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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´a

‘¶¥Í¨ ²Ó´ Ö É¥μ·¨Ö μÉ´μ¸¨É¥²Ó´μ¸É¨ · ¸¸³ É·¨¢ ¥É¸Ö §¤¥¸Ó ± ± Ô¶¨§μ¤ ´¥¥¢±²¨¤μ¢μ° £¥μ³¥-
É·¨¨. �¡· Ð ¥É¸Ö ¢´¨³ ´¨¥ ´  Éμ, ÎÉμ § ³¥´  ¶ÖÉμ£μ ¶μ¸ÉÊ² É  …¢±²¨¤  ´  ¶μ¸ÉÊ² É ‹μ¡ Î¥¢¸±μ£μ
μ ¶ · ²²¥²Ó´ÒÌ ¶·Ö³ÒÌ ¢ ¶·μ¸É· ´¸É¢¥ ¸±μ·μ¸É¥° ³ É¥·¨ ²Ó´μ° ÉμÎ±¨ ¶·¨¢μ¤¨É ± § ³¥´¥ ¶μ¸ÉÊ-
² É  μ¡ μ¤¨´ ±μ¢μ³ Ìμ¤¥ ¢·¥³¥´¨ ´  ¶μ¸ÉÊ² É μ¡ μ¤¨´ ±μ¢μ° ¸±μ·μ¸É¨ ¸¢¥É  ¢μ ¢¸¥Ì ¨´¥·Í¨ ²Ó´ÒÌ
¸¨¸É¥³ Ì μÉ¸Î¥É .

Special theory of relativity is considered here as an episode from non-Euclidean geometry. Special
attention is drawn to the fact that the replacement of the ˇfth Euclidean postulate with the Lobachevsky
postulate about the parallel straight lines in the velocity space of a material point leads to the replacement
of the postulate about one and the same time rate with the postulate about one and the same light velocity
in all inertial reference systems.

1. �’Š�›’ˆ… ��‚�‰ ‘’�

�·μÏ²μ ¸Éμ ²¥É ¸ É¥Ì ¶μ· ± ± ®¢ É·¥Ì · ¡μÉ Ì, ‹μ·¥´Í  [1], �Ê ´± ·¥ [2] ¨ �°´-
ÏÉ¥°´  [3], ¡Ò²¨ Ê¸É ´μ¢²¥´Ò ¶μ²μ¦¥´¨Ö ¨ · §¢¨ÉÒ ¸μμ¡· ¦¥´¨Ö, μ¡· §ÊÕÐ¨¥ ËÊ´¤ -
³¥´É É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨¯ [4, c. 15]. ‘²¥¤ÊÖ �°´ÏÉ¥°´Ê, ¥¥ ´ §Ò¢ ÕÉ ¸¶¥Í¨ ²Ó´μ°
É¥μ·¨¥° μÉ´μ¸¨É¥²Ó´μ¸É¨ ¨ μ¡μ§´ Î ÕÉ Î¥·¥§  ¡¡·¥¢¨ ÉÊ·Ê ‘’�, ÎÉμ¡Ò μÉ²¨Î ÉÓ ¥¥ μÉ
¸μ§¤ ´´μ° �°´ÏÉ¥°´μ³ ¨ ƒ¨²Ó¡¥·Éμ³ É¥μ·¨¨, ´ §Ò¢ ¥³μ° μ¡Ð¥° É¥μ·¨¥° μÉ´μ¸¨É¥²Ó´μ-
¸É¨ ¨ μ¡μ§´ Î ¥³μ° Î¥·¥§ �’�.

‚ μ¸´μ¢Ê ‘’� ¡Ò²¨ ¶μ²μ¦¥´Ò ¤¢  ¶·¨´Í¨¶ : ¶μ¸ÉÊ² É μÉ´μ¸¨É¥²Ó´μ¸É¨ [4, c. 17] ¨
¶μ¸ÉÊ² É ¶μ¸ÉμÖ´¸É¢  ¸±μ·μ¸É¨ ¸¢¥É  [4, c. 19]. �μ¸ÉÊ² É μÉ´μ¸¨É¥²Ó´μ¸É¨ Ê¦¥ Éμ£¤  ¡Ò²
¤ ²¥±μ ´¥ ´μ¢: μ´ ¶·¨´ ¤²¥¦¨É ƒ ²¨²¥Õ. �μ¸ÉÊ² É ¦¥ ¶μ¸ÉμÖ´¸É¢  ( ¡¸μ²ÕÉ´μ¸É¨ Å
 ¢É.) ¸±μ·μ¸É¨ ¸¢¥É  ¡Ò² ¢Ò¤¢¨´ÊÉ ¢³¥¸Éμ ´ÓÕÉμ´μ¢¸±μ£μ ¶μ¸ÉÊ² É   ¡¸μ²ÕÉ´μ¸É¨ ¢·¥-
³¥´¨.

‚¸Ö±ÊÕ É¥μ·¨Õ, μ¸´μ¢ ´´ÊÕ ´  ¶μ¸ÉÊ² É¥  ¡¸μ²ÕÉ´μ¸É¨ ¸±μ·μ¸É¨ ¸¢¥É , μ¡ÒÎ´μ ´ -
§Ò¢ ÕÉ ·¥²ÖÉ¨¢¨¸É¸±μ°,   É¥μ·¨Õ, μ¸´μ¢ ´´ÊÕ ´  ¶μ¸ÉÊ² É¥  ¡¸μ²ÕÉ´μ¸É¨ ¢·¥³¥´¨, ´ §Ò-
¢ ÕÉ ´¥·¥²ÖÉ¨¢¨¸É¸±μ°. �Éμ ´¥²μ£¨Î´μ, É ± ± ± ¸²μ¢μ ®·¥²ÖÉ¨¢¨§³¯ ¸¢Ö§ ´μ ¸ ¶μ¸ÉÊ² Éμ³
μÉ´μ¸¨É¥²Ó´μ¸É¨ ƒ ²¨²¥Ö, ´μ ´¨± ± ´¥ ¸¢Ö§ ´μ ´¨ ¸ ¶μ¸ÉÊ² Éμ³  ¡¸μ²ÕÉ´μ¸É¨ ¸±μ·μ¸É¨
¸¢¥É , ´¨ ¸ ¶μ¸ÉÊ² Éμ³  ¡¸μ²ÕÉ´μ¸É¨ ¢·¥³¥´¨.

�μÔÉμ³Ê:
1. ’¥μ·¨Õ, μ¸´μ¢ ´´ÊÕ ´  ¶μ¸ÉÊ² É¥ ƒ ²¨²¥Ö ¨ ¶μ¸ÉÊ² É¥  ¡¸μ²ÕÉ´μ¸É¨ ¸±μ·μ¸É¨

¸¢¥É , ¡Ê¤¥³ ´ §Ò¢ ÉÓ ´μ¢μ° ‘’�.
2. ’¥μ·¨Õ, μ¸´μ¢ ´´ÊÕ ´  ¶μ¸ÉÊ² É¥ ƒ ²¨²¥Ö ¨ ¶μ¸ÉÊ² É¥  ¡¸μ²ÕÉ´μ¸É¨ ¢·¥³¥´¨,

¡Ê¤¥³ ´ §Ò¢ ÉÓ ¸É ·μ° ‘’�.
3. �¡Ð Ö Î ¸ÉÓ ÔÉ¨Ì ¤¢ÊÌ É¥μ·¨° μ¸´μ¢ ´  ´  ¶μ¸ÉÊ² É¥ ƒ ²¨²¥Ö. �Ê¤¥³ ´ §Ò¢ ÉÓ ¥¥

μ¸´μ¢´μ°, ¨²¨  ¡¸μ²ÕÉ´μ°, Î ¸ÉÓÕ ‘’�.
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’¥³ ¸ ³Ò³ ³Ò ÊÎÉ¥³ ¸ÊÐ¥¸É¢ÊÕÐÊÕ  ´ ²μ£¨Õ ³¥¦¤Ê ¸É·Ê±ÉÊ·μ° ‘’� ¨ ¸É·Ê±ÉÊ·μ°
³¥É·¨Î¥¸±μ° ¤μ·¨³ ´μ¢μ° £¥μ³¥É·¨¨, ¸μ¸ÉμÖÐ¥° ¨§ £¥μ³¥É·¨¨ …¢±²¨¤  ¨ £¥μ³¥É·¨¨ ‹μ-
¡ Î¥¢¸±μ£μ. �¡Ð Ö Î ¸ÉÓ ÔÉ¨Ì ¤¢ÊÌ £¥μ³¥É·¨° μ¸´μ¢ ´  ´  Î¥ÉÒ·¥Ì ¶μ¸ÉÊ² É Ì …¢±²¨¤ .
…¥ ´ §Ò¢ ÕÉ  ¡¸μ²ÕÉ´μ° £¥μ³¥É·¨¥°.

’ ± ¢μÉ, ¸É · Ö ‘’� ¸μμÉ¢¥É¸É¢Ê¥É £¥μ³¥É·¨¨ …¢±²¨¤ , ´μ¢ Ö ‘’� Å £¥μ³¥É·¨¨
‹μ¡ Î¥¢¸±μ£μ, μ¸´μ¢´ Ö Î ¸ÉÓ ‘’� Å  ¡¸μ²ÕÉ´μ° £¥μ³¥É·¨¨.

2. ��‘’“‹�’ ƒ�‹ˆ‹…Ÿ

‘μ£² ¸´μ ¶μ¸ÉÊ² ÉÊ ƒ ²¨²¥Ö ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ³´μ¦¥¸É¢μ ¨´¥·Í¨ ²Ó-
´ÒÌ ¸¨¸É¥³ μÉ¸Î¥É , μ¤¨´ ±μ¢μ ¶·¨£μ¤´ÒÌ ¤²Ö μ¶¨¸ ´¨Ö § ±μ´μ¢ ¶·¨·μ¤Ò. � ¡²Õ¤ É¥²Ó
³μ¦¥É ¢Ò¡· ÉÓ ²Õ¡ÊÕ ¨§ ´¨Ì ¢ ± Î¥¸É¢¥ ¶μ±μÖÐ¥°¸Ö ¸¨¸É¥³Ò. ‚¸Ö± Ö ¤·Ê£ Ö ¨´¥·Í¨ ²Ó-
´ Ö ¸¨¸É¥³  μÉ¸Î¥É  ¤¢¨¦¥É¸Ö ¶·Ö³μ²¨´¥°´μ ¨ · ¢´μ³¥·´μ μÉ´μ¸¨É¥²Ó´μ ¨´¥·Í¨ ²Ó´μ°
¸¨¸É¥³Ò μÉ¸Î¥É , ¢Ò¡· ´´μ° ´ ¡²Õ¤ É¥²¥³ ¢ ± Î¥¸É¢¥ ¶μ±μÖÐ¥°¸Ö.

‚Ò¤¥²¥´´μ¸ÉÓ ¶μ±μÖÐ¥°¸Ö ¸¨¸É¥³Ò μÉ¸Î¥É  ¸·¥¤¨ ¶·μÎ¨Ì ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ μÉ-
¸Î¥É  ¸Ê¡Ñ¥±É¨¢´ , ´μ ¢ Éμ° ³¥·¥, ¢ ± ±μ° ¥¥ ¢Ò¡μ· § ¢¨¸¨É μÉ ¢μ²¨ ´ ¡²Õ¤ ÕÐ¥£μ
Ë¨§¨± .

3. —…’‚…�Š� �’�ˆ�“’�‚ ˆ‘�

Š ¦¤ Ö ¨´¥·Í¨ ²Ó´aÖ ¸¨¸É¥³  μÉ¸Î¥É  (ˆ‘�) ´ ¤¥²Ö¥É¸Ö Î¥É¢¥·±μ° ¸¢μ¨Ì  É·¨¡ÊÉμ¢:
¢·¥³¥´¥³ t,  ¡cÍ¨¸¸μ° x, μ·¤¨´ Éμ° y ¨  ¶¶²¨± Éμ° z. ‚¸¥ ÔÉ¨  É·¨¡ÊÉÒ (¶·¨ Ê¸²μ¢¨¨,
ÎÉμ Ê¦¥ ¢Ò¡· ´Ò ¥¤¨´¨ÍÒ ¢·¥³¥´¨ ¨ ¤²¨´Ò) ´¥§ ¢¨¸¨³μ ¶·μ¡¥£ ÕÉ ¢¸¥ ¢¥Ð¥¸É¢¥´´Ò¥
§´ Î¥´¨Ö μÉ ³¨´Ê¸ ¤μ ¶²Õ¸ ¡¥¸±μ´¥Î´μ¸É¨. ’¥³ ¸ ³Ò³ ± ¦¤ Ö ˆ‘� ´ ¤¥²Ö¥É¸Ö Î¥ÉÒ·¥Ì-
³¥·´Ò³  ·¨Ë³¥É¨Î¥¸±¨³ ¶·μ¸É· ´¸É¢μ³.

