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NONLINEAR LASER AMPLIFIER WITH SUPPRESSED
LEVEL OF QUANTUM NOISE ON THE BASIS
OF A BOSE CONDENSATE FOR 23Na ATOMS
A. V. Prokhorov, A. P. Alodjants, A. Yu. Leksin, S. M. Arakelian

Vladimir State University1, Vladimir, Russia

Based on advanced quantum theory for the Λ-scheme nonlinear interaction of optical ˇelds in
atomic BoseÄEinstein condensate, the regimes of giant negative nonlinearity and absorption coefˇcients
have been obtained for a probe light pulse. The nonlinear laser ampliˇer setup (under the Λ-scheme
realization) for generation of the quadrature-squeezed light is presented.
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INTRODUCTION

The physical effects such as electromagnetically induced transparency [1], laser generation
without inversion [2], the giant increase of the refractive index in resonant medium [3]
are the basic directions in modern quantum and nuclear optics for a long time. But new
opportunities for experimental realization of such coherent effects are discovered by nuclear
systems, including atomic BoseÄEinstein condensates (BEC) [4]. The fundamental aspect of
the phenomena is determined by quantum interference for the effects of light absorption and
reemission in multilevel nuclear systems [5]. The nonlinear approach to the problem is a
practical perspective when optical media with high-efˇcient nonlinear interactions are used.
The fact results in realization of multiparametric dispersive relations in such a system [6],
and, e.g., the suppression of 
uctuations for output light is developed [7]. As a result, a very
well known regime of the noiseless laser ampliˇcation effect [8] for the case can be used to
open the new opportunities for nonlinear control of the signal-noise ratio in a probe beam
propagation process.

In the present work we consider a resonant coherent nonlinear interaction for light in a
BoseÄEinstein condensate of sodium atoms under conditions of electromagnetically induced
light ampliˇcation in Λ-scheme. We obtained for the ˇrst time a principal possibility of the
quadrature-squeezed light generation due to ampliˇcation effect for a probe ˇeld.
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1. THE ANALYSIS OF NONLINEAR OPTICAL
PROCESSES IN A Λ-SCHEME INTERACTION

We assume that the BEC of 23Na atoms (atomic levels |1〉, |2〉, |3〉) is irradiated by two
optical ˇelds (Fig. 1), i.e., the high intensity pump ˇeld Ec (z, t) under condition of a narrow
resonance for transition |1〉 → |3〉 (the pump pulse is of long duration) and the weak and
shorter probe pulse Ep (z, t) with the central frequency ωp being resonance-off (the detuning
parameter Δ) from the transition |2〉 → |3〉.

Fig. 1. Λ-scheme of interaction for 23Na atomic energy levels

For considered Λ-scheme we are using a standard density-matrix approach [9]. The
coupled system of equations for the density-matrix elements ρ̄mn can be obtained by very
well known means of Liouville equation [10] and described many times (see, e.g., [7]).

Taking into account nonlinear effects, the matrix element ρ̄32 can be expanded in a series
on the Rabi frequency for a probe ˇeld g2 in the form

ρ̄32 = ρ̄
(0)
32 + ρ̄

(1)
32 g2 + ρ̄

(2)
32 |g2|2 + ρ̄

(3)
32 |g2|2 g2, (1)

where ρ̄
(0)
32 = 0 determines the spontaneous polarization of atoms (absent for 23Na atoms), ρ̄

(1)
32

represents the linear solution, ρ̄
(2)
32 and ρ̄

(3)
32 are the nonlinear corrections for nonlinearity of

second order χ
(2)
AT (equivalent to zero for symmetric molecules [11]) and for cubic nonlinearity

χ
(3)
AT , correspondingly.

Expression (1) is true for two cases: when the Rabi frequency g2 is negligible in compar-
ison with the frequency detuning of a probe pulse and/or when the g2 frequency is negligible
in comparison with the decay time inverse value of optical level (the resonance), i.e., when
g2 < Δ and/or g2 < γ32 (in a resonance) [12].

