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AN INTEGRAL EQUATION FOR THE SPINOR
AMPLITUDE OF A MASSIVE NEUTRAL DIRAC
PARTICLE IN A CURVED SPACE-TIME WITH

ARBITRARY GEOMETRY
V. P. Tsvetkov'

Tver State University, Russia

A set of integral equations for the spinor amplitude of the wave packet, which describes a massive
neutral Dirac particle in a curved space-time with arbitrary geometry, are obtained. The equations enable
one to describe, adequately to the quantum nature of spin, spin dynamics of fermions in gravitational
fields. The question of the oscillations of massive neutrinos in external gravitational fields is discussed.

INonmydeH cucTeM HHTErp JIbHBIX yp BHEHMI JUId COMHOPHOM MIUIMTYIBI BOJIHOBOIO I1 K€T , OIH-
CBIB IOIIEH M CCHBHYIO HEUTp JIbHYIO JUP KOBCKYIO 4 CTHIy B MCKPUBIEHHOM IPOCTP HCTBE-BPEMEHH
[IPOM3BOJIBHOM TreOMeTpUU. DTU yp BHEHHUS IO3BOJIAIOT JIeKB THO KB HTOBOI IIpUpOJE CIIUH OIUC Th
CIHMHOBYIO JIWH MHKY (DEpMHOHOB B Ip BHT HMOHHBIX MoidXx. OOCyXm ercd BOmpoc 00 OCHMUIALUH
M CCHBHBIX HEUTPUHO BO BHELIHEM IP BUT I[MOHHOM IIOJIE.

In connection with the existence of compact astrophysical objects with strong gravitational
fields near them, it is interesting to study a massive neutral Dirac particle in a curved space-
time with arbitrary geometry. First of all, it is the studying of neutrino processes which play
an important role in evolution of the neutron stars, black holes, etc.

Observing deficit of solar neutrinos gives rise to the question about revision of our
knowledge of solar thermonuclear and neutrino processes.

The accelerators and astrophysical reactions generate only left neutrino v, and right anti-
neutrino vy with spin along and opposite to the direction of the particle moment, respectively.
They interact with matter and so can be observed. On the contrary, vr and 77, do not prac-
tically interact with matter which is transparent for them. If the neutrino has no mass,
its spirality does not change in external gravitational fields. However, if the neutrino has
nonzero mass, m, # 0 (maybe, very small), its oscillations vy, < vg, Ur < Dy, are possible
in gravitational fields. The urgency of this theme has strongly increased after a number of
communications of the SuperK and KK experimental groups [1, 2] about nonzero rest mass
21072 < m, < 7-1072 eV of neutrino.

Spin dynamics of a massive neutral Dirac particle in a curved space-time are considered
in [3-6].

A direct continuation of the author’s works [3-5], the present paper formulates a radically
new mathematical approach to the study of the spinor amplitude of a Dirac particle in a curved
space-time, based on the solving a set of integral equations with the Volterra kernels.
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The motion of a massive neutral Dirac particle of spin 1/2 in a curved space-time obeys
the generally covariant Dirac equation:

1
i e’(‘a)'yaa 4'yabcfycfyb'y“ U =m, (1)

where Yape = €(q)u; ueE’b); e’(*c) are Ricci rotation coefficients; v* are Dirac matrices; m is the
particle mass, and ¢ = 7 = 1.
The tetrad’s vectors are chosen orthonormally:

Guv€(2)€{) = Tab:

where g, is a metric and 74, the Minkowsky matrix.
As in [5], we shall find the solution of the generally covariant Dirac equation in the form
of the wave packet localized in a space region of width d—':

d3/2

7 /d qexp{ — i/E(q,T)dT—I—i(q,r)—l-% U(q,t). 2)

We suppose the reasonable condition x = d~'/l, < 1 is fulfilled, where [, is the
characteristic scale of the changing of the metric. It is obvious that [, has order of the
gravitational field source size.

The wave function ¥ is normalized with accordance to the condition

/\Tle?a)'yalll\/—gd:% =1. 3)
From (2) and (3) the asymptotic normalizing condition for U(q,t) follows:
Ut(q,t — 00)U(q,t — o0) = 1. (4)

In order to describe spin dynamics we write ¥ in the form of the expansion in the spirality
states
V=", 4+ Vg, (5)

1 0o I
Vi r= 5(11’75)‘1’7 7° = < ) .

where

-1 0

From the expressions for the probabilities Wy, and Wg of the left and, respectively, the
right states of a massive Dirac particle, it follows that

Wi r= /// U RV rV=gd x. (6)

The form of the function E(q,7) will be defined below more precisely, although the
asymptotic condition F(q,T — o0) — 1/q? + m? is obvious.