4. ���‘’���‘’‚�-‚�…ŒŸ ‚ ‘’�
Š�Š ���‘’�… Œ��ƒ�����‡ˆ…

‚ ‘’� ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö Ö¢²Ö¥É¸Ö ¶·μ¸ÉÒ³ ³´μ£μμ¡· §¨¥³ ¨
ÎÉμ ÔÉμ ³´μ£μμ¡· §¨¥ ¸É ¢¨É¸Ö ¢ ¡¨¥±É¨¢´μ¥ ¸μμÉ¢¥É¸É¢¨¥ ¸ ¢ÒÏ¥Ê± § ´´Ò³  ·¨Ë³¥É¨Î¥-
¸±¨³ ¶·μ¸É· ´¸É¢μ³. �μ¸²¥¤´¥¥, É ±¨³ μ¡· §μ³, ¢Ò¸ÉÊ¶ ¥É ¢ ·μ²¨ ±μμ·¤¨´ É´μ° ± ·ÉÒ
(±μ·μÎ¥ Å ¶·μ¸Éμ ± ·ÉÒ), ¶μ±·Ò¢ ÕÐ¥° ¢¸¥ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö. ’ ± Ö ± ·É  ¢Ò¤¥²¥´ ,
μ´ , É ± ¸± § ÉÓ, ¶·¨¢¨²¥£¨·μ¢ ´ , ¨¡μ ¸μ¸É ¢²¥´  ¨§ μ¤´¨Ì Éμ²Ó±μ  É·¨¡ÊÉμ¢ ´¥±μÉμ·μ°
ˆ‘�, ± Éμ³Ê ¦¥ ¢§ÖÉÒÌ ¢ ¶μ·Ö¤±¥ t, x, y, z. � μ¡μ·μÉ, ± ·ÉÊ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¶·¨¢¨²¥£¨-
·μ¢ ´´μ°, ¥¸²¨ μ´  ¸μ¸É ¢²¥´  ¨§  É·¨¡ÊÉμ¢ ´¥±μÉμ·μ° ˆ‘�, ¢§ÖÉÒÌ ¢ ¶μ·Ö¤±¥ t, x, y, z.
…¸ÉÓ, ±μ´¥Î´μ, ³´μ£μ ¤·Ê£¨Ì, É ± ¸± § ÉÓ, ´¥¶·¨¢¨²¥£¨·μ¢ ´´ÒÌ ± ·É, ´ ¶·¨³¥·, Î¥É¢¥·± 
¢¸Ö±¨Ì ±·¨¢μ²¨´¥°´ÒÌ ±μμ·¤¨´ É ¨²¨ Î¥É¢¥·±  ¶·Ö³μ²¨´¥°´ÒÌ ±μμ·¤¨´ É m, n, y, z, £¤¥
m = x+ct, n = x−ct,   Î¥·¥§ c μ¡μ§´ Î¥´  ¸±μ·μ¸ÉÓ ¸¢¥É . �μ¸²¥¤´ÖÖ Î¥É¢¥·±  Ö¢²Ö¥É¸Ö
± ·Éμ° ´¥ Éμ²Ó±μ ¢ ´μ¢μ° ‘’�, ¢ ±μÉμ·μ° μ´ , ±¸É É¨ ¸± § ÉÓ, μÎ¥´Ó ¶μ²¥§´ , ´μ ¨ ¢
¸É ·μ° ‘’�. ’¥³ ´¥ ³¥´¥¥, ÔÉ  ± ·É  ´¥¶·¨¢¨²¥£¨·μ¢ ´ , ¨¡μ ¸μ¸É ¢²¥´  ´¥ Éμ²Ó±μ ¨§
 É·¨¡ÊÉμ¢ ˆ‘�.

‡ ³¥É¨³, ÎÉμ ¶μ²Ó§μ¢ ÉÓ¸Ö ± ·Éμ£· Ë¨Î¥¸±μ° É¥·³¨´μ²μ£¨¥° ¨ £μ¢μ·¨ÉÓ, ´ ¶·¨³¥·,
±μμ·¤¨´ É´ Ö ± ·É  ¢³¥¸Éμ Éμ£μ, ÎÉμ¡Ò £μ¢μ·¨ÉÓ ±μμ·¤¨´ É´ Ö ¸¨¸É¥³ , ¶μ²¥§´μ Ê¦¥



‘Éμ ²¥É ‘’� 9

¶μÉμ³Ê, ÎÉμ ÔÉμ ¶μ³μ£ ¥É ¨§¡¥£ ÉÓ ¶ÊÉ ´¨ÍÒ, ¢μ§³μ¦´μ° ¶·¨ Î ¸Éμ³ Ê¶μÉ·¥¡²¥´¨¨ ¸²μ¢ 
¸¨¸É¥³ , ¶·¥¤μ¸É¥·¥£ ¥É, ´ ¶·¨³¥·, μÉ Éμ£μ, ÎÉμ¡Ò ¸¨¸É¥³Ê ±μμ·¤¨´ É ¶ÊÉ ÉÓ ¸ ¸¨¸É¥-
³μ° μÉ¸Î¥É . ’ ±, ¥¸²¨ Î¥É¢¥·±  t, x, y, z Ö¢²Ö¥É¸Ö ± ·Éμ°, Éμ ¨ Î¥É¢¥·± 

t́ = t, x́ = x − vt, ý = y, ź = z, (1)

£¤¥ v Å ¢¥Ð¥¸É¢¥´´μ¥ Î¨¸²μ, Ö¢²Ö¥É¸Ö ± ·Éμ° ¨ ¢ ¸É ·μ°, ¨ ¢ ´μ¢μ° ‘’�, ´μ  É·¨¡ÊÉ ³¨
¤¢ÊÌ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ μÉ¸Î¥É  ÔÉ¨ Î¥É¢¥·±¨ ¢³¥¸É¥ ³μ£ÊÉ ¡ÒÉÓ Éμ²Ó±μ ¢ ¸É ·μ° ‘’�.
� ¶·μÉ¨¢, ¥¸²¨ Î¥É¢¥·±  t, x, y, z Ö¢²Ö¥É¸Ö ± ·Éμ°, Éμ ¨ Î¥É¢¥·± 

ct́ =
ct − βx√

1 − β2
, x́ =

x − vt√
1 − β2

, ý = y, ź = z, (2)

£¤¥ −c < v < c, β = v/c, Ö¢²Ö¥É¸Ö ± ·Éμ° ¨ ¢ ¸É ·μ°, ¨ ¢ ´μ¢μ° ‘’�, ´μ  É·¨¡ÊÉ ³¨
¤¢ÊÌ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ μÉ¸Î¥É  ÔÉ¨ Î¥É¢¥·±¨ ¢³¥¸É¥ ³μ£ÊÉ ¡ÒÉÓ Éμ²Ó±μ ¢ ´μ¢μ° ‘’�.

5. ˆ�…�–ˆ�‹œ�›… ‘ˆ‘’…Œ›

	 §μ¡Ó¥³ ¢¸¥ ³´μ¦¥¸É¢μ ˆ‘� ´  (´¥ ¶¥·¥¸¥± ÕÐ¨¥¸Ö ¤·Ê£ ¸ ¤·Ê£μ³) ±² ¸¸Ò Ô±¢¨¢ -
²¥´É´μ¸É¨. Š μ¤´μ³Ê ¨ Éμ³Ê ¦¥ ±² ¸¸Ê μÉ´¥¸¥³ ¢¸Ö±¨¥ ¤¢¥ ˆ‘�, ¥¸²¨ μ´¨ ´¥ ¤¢¨¦ÊÉ¸Ö
¤·Ê£ μÉ´μ¸¨É¥²Ó´μ ¤·Ê£ . ˆÌ  É·¨¡ÊÉÒ t̂, x̂, ŷ, ẑ ¨ t, x, y, z ¸¢Ö§ ´Ò · ¢¥´¸É¢ ³¨

t̂ = t0 + t,

x̂ = x0 + E1
1x + E1

2y + E1
3z,

ŷ = y0 + E2
1x + E2

2y + E2
3z,

ẑ = z0 + E3
1x + E3

2y + E3
3z,

(3)

£¤¥ t0, x0, y0, z0 ¨ Ea
b Å ¢¥Ð¥¸É¢¥´´Ò¥ Î¨¸² , ¶·¨Î¥³ Î¨¸²  Ea

b ¸μ¸É ¢²ÖÕÉ μ·Éμ£μ´ ²Ó´ÊÕ
Ê´¨³μ¤Ê²Ö·´ÊÕ ³ É·¨ÍÊ (Ea

b ).
�¶·¥¤¥²¥´´Ò° É ±¨³ μ¡· §μ³ ±² ¸¸ Ô±¢¨¢ ²¥´É´μ¸É¨ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¨´¥·Í¨ ²Ó-

´μ° ¸¨¸É¥³μ° ¶·μ¸Éμ (´¥ ¤μ¡ ¢²ÖÖ ¸²μ¢  μÉ¸Î¥É ).

6. ƒ…�Œ…’�ˆŸ Œˆ��
‘ ‚›„…‹…���‰ ‘ˆ‘’…Œ�‰ �’‘—…’�

‘²¥¤ÊÖ Œ¨´±μ¢¸±μ³Ê, ¶·μ¸É· ´¸É¢μ-¢·¥³Ö ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ³¨·μ³,   Ô²¥³¥´ÉÒ
¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ Å ³¨·μ¢Ò³¨ ÉμÎ± ³¨.

	 ¢¥´¸É¢  (3) § ¤ ÕÉ ËÊ´¤ ³¥´É ²Ó´ÊÕ £·Ê¶¶Ê ³¨·  ¸ ¢Ò¤¥²¥´´μ° ¨´¥·Í¨ ²Ó´μ° ¸¨-
¸É¥³μ°. ƒ¥μ³¥É·¨Î¥¸±¨¥ ¸¢μ°¸É¢  ³¨· , ´¥ ¨§³¥´ÖÕÐ¨¥¸Ö ¶·¨ ¶·¥μ¡· §μ¢ ´¨ÖÌ ÔÉμ°
£·Ê¶¶Ò, ¨ ¨´¢ ·¨ ´ÉÒ ÔÉμ° £·Ê¶¶Ò (¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ô·² ´£¥´¸±μ° ¶·μ£· ³³μ° Š²¥°´ )
¸μ¸É ¢²ÖÕÉ ¶·¥¤³¥É £¥μ³¥É·¨¨ ³¨·  ¸ ¢Ò¤¥²¥´´μ° ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³μ°.

ˆ´¢ ·¨ ´É ³¨ ÔÉμ° £·Ê¶¶Ò Ö¢²ÖÕÉ¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ëμ·³Ò

dt, dx2 + dy2 + dz2, dx ∧ dy ∧ dz, dt ∧ dx ∧ dy ∧ dz. (4)
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Š ± ¢¨¤´μ, ³¨· ¸ ¢Ò¤¥²¥´´μ° ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³μ° ¢Ò¸ÉÊ¶ ¥É ¢ ¢¨¤¥ ¶·Ö³μ£μ ¶·μ¨§-
¢¥¤¥´¨Ö T × E μ·¨¥´É¨·μ¢ ´´μ° ¥¢±²¨¤μ¢μ° ¶·Ö³μ° T ´  μ·¨¥´É¨·μ¢ ´´μ¥ ¥¢±²¨¤μ¢μ
¶·μ¸É· ´¸É¢μ E.

’μÎ± ³¨ μ¤´μ³¥·´μ£μ ¶·μ¸É· ´¸É¢  T Ö¢²ÖÕÉ¸Ö ³¨·μ¢Ò¥ £¨¶¥·¶²μ¸±μ¸É¨ t = t0.
’ ±¨¥ ³¨·μ¢Ò¥ £¨¶¥·¶²μ¸±μ¸É¨ ´ §Ò¢ ÕÉ¸Ö ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´Ò³¨.

’μÎ± ³¨ ¶·μ¸É· ´¸É¢  E Ö¢²ÖÕÉ¸Ö ³¨·μ¢Ò¥ ²¨´¨¨ x = x0, y = y0, z = z0 Î ¸É¨Í,
¶μ±μÖÐ¨Ì¸Ö ¢ · ¸¸³ É·¨¢ ¥³μ° ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³¥. ’ ±¨¥ ³¨·μ¢Ò¥ ¶·Ö³Ò¥ ²¨´¨¨
´ §Ò¢ ÕÉ¸Ö ¢·¥³¥´¨¶μ¤μ¡´Ò³¨.

�²μ¸±μ¸ÉÖ³¨ ¶·μ¸É· ´¸É¢  E Ö¢²ÖÕÉ¸Ö ¢·¥³¥´¨¶μ¤μ¡´Ò¥ ³¨·μ¢Ò¥ £¨¶¥·¶²μ¸±μ¸É¨
É¨¶  z = z0.

�·Ö³Ò³¨ ¶·μ¸É· ´¸É¢  E Ö¢²ÖÕÉ¸Ö ¢·¥³¥´¨¶μ¤μ¡´Ò¥ ³¨·μ¢Ò¥ ¶²μ¸±μ¸É¨ É¨¶  y =
y0, z = z0.

�·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´Ò¥ ³¨·μ¢Ò¥ ¶·Ö³Ò¥ É¨¶  t = t0, x = x0, y = y0 Ö¢²ÖÕÉ¸Ö
³¨·μ¢Ò³¨ ²¨´¨Ö³¨ ´¥ Î ¸É¨Í,   Ë ´Éμ³μ¢ Å ¸¶μ·´ÒÌ μ¡Ñ¥±Éμ¢, Ê¤ Î´μ ´ §Ò¢ ¥³ÒÌ
É Ì¨μ´ ³¨. ‚¶·μÎ¥³, ¢¶μ²´¥ ·¥ ²¥´ μÉ·¥§μ± É ±μ° ¶·Ö³μ°, ¢ÒÌμ¤ÖÐ¨° ¨§ Éμ° ³¨·μ¢μ°
ÉμÎ±¨, £¤¥ ¨ ±μ£¤  ¸²ÊÎ ¥É¸Ö  ¡¸μ²ÕÉ´μ Ê¶·Ê£μ¥ ¸Éμ²±´μ¢¥´¨¥ Î ¸É¨ÍÒ ¸ ± ±μ°-´¨¡Ê¤Ó
¤·Ê£μ° Î ¸É¨Í¥°, ¢Ò¸ÉÊ¶ Ö ¢ ·μ²¨ Ê¤ ·´μ° ¸¨²Ò, ¶μ¤¥°¸É¢μ¢ ¢Ï¥° ´  Î ¸É¨ÍÊ.

„²¨´  μÉ·¥§±  ¢ ¶pμ¸É· ´¸É¢¥ E, ¸μ¥¤¨´ÖÕÐ¥£μ ÉμÎ±¨ x = x1, y = y1, z = z1 ¨
x = x2, y = y2, z = z2, · ¢´ 

√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2.

