §¥ tμν
tot (15), Ê¸¶¥Ï´μ μ¶¨¸Ò¢ ¥É ´ ¡²Õ-

¤ ¥³ÊÕ ¤¥£· ¤ Í¨Õ μ·¡¨É ¤¢μ°´ÒÌ ¸¨¸É¥³.
‚Ò· ¦¥´¨¥ ¤²Ö ¶μÉμ±  t̂0i

g ¢ ¶·¨¡²¨¦¥´¨¨ ¸² ¡μ£μ ¶μ²Ö ¸μ¤¥·¦¨É ²¨´¥°´Ò° Î²¥´
m2ϕ0i. „²Ö Éμ£μ ÎÉμ¡Ò ±μ··¥±É´μ · ¸¸Î¨É ÉÓ ¶μÉμ± ¢ ÔÉμ³ ¸²ÊÎ ¥, ´¥μ¡Ìμ¤¨³μ ¢ÒÎ¨¸²¨ÉÓ
¶μ²¥ ϕ0i ¢μ ¢Éμ·μ³ ¶μ £· ¢¨É Í¨μ´´μ° ¶μ¸ÉμÖ´´μ° G ¶μ·Ö¤±¥, ¶·¨Î¥³ ¢ ¶· ¢μ° Î ¸É¨
Ê· ¢´¥´¨° ¶μ²Ö (10) ¢ ± Î¥¸É¢¥ ¨¸ÉμÎ´¨±  ¡Ê¤¥É ¸ÉμÖÉÓ ´¥²μ± ²Ó´ Ö ¢¥²¨Î¨´  ∼ (∂ϕ)2.
Š ± μÉ³¥Î ² ¥Ð¥ ”μ± [6], μ´  ¶·¨¢¥¤¥É ± ¢μ§´¨±´μ¢¥´¨Õ ¢μ ¢Éμ·μ³ ¶μ·Ö¤±¥ £· ¢¨É Í¨-
μ´´μ£μ ¶μ²Ö Î²¥´μ¢ É¨¶  ln R/R, ÎÉμ ¤¥² ¥É § ¤ ÎÊ ´¥É·¨¢¨ ²Ó´μ°. ’ ±¨³ μ¡· §μ³, ’�ˆ
t̂μν
g ´¥ ¶μ¤Ìμ¤¨É ¤²Ö ¶μ¤¸Î¥É  ¶μÉ¥·¨ Ô´¥·£¨¨ ¸¨¸É¥³μ° μ¸É·μ¢´μ£μ É¨¶  ´  ¨§²ÊÎ¥´¨¥

£· ¢¨É Í¨μ´´ÒÌ ¢μ²´.
ˆ§ Ëμ·³Ê²Ò (27) ¸²¥¤Ê¥É ¥Ð¥ μ¤¨´ ¢ ¦´Ò° ¢Ò¢μ¤. „²Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ

´¥¸É É¨Î¥¸±μ£μ ¨¸ÉμÎ´¨±  £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ¢¥²¨Î¨´  Iij = 0, ¨ ¶μÔÉμ³Ê μ´ ¨§²ÊÎ ¥É
μÉ·¨Í É¥²Ó´ÊÕ Ô´¥·£¨Õ, É. ¥. ¥£μ ³ ¸¸  · ¸É¥É [7]:

Ṁ =
1
9

m2G2 (J̈kk)2. (28)

’ ± ¶·μÖ¢²Ö¥É ¸¥¡Ö ¤ÊÌμ¢ Ö ±μ³¶μ´¥´É  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö [8].
�¥Ï¥´¨Õ ÔÉμ° ¶·μ¡²¥³Ò ¡Ò²  ¶μ¸¢ÖÐ¥´  ¤ ¢´ÖÖ · ¡μÉ  ‹μ¸±ÊÉμ¢  [9], £¤¥ ¡Ò² ¸¤¥² ´