The optical properties of the BEC described by nonlinear polarization of atoms in the
form (1) can be presented in the terms of the refractive index n = n0 + n2 |Ap|2 and
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absorption coefˇcient α = α0 + α2 |Ap|2. Here, Ap is the ˇeld amplitude (maximal value of
the light pulse),

n0 = 1 +
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2
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)
, α0 = βp Im
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)
, n2 =

3
8
Re

(
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)
, α2 =

3
4
βp Im

(
χ

(3)
AT

)
.

(2)
Using the microscopic approach for deˇnition of polarization in the medium [10], we obtain
the following expressions for resonant susceptibilities (cf. with [6]):

χ
(1)
AT =

N |μ32|2

�ε0

1
Γ

, χ
(3)
AT =

2i

3
N |μ32|4

ε0�3

Γ∗ − Γ
Γ |Γ|2

(
1

γopt
+

1
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)
, (3)

where N is the atomic density; μ32 is the corresponding dipole momentum; Γ = Δ− iγopt +
|g1|2 /(iγmag − Δ) ; γopt = γ32 +γ31, γmag = γ12, g1 is the Rabi frequency of a pump beam.

Fig. 2. Frequency dependences of the nonlinear refractive index n2 (solid line) and nonlinear absorption
coefˇcient α2 (dashed line) for the 23Na condensate upon the Λ-interaction with external optical ˇelds.

The condensate parameters are N = 3.3 · 1012 cm−3, γopt/2π = 10.2 MHz, γmag/2π = 38.2 kHz.
The intensity of a transparency pulse is equal to Ic = 55 mW/cm2

Figure 2 shows the nonlinear refractive index n2 and the nonlinear absorption coefˇcient
α2 as functions of the probe ˇeld frequency detuning Δ for the BEC 23Na atoms density
N = 3.3 · 1012 cm−3 and for the pump beam intensity Ic = 55 mW/cm2. One can see from
Fig. 2 that parameters n2 and α2, induced by a pump beam, reach a very high value and can be
negative. In the case α2 < 0 the effective ampliˇcation for a probe ˇeld intensity is observed
due to nonlinear interaction with the excited BEC. The fact corresponds to electromagnetically
induced ampliˇcation of light. Simultaneously, the conditions for negative cubic nonlinearity
evidence are determined which is of practical signiˇcance in problems of nonclassical light
generation [13]. However, observation in experiment of considered regimes is under question
due to probe ˇeld linear absorption and the medium dispersive effects development. But to
overcome the problem we have to choose the necessary intensity of a probe ˇeld Ip and the
frequency detuning Δ suitable for realization of the compensation regime for two opposite
effects, i.e., the linear absorption and nonlinear ampliˇcation of a probe ˇeld. Other possibility
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is realized by compensation of a second-order dispersion k2 = ∂2k
/
∂ω2 at the chosen point

(marked A) on the dispersive curve.

Fig. 3. Frequency dependences of the group velocity dispersion k2 for the probe pulse in 23Na

condensate upon the Λ-interaction with external optical ˇelds. The parameters of the system are the
same as for Fig. 2. The intensity of a probe pulse is equal to Ip = 5.5 mW/cm2

Figure 3 shows the parameter k2 as a function of frequency detuning Δ for a probe ˇeld.
For duration τp ≈ 1 μs and intensity Ip = 5.5 mW/cm2 the point A in Fig. 3 corresponds to
discussed effect of the dispersion compensation. At this point n2 = −74 cm2/W and the high
level of ampliˇcation for a probe ˇeld is observed. We will discuss the regime later.