�²¥³¥´É μ¡Ñ¥³  ¢ ¶·μ¸É· ´¸É¢¥ E · ¢¥´ dx ∧ dy ∧ dz.
„²¨´  ´ ¶· ¢²¥´´μ£μ ¢ ¡Ê¤ÊÐ¥¥ μÉ·¥§±  ¶·Ö³μ° T , ¢ÒÌμ¤ÖÐ¥£μ ¨§ ÉμÎ±¨ t = t1 ¨

¶·¨Ìμ¤ÖÐ¥£μ ¢ ÉμÎ±Ê t = t2, · ¢´  t2 − t1.

�²¥³¥´É ³¨·μ¢μ£μ μ¡Ñ¥³  · ¢¥´

dt̂ ∧ dx̂ ∧ dŷ ∧ dẑ = dt ∧ dx ∧ dy ∧ dz. (5)

7. �Š‚ˆ�””ˆ��›‰ Œˆ�

ƒμ¢μ·¨ÉÓ μ · ¢´μ³¥·´μ³ ¨ ¶·Ö³μ²¨´¥°´μ³ ¤¢¨¦¥´¨¨ ¸¨¸É¥³Ò μÉ¸Î¥É , μ ³¨·μ¢ÒÌ
¶·Ö³ÒÌ ²¨´¨ÖÌ, μ ³¨·μ¢ÒÌ ¶²μ¸±μ¸ÉÖÌ ¨ μ ³¨·μ¢ÒÌ £¨¶¥·¶²μ¸±μ¸ÉÖÌ ³μ¦´μ, ´μ ¥¸²¨
¢¢¥¸É¨ ¢ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö ¶·¨³¨É¨¢´ÊÕ  ËË¨´´ÊÕ ¸¢Ö§´μ¸ÉÓ, ¢¸¥ ±μ³¶μ´¥´ÉÒ Γa

mn

±μÉμ·μ° · ¢´Ò ´Ê²Õ ¢ ¶·¨¢¨²¥£¨·μ¢ ´´μ° ± ·É¥ t, x, y, z. ‚ ³¨·¥ ¸ É ±μ° ¸¢Ö§´μ¸ÉÓÕ
¢¸¥ ±μ³¶μ´¥´ÉÒ Γa

mn · ¢´Ò ´Ê²Õ ´¥ Éμ²Ó±μ ¢ ¶·¨¢¨²¥£¨·μ¢ ´´μ° ± ·É¥, ´μ ¨ ¢μ ¢¸Ö±μ°
± ·É¥ ¢¨¤ 

xa = Φa + Φa
0t + Φa

1x + Φa
2y + Φa

3z, a = 0, 1, 2, 3, (6)

£¤¥ Φa ¨ Φa
b Å ¢¥Ð¥¸É¢¥´´Ò¥ Î¨¸² , ¶·¨Î¥³ μ¡Ö§ É¥²Ó´μ Det (Φa

b ) �= 0.
‚¸¥ ± ·ÉÒ ¢¨¤  (6) ´ §Ò¢ ÕÉ¸Ö  ËË¨´´Ò³¨. ‚´¥Ï´¥¥ ¶·μ¨§¢¥¤¥´¨¥ ¤¨ËË¥·¥´Í¨ ²μ¢

 ËË¨´´ÒÌ ±μμ·¤¨´ É · ¢´Ö¥É¸Ö

dx0 ∧ dx1 ∧ dx2 ∧ dx3 = Det (Φa
b ) dt ∧ dx ∧ dy ∧ dz. (7)

�·¨´¨³ Ö ¤μ¶μ²´¨É¥²Ó´μ Ê¸²μ¢¨¥ Ê´¨³μ¤Ê²Ö·´μ¸É¨ Det (Φa
b ) = 1, ³Ò ¶·¨Ìμ¤¨³ ± ¶μ-

´ÖÉ¨Õ Î¥ÉÒ·¥Ì³¥·´μ£μ Ô±¢¨ ËË¨´´μ£μ ³¨·  ¸ ¥£μ Ô±¢¨ ËË¨´´Ò³¨ ± ·É ³¨. � ¶·¨³¥·,
Ô±¢¨ ËË¨´´Ò³¨ Ö¢²ÖÕÉ¸Ö ± ·ÉÒ (1), (2) ¨ (3).
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‚´¥Ï´¥¥ ¶·μ¨§¢¥¤¥´¨¥ ¤¨ËË¥·¥´Í¨ ²μ¢ Ô±¢¨ ËË¨´´ÒÌ ±μμ·¤¨´ É · ¢´Ö¥É¸Ö

dx0 ∧ dx1 ∧ dx2 ∧ dx3 = dt ∧ dx ∧ dy ∧ dz. (8)

ˆ§ (5) ¨ (8) ¸²¥¤Ê¥É, ÎÉμ ¢μ ¢¸¥Ì ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ì ¢ Ô±¢¨ ËË¨´´μ³ ³¨·¥
Ô²¥³¥´É ³¨·μ¢μ£μ μ¡Ñ¥³  · ¢´Ö¥É¸Ö

dt ∧ dx ∧ dy ∧ dz. (9)

Œ¨·μ¢Ò¥ ¶·Ö³Ò¥, ³¨·μ¢Ò¥ ¶²μ¸±μ¸É¨ ¨ ³¨·μ¢Ò¥ £¨¶¥·¶²μ¸±μ¸É¨ ¢ Ô±¢¨ ËË¨´´μ³
³¨·¥ ´ §Ò¢ ÕÉ¸Ö ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´Ò³¨ ¨²¨ ¢·¥³¥´¨¶μ¤μ¡´Ò³¨, ¥¸²¨ É ±μ¢Ò³¨
μ´¨ Ö¢²ÖÕÉ¸Ö ¢ μ¤´μ° ¨§ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³,   ± ± · ¸¶μ§´ ¢ ÉÓ ÔÉ¨ μ¡· §Ò ¢ ¨´¥·Í¨-
 ²Ó´μ° ¸¨¸É¥³¥, ¸± § ´μ ¢ · §¤. 6.

8. ���…Š’ˆ‚��… ���‘’���‘’‚� Œˆ��‚›• ‘Š���‘’…‰

Œ¨·μ¢μ° ¸±μ·μ¸ÉÓÕ ¸¢μ¡μ¤´μ ¤¢¨¦ÊÐ¥£μ¸Ö ³ É¥·¨ ²Ó´μ£μ μ¡Ñ¥±É , ¡Ê¤Ó Éμ Î ¸É¨Í ,
ËμÉμ´ ¨²¨ É Ì¨μ´, ´ §Ò¢ ¥³ ¸¥³¥°¸É¢μ ¶ · ²²¥²Ó´ÒÌ ¶·Ö³ÒÌ ²¨´¨° ¢ Ô±¢¨ ËË¨´´μ³
³¨·¥:

xa = xa
0 + ξaτ, a = 0, 1, 2, 3. (10)

�μ ¸ÊÐ¥¸É¢Ê, ¨³¥´´μ É ± ¢ §´ ³¥´¨Éμ° · ¡μÉ¥ [5] �.�.ŠμÉ¥²Ó´¨±μ¢ ¢¢¥² ¢ É¥μ·¥-
É¨Î¥¸±ÊÕ Ë¨§¨±Ê ¶μ´ÖÉ¨¥ ¶·μ¸É· ´¸É¢  ³¨·μ¢ÒÌ ¸±μ·μ¸É¥°. �ÉÊ · ¡μÉÊ Ìμ·μÏμ §´ ²¨
£¥μ³¥É·Ò, ´μ Ë¨§¨±¨-É¥μ·¥É¨±¨ ¸μ¢¸¥³ ¥¥ ´¥ §´ ²¨ ¢¶²μÉÓ ¤μ 1956 £., ÌμÉÖ �.�.˜¨·μ±μ¢
Í¨É¨·μ¢ ² ¥¥ ¢ § ³¥Î É¥²Ó´μ³ μ¡§μ·¥ [6], μ¶Ê¡²¨±μ¢ ´´μ³ ¢ ¢μ¥´´μ³ 1943 £. ¢ ¶μ¶Ê²Ö·-
´μ³ ¦Ê·´ ²¥ ®�·¨·μ¤ ¯.

�¢Éμ· ´ ¸ÉμÖÐ¥£μ μ¡§μ·  Ê§´ ² μ · ¡μÉ¥ [5] ¢ 1956 £., ¶μ§´ ±μ³¨¢Ï¨¸Ó ¸ ¨¸Éμ·¨±μ-
³ É¥³ É¨Î¥¸±¨³ ¨¸¸²¥¤μ¢ ´¨¥³ [7] �.�. 	μ§¥´Ë¥²Ó¤ , μ¶Ê¡²¨±μ¢ ´´Ò³ ¢¸²¥¤ §  Éμ²Ó±μ
ÎÉμ ¢ÒÏ¥¤Ï¥° ±´¨£μ° [8] ‚.�.”μ± . ’ ± ¢μÉ, ¶·μ¸É· ´¸É¢μ ³¨·μ¢ÒÌ ¸±μ·μ¸É¥° ŠμÉ¥²Ó-
´¨±μ¢  Ö¢²Ö¥É¸Ö É·¥Ì³¥·´Ò³ ¶·μ¥±É¨¢´Ò³ ¶·μ¸É· ´¸É¢μ³.

�  ¢ ¦´μ¸ÉÓ ¶·μ¥±É¨¢´μ° £¥μ³¥É·¨¨ ¤²Ö ³ É¥³ É¨Î¥¸±μ£μ μ¡μ¸´μ¢ ´¨Ö ‘’� μ¡· -
É¨² ¢´¨³ ´¨¥ ‚.� Ê²¨ ¢ ¶·¥¢μ¸Ìμ¤´μ° ³μ´μ£· Ë¨¨ [4], ¢¶¥·¢Ò¥ ¢ÒÏ¥¤Ï¥° ¢ ¸¢¥É ¢
1921 £.: ®‘¢Ö§Ó £¥μ³¥É·¨¨ ‹μ¡ Î¥¢¸±μ£μÄ�μ°Ö, μ ±μÉμ·μ° ¨¤¥É ·¥ÎÓ, ³μ¦¥É ¡ÒÉÓ
±· É±μ μÌ · ±É¥·¨§μ¢ ´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ dx1, dx2, dx3, dx4

± ± μ¤´μ·μ¤´Ò¥ ±oμ·¤¨´ ÉÒ ¢ ¶·μ¥±É¨¢´μ³ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥, Éμ ¨´¢ ·¨ ´É-
´μ¸ÉÓ Ê· ¢´¥´¨Ö

(dx1)2 + (dx2)2 + (dx3)2 − (dx4)2 = 0

μ§´ Î ¥É ¢¢¥¤¥´¨¥ ³¥É·¨±¨ ŠÔ²¨ ¨ ¶·¨ ÔÉμ³ ¢ μ¸´μ¢Ê ±² ¤¥É¸Ö ¤¥°¸É¢¨É¥²Ó´μ¥ ¸¥Î¥´¨¥¯
[4, c. 108].

�É  ³Ò¸²Ó ´¥¸±μ·μ ¶μ²ÊÎ¨²  ¤μ²¦´Ò° ·¥§μ´ ´¸, μ¤´ ±μ ¢μ¸Éμ·¦¥¸É¢μ¢ ² . �¡ ÔÉμ³
Ö · ¸¸± § ² ¢ 1976 £. ¢ Š § ´¨ ¢ ¤μ±² ¤¥ ´  ‚¸¥¸μÕ§´μ° ±μ´Ë¥·¥´Í¨¨, ¶μ¸¢ÖÐ¥´´μ°
150-²¥É¨Õ £¥μ³¥É·¨¨ ‹μ¡ Î¥¢¸±μ£μ. „μ±² ¤ μ¶Ê¡²¨±μ¢ ´ ¢ ¸¡μ·´¨±¥ [9] ¶²¥´ ·´ÒÌ ¤μ-
±² ¤μ¢.

‚ ±· É±μ³ μ¡§μ·¥ ´¥É ³¥¸É  ¤²Ö ¶·μ¸É· ´´ÒÌ · §ÑÖ¸´¥´¨°, ¨ Ö μ£· ´¨ÎÊ¸Ó ´¥μ¡Ìμ¤¨-
³Ò³¨.
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‚ μ¤´¨Ì, ± ± (4), Ëμ·³Ê² Ì ¤¨ËË¥·¥´Í¨ ²Ò dxa ¨£· ÕÉ ·μ²Ó ²¨´¥°´ÒÌ ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ Ëμ·³,   ¸¨³¢μ²Ò Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¶μ xa ¨£· ÕÉ ·μ²Ó ¢¥±Éμ·´ÒÌ ¶μ²¥°
∂/∂xa. ‚ É ±¨Ì Ëμ·³Ê² Ì

dxadxb =
1
2
(dxa ⊗ dxb + dxb ⊗ dxa), dxa ∧ dxb =

1
2
(dxa ⊗ dxb − dxb ⊗ dxa), (11)

£¤¥ ⊗ Å ¸¨³¢μ² É¥´§μ·´μ£μ Ê³´μ¦¥´¨Ö.
‚ ¤·Ê£¨Ì Ëμ·³Ê² Ì, ± ± ¢ ¶·¨¢¥¤¥´´μ° ¢ÒÏ¥ Í¨É É¥ ¨§ ±´¨£¨ [4], ¤¨ËË¥·¥´Í¨ ²Ò

dxa ¨£· ÕÉ ·μ²Ó μ¤´μ·μ¤´ÒÌ ±μμ·¤¨´ É ¢ ¶·μ¥±É¨¢´μ³ ¶·μ¸É· ´¸É¢¥ ¨ Éμ£¤ , ± ± ¢
(10), dxa = ξadτ . ‚ ¶·μ¥±É¨¢´μ° £¥μ³¥É·¨¨ É·¥Ì ¨§³¥·¥´¨° ¶¥·¥³¥´´Ò¥ ξ0, ξ1, ξ2, ξ3 ¨
ξ0, ξ1, ξ2, ξ3 Ö¢²ÖÕÉ¸Ö μ¤´μ·μ¤´Ò³¨ ±μμ·¤¨´ É ³¨ ÉμÎ¥± ¨ ¶²μ¸±μ¸É¥° ¨, ¸²¥¤μ¢ É¥²Ó´μ,
μ¶·¥¤¥²¥´´Ò³¨ ²¨ÏÓ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ μ¡Ð¥£μ ´¥´Ê²¥¢μ£μ ³´μ¦¨É¥²Ö.