Expanding the metric components and the coefficients of the Dirac equation powers of the
small parameter x in a neighbourhood of the wave packet centre, one can reduce the equation
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to a set of ordinary differential equations which describe the evolution of the Dirac particle
spinor amplitude U(q,t) (q is the particle moment).

The main contribution to the wave packet is made by values of q from the ball of radius
d~! with centre qo. To study spin dynamics, we write U as the sum U = Uy, + Ug of fields
Ug and Uy, with the left and, respectively, right spiralities, where Urrs = 1/2(1 & v5)U.

Four-component spinors Uy, and Ur can be expressed from two-component spinors F' and

H as follows:
l] — l] — (7)
L — r ’ R — H .

Using F' and H, one can make up four-component spinor R:

R—F 8
() @®)

which obeys the equation that can be written in the form of Schrodinger equation:
R=—iHR. 9)

The explicit form H is presented in [5] for Kerr—Schild metric, and in [6] for a slightly
curved space-time with arbitrary geometry in the first post-Newtonian approximation.

Let H(t — o0) = Hy, R(t — o0) = R, and n = q/q (¢ = |q|) be the unit vector in the
direction of the Dirac particle moment q. Let o be the Pauli matrices, 01 = (1 £ (on)) and

G 1 o+ + Koi, +ro (10)
2(ko1 + 1) +xo, or + ko)’

where ko = m/q; ko1 = \/1+ k3, — 1.

We have ,
ﬁoqu’Jrv Rozsvi <01>7
T02

where 191 and roo are the eigenvectors of the matrix (on):
(om)ro1,2 = Fro1, 2. (11)

Note the orthogonality condition S+ and S, St .8~ = 0, which can be verified directly
and is important in what follows.

Denote V as the difference H — ﬁo.

By means of simple transformations one can write equation (9) in the form of the set of
integral equations with Volterra kernels:

R=i / (—V(r) + V(1) eWT—“) R(7)dr + Ry, (12)
t

where o = \/q2 + m?; FY = SFV.
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One can find the solution of (12) by the iterative method:

R =i / (*V(T) +7V(r) e%a(T*ﬂ) RD(7)dr + Ry. (13)

t

We choose R(®) = Ry. The limit R = lim R(™ gives us an exact solution of (12).

n—oo
The kernels of the integral equations contain the terms with the rapidly oscillating factor
2ia(T—t)
e .

Note that the condition +V(T — 00) — 0 is sufficient for convergence of the integrals.
However, for convergence of the integrals with terms ~V(7) a more strong condition is
needed:

A

“Vik <
‘ Plik=0,1,2,3 ~ (rg + 7)1’

(14)

where 0 > 0 and rg is characteristic radius of the gravitating object.

The main contribution to the integrals with the factor e***("=%) is made by the integration
region t — A7 < 7 < t+ A1, AT ~ 1/a. The condition 1/al, < 1 holds, so that the
integrals with e**(7—%) can be evaluated with the help of the following asymptotic expansion:

oo

J(t) = / f(r) ey =

. N—-1 , . kdkft e N % ia‘rfthf
zéZ@) dt£>+z(é> /(e< >dt7N(T)>dr. (15)

k=0 f

If f(t) obeys the condition (N > 1)

‘de(t)‘ aA(N —1)! (16)

dtN (to +t)N °

we have

WAl

dtk alty +t)N-1

In our case aty = aly > 1, so the omitted terms are small right up to N ~ aty. The
choice of N should be defined by the order of approximation in (17). N =1 is sufficient for
RM, N =2 for R®, etc., so that RN = n. The procedure allows one to present R in
the form of asymptotic series in terms of powers of the small parameter 1/al,.

Let us dwell on the choice of the function E(q, 7). For each step of the approximation the
function is chosen by the condition of absence in R(™) of large terms of order (glg). This is
in accordance with obvious physical condition of absence of rapidly changing time-dependent
terms in the spinor amplitude. The convergence of the sequences R(™ can be proved
analogously to the Volterra equations of the second kind. The transitions which change the
massive Dirac particle spirality (that is neutrino in astrophysics) are most interesting in this
investigation. It follows from (12) and (13) that such transitions are possible, if FV45 and
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FVa1 do not vanish. Here we write the four-row matrices V' in the block form by using the

two-row ones ¥V, ,(a,b=1,2):
sy (T The) (18)
Vo TVa

For arbitrary space-time geometry, FV12 and Vs, do not vanish only for m # 0. There-
fore, the oscillations vy, < vgr, U <> Ugr are possible only for massive neutrinos, and the
value of the effect is determined by specific space-time geometry.

We suggest using the developed method for a detailed study of this phenomenon in
the cases of some space-time geometries. The first post-Newtonian approximation is most
interesting. In this case, it is sufficient to calculate a few first terms R(™) for nonvanishing
effects to appear.
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