¢Ò¢μ¤ μ ¸É·μ£μ° ´¥μÉ·¨Í É¥²Ó´μ¸É¨ ¶μÉμ±  £· ¢¨É Í¨μ´´μ£μ ¨§²ÊÎ¥´¨Ö ¨ · ¢¥´¸É¢¥ ¥£μ
´Ê²Õ ¢ ¸²ÊÎ ¥ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ ¨¸ÉμÎ´¨± . ‚ ¤ ²Ó´¥°Ï¥³ ÔÉμÉ ¦¥ ¶μ¤Ìμ¤
· §¢¨¢ ²¸Ö ¢ [10] 1. ‚ [9] §  μ¸´μ¢Ê ¡Ò² ¢§ÖÉ ´¥ £¨²Ó¡¥·Éμ¢,   ·¨³ ´μ¢ ’�ˆ:

τμν = −2
δLg√−gδgμν

=
1

8πG

[
Rμν − 1

2
gμνR +

m2

2
×

×
[
gμν +

(
gαμgβν − 1

2
gαβgμν

)
γαβ

]]
, (29)

É ±μ° ÎÉμ
τμν = T μν .

1�±ÉÊ ²Ó´μ¸ÉÓ ¶μ¤Ìμ¤  [9, 10] ¶μ¤É¢¥·¦¤ ² ¸Ó ¢ [1, ¸. 140].
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�μÔÉμ³Ê ¢´¥ ¨¸ÉμÎ´¨±  μ´ · ¢¥´ ´Ê²Õ:

τμν = 0. (30)

� §²μ¦¥´¨¥ ¶· ¢μ° Î ¸É¨ (29) ¶μ £· ¢¨É Í¨μ´´μ³Ê ¶μ²Õ ¸μ¤¥·¦ ²μ ²¨´¥°´Ò¥ Î²¥´Ò,
±μÉμ·Ò¥ § ³¥´Ö²¨¸Ó ´  μ¸´μ¢¥ ´¥±μÉμ·ÒÌ Ë¨§¨Î¥¸±¨Ì ¸μμ¡· ¦¥´¨° ´  ±¢ ¤· É¨Î´Ò¥:

(� + m2)ϕμν =
(

ϕαβ − 1
2
γαβϕ

)
∂α∂βϕμν . (31)

‚ ·¥§Ê²ÓÉ É¥ É ±μ° § ³¥´Ò τμν ¸É ´μ¢¨²¸Ö μÉ²¨Î´Ò³ μÉ ´Ê²Ö,   ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¶μ-
Éμ± τ0i Å ¸É·μ£μ ¶μ²μ¦¨É¥²Ó´Ò³. �¥±μ··¥±É´μ¸ÉÓ ÔÉμ£μ ¶·¨¥³ , ¸ ³μ¥° ÉμÎ±¨ §·¥´¨Ö,
§ ±²ÕÎ ² ¸Ó, ¶μ³¨³μ ¨¸¶μ²Ó§μ¢ ´¨Ö ´Ê²¥¢μ£μ ’�ˆ (29), ¥Ð¥ ¨ ¢ Éμ³, ÎÉμ ¸μμÉ´μÏ¥-
´¨¥ (31) ¶·μÉ¨¢μ·¥Î¨É ¶μ²¥¢μ³Ê Ê· ¢´¥´¨Õ (5), É ± ± ± ¤¨¢¥·£¥´Í¨Ö μÉ ¥£μ ²¥¢μ° Î ¸É¨
· ¢´  ´Ê²Õ,   μÉ ¶· ¢μ° Å ´¥É. ‚¸²¥¤¸É¢¨¥ ÔÉμ£μ ¶μ²ÊÎ¥´´Ò° ’�ˆ É¥·Ö¥É ¸¢μ°¸É¢μ
±μ´¸¥·¢ É¨¢´μ¸É¨, É. ¥. ¶¥·¥¸É ¥É ¸μÌ· ´ÖÉÓ¸Ö.