Œ¥É·¨±  ŠÔ²¨ μ¸´μ¢Ò¢ ¥É¸Ö ´  ¶μ´ÖÉ¨¨ �¡¸μ²ÕÉ  Å ¶·μ¥±É¨¢´μ° ¶μ¢¥·Ì´μ¸É¨, § -
¤ ¢ ¥³μ° ¸ ¶μ³μÐÓÕ ±¢ ¤· É¨Î´ÒÌ Ëμ·³ μÉ μ¤´μ·μ¤´ÒÌ ±μμ·¤¨´ É ¶·μ¥±É¨¢´μ° ÉμÎ±¨
¨ ¶·μ¥±É¨¢´μ° ¶μ¢¥·Ì´μ¸É¨.

�.�.ŠμÉ¥²Ó´¨±μ¢, μ¶¨· Ö¸Ó ´  ·¥§Ê²ÓÉ ÉÒ ¨¸¸²¥¤μ¢ ´¨° ŠÔ²¨, ¢¢¥² ¢ ¶·μ¥±É¨¢´μ¥
¶·μ¸É· ´¸É¢μ ¸±μ·μ¸É¥° £¥μ³¥É·¨Õ ‹μ¡ Î¥¢¸±μ£μ ¢ ´μ¢μ° ‘’�, ¨ ¸´ Î ²   ËË¨´´ÊÕ,  
§ É¥³ ¨ ¥¢±²¨¤μ¢Ê £¥μ³¥É·¨Õ ¢ ¸É ·μ° ‘’�.

9. ��ƒ��Œ��ˆ—…‘Š�… �’��˜…�ˆ…
Œˆ��‚›• ‘Š���‘’…‰

‘¥³¥°¸É¢μ (10) ¶ · ²²¥²Ó´ÒÌ ³¨·μ¢ÒÌ ¶·Ö³ÒÌ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶·μ¥±É¨¢´ÊÕ ÉμÎ-
±Ê a. ‚  É·¨¡ÊÉ Ì ˆ‘� ÔÉμ ¦¥ ¸¥³¥°¸É¢μ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

t = t0 + u0τ, x = x0 + u1τ, y = y0 + u2τ, z = z0 + u3τ. (12)

�¤´μ·μ¤´Ò³¨ ±μμ·¤¨´ É ³¨ ¶·μ¥±É¨¢´μ° ÉμÎ±¨ ¢  ËË¨´´ÒÌ ¨ Ô±¢¨ ËË¨´´ÒÌ ± ·É Ì
Ö¢²ÖÕÉ¸Ö ¶·μ¨§¢μ¤´Ò¥ dxa/dτ = ξa,   ¢ ¶·¨¢¨²¥£¨·μ¢ ´´μ° ± ·É¥ Å ¶·μ¨§¢μ¤´Ò¥

dt

dτ
= u0,

dx

dτ
= u1,

dy

dτ
= u2,

dz

dτ
= u3. (13)

�μ¤¸É ¢²ÖÖ (10) ¨ (12) ¢ (6) ¨ ¤¨ËË¥·¥´Í¨·ÊÖ § É¥³ ¶μ τ , ´ Ìμ¤¨³ ¶·¥μ¡· §μ¢ ´¨¥

ξa = Φa
b ub, a = 0, 1, 2, 3. (14)

μ¤´μ·μ¤´ÒÌ ±μμ·¤¨´ É ÉμÎ±¨ a.
ƒ·Ê¶¶  ¶·¥μ¡· §μ¢ ´¨° (14) ´ §Ò¢ ¥É¸Ö ¶·μ¥±É¨¢´μ°. �´  μ¶·¥¤¥²Ö¥É £¥μ³¥É·¨Õ ¶·μ-

¥±É¨¢´μ£μ ¶·μ¸É· ´¸É¢  ³¨·μ¢ÒÌ ¸±μ·μ¸É¥°.
—¥·¥§ ¤¢¥ ¶·μ¥±É¨¢´Ò¥ ÉμÎ±¨ a1 ¨ a2 ¶·μÌμ¤¨É ¥¤¨´¸É¢¥´´ Ö ¶·μ¥±É¨¢´ Ö ¶·Ö³ Ö. ‚

 ËË¨´´μ° ¨ Ô±¢¨ ËË¨´´μ° ± ·É Ì μ´  § ¤ ¥É¸Ö Ê· ¢´¥´¨Ö³¨

ξa = λξa
1 + μξa

2 , a = 0, 1, 2, 3, (15)

£¤¥ λ ¨ μ Å μ¤´μ·μ¤´Ò¥ ¶ · ³¥É·Ò ÉμÎ±¨, ²¥¦ Ð¥° ´  ÔÉμ° ¶·Ö³μ°. ‚ ¶·¨¢¨²¥£¨·μ¢ ´-
´μ° ± ·É¥ ÔÉ  ¦¥ ¶·Ö³ Ö § ¤ ¥É¸Ö Ê· ¢´¥´¨Ö³¨

ua = λua
1 + μua

2, a = 0, 1, 2, 3. (16)
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‚μ§Ó³¥³ ¥Ð¥ ¤¢¥ ÉμÎ±¨ b1 ¨ b2 ´  ÔÉμ° ¶·Ö³μ°. ˆÌ μ¤´μ·μ¤´Ò¥ ±μμ·¤¨´ ÉÒ ¢
 ËË¨´´μ° ¨ Ô±¢¨ ËË¨´´μ° ± ·É Ì É ±μ¢Ò:

b1 : λ1ξ
a
1 + μ1ξ

a
2 ; b2 : λ2ξ

a
1 + μ2ξ

a
2 . (17)

ˆÌ μ¤´μ·μ¤´Ò¥ ±μμ·¤¨´ ÉÒ ¢ ¶·¨¢¨²¥£¨·μ¢ ´´μ° ± ·É¥  ´ ²μ£¨Î´Ò:

b1 : λ1u
a
1 + μ1u

a
2 ; b2 : λ2u

a
1 + μ2u

a
2 . (18)

�´£ ·³μ´¨Î¥¸±¨³ μÉ´μÏ¥´¨¥³ Î¥ÉÒ·¥Ì ÉμÎ¥±, ²¥¦ Ð¨Ì ´  μ¤´μ° ¶·μ¥±É¨¢´μ° ¶·Ö-
³μ°, ´ §Ò¢ ¥É¸Ö μÉ´μÏ¥´¨¥

(a1, a2,b1,b2) =
μ1

λ1
:

μ2

λ2
. (19)

’μÎ±¨ μ¡· §ÊÕÉ £ ·³μ´¨Î¥¸±ÊÕ Î¥É¢¥·±Ê, ¥¸²¨ ¨Ì  ´£ ·³μ´¨Î¥¸±μ¥ μÉ´μÏ¥´¨¥ · ¢´μ −1.
�·μ¥±É¨¢´μ¥ μÉ´μÏ¥´¨¥ ¸μÌ· ´Ö¥É¸Ö ¶·¨ § ³¥´¥ (14) ua ´  ξa. �Éμ μ¸´μ¢´μ° ¨´¢ ·¨ ´É
£·Ê¶¶Ò ¶·μ¥±É¨¢´ÒÌ ¶·¥μ¡· §μ¢ ´¨° (14). ‚¸¥ ¶·μ¥±É¨¢´Ò¥ ¨´¢ ·¨ ´ÉÒ ¢Ò· ¦ ÕÉ¸Ö
Î¥·¥§ ¶·μ¥±É¨¢´μ¥ μÉ´μÏ¥´¨¥.

10. �…�…•�„ �’ �„��‰ ˆ‘� Š „�“ƒ�‰

„²Ö Ê¸É ´μ¢²¥´¨Ö ¸¢Ö§¨  É·¨¡ÊÉμ¢ ¤¢¨¦ÊÐ¥°¸Ö ˆ‘� ¸  É·¨¡ÊÉ ³¨ ¶μ±μÖÐ¥°¸Ö ˆ‘�
´¥μ¡Ìμ¤¨³ ¶μ¸ÉÊ² É  ¡¸μ²ÕÉ´μ¸É¨ ¢·¥³¥´¨, ¶·¨¢μ¤ÖÐ¨° ± ¸É ·μ° ‘’�, ¨²¨ ¶μ¸ÉÊ² É
 ¡¸μ²ÕÉ´μ¸É¨ ¸±μ·μ¸É¨ ¸¢¥É , ¶·¨¢μ¤ÖÐ¨° ± ´μ¢μ° ‘’�.

�μ¸ÉÊ² É  ¡¸μ²ÕÉ´μ¸É¨ ¢·¥³¥´¨,   ÉμÎ´¥¥, ¶μ¸ÉÊ² É μ¡ μ¤¨´ ±μ¢μ³ Ìμ¤¥ ¢·¥³¥´¨ ¢μ
¢¸¥Ì ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ì · ¢´μ¸¨²¥´ · ¢¥´¸É¢Ê

dt́ = dt (20)

¤¨ËË¥·¥´Í¨ ²μ¢  É·¨¡ÊÉμ¢ ¢·¥³¥´¨ ²Õ¡ÒÌ ¤¢ÊÌ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³. �  μ¸´μ¢ ´¨¨
ÔÉμ£μ ¶μ¸ÉÊ² É  ¶¥·¥Ìμ¤ μÉ ¶μ±μÖÐ¥°¸Ö ˆ‘� (´¥ÏÉ·¨Ìμ¢ ´´μ°) ± ¤¢¨¦ÊÐ¥°¸Ö μÉ´μ¸¨-
É¥²Ó´μ ´¥¥ ¢¤μ²Ó μ¸¨ X ¸ ¶μ¸ÉμÖ´´μ° ¸±μ·μ¸ÉÓÕ v (ÏÉ·¨Ìμ¢ ´´μ°) ˆ‘� ¢ ¸É ·μ° ‘’�
¶·¥¤¸É ¢²¥´ ¢ÒÏ¥¶·¨¢¥¤¥´´Ò³¨ Ëμ·³Ê² ³¨ (1). ®�É¨ Ëμ·³Ê²Ò, ¸²¥¤ÊÖ ”. ”· ´±Ê, ´ -
§Ò¢ ÕÉ É¥¶¥·Ó ¶·¥μ¡· §μ¢ ´¨Ö³¨ ƒ ²¨²¥Ö¯ [4, c. 27].

�μ¸ÉÊ² É  ¡¸μ²ÕÉ´μ¸É¨ ¸±μ·μ¸É¨ ¸¢¥É ,   ÉμÎ´¥¥, ¶μ¸ÉÊ² É μ¡ μ¤¨´ ±μ¢μ° ¸±μ·μ¸É¨
¸¢¥É  ¢μ ¢¸¥Ì ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ì · ¢´μ¸¨²¥´ · ¢¥´¸É¢ ³

x́2 + dý2 + dź2

dt́2
=

dx2 + dy2 + dz2

dt2
= c2, (21)

¸¢Ö§Ò¢ ÕÐ¨³ ¤¨ËË¥·¥´Í¨ ²Ò  É·¨¡ÊÉμ¢ ²Õ¡ÒÌ ¤¢ÊÌ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³. �  μ¸´μ-
¢ ´¨¨ ÔÉμ£μ ¶μ¸ÉÊ² É  ¶¥·¥Ìμ¤ μÉ ¶μ±μÖÐ¥°¸Ö ˆ‘� (´¥ÏÉ·¨Ìμ¢ ´´μ°) ± ¤¢¨¦ÊÐ¥°¸Ö
μÉ´μ¸¨É¥²Ó´μ ´¥¥ ¢¤μ²Ó μ¸¨ X ¸ ¶μ¸ÉμÖ´´μ° ¸±μ·μ¸ÉÓÕ v (ÏÉ·¨Ìμ¢ ´´μ°) ˆ‘� ¢ ´μ¢μ°
‘’� ¶·¥¤¸É ¢²¥´ ¢ÒÏ¥¶·¨¢¥¤¥´´Ò³¨ Ëμ·³Ê² ³¨ (2). C²¥¤ÊÖ �.�Ê ´± ·¥, ÔÉ¨ Ëμ·³Ê²Ò
´ §Ò¢ ÕÉ ¶·¥μ¡· §μ¢ ´¨Ö³¨ ‹μ·¥´Í . ®� §¢ ´¨Ö ©¶·¥μ¡· §μ¢ ´¨Ö ‹μ·¥´Í ª ¨ ©£·Ê¶¶ 
‹μ·¥´Í ª ¢¶¥·¢Ò¥ Ë¨£Ê·¨·ÊÕÉ ¨³¥´´μ ¢ ÔÉμ° · ¡μÉ¥ �Ê ´± ·¥¯ [4, c. 16]. (‡¤¥¸Ó � Ê²¨
¸¸Ò² ¥É¸Ö ´  · ¡μÉÊ [2] Å  ¢É.)
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‚ ¸¨²Ê ²¨´¥°´μ° μ¤´μ·μ¤´μ¸É¨ ¶·¥μ¡· §μ¢ ´¨° ƒ ²¨²¥Ö (1) ¨ ‹μ·¥´Í  (2) ¤¨ËË¥·¥´-
Í¨ ²Ò  É·¨¡ÊÉμ¢ ¶·¨ ¶¥·¥Ìμ¤¥ μÉ ¶μ±μÖÐ¥°¸Ö ¸¨¸É¥³Ò μÉ¸Î¥É  ± ¤¢¨¦ÊÐ¥°¸Ö ¸¨¸É¥³¥
¶·¥μ¡· §ÊÕÉ¸Ö É ± ¦¥, ± ± ¨ ¸ ³¨  É·¨¡ÊÉÒ ¸¨¸É¥³ μÉ¸Î¥É , É. ¥. ¶μ ¶· ¢¨²Ê ƒ ²¨²¥Ö

dt́ = dt, dx́ = dx − vdt, dý = dy, dź = dz (22)