2. NONLINEAR AMPLIFICATION AND GENERATION
OF THE QUADRATURE-SQUEEZED LIGHT

We shall consider in this section the quantum properties of a probe ˇeld for the light
ampliˇcation regime in BEC. By using the mathematical apparatus of secondary quantization,
the process of nonlinear interaction of a quantum probe ˇeld and the coherent atomic medium
(i.e., BEC) can be presented by the following Hamiltonian [13]:

Hint = −k2
0

2

(
ρ̄
(1)
32 a† + ρ̄

(1)
23 a

)
− k4

0

2

(
ρ̄
(3)
32 a†Nf + ρ̄

(3)
23 Nfa

)
, (4)

where a (a†) is the annihilation (creation) operator for photons in probe ˇeld; Nf = a†a is
the operator of photons number; k0 = μ32

√
ω/ (2�ε0V ); V is the interaction volume. The

ˇrst term in Eq. (4) corresponds to the interaction of the BEC with the probe ˇeld in the
framework of the JaynesÄCummings model [14]. The second term in Eq. (4) is determined
by nonlinear polarization of atomic system. This approximation will be carried out in the
case of adiabatically slow switched probe ˇeld in the presence of pump beam on condition
that g1 � γ32 [15]. In addition, the time delay value of a probe pulse in the BEC should be
shorter than a typical lifetime of the ground levels; i.e., τd � τ12 [16], where τd = ngl/c,
ng = n + ωp (dn/dωp) is a group refractive index. In this case the density matrix elements
of the system achieve quickly stationary values and do not depend on time.
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To describe the behavior of quantum 
uctuations for a probe ˇeld, we are using the
Bogoliubov method [17], according to which the photon annihilation operator of a probe ˇeld
can be represented in the form â = f + ĉ, where f = 〈â〉 determines the classical amplitude
and the operator ĉ = â − 〈â〉 determines the small 
uctuation part of the ˇeld. Using Eq. (3)
in the Heisenberg representation, we arrive at the following system of equations for the mean
ˇeld and quantum-noise operators [13]:

df

dt
= i

(
k1

2
+

k∗
2

2
f2 + k2 |f |2

)
;

dĉ

dt
= i

(
θ · ĉ + ηĉ†

)
, (5)

where k1 = k2
0ρ

(1)
32 and k2 = k4

0ρ
(3)
32 are the coefˇcients characterizing the linear and nonlinear

energy repumping in the system, correspondingly; θ = k2f
∗ + k∗

2f and η = k2f .
It can be shown for the point A in Fig. 3 that in linear domain a weak absorption of a

probe ˇeld is observed. But for the time scale of about 5 ns the intensity of a probe ˇeld
remains almost the initial value. At the same time scale in the nonlinear interaction case the
parametrical increasing of photons number is observed for a probe pulse.

Fig. 4. Time dependences for quadrature dispersions σ2
P (solid line) and σ2

Q (dashed line). Value

σ2
Q,P = 1 corresponds to coherent noise level at the input. The parameters of the system correspond to

nonlinear regime

Let us determine the Hermitian quadratures Q = a + a† and P = i
(
a† − a

)
of the

probe ˇeld. Figure 4 shows the time dependences for the variations σ2
Q and σ2

P of two
quadratures in ampliˇcation regime. By analogy with the case of linear phase-sensitive
ampliˇer, enhancement of noise in the P quadrature is delayed by faster enhancement of
noise in the Q quadrature. However, for nonlinear probe ˇeld ampliˇcation the noise of
the P quadrature can fall below the standard quantum limit (σ2

Q,P = 1 in Fig. 4), which is
impossible in linear ampliˇcation. Thus, under nonlinear ampliˇcation of a probe ˇeld the
noise level for one of the quadratures may be suppressed, even to negative values, which
may result in generation of nonclassical quadrature-squeezed light (in BEC for the considered
case). The high-level suppression of quantum 
uctuations may be practically observed at
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the characteristic time scale τsq ≈ 0.5 ns. So, due to the analysis carried out, a nonlinear
laser ampliˇer can work under certain conditions as a nonclassical light generator, i.e., as a
generator of amplitude-squeezed light [7].

CONCLUSION

We presented for the ˇrst time the nonlinear regimes of propagation of optical pulses in
a BEC of three-level atoms for the Λ-scheme of interaction. The setup of nonlinear laser
ampliˇer which can generate a quadrature-squeezed light is discussed. The process is caused
by the high efˇciency of nonlinear optical transformations for a probe ˇeld in the BEC in the
presence of intensive pump ˇeld when the conditions of negative absorption and nonlinearity
are realized.
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