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KOMIIBIOTEPHBIE TEXHOJIOTMH ®U3NKU

QUANTUM SYSTEMS
IN REGULAR AND STOCHASTIC FIELDS.
CREATION AND DESTRUCTION OF THE COHERENCE

A. V. Gorokhov!

Department of General and Theoretical Physics, Samara State University, Samara, Russia

The problem of the coherent state generation with definite parameters for multilevel quantum systems
is investigated. The interaction with external environment and stochastic fields can destroy the coherence.
The competition of these processes is considered on the basis of Fokker—Planck equations approach,
derived from master equation for the density matrix of the system. Examples of the coherent states
dynamics for two-level atoms in an external stochastic field in a nonideal resonator are considered.
Average over the realizations of stochastic fields is performed for the case of white Gaussian noise and
Kubo—-Anderson process. Explicit formulas for probability and shape of radiation line are obtained.

Hccnenos H mpoGrieM TeHep UM KOTEPEHTHBIX COCTOSHUIA IS MHOTOYPOBHEBBIX KB HTOBBIX CH-
cteM. B3 nMozelicTBIe ¢ BHEITHUM OKPYXEHHEM M CTOX CTHYECKMMM BHEIIHHMHU IOJIIMH P 3pYII €T KO-
repeHTHOCTh. KOHKYpEeHLUs 3TUX MTPOLECCOB U3yYeH H OCHOBe noaxox yp BHeHuii ®oxkep —IIn HK ,
BBIBEJICHHBIX U3 KUHETHYECKOrO yp BHEHHUS JUI1 M TpPUILbl IUIOTHOCTH CUCTEeMBL. P ccMmoTpeH mpumep
IWH MUKH KOTEPEHTHBIX COCTOSHMU JUISl IByXypOBHEBBIX TOMOB BO BHEIIHEM CTOX CTHYECKOM IIOJIEe B
HeHje JIbHOM pe30H Tope. BhIoiHeHo ycpenHeHue 10 pe JIM3 LUSAM CTOX CTHYECKOIo IOJId B CIyd X
Genoro T yccoB myM U mpouecc Kybo—Anmepcon . BriBeneHsl sBHbE (POPMYIBI AT BEpOSTHOCTEH
H UTH TOM H BEpXHEM M HIDXHEM YPOBHE M KOHTYp JIMHUU U3JIy4€HH.

INTRODUCTION

Coherent states (CS) approach is a very important and powerful tool in modern theoret-
ical physics [1-3]. CS found many interesting applications in quantum optics, atomic and
molecular physics, condensed matter physics, quantum field theory and quantum calculations
and cryptography.

The purpose of this paper consists in considering the coherent state generation problem for
atomic systems and destroying their coherency by influence of large dissipative environment
and interaction with external stochastic fields.
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1. GENERATION OF ATOMIC COHERENT STATES

It is well known that single n-level atom (or cooperative system of such atoms) in external
homogeneous classical electromagnetic field has a dynamical symmetry of the group SU(n),
see, for example, the book [2]. For the case of full symmetric irreducible representation
T(g9) = D(p,0,...,0) of SU(n) CS is given by the formula

n—1 “Pp-1

- (1 +3° z“z“) I exp (zﬁl:?;) 0), (D
a=1 B=1

where z = (z',...,2""!) € SU(n)/U(n — 1) = CP""! and |0) — the vector of domi-

nant weight of the representation and operators E,..., ET | are the raising Cartan-Weyl

operators that do not belong to the family of U(n — 1) subgroup generators.
System of equations for the CS parameters has a form of generalized Rikkati equations [4]

n—1 n—1
(t) + Z [Hap(t) — Hnn(t)dags] 2 - Z Hnﬂ(t)zazﬂ» 2)
8=0 B=0

where (H,(t)) = H(t) is n x n Hermitian matrix of the Hamiltonian with zero trace.

These equations follow from the time-dependent Schrédinger equation, if one presents the
state vector |¥(¢)) in the form |¥(t)) = e**(®)|2(t)), where |z(t)) is CS of group SU(n)
which is the dynamical group of the system. The special feature of Eqgs.(2) lies in the fact
that they have the same form for all full symmetric irreducible representations of SU(n).

A solution of the Cauchy problem for Egs. (2) takes a form of the multilinear-fractional
function mapping of initial point z(tg) = (z'(to),...,2" (to)) € SU(n)/U(n — 1) with
SU(n) group action. Substituting z® = n%*/n", a = 1,...,n — 1 into Egs.(2), we get the
system of linear differential equations

ih* =Y " Hu(ty', k=1,....n 3)
The solution of Egs. (3) is determined by the action of the unitary matrix 6(¢,to) € SU(n)
on initial n-dimensional vector (n'(to),...,n"(to)), and takes the form
Z (t,t0))ren' (to)-
=1

As a result, we get

Zea@ (t,t0)2%(t0) + Onal(t, to)

2%(t) = .
Zang (t,t0) 2% (to) + Onn(t, to)

The CS dynamics for two-level atoms, as well as in the case of atoms with 25 + 1
equidistant levels, is governed by the Rikkati equation

iz = A(t) +woz — A(t) 2°. 4)
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For the case of linear polarized monochromatic electromagnetic field A(t) = A exp (—iwt),
w is the field frequency, the constant A is proportional to product of electric field strength
and atomic dipole momentum transition; wy is atomic transition frequency.
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Fig. 1. Coherent state dynamics for two-level atom: a, b) trajectories on the complex plane z = = + iy
and probability P(¢) to find atom on upper level for the case z2(0) =144, wo =1, w =2/3, A = 2;
¢, d) trajectories in the the bounded complex plane region: —2 < Rez, Im 2z < 2 and Bloch sphere
map of the entire trajectory for the case 2(0) = 1+, wo = 1, w = 1.333, A = 10, respectively. The
calculation time is limited by the interval ¢ € [0, 200]

The CS dynamics may be visualized by the motion of the point on the complex plane
or on the Bloch sphere Sy. This is shown in Fig.1. We have used in our calculations
dimensionless units (frequency wo = 1). It is evident that trajectories of CS have some
remarkable «symmetry», but the atom excitation probability, determined by the simple Rabi
formula

A%sin? Qt
(w—wp)? + A2

(and valid, of course, if z(0) = 0), does not depend on fine details of internal CS dynamics.
Here Q = (1/2)\/(w — wp)? + A2 is the well-known Rabi frequency.