¢ ¸É ·μ° ‘’� ¨ ¶μ ¶· ¢¨²Ê ‹μ·¥´Í 

cdt́ =
cdt − βdx√

1 − β2
, dx́ =

dx − vdt√
1 − β2

, dý = dy, dź = dz (23)

¢ ´μ¢μ° ‘’�.
�Ê ´± ·¥ Ê± § ² ¶·¥¤¥²Ó´μ ¶·μ¸Éμ° ¢Ò¢μ¤ Ëμ·³Ê² ¶·¥μ¡· §μ¢ ´¨Ö ±μ³¶μ´¥´É ¸±μ-

·μ¸É¨ ³ É¥·¨ ²Ó´μ° ÉμÎ±¨ ¶·¨ ¶¥·¥Ìμ¤¥ μÉ ¶μ±μÖÐ¥°¸Ö ¸¨¸É¥³Ò μÉ¸Î¥É  ± ¤¢¨¦ÊÐ¥°¸Ö.
‘μ£² ¸´μ ÔÉμ³Ê Ê± § ´¨Õ, ´ ¤μ ´ °É¨ μÉ´μÏ¥´¨Ö ¤¨ËË¥·¥´Í¨ ²μ¢  É·¨¡ÊÉμ¢, ¢Ìμ¤ÖÐ¨Ì
¢ ¸μ¸É ¢ Ëμ·³Ê² (22) ¨ (23). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥É¸Ö

v́1 =
dx́

dt́
=

dx − vdt

dt
= v1 − v,

v́2 =
dý

dt́
=

dy

dt
= v2,

v́3 =
dź

dt́
=

dz

dt
= v3

(24)

¢ ¸É ·μ° ‘’� ¨

v́1 =
dx́

dt́
=

cdx − cvdt

cdt − βdx
=

v1 − v

1 − ββ1
,

v́2 =
dý

dt́
=

√
1 − β2 cdy

cdt − βdx
=

√
1 − β2 v2

1 − ββ1
,

v́3 =
dź

dt́
=

√
1 − β2 cdz

cdt − βdx
=

√
1 − β2 v3

1 − ββ1
,

(25)

£¤¥ β = v/c, β1 = v1/c, ¢ ´μ¢μ° ‘’�.

11. �’��‘ˆ’…‹œ��Ÿ ‘Š���‘’œ „‚“• —�‘’ˆ–

�  μ¸´μ¢ ´¨¨ ¶·¥μ¡· §μ¢ ´¨° ƒ ²¨²¥Ö (24) ¢ ¸É ·μ° ‘’� ¨ ¶·¥μ¡· §μ¢ ´¨° ‹μ·¥´Í 
(25) ¢ ´μ¢μ° ‘’� ·¥Ï ¥É¸Ö § ¤ Î : ¤¢¥ Î ¸É¨ÍÒ a ¨ b ²¥ÉÖÉ ¢ ˆ‘� ¸μ ¸±μ·μ¸ÉÖ³¨ va ¨
vb; É·¥¡Ê¥É¸Ö ´ °É¨ ¨Ì μÉ´μ¸¨É¥²Ó´ÊÕ ¸±μ·μ¸ÉÓ vab.

‚ ¸É ·μ° ‘’� μÉ¢¥É μÎ¥¢¨¤¥´: cμ£² ¸´μ (24),

v2
ab = (vb − va)2. (26)

�Éμ §´ Î¨É, ÎÉμ ¢ ¸É ·μ° ‘’� ¶·μ¸É· ´¸É¢μ ¸±μ·μ¸É¥° ¥¢±²¨¤μ¢μ: · ¸¸ÉμÖ´¨¥ sab ³¥¦¤Ê
±μ´Í ³¨ ¢¥±Éμ·μ¢ va ¨ vb · ¢´μ vab.
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�μ´ÖÉ¨¥ ¶·μ¸É· ´¸É¢  ¸±μ·μ¸É¥° …¢±²¨¤  ¢¶¥·¢Ò¥ ¢¢¥² ¢ ³¥Ì ´¨±Ê �ÓÕÉμ´  ƒ ³¨²Ó-
Éμ´ ¢ 1846 £. ¢ · ¡μÉ¥ [10].

‚ ´μ¢μ° ‘’� ·¥Ï¥´¨¥ ¶μ¸É ¢²¥´´μ° ¢ÒÏ¥ § ¤ Î¨ ¶μ²ÊÎ ¥É¸Ö ´  μ¸´μ¢ ´¨¨ (25) ¢
·¥§Ê²ÓÉ É¥ ·Ö¤  ¢ÒÎ¨¸²¥´¨°, ¢Ò¶μ²´¥´´ÒÌ ¢ ±´¨£¥ [8, c. 65Ä68]:

v2
ab

c2
=

c2(vb − va)2 − [va × vb]2

(c2 − vavb)2
. (27)

‚.�.”μ± § ³¥É¨² É ³, ÎÉμ ¶μ¤¸É ´μ¢±  v/c = tanh s/c ¢ Ëμ·³Ê²Ê (27) μ¶·¥¤¥²Ö¥É
· ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ÉμÎ± ³¨ ¢ ¶·μ¸É· ´¸É¢¥ ‹μ¡ Î¥¢¸±μ£μ ¢ ¡¥²ÓÉ· ³¨¥¢ÒÌ ±μμ·¤¨´ É Ì,
  ÔÉμ ¨ ¥¸ÉÓ Éμ ¸ ³μ¥ ¶·μ¸É· ´¸É¢μ ¸±μ·μ¸É¥° ‹μ¡ Î¥¢¸±μ£μ, ±μÉμ·μ¥ ¢¢¥² ¢ ´μ¢ÊÕ ‘’�
�.�.ŠμÉ¥²Ó´¨±μ¢ ¢ · ¡μÉ¥ [5].

	 ¸¸ÉμÖ´¨¥ s ¢ ¶·μ¸É· ´¸É¢¥ ¸±μ·μ¸É¥° É¥¶¥·Ó ¶·¨´ÖÉμ ´ §Ò¢ ÉÓ ¡Ò¸É·μÉμ°.
‚ 1868 £. �. �¥²ÓÉ· ³¨ ¢ · ¡μÉ¥ [11] ¢¢¥² ´  ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ ±μμ·¤¨´ ÉÒ

u, v, ¶·¨´¨³ ÕÐ¨¥ §´ Î¥´¨Ö ¨§ μ¡² ¸É¨ u2 + v2 < c2, £¤¥ c Å ±μ´¸É ´É  ‹μ¡aÎ¥¢¸±μ£μ, ¢
±μÉμ·ÒÌ · ¸¸ÉμÖ´¨¥ s ³¥¦¤Ê ÉμÎ± ³¨ ´  ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ c ±μμ·¤¨´ É ³¨ u0, v0

¨ u, v μ¶·¥¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥

tanh2 s

c
=

c2[(u − u0)2 + (v − v0)2] − (u0v − uv0)2

(c2 − uu0 − vv0)2
. (28)

”μ·³Ê²  ”μ±  ¸μ¢¶ ¤ ¥É ¸ Ëμp³Ê²μ° �¥²ÓÉ· ³¨, ¥¸²¨

v1
a = u0, v2

a = v0, v3
a = 0; v1

b = u, v2
b = v, v3

b = 0.

� ·Ö¤Ê ¸ (28), �¥²ÓÉ· ³¨ ¢Ò¢¥² ¨ ¤·Ê£ÊÕ ¢ ¦´ÊÕ Ëμ·³Ê²Ê:

cosh
s

c
=

c2 − uu0 − vv0√
(c2 − u0u0 − v0v0)(c2 − uu − vv)

. (29)

…¸²¨ ¶μ²μ¦¨ÉÓ

vab

c
= tanh

s

c
,

va

c
= tanh

s1

c
,

vb

c
= tanh

s2

c
, vavb = vavb cos γ,

Éμ ¨§ Ëμ·³Ê²Ò (27) ¶μ¸²¥¤Ê¥É É·¨£μ´μ³¥É·¨Î¥¸± Ö Ëμ·³Ê²  ‹μ¡ Î¥¢¸±μ£μ:

cosh
s

c
= cosh

s1

c
cosh

s2

c
− sinh

s1

c
sinh

s2

c
cos γ. (30)

�μ ¶·μÐ¥ μ´  ¸²¥¤Ê¥É ¨§ Ëμ·³Ê²Ò (29).
‚ ¸É ·μ° ‘’� ¸±μ·μ¸ÉÓ v ¸μ¢¶ ¤ ¥É ¸ ¡Ò¸É·μÉμ° s, ¨ ¨§ Ëμ·³Ê²Ò (26) ¸²¥¤Ê¥É Ëμ·³Ê² 

(s)2 = (s1)2 + (s2)2 − 2s1s2 cos γ (31)

¥¢±²¨¤μ¢μ° ¶² ´¨³¥É·¨¨.
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12. ��‘�‹	’ ˆ Œ…’�ˆŠ� Š�‹ˆ

‚ 1859 £. ¢ · ¡μÉ¥ [12] �.ŠÔ²¨ ¢¢¥² ¢ ¶·μ¥±É¨¢´ÊÕ £¥μ³¥É·¨Õ ¶μ´ÖÉ¨¥ �¡¸μ²ÕÉ .
�¡¸μ²ÕÉ ŠÔ²¨ Å ÔÉμ ¶·μ¥±É¨¢´ Ö ¶μ¢¥·Ì´μ¸ÉÓ, ´  ±μÉμ·μ° § · ´¥¥ ¢Ò¡· ´´ Ö ¨´¢ ·¨-
 ´É´ Ö ±¢ ¤· É¨Î´ Ö Ëμ·³ 

T = θabξ
aξb (32)

μÉ μ¤´μ·μ¤´ÒÌ ±μμ·¤¨´ É ¶·μ¥±É¨¢´μ° ÉμÎ±¨ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. “¸²μ¢¨¥ ¨´¢ ·¨-
a´É´μ¸É¨

θab = Ψp
aθpqΨ

q
b (33)

ÔÉμ° Ëμ·³Ò ¢Ò¤¥²Ö¥É ¶μ¤£·Ê¶¶Ê Ψp
a ¢ ¶·μ¥±É¨¢´μ° £·Ê¶¶¥ Φp

a.
Š¢ ¤· É¨Î´ Ö Ëμ·³  (32) ¶·¨¢μ¤¨³  ± ± ´μ´¨Î¥¸±μ³Ê ¢¨¤Ê

T = u0u0 +
n∑

a=1

εauaua, (34)

£¤¥ Î¨¸²  εa ¶·¨´¨³ ÕÉ μ¤´μ ¨§ É·¥Ì §´ Î¥´¨° 1, 0, Ä1.
‘ ¶μ³μÐÓÕ �¡¸μ²ÕÉ  ¨  ´£ ·³μ´¨Î¥¸±μ£μ μÉ´μÏ¥´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ³¥É·¨±  ŠÔ²¨.

ˆ³¥´´μ μ¡ ÔÉμ³ £μ¢μ·¨É¸Ö ¢ ¶·¨¢¥¤¥´´μ° ¢ÒÏ¥ Í¨É É¥ ¨§ ±´¨£¨ [4].
‚ 1872 £. ”.Š²¥°´, μ¶¨· Ö¸Ó ´  ·¥§Ê²ÓÉ ÉÒ ¨¸¸²¥¤μ¢ ´¨° ŠÔ²¨, ¶·¨Ï¥² ± £¥μ³¥É·¨-

Î¥¸±μ° É ± ´ §Ò¢ ¥³μ° Ô·² ´£¥´¸±μ° ¶·μ£· ³³¥ ¢ · ¡μÉ¥ [13].
‚ 1887 £. �.�Ê ´± ·¥, μ¶¨· Ö¸Ó ´  ·¥§Ê²ÓÉ ÉÒ ¨¸¸²¥¤μ¢ ´¨° ŠÔ²¨, ¶·¨Ï¥² ± ¨¤¥¥ μ

±¢ ¤· É¨Î´ÒÌ £¥μ³¥É·¨ÖÌ ¢ · ¡μÉ¥ [14].

13. ��ˆ�–ˆ� „‚�‰‘T‚…���‘’ˆ

“· ¢´¥´¨¥ ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨, ¶·μÌμ¤ÖÐ¥° Î¥·¥§ ¶·μ¥±É¨¢´ÊÕ ÉμÎ±Ê ¸ μ¤´μ·μ¤-
´Ò³¨ ±μμ·¤¨´ É ³¨ ξ0, ξ1, ξ2, ξ3, ¨³¥¥É ¢¨¤

ξaξa = 0, (35)

£¤¥ ξ0, ξ1, ξ2, ξ3 Å μ¤´μ·μ¤´Ò¥ ±μμ·¤¨´ ÉÒ ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨.
“· ¢´¥´¨¥ (35) ³μ¦´μ ¶·μÎ¨É ÉÓ ¤¢μÖ±μ:
1) ÔÉμ ¥¸ÉÓ Ê· ¢´¥´¨¥ ³´μ¦¥¸É¢  ¶²μ¸±μ¸É¥°, ¶·μÌμ¤ÖÐ¨Ì Î¥·¥§ ÉμÎ±Ê ¸ μ¤´μ·μ¤´Ò³¨

±μμ·¤¨´ É ³¨ ξ0, ξ1, ξ2, ξ3;
2) ÔÉμ ¥¸ÉÓ Ê· ¢´¥´¨¥ ³´μ¦¥¸É¢  ÉμÎ¥±, ²¥¦ Ð¨Ì ´  ¶²μ¸±μ¸É¨ ¸ μ¤´μ·μ¤´Ò³¨ ±μμ·-

¤¨´ É ³¨ ξ0, ξ1, ξ2, ξ3.
…¸²¨ ¸¤¥² ÉÓ ¶ ·Ê ¶·¥μ¡· §μ¢ ´¨°

ηs = ξbΦ̃b
s, ηs = Φs

aξa (36)

¨ ¶μ²μ¦¨ÉÓ
Φ̃b

sΦ
s
a = δb

a, (37)

Éμ ¶μ²ÊÎ¨É¸Ö · ¢¥´¸É¢μ ηsη
s = ξaξa, ¨ Ê· ¢´¥´¨¥ (35) ¸μÌ· ´¨É¸Ö.