�μ²¥¥ ¶μ§¤´ÖÖ ³μ¤¨Ë¨± Í¨Ö É ±μ£μ ¶μ¤Ìμ¤  [10] μ¸´μ¢Ò¢ ² ¸Ó Ê¦¥ ´  ±μ··¥±É´μ³
’�ˆ tμν

tot (15), ¢´¥ ¢¥Ð¥¸É¢ , ¸μ¢¶ ¤ ÕÐ¥£μ ¸ tμν
g , ´μ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ · §¡¨¢ ²μ¸Ó ´ 

¸Ê³³Ê ¶μÉ¥´Í¨ ²μ¢ ¨§²ÊÎ¥´¨Ö ψμν ¨ ¶μÉ¥´Í¨ ²μ¢ χμν μ¸É ²Ó´μ° Î ¸É¨ ¶μ²Ö, ®´¥ ÊÎ ¸É-
¢ÊÕÐ¥° ¢ Ëμ·³¨·μ¢ ´¨¨ ¶μÉμ±  ¨§²ÊÎ¥´¨Ö, ´μ μ¡· §ÊÕÐ¥° ´¥±¨° Ëμ´ ¸ §Ò¡ÓÕ¯ [10].
�·¨ ÔÉμ³ É ±¦¥ ¡¥§ ¤μ¸É ÉμÎ´ÒÌ μ¸´μ¢ ´¨° ¶·μ¨§¢μ¤¨² ¸Ó § ³¥´  ²¨´¥°´ÒÌ Î²¥´μ¢ ´ 
±¢ ¤· É¨Î´Ò¥:

(� + m2)ψμν =
(

ψαβ + χαβ − 1
2
γαβ(ψ + χ)

)
∂α∂βψμν ,

¢ ·¥§Ê²ÓÉ É¥ Î¥£μ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  tμν
tot μ¶ÖÉÓ-É ±¨ ¶¥·¥¸É ¢ ² ¸μÌ· ´ÖÉÓ¸Ö. �μ-

ÔÉμ³Ê ¨ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¢Ò¢μ¤ μ ¶μ²μ¦¨É¥²Ó´μ¸É¨ Ô´¥·£¨¨ ¨§²ÊÎ¥´¨Ö μ¸É·μ¢´μ° ¸¨¸É¥³μ°,
¸¤¥² ´´Ò° ¢ [10], ¸ ³μ¥° ÉμÎ±¨ §·¥´¨Ö, ´¥¸¶· ¢¥¤²¨¢.

‚ ÔÉμ° ¸¢Ö§¨ Ê¶μ³Ö´Ê É ±¦¥ μ ´¥±μÉμ·μ³ ¶·μ£·¥¸¸¥ ¢ ¶·μ¡²¥³¥ ¨§²ÊÎ¥´¨Ö. ‚ · -
¡μÉ¥ [4] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¥¸²¨ ¢·¥³Ö ¦¨§´¨ ¨¸ÉμÎ´¨±  £· ¢¨É Í¨μ´´ÒÌ ¢μ²´ ±μ´¥Î´μ,
Éμ ¢μ§´¨± ¥É ¤²¨É¥²Ó´Ò° (∼ 1/m) ¨ ¸¨²Ó´Ò° ±· ¥¢μ° ÔËË¥±É, μ¡Ê¸²μ¢²¥´´Ò° ´¥¸É -
Í¨μ´ ·´μ° Î ¸ÉÓÕ ËÊ´±Í¨¨ ƒ·¨´  μ¶¥· Éμ·  ”μ± ÄŠ²¥°´ Äƒμ·¤μ´ , ¢ ·¥§Ê²ÓÉ É¥ Î¥£μ
¶μÉ¥·Ö ³ ¸¸Ò ¨¸ÉμÎ´¨±  ´  ®¸μ§¤ ´¨¥¯ É ±μ° ´¥¸É É¨Î¥¸±μ° ±μ³¶μ´¥´ÉÒ ¢ (c/v)4 · §
¶·¥¢ÒÏ ¥É μÉ·¨Í É¥²Ó´Ò° ¶μÉμ± Ô´¥·£¨¨ (28). ‡¤¥¸Ó c Å ¸±μ·μ¸ÉÓ ¸¢¥É , v Å ¸±μ·μ¸ÉÓ
Î ¸É¨Í ¨¸ÉμÎ´¨± .
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