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�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö Š¥¶²¥·  ¢Ò· ¦¥´μ Î¥·¥§ £¨¶¥·ËÊ´±Í¨Õ ‹ ³¡¥·É . ’ ±μ¥ ¶·¥¤¸É ¢²¥´¨¥
¶μ§¢μ²Ö¥É, ¢ Î ¸É´μ¸É¨, ¨¸¶μ²Ó§μ¢ ÉÓ Î¨¸²¥´´Ò¥  ²£μ·¨É³Ò μ¶·¥¤¥²¥´¨Ö §´ Î¥´¨° ÔÉμ° ËÊ´±Í¨¨
(´ ¶·¨³¥·, ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ Maple-¶·μÍ¥¤Ê·Ê) ¤²Ö ´ Ìμ¦¤¥´¨Ö Î¨¸²¥´´ÒÌ ·¥Ï¥´¨° ¨¸Ìμ¤´μ£μ
Ê· ¢´¥´¨Ö Š¥¶²¥· .

A new explicit solution of the Kepler transcendental equation for parameters of elliptic motion is
proposed. The solution is based on the Lambert hyper-functions. Calculation of these functions, for
example, by making use of Maple package, enables one to obtain efˇciently the numerical solution of
the Kepler equation.
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‚‚…„…�ˆ…

’· ´¸Í¥´¤¥´É´μ¥ Ê· ¢´¥´¨¥ Š¥¶²¥· , ¸¢Ö§Ò¢ ÕÐ¥¥ Ô±¸Í¥´É·¨Î¥¸±ÊÕ  ´μ³ ²¨Õ Ô²²¨-
¶É¨Î¥¸±μ£μ ¤¢¨¦¥´¨Ö E, ¸·¥¤´ÕÕ  ´μ³ ²¨Õ M ¨ Ô±¸Í¥´É·¨¸¨É¥É ε,

E − ε sinE = M (1)

¨³¥¥É ¨¸±²ÕÎ¨É¥²Ó´ÊÕ ¢ ¦´μ¸ÉÓ ¢ £· ¢¨É Í¨μ´´μ° ³¥Ì ´¨±¥. Š· É±μ ´ ¶μ³´¨³ μ¸´μ¢´μ¥
Ë¨§¨Î¥¸±μ¥ ¸μ¤¥·¦ ´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö. ˆ§μ¡· §¨³ ´  ·¨¸. 1 Ô²²¨¶¸ ¸ Ô±¸Í¥´É·¨¸¨É¥Éμ³
ε Å μ·¡¨ÉÊ ¤¢¨¦ÊÐ¥£μ¸Ö É¥² , ±μÉμ·μ¥ ¢· Ð ¥É¸Ö ¢μ±·Ê£ ´¥¶μ¤¢¨¦´μ£μ £· ¢¨É¨·ÊÕÐ¥£μ
Í¥´É· , ´ Ìμ¤ÖÐ¥£μ¸Ö ¢ Ëμ±Ê¸¥ Ô²²¨¶¸  �. �¡μ§´ Î¨³ ¡Ê±¢ ³¨ ‘ ¨ � Í¥´É· ¨ ¶¥-
·¨Í¥´É· Ô²²¨¶¸  ¸μμÉ¢¥É¸É¢¥´´μ. �μ¸É·μ¨³ É ±¦¥ μ±·Ê¦´μ¸ÉÓ ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ � ¨
· ¤¨Ê¸μ³, · ¢´Ò³ ¡μ²ÓÏμ° ¶μ²Êμ¸¨ Ô²²¨¶¸ . �Ê¸ÉÓ ¢ ´¥±¨° ³μ³¥´É ¢·¥³¥´¨ ¶μ²μ¦¥´¨¥
¢· Ð ÕÐ¥£μ¸Ö É¥²  μ¶·¥¤¥²Ö¥É¸Ö ÉμÎ±μ° �. �¶Ê¸É¨³ ¶¥·¶¥´¤¨±Ê²Ö· ¨§ � ´  ¡μ²ÓÏÊÕ μ¸Ó
Ô²²¨¶¸  ¨ μ¡μ§´ Î¨³ μ¸´μ¢ ´¨¥ ¶¥·¶¥´¤¨±Ê²Ö·  ¡Ê±¢μ° N. �·μ¤μ²¦¨³ ÔÉμÉ ¶¥·¶¥´¤¨±Ê-
²Ö· ¤μ ¶¥·¥¸¥Î¥´¨Ö ¸ μ±·Ê¦´μ¸ÉÓÕ ¢ ÉμÎ±¥ P′. ’μ£¤  Ê£μ² ∠�‘P′ ¨ ¥¸ÉÓ Ô±¸Í¥´É·¨Î¥¸± Ö
 ´μ³ ²¨Ö E.

„¥°¸É¢¨É¥²Ó´μ¥ ¤¢¨¦¥´¨¥ É¥²  ¶μ Ô²²¨¶É¨Î¥¸±μ° μ·¡¨É¥ (ÉμÎ±  �) ¨ ¥£μ ¢¨¤¨³μ¥
¤¢¨¦¥´¨¥ ¶μ ±·Ê£μ¢μ° μ·¡¨É¥ (ÉμÎ±  P′) Ö¢²ÖÕÉ¸Ö ´¥· ¢´μ³¥·´Ò³¨, Éμ ¥¸ÉÓ Ê£²μ¢ Ö
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¸±μ·μ¸ÉÓ ´¥¶μ¸ÉμÖ´´ . �¤´ ±μ ³Ò ³μ¦¥³ ¶·¨¶¨¸ ÉÓ ÔÉ¨³ ¢· Ð¥´¨Ö³ ´¥±ÊÕ ¸·¥¤´ÕÕ
Ê£²μ¢ÊÕ ¸±μ·μ¸ÉÓ, ¢Ò¶μ²´¨¢ Ê¸·¥¤´¥´¨¥ §  ¶¥·¨μ¤. ’μ£¤  ¶·¥¤¸É ¢¨³, ÎÉμ