�ÉμÉ ·¥§Ê²ÓÉ É ¨¸Éμ²±μ¢Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¶²μ¸±μ¸É¨ ¶·μ¥±É¨¢´μ£μ ¶·μ-
¸É· ´¸É¢  ÉμÎ¥± ¸ ³¨ μ¡· §ÊÕÉ ¶·μ¥±É¨¢´μ¥ ¶·μ¸É· ´¸É¢μ ¨ μ¡  ÔÉ¨ ¶·μ¸É· ´¸É¢  · ¢´μ-
¶· ¢´Ò. ’μÎ±¨ μ¤´μ£μ ¶·μ¸É· ´¸É¢  Ö¢²ÖÕÉ¸Ö ¶²μ¸±μ¸ÉÖ³¨ ¤·Ê£μ£μ. ‚¸¥ É¥μ·¥³Ò ¶·μ¥±-
É¨¢´μ° £¥μ³¥É·¨¨ ¸μÌ· ´ÖÕÉ¸Ö ¶·¨ § ³¥´¥ (ÉμÎ±  ⇔ ¶²μ¸±μ¸ÉÓ). ‚ ÔÉμ³ ¸ÊÉÓ ¶·¨´Í¨¶ 
¤¢μ°¸É¢¥´´μ¸É¨ ¢ ¶·μ¥±É¨¢´μ° £¥μ³¥É·¨¨.
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14. ��‘�‹	’�›‰ ��‹Ÿ�ˆ’…’, ��‹	‘ ˆ ��‹Ÿ��

Š¢ ¤· É¨Î´ Ö Ëμ·³  (32) § ¤ ¥É �¡¸μ²ÕÉ ŠÔ²¨ T = 0. ’μÎ±¥ ¸ ±μμ·¤¨´ É ³¨ ξb

�¡¸μ²ÕÉ ¸É ¢¨É ¢ ¸μμÉ¢¥É¸É¢¨¥ ¶²μ¸±μ¸ÉÓ ¸ ±μμ·¤¨´ É ³¨

ξa = θabξ
b, (38)

¥¸²¨ Éμ²Ó±μ ´¥ ¢¸¥ ¸Ê³³Ò (38) ¢³¥¸É¥ · ¢´Ò ´Ê²Õ. ’ ±μ¥ ¸μμÉ¢¥É¸É¢¨¥ ´ §Ò¢ ÕÉ  ¡¸μ-
²ÕÉ´Ò³ ¶μ²Ö·¨É¥Éμ³,   ¶ ·Ê (ÉμÎ±Ê ¨ ¶²μ¸±μ¸ÉÓ), ¶μ¸É ¢²¥´´ÊÕ ¢ É ±μ¥ ¸μμÉ¢¥É¸É¢¨¥,
´ §Ò¢ ÕÉ ¶μ²Õ¸μ³ ¨ ¶μ²Ö·μ°.

�μ¤·μ¡´¥° ¸ ¶μ´ÖÉ¨Ö³¨ ¶·μ¥±É¨¢´μ° £¥μ³¥É·¨¨ ³μ¦´μ ¶μ§´ ±μ³¨ÉÓ¸Ö ¶μ ±´¨£¥ [15].

15. �””ˆ���… ���‘’���‘’‚� Œˆ��‚›• ‘Š���‘’…‰

�μ¸ÉÊ² É (20)  ¡¸μ²ÕÉ´μ¸É¨ ¢·¥³¥´¨ μ§´ Î ¥É, ÎÉμ ²¨´¥°´ Ö Ëμ·³ 

Θ = θaξa = u0 (39)

¨´¢ ·¨ ´É´ . “¸²μ¢¨¥ ¨´¢ ·¨ ´É´μ¸É¨

θa = Ψp
aθa (40)

²¨´¥°´μ° Ëμ·³Ò (39) § ¤ ¥É ¢ ¶·μ¥±É¨¢´μ° £·Ê¶¶¥ Φp
a ¶μ¤£·Ê¶¶Ê Ψp

a ¶·¥μ¡· §μ¢ ´¨°

ú0 = u0, ξ́a = Ψα
0 u0 + Ψα

βξβ , α, β = 1, 2, 3. (41)

‚ ¤ ´´μ³ ¸²ÊÎ ¥ ±¢ ¤· É¨Î´ Ö Ëμ·³  (32) Ë ±Éμ·¨§Ê¥É¸Ö:

T = ΘΘ, θab = θaθb. (42)

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¸É ·μ° ‘’� Ê· ¢´¥´¨¥ T = 0 ¸¢μ¤¨É¸Ö ± Ê· ¢´¥´¨Õ

Θ = θaξa = u0 = 0, (43)

¨ �¡¸μ²ÕÉ ŠÔ²¨ Ö¢²Ö¥É¸Ö ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸ÉÓÕ. �  ÔÉμ° ¶²μ¸±μ¸É¨ ²¥¦ É ³¨·μ¢Ò¥
¸±μ·μ¸É¨ É Ì¨μ´μ¢. ‚ ¸É ·μ° ‘’� É Ì¨μ´Ò ÔÉμ, É ± ¸± § ÉÓ, Î ¸É¨ÍÒ ¸ ´Ê²¥¢μ° ³ ¸¸μ°.

Œ¨·μ¢Ò¥ ¸±μ·μ¸É¨ μ¡Ò±´μ¢¥´´ÒÌ Î ¸É¨Í, É. ¥. Î ¸É¨Í ¸ ³ ¸¸μ° m > 0, ¢ ¸É ·μ° ‘’�
Ê¤μ¢²¥É¢μ·ÖÕÉ ´¥· ¢¥´¸É¢Ê Θ �= 0. „²Ö ´¨Ì ¢ ¸É ·μ° ‘’� ³μ¦´μ ¶μ²μ¦¨ÉÓ

Θ = θaξa = u0 = 1, (44)

ÎÉμ ³Ò ¨ ¸¤¥² ¥³.
‘μ£² ¸´μ (41), ¢ ¸É ·μ° ‘’� ¶²μ¸±μ¸ÉÓ ³¨·μ¢ÒÌ ¸±μ·μ¸É¥° É Ì¨μ´μ¢ ¶·μ¥±É¨¢´ Ö. ‚

´¥° ¤¥°¸É¢Ê¥É £·Ê¶¶  ¶·¥μ¡· §μ¢ ´¨°

ξ́α = Ψα
βξβ , α, β = 1, 2, 3. (45)

�·μ¸É· ´¸É¢μ ¦¥ ³¨·μ¢ÒÌ ¸±μ·μ¸É¥° μ¡Ò±´μ¢¥´´ÒÌ Î ¸É¨Í  ËË¨´´μ¥. ‚ ´¥³ ¤¥°¸É¢Ê¥É
£·Ê¶¶  ¶·¥μ¡· §μ¢ ´¨°

v́α = Ψα
0 + Ψα

βvβ , α, β = 1, 2, 3. (46)
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�É¢²¥Î¥³¸Ö μÉ ¸¶μ·´ÒÌ μ¡Ñ¥±Éμ¢ Å É Ì¨μ´μ¢ ¨ ¸μ¸·¥¤μÉμÎ¨³¸Ö ´  μ¡Ò±´μ¢¥´´ÒÌ
Î ¸É¨Í Ì ¸ ³ ¸¸μ° m > 0. Œ¨·μ¢ Ö ¸±μ·μ¸ÉÓ Î ¸É¨ÍÒ a ¶·¥¤¸É ¢²Ö¥É¸Ö 4-¢¥±Éμ·μ³
(1, v1

a, v2
a, v3

a), £¤¥ v1
a, v2

a, v3
a Å  ËË¨´´Ò¥ ±μμ·¤¨´ ÉÒ ¸±μ·μ¸É¨ Î ¸É¨ÍÒ. �É´μ¸¨É¥²Ó´ Ö

¸±μ·μ¸ÉÓ Î ¸É¨Í a ¨ b · ¢´ 

(1, v1
b , v2

b , v3
b ) − (1, v1

a, v2
a, v3

a) = (0, v1
b − v1

a, v2
b − v2

a, v3
b − v3

a). (47)

‘±μ·μ¸ÉÓ Î ¸É¨ÍÒ a ¢ ˆ‘� ¸ ³¨·μ¢μ° ¸±μ·μ¸ÉÓÕ o · ¢´  4-¢¥±Éμ·Ê

(1, v1
a, v2

a, v3
a) − (1, v1

o , v2
o , v3

o) = (0, v1
a − v1

o , v2
a − v2

o , v3
a − v3

o). (48)

�É  · §´μ¸ÉÓ ¶·¥¤¸É ¢²Ö¥É ¢¥±Éμ· voa ¸±μ·μ¸É¨ Î ¸É¨ÍÒ a ¢ Ê± § ´´μ° ˆ‘�.
4-¨³¶Ê²Ó¸ Î ¸É¨ÍÒ · ¢¥´ p = m(1, v1

a, v2
a, v3

a). ‘μ£² ¸´μ § ±μ´ ³ ³¥Ì ´¨±¨ �ÓÕÉμ´ ,
³ ¸¸  Î ¸É¨ÍÒ ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨ ¨ ¶¥·¢ Ö ¶·μ¨§¢μ¤´ Ö ¶μ ¢·¥³¥´¨ μÉ ¨³¶Ê²Ó¸ 
Î ¸É¨ÍÒ · ¢´  ¶·¨²μ¦¥´´μ° ± Î ¸É¨Í¥ ¸¨²¥, É ± ÎÉμ

dp
dt

=
d

dt
m(1, v1, v2, v3) = mj = m(0, j1, j2, j3) = f = (0, f1, f2, f3), (49)

£¤¥ j Å 4-¢¥±Éμ· Ê¸±μ·¥´¨Ö, f Å 4-¢¥±Éμ· ¸¨²Ò.

16. …‚Š‹ˆ„�‚� ���‘’���‘’‚� Œˆ��‚›• ‘Š���‘’…‰

‚  ËË¨´´μ¥ ¶·μ¸É· ´¸É¢μ ¶·μ¥±É¨¢´Ò³ ¶ÊÉ¥³ ³μ¦´μ ¢¢¥¸É¨ £·Ê¶¶Ê ¶μ¤μ¡´ÒÌ ¶·¥-
μ¡· §μ¢ ´¨°,   ¢ Ô±¢¨ ËË¨´´μ¥ ¶·μ¸É· ´¸É¢μ É ±¨³ ¦¥ ¶ÊÉ¥³ ³μ¦´μ ¢¢¥¸É¨ μ·Éμ£μ-
´ ²Ó´ÊÕ £·Ê¶¶Ê. �ËË¨´´μ¥ ¶·μ¸É· ´¸É¢μ ¸É ´μ¢¨É¸Ö Ô±¢¨ ËË¨´´Ò³, ¥¸²¨ ´  ³ É·¨ÍÊ
¶·¥μ¡· §μ¢ ´¨° Ψβ

α ´ ²μ¦¨ÉÓ Ê¸²μ¢¨¥ Det (Ψβ
α) = 1.

—Éμ¡Ò ¢ Ô±¢¨ ËË¨´´μ³ ¶·μ¸É· ´¸É¢¥ ³¨·μ¢ÒÌ ¸±μ·μ¸É¥° μ¡Ò±´μ¢¥´´ÒÌ Î ¸É¨Í ¢
¸É ·μ° ‘’� § ¤ ÉÓ ±¢ ¤· É v2

oa ¤²¨´Ò μÉ´μ¸¨É¥²Ó´μ° ¸±μ·μ¸É¨ voa, ´¥μ¡Ìμ¤¨³μ ¨ ¤μ¸É -
ÉμÎ´μ § ¤ ÉÓ ¨´¢ ·¨ ´É´ÊÕ ±¢ ¤· É¨Î´ÊÕ Ëμ·³Ê

H = habξaξb = hαβuαuβ , (50)

Ê¤μ¢²¥É¢μ·ÖÕÐÊÕ Ê¸²μ¢¨Õ
habθb = 0 (51)

¨ ¶·¨¢μ¤ÖÐÊÕ¸Ö ± ± ´μ´¨Î¥¸±μ³Ê ¢¨¤Ê

H = hab = hαβuαuβ = (u1)2 + (u2)2 + (u3)2. (52)

“· ¢´¥´¨¥ H = 0 § ¤ ¥É �¡¸μ²ÕÉ ŠÔ²¨ ¢Éμ·μ£μ ·μ¤ . ‚ ·¥§Ê²ÓÉ É¥ ¢ ¶·μ¥±É¨¢´ÊÕ
¶²μ¸±μ¸ÉÓ Θ = 0 ¢¢μ¤¨É¸Ö £¥μ³¥É·¨Ö 	¨³ ´  (¢ Ê§±μ³ ¸³Ò¸²¥),   ¢ ³¨· ¸μ¡ÒÉ¨°, ´ ·Ö¤Ê
¸ ³¥É·¨±μ° (20), ¢¢μ¤¨É¸Ö ¸μ¶·Ö¦¥´´ Ö ¸ ´¥° ±μ³¥É·¨± 

∂x́∂x́ + ∂ý∂ý + ∂ź∂ź = ∂x∂x + ∂y∂y + ∂z∂z , (53)

£¤¥ ∂x =
∂

∂x
¨ É. ¤.,   ¸É ²μ ¡ÒÉÓ, ¨ £¥μ³¥É·¨Ö ƒ ²¨²¥Ö. ƒ¥μ³¥É·¨Î¥¸±¨¥ μ¡Ñ¥±ÉÒ (20) ¨

(53) · ¸¸³μÉ·¥´Ò ¢ · ¡μÉ¥ [16].
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17. ���‘’���‘’‚� ‘Š���‘’…‰ ‹���—…‚‘Š�ƒ�

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ (13) ¨ (21), ¶μ¸ÉÊ² É  ¡¸μ²ÕÉ´μ¸É¨ ¸±μ·μ¸É¨ ¸¢¥É  § ¶¨Ï¥³
¢ ¢¨¤¥ · ¢¥´¸É¢ 

u1u1 + u2u2 + u3u3 − c2u0u0 = 0. (54)

‚ ·¥§Ê²ÓÉ É¥ ÔÉμ£μ ¶μ²ÊÎ¨²μ¸Ó Ê· ¢´¥´¨¥ T = 0 �¡¸μ²ÕÉ  ŠÔ²¨ ¢ ¶·μ¥±É¨¢´μ³ ¶·μ-
¸É· ´¸É¢¥ ³¨·μ¢ÒÌ ¸±μ·μ¸É¥°, § ¤ ¢ ¥³μ£μ ±¢ ¤· É¨Î´μ° Ëμ·³μ°

T = u0u0 − u1u1 + u2u2 + u3u3

c2
. (55)

�É  Ëμ·³  ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ Éμ° ¶·μ¥±É¨¢´μ° ¶μ¤£·Ê¶¶Ò, ±μÉμ· Ö ¨§μ³μ·Ë´ 
£·Ê¶¶¥ ²¨´¥°´ÒÌ μ¤´μ·μ¤´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ‹μ·¥´Í .

�¡¸μ²ÕÉ (54) μ¢ ²Ó´Ò°. �´ · §¡¨¢ ¥É ³¨·μ¢Ò¥ ¸±μ·μ¸É¨ ´  É·¨ ±² ¸¸ : ²¥¦ Ð¨Ì
¢´ÊÉ·¨ �¡¸μ²ÕÉ  (¤²Ö ´¨Ì T > 0), ²¥¦ Ð¨Ì ´  �¡¸μ²ÕÉ¥ (¤²Ö ´¨Ì T = 0) ¨ ²¥¦ Ð¨Ì
¢´¥  ¡¸μ²ÕÉ  (¤²Ö ´¨Ì T < 0). �¥·¢Ò¥ μÉ´μ¸ÖÉ¸Ö ± μ¡Ò±´μ¢¥´´Ò³ Î ¸É¨Í ³ ¸ ³ ¸¸μ°
m > 0, ¢Éμ·Ò¥ Å ± Î ¸É¨Í ³ ¸ ³ ¸¸μ° m = 0 (´ ¶·¨³¥·, ± ËμÉμ´ ³), É·¥ÉÓ¨ Å ±
É Ì¨μ´ ³. Œ ¸¸  É Ì¨μ´  ¢ ´μ¢μ° ‘’� ³´¨³ Ö.

…¸²¨ T > 0, Éμ ³¨·μ¢ Ö ¸±μ·μ¸ÉÓ o ¶·¥¤¸É ¢²Ö¥É¸Ö  ´ ²¨É¨Î¥¸±¨ 4-¸±μ·μ¸ÉÓÕ U =
(u0, u1, u2, u3), £¤¥

u0 =

√
1 +

u1u1 + u2u2 + u3u3

c2
. (56)

‚ Î ¸É´μ¸É¨, ³¨·μ¢ Ö ¸±μ·μ¸ÉÓ o0 ¶μ±μÖÐ¥°¸Ö ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³Ò ¶·¥¤¸É ¢²Ö¥É¸Ö 4-
¸±μ·μ¸ÉÓÕ U0 = (1, 0, 0, 0),   ±μ³¶μ´¥´ÉÒ 4-¸±μ·μ¸É¨ ¤¢¨¦ÊÐ¥°¸Ö ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³Ò
¶·¥¤¸É ¢²ÖÕÉ¸Ö ¢ ¢¨¤¥

u0 = cosh
s

c
,

u1

c
= sinh

s

c
sin θ cos ϕ,

u2

c
= sinh

s

c
sin θ sin ϕ,

u3

c
= sinh

s

c
cos θ.

(57)
‚ · ¡μÉ¥ [17] ”. Š²¥°´, μ¶¨· Ö¸Ó ´  · ¡μÉÊ ŠÔ²¨ [12], ¤μ± § ², ÎÉμ £·Ê¶¶  ‹μ·¥´Í 

¨§μ³μ·Ë´  £·Ê¶¶¥ ¨§μ³¥É·¨° ¶·μ¸É· ´¸É¢  ‹μ¡ Î¥¢¸±μ£μ.
�¤´ ±μ ¢ Éμ ¢·¥³Ö ¥Ð¥ ´¥ ¡Ò²μ Ö¸´μ, ®£¤¥ ¦¥ ¨³¥´´μ ´ Ìμ¤¨É¸Ö Éμ ¶·μ¸É· ´¸É¢μ

‹μ¡ Î¥¢¸±μ£μ, ±μÉμ·μ¥ ¨£· ¥É É ±ÊÕ ¢Ò¤ ÕÐÊÕ¸Ö ·μ²Ó ¢ ¶·¨´Í¨¶¥ μÉ´μ¸¨É¥²Ó´μ¸É¨?¯
[5, c. 40]. ŠμÉ¥²Ó´¨±μ¢ μÉ¢¥É¨² ´  ÔÉμ É¥³, ÎÉμ ¢¢¥² ¢ É¥μ·¥É¨Î¥¸±ÊÕ Ë¨§¨±Ê ¶μ´ÖÉ¨¥
¶·μ¥±É¨¢´μ£μ ¶·μ¸É· ´¸É¢  ³¨·μ¢ÒÌ ¸±μ·μ¸É¥° ¨ ¤μ± § ²: ¨³¥´´μ É  Î ¸ÉÓ ÔÉμ£μ ¶·μ-
¸É· ´¸É¢ , ±μÉμ· Ö ´ Ìμ¤¨É¸Ö ¢´ÊÉ·¨ �¡¸μ²ÕÉ  (54), ¨ ¥¸ÉÓ Éμ ¸ ³μ¥ ¶·μ¸É· ´¸É¢μ ‹μ-
¡ Î¥¢¸±μ£μ, ÎÉμ ²¥¦¨É ¢ μ¸´μ¢ ´¨ÖÌ ´μ¢μ° ‘’�. �ÉμÉ μÉ¢¥É ³μ¦¥É ¡ÒÉÓ ¸Ëμ·³Ê²¨·μ¢ ´
±· É±μ ± ± ¸²¥¤ÊÕÐ Ö

’¥μ·¥³ . �·μ¸É· ´¸É¢μ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ ¢ ´μ¢μ° ‘’� ¥¸ÉÓ ¶·μ¸É· ´¸É¢μ ‹μ-
¡ Î¥¢¸±μ£μ ¸ Ì · ±É¥·´μ° ±μ´¸É ´Éμ°, · ¢´μ° ¸±μ·μ¸É¨ ¸¢¥É  c.

„μ± § É¥²Ó¸É¢μ. „μ± ¦¥³ É¥μ·¥³Ê, ¸²¥¤ÊÖ  ²£μ·¨É³Ê ŠÔ²¨.
‚ ´μ¢μ° ‘’� ¨´¥·Í¨ ²Ó´ Ö ¸¨¸É¥³  £¥μ³¥É·¨Î¥¸±¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¸¢μ¥° ³¨·μ¢μ°

¸±μ·μ¸ÉÓÕ Å ÉμÎ±μ° o, ²¥¦ Ð¥° ¢´ÊÉ·¨ �¡¸μ²ÕÉ  (54), ¨  ´ ²¨É¨Î¥¸±¨ ¶·¥¤¸É ¢²Ö¥É¸Ö
¸¢μ¥° 4-¸±μ·μ¸ÉÓÕ U , ¤²Ö ±μÉμ·μ° ¢¥·´Ò · ¢¥´¸É¢  (56) ¨ (57).

‘²¥¤ÊÖ  ²£μ·¨É³Ê ŠÔ²¨, ¶μ²μ¦¨³, ÎÉμ μÉ´μ¸¨É¥²Ó´ Ö ¡Ò¸É·μÉ  s12 ¤¢ÊÌ ¨´¥·Í¨ ²Ó´ÒÌ
¸¨¸É¥³, ¶·¥¤¸É ¢²¥´´ÒÌ ³¨·μ¢Ò³¨ ¸±μ·μ¸ÉÖ³¨ o1 ¨ o2, · ¢´  ¤²¨´¥

s12 =
c

2
ln (o1,o2, a1, a2) (58)
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μÉ·¥§±  o1o2. ‡¤¥¸Ó ¢  ´£ ·³μ´¨Î¥¸±μ¥ μÉ´μÏ¥´¨¥ (o1,o2, a1, a2) ¢Ìμ¤ÖÉ ÉμÎ±¨ a1 ¨
a2, ¶μ ±μÉμ·Ò³ ¶·μ¥±É¨¢´ Ö ¶·Ö³ Ö U = λU1 + μU2, ¶·μÌμ¤ÖÐ Ö Î¥·¥§ ÉμÎ±¨ o1 ¨ o2,
¶¥·¥¸¥± ¥É �¡¸μ²ÕÉ (54). ’μÎ±¨ a1 ¨ a2 μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ ±μ·´Ö³ ±¢ ¤· É´μ£μ Ê· ¢´¥´¨Ö

T = (λU1 + μU2)2 = λ2 + 2λμT12 + μ2 = 0, (59)

£¤¥ T12 = (U1, U2) ¥¸ÉÓ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ 4-¢¥±Éμ·μ¢ U1 ¨ U2. �μ μ¶·¥¤¥²¥´¨Õ
(19) μÉ¸Õ¤  ´ Ìμ¤¨³ ¢Ìμ¤ÖÐ¥¥ ¢ (58)  ´£ ·³μ´¨Î¥¸±μ¥ μÉ´μÏ¥´¨¥

(o1,o2,a1,a2) =
T12 +

√
(T12)2 − 1

T12 −
√

(T12)2 − 1
= (T12 +

√
(T12)2 − 1 )2. (60)

‘²¥¤μ¢ É¥²Ó´μ,

exp
s12

c
= T12 +

√
(T12)2 − 1 , (61)

cosh
s12

c
= T12 = (U1, U2) = u0

1u
0
2 −

u1
au

1
2 + u2

1u
2
2 + u3

1u
3
2

c2
. (62)

�μ¤¸É ¢²ÖÖ (57) ¢ (62), ¶μ²ÊÎ ¥³ Ëμ·³Ê²Ê

cosh
s12

c
= cosh

s12

c
cosh

s12

c
− sinh

s12

c
sinh

s12

c
cos Γ102 (63)

cos Γ102 = cos θ1 cos θ2 + sin θ1 sin θ2 cos (ϕ2 − ϕ1)

¤²Ö É·¥Ê£μ²Ó´¨±  o1o0o2 ¢ ¶·μ¸É· ´¸É¢¥ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³. �μ ÔÉμ ¥¸ÉÓ É·¨£μ´μ³¥-
É·¨Î¥¸± Ö Ëμ·³Ê²  ‹μ¡ Î¥¢¸±μ£μ. ‘²¥¤μ¢ É¥²Ó´μ, É¥μ·¥³  ¤μ± § ´ .

‡ μ¤´μ ¤μ± § ´μ, ÎÉμ ¨ ¶·μ¸É· ´¸É¢μ ¸±μ·μ¸É¥° Î ¸É¨ÍÒ ¸ ³ ¸¸μ° m > 0 ¥¸ÉÓ ¶·μ-
¸É· ´¸É¢μ ‹μ¡ Î¥¢¸±μ£μ ¸ Ì · ±É¥·´μ° ±μ´¸É ´Éμ°, · ¢´μ° ¸±μ·μ¸É¨ ¸¢¥É .

�·¨³¥Î ´¨¥. ‚ ±μ´Í¥ 60-Ì ££. XIX ¢. Š ·² ‚¥°¥·ÏÉ· ¸¸ ¢¥² ¢ �¥·²¨´¸±μ³ Ê´¨¢¥·¸¨-
É¥É¥ ¸¥³¨´ · ¶μ £¥μ³¥É·¨¨ ‹μ¡ Î¥¢¸±μ£μ. ’μ£¤  μ´ ¶·¥¤²μ¦¨² μ¤´μ·μ¤´Ò¥ ±μμ·¤¨´ ÉÒ
¢ ¶·μ¸É· ´¸É¢¥ ‹μ¡ Î¥¢¸±μ£μ, ¸¢Ö§ ´´Ò¥ Ê¸²μ¢¨¥³ (56),   É ±¦¥ ¨ ¶·¥¤¸É ¢²¥´´Ò¥ Î¥·¥§
¸Ë¥·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ s, θ, ϕ ¢ ¢¨¤¥ (57). ˆÌ ´ §Ò¢ ÕÉ ¢¥°¥·ÏÉ· ¸¸μ¢Ò³¨ ±μμ·¤¨´ -
É ³¨ [15, c. 88; 28, c. 213].