P(t) = &)
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Figure 2 shows an example of CS generation for the two-level atom by influence of the
Gaussian pulse A(t) = A exp [—iwt — (t — to)?/7?], here 7 is the duration time of the pulse.
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Fig. 2. Coherent state generation for the two-level atom: a) the trajectory on the complex plane
z = x + 1y, |20| = 0.358; b) the probability P(t) to detect atom on the upper level (z(0) =0, wo =1,
w=2 A=157=+/3/51to=5)

In particular, the initially nonexcited atom after short pulse influence goes to any CS
|zoe~t«ot) and the point z(¢) should break into rotation with frequency wq in a circle of
radius |2p|. In contrast with the previous case, the time dependence of the probability P(t)
does not follow the simple formula (5). When ¢ — ¢y ~ 7, the probability P(t) ~ 1, and if
the pulse action is finished, the probability tends to any constant determined by the formula

|20/

P(t) » ——,
() 1+|20‘2

t>T.

Changing the pulse parameters, we may get, in principle, different atomic CS with wanted
characteristics.

Similar results are also true for atom (atoms) with n levels of energy. For example, for
the three-level atom we need CS

|21, 20) = (1 4+ 2121 + »2252)7’“%/2Hz erils gt |0), (6)

where (21, 22) € SU(3)/U(2) = CP,, the numbers (1 and po are eigenvalues of two
diagonal operators in Cartan—-Weyl basis of SU(3) Lie algebra, and L and J are raising
operators not belonging to the stationary subalgebra U(2) of the atomic «vacuum» state |0).

2. QUANTUM SYSTEM IN STOCHASTIC FIELD AND NONIDEAL CAVITY

In this section we briefly consider two-level atom in nonideal cavity (heat bath) and with
external fields Q(¢) and £(t). The interaction with stochastic field may be described with the
Hamiltonian [5]

Hy = h (208) J3 +€() I +E().J- ), )
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where (t) determines a random shift of the atomic levels, £(t), £(t) are random functions
which are proportional to the strength of stochastic field and should produce transitions
between atomic levels:

a2
+ Kal(t) (2j3ﬁj3 —J2p—p ) + Ke(t) (2J+pJ, v Jpdy —pddy —JiJ p)

+ Ke(t) (200p0 -+ J-pJy = plid- = J-Jip), @

@:1[(@“) (2J-pJs = Jidp = pd-)+w) (20190 = J-dup = pd-J )}

where ~ is the damping constant; (v) is heat bath mean number of quanta,

t t
/ dt1, / g tl 7w0(t17t)dt1.
0 0

This master equation is exact, if we restrict our consideration to the information included in

two-time stochastic fields correlators (€2(¢)€2(¢1)) and (£(¢)£(¢1)). We suppose that stochastic
fields are the stationary processes with known type of statistics [7].

Presenting the density matrix in diagonal form p(t) = /d,u(z, Z)P(z, Z,t)|z)(z|, where

X
|z) — SU(2) CS, one may reduce the operator master equation to the Fokker—Planck equation
for density matrix symbol P. Omitting some details, we present here the expression of the
radiation line contour, calculated for the case of Kubo—Anderson random processes:

/ dt et (J, (£)F_(0)) =
0

2
N6+ 28y o2 T
vQ €—|—

2 2>
o2
wo Ve
(w—wo—202V§+wg> +<77—|-5—|- —|—205 52_'_ )

where § = (v/2)(v), n = v/2)((v) + 1); 03, U& and vq, ve are dispersions and frequencies
of random processes 2 and &, respectively.

The calculated time dependences of the probabilities Wy, W; to find atom in the upper
and lower states, respectively, are the following:

1 1n-9¢ —a(n— 11— 2020 [ 0% ]
Wo(t) = - — ( —e 2 ‘S)t)——iex -2(n+0+2—— | ¢,
2(t) 2 2n+6 21+ 2029 P K Ve + Wi Jve

©))

1
m

1 177_5 —2(n—1¥8)t 11_2020 [ 0‘2 ]
Wt:—+——(1—e (n ))4——76 -2 +0+2——— | | .
1) 2 2p+946 21+ zpZo *P n Ve —&—w%/yg
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As a result, we get formulas for longitudinal 7 and transversal 75 relaxation times:

1 1
Tl - D) 3 T2 = 3 0_2 5
%¢ 90 L9 7€
2| n+0+2 5 n+0+ + 2 5
Ve + Wi/ ve Vo ve +wi/ve
which are connected as follows: )
1 fore 1
40 _ - 10
2T1 + 149) T2 ( )

In the absence of random fields we get the well-known relation 7o = 277.

CONCLUSION

In this paper we have considered briefly the problem of generation and destruction of
atomic coherent states, which is very important for quantum calculations. Details of cal-
culations and comparisons with different approaches (see, for example, paper [9]) will be
published elsewhere.
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