18. ƒ‹�‚�›… ‚›‚�„› ˆ‡ ��‘’�Ÿ™…ƒ� ��‡���

‚ ¸É ·μ° ‘’� ¶·μ¸É· ´¸É¢μ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ö¢²Ö¥É¸Ö ¶·μ¸É· ´¸É¢μ³ …¢±²¨¤ .
‚ ´μ¢μ° ‘’� ¶·μ¸É· ´¸É¢μ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ö¢²Ö¥É¸Ö ¶·μ¸É· ´¸É¢μ³ ‹μ¡ Î¥¢-

¸±μ£μ.
‚  ¡¸μ²ÕÉ´μ° Î ¸É¨ ‘’� ¢ ¶·μ¸É· ´¸É¢¥ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ ¸¶· ¢¥¤²¨¢   ¡¸μ²ÕÉ-

´ Ö £¥μ³¥É·¨Ö.
ˆ´¥·Í¨ ²Ó´ Ö ¸¨¸É¥³  ± ± Ô²¥³¥´É ³´μ¦¥¸É¢ , ´ §Ò¢ ¥³μ£μ ¶·μ¸É· ´¸É¢μ³ ¨´¥·Í¨-

 ²Ó´ÒÌ ¸¨¸É¥³, ¶·¥¤¸É ¢²Ö¥É¸Ö ¸¢μ¥° ³¨·μ¢μ° ¸±μ·μ¸ÉÓÕ o. ˆ‘� ¶·¥¤¸É ¢²Ö¥É¸Ö μ·Éμ-
´μ·³¨·μ¢ ´´Ò³ ·¥¶¥·μ³ oe1e2e3 ¢ Éμ³ ¦¥ ¶·μ¸É· ´¸É¢¥.

Œ¨·μ¢ Ö ¸±μ·μ¸ÉÓ o ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³Ò ²¥¦¨É ¢´¥ ¶²μ¸±μ£μ �¡¸μ²ÕÉ  Θ = 0 ¢
¸É ·μ° ‘’� ¨ ¢´ÊÉ·¨ μ¢ ²Ó´μ£μ �¡¸μ²ÕÉ  T = 0 ¢ ´μ¢μ° ‘’�.

’¥¶¥·Ó μ É¥·³¨´μ²μ£¨¨.
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’¥·³¨´ ®´¥¥¢±²¨¤μ¢  £¥μ³¥É·¨Ö¯ ¢¶¥·¢Ò¥ ¶μÖ¢¨²¸Ö ¢ ¶¨¸Ó³¥ [18] ƒ Ê¸¸  ± ’ Ê-
·¨´Ê¸Ê μÉ 8 ´μÖ¡·Ö 1824 £. �´ μ§´ Î ² (´¥¥¢±²¨¤μ¢  £¥μ³¥É·¨Ö) = ( ¡¸μ²ÕÉ´ Ö £¥μ³¥É-
·¨Ö + μÉ·¨Í ´¨¥ ¶ÖÉμ£μ ¶μ¸ÉÊ² É  …¢±²¨¤ ),   ´¥ ¶·μ¸Éμ ´¥¥¢±²¨¤μ¢  £¥μ³¥É·¨Ö. � ¶·¨-
³¥·, ¸Ë¥·¨Î¥¸±ÊÕ £¥μ³¥É·¨Õ ƒ Ê¸¸ ´¥ ´ §Ò¢ ² ´¥¥¢±²¨¤μ¢μ°,   ¶·¨´¨³ ² ¥¥ §  Î ¸É´Ò°
¸²ÊÎ ° ¶² ´¨³¥É·¨¨ ¶¥·¥³¥´´μ° ±·¨¢¨§´Ò, ´ ¤ ¸μ§¤ ´¨¥³ ±μÉμ·μ° μ´ ¢ Éμ ¢·¥³Ö · ¡μ-
É ², ¨¸¸²¥¤ÊÖ £¥μ³¥É·¨Õ ±·¨¢ÒÌ ¶μ¢¥·Ì´μ¸É¥° ¢ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥. ‘³. μ¡ ÔÉμ³
[19, 20].

‚¸±μ·¥ ¶μ¸²¥ Éμ£μ, ± ± ‹μ¡ Î¥¢¸±¨° ¸μ§¤ ² ´¥¥¢±²¨¤μ¢Ê (¢ ¸³Ò¸²¥ ƒ Ê¸¸ ) £¥μ³¥É·¨Õ,
¡Ò²μ ¸¤¥² ´μ ¨ · §· ¡μÉ ´μ ³´μ£μ ¢Ò¤ ÕÐ¨Ì¸Ö £¥μ³¥É·¨Î¥¸±¨Ì μÉ±·ÒÉ¨°. � §μ¢Ê ¨§ ´¨Ì
´¥±μÉμ·Ò¥.

ƒ Ê¸¸μ³ ¡Ò²  ¸μ§¤ ´  ¶² ´¨³¥É·¨Ö ¶·μ¨§¢μ²Ó´μ° ±·¨¢¨§´Ò.
’·Ê¤μ³ ³´μ£¨Ì £¥μ³¥É·μ¢ ¡Ò²  ¸μ§¤ ´  ¶·μ¥±É¨¢´ Ö £¥μ³¥É·¨Ö. �  ¶·μ¥±É¨¢´μ°

¶·Ö³μ° ± ¦¤ Ö ¨§ É·μ°±¨ ÉμÎ¥± ²¥¦¨É ³¥¦¤Ê ¤¢Ê³Ö ¤·Ê£¨³¨.
ŠÔ²¨ ¢¢¥² ¶μ´ÖÉ¨¥ �¡¸μ²ÕÉ  ¨ μ¶·¥¤¥²¨² · ¸¸ÉμÖ´¨¥ Î¥·¥§  ´£ ·³μ´¨Î¥¸±μ¥ μÉ´μ-

Ï¥´¨¥ Î¥ÉÒ·¥Ì ÉμÎ¥±, ¨§ ±μÉμ·ÒÌ ¤¢¥ ²¥¦ É ´  �¡¸μ²ÕÉ¥. �¸μ¡μ¥ ¢´¨³ ´¨¥ μ´ μ¡· É¨²
´  ³¥É·¨±Ê ¶μ²μ¦¨É¥²Ó´μ° ¶μ¸ÉμÖ´´μ° ±·¨¢¨§´Ò, ·¥£Ê²Ö·´ÊÕ ¢¸Õ¤Ê ´  ¶·μ¥±É¨¢´μ°
¶²μ¸±μ¸É¨.

�¥§ ¢¨¸¨³μ μÉ ŠÔ²¨ 	¨³ ´ ¶μ¸É·μ¨² ´  ¶·μ¥±É¨¢´μ° ¶²μ¸±μ¸É¨ £¥μ³¥É·¨Õ ¸ É ±μ°
³¥É·¨±μ°. …¥ ´ §Ò¢ ÕÉ ·¨³ ´μ¢μ° £¥μ³¥É·¨¥° ¢ Ê§±μ³ ¸³Ò¸²¥.

	¨³ ´μ³ ¡Ò²  ¸μ§¤ ´  £¥μ³¥É·¨Ö n-³¥·´μ£μ ¶·μ¸É· ´¸É¢  ¶·μ¨§¢μ²Ó´μ° ±·¨¢¨§´Ò,
¸μ¢¶ ¤ ÕÐ Ö ¸ ¶² ´¨³¥É·¨¥° ƒ Ê¸¸  ¶·¨ n = 2.

”¨´¸²¥·μ³ ¡Ò²  · §· ¡μÉ ´  £¥μ³¥É·¨Ö, ´ ³¥Î¥´´ Ö 	¨³ ´μ³.
’·Ê¤μ³ ³´μ£¨Ì £¥μ³¥É·μ¢ ¡Ò²  · §· ¡μÉ ´  £¥μ³¥É·¨Ö  ËË¨´´μ° ¸¢Ö§´μ¸É¨.
Š²¥°´μ³ ¡Ò²  μÉ±·ÒÉ  £¥μ³¥É·¨Ö £·Ê¶¶Ò ¶·¥μ¡· §μ¢ ´¨° ³´μ¦¥¸É¢  ÉμÎ¥±.
‚ £´¥·μ³ ¡Ò²  μÉ±·ÒÉ  £¥μ³¥É·¨Ö ¶·μ¸É· ´¸É¢  ¸  ·¥ ²Ó´μ° ³¥É·¨±μ°.
‚ n-³¥·´μ³ ¶·μ¥±É¨¢´μ³ ¶·μ¸É· ´¸É¢¥ ¡Ò²μ μÉ±·ÒÉμ 3n £¥μ³¥É·¨°, ± ¦¤ Ö ¨§ ±μÉμ-

·ÒÌ § ¤ ¥É¸Ö �¡¸μ²ÕÉμ³ ŠÔ²¨.
ˆ§ ¢¸¥Ì ÔÉ¨Ì ´¥¥¢±²¨¤μ¢ÒÌ (¢ μ¡Ð¥³ ¸³Ò¸²¥) £¥μ³¥É·¨° ´¥¥¢±²¨¤μ¢Ò³¨ ¡Ò²¨ ´ §¢ ´Ò

Éμ²Ó±μ ±Ô²¥·μ¢Ò £¥μ³¥É·¨¨, ÎÉμ ´¥²μ£¨Î´μ.
�Éμ ´¥²μ£¨Î´μ, ¸ μ¤´μ° ¸Éμ·μ´Ò, ¶μÉμ³Ê, ÎÉμ ´¥²Ó§Ö ¨¸±²ÕÎ ÉÓ ´¥±Ô²¥·μ¢Ò £¥μ³¥É·¨¨

¨§ Î¨¸²  ´¥¥¢±²¨¤μ¢ÒÌ. �Éμ ´¥²μ£¨Î´μ, ¸ ¤·Ê£μ° ¸Éμ·μ´Ò, ¶μÉμ³Ê, ÎÉμ ´¥²Ó§Ö ¢±²ÕÎ ÉÓ
£¥μ³¥É·¨Õ …¢±²¨¤  ¢ Î¨¸²μ ´¥¥¢±²¨¤μ¢ÒÌ, ÌμÉÖ μ´  ¨ ¶·¨´ ¤²¥¦¨É ± Î¨¸²Ê ±Ô²¥·μ¢ÒÌ.

‘²¥¤μ¢ É¥²Ó´μ, É¥·³¨´ ®´¥¥¢±²¨¤μ¢Ò £¥μ³¥É·¨¨¯ Ê¸É ·¥², ¨ ¤²Ö ±Ô²¥·μ¢ÒÌ £¥μ³¥É·¨°
´ ¤μ ¶μ¤μ¡· ÉÓ ¡μ²¥¥ ¶μ¤Ìμ¤ÖÐ¥¥ ´ §¢ ´¨¥. �μ ¸ÊÐ¥¸É¢Ê, ¨Ì ´ ¤μ ´ §Ò¢ ÉÓ ¸Ê¡¶·μ¥±É¨¢-
´Ò³¨. „¥°¸É¢¨É¥²Ó´μ, ¢¸Ö± Ö ±Ô²¥·μ¢  £¥μ³¥É·¨Ö ¶·¨´ ¤²¥¦¨É ± Î¨¸²Ê ±²¥°´μ¢ÒÌ £¥μ³¥-
É·¨°, É ± ± ± § ¤ ¥É¸Ö ¶μ¤£·Ê¶¶μ° ¶·μ¥±É¨¢´ÒÌ ¶·¥μ¡· §μ¢ ´¨°, ¸μÌ· ´ÖÕÐ¨Ì �¡¸μ²ÕÉ.

�·¨´¨³ Ö ÔÉμÉ É¥·³¨´, ¸Ëμ·³Ê²¨·Ê¥³ μ¡Ð¨° ·¥§Ê²ÓÉ É ´ ¸ÉμÖÐ¥£μ μ¡§μ·  ¸²¥¤ÊÕ-
Ð¨³ μ¡· §μ³.

‚ ¸É ·μ° ‘’� ¢ ³¨·¥ ¸μ¡ÒÉ¨° ¤¥°¸É¢Ê¥É ¸Ê¡¶·μ¥±É¨¢´ Ö £¥μ³¥É·¨Ö ƒ ²¨²¥Ö,   ¢
¶·μ¸É· ´¸É¢¥ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ ¤¥°¸É¢Ê¥É ¸Ê¡¶·μ¥±É¨¢´ Ö £¥μ³¥É·¨Ö …¢±²¨¤ .

‚ ´μ¢μ° ‘’� ¢ ³¨·¥ ¸μ¡ÒÉ¨° ¤¥°¸É¢Ê¥É ¸Ê¡¶·μ¥±É¨¢´ Ö £¥μ³¥É·¨Ö Œ¨´±μ¢¸±μ£μ,   ¢
¶·μ¸É· ´¸É¢¥ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ ¤¥°¸É¢Ê¥É ¸Ê¡¶·μ¥±É¨¢´ Ö £¥μ³¥É·¨Ö ‹μ¡ Î¥¢¸±μ£μ.

�ÉμÉ ±· É±¨° μ¡§μ· ´ ¶¨¸ ´ ´  μ¸´μ¢¥ μ¤¨´´ ¤Í É¨ · ¡μÉ [21Ä25, 9, 26, 16, 19, 20,
27]  ¢Éμ· . ‚ ÔÉμ° ¸¸Ò²±¥ · ¡μÉÒ Ê¶μ·Ö¤μÎ¥´Ò Ì·μ´μ²μ£¨Î¥¸±¨.

‚ § ±²ÕÎ¥´¨¥  ¢Éμ· ¢Ò· ¦ ¥É £²Ê¡μ±ÊÕ ¡² £μ¤ ·´μ¸ÉÓ ¤μ±Éμ·Ê Ë¨§¨±μ-³ É¥³ É¨Î¥¸-
±¨Ì ´ Ê± �.‘.˜ ¢μÌ¨´μ° §  μ¡¸Ê¦¤¥´¨¥ · ¡μÉÒ ¨ ·Ö¤ Í¥´´ÒÌ § ³¥Î ´¨°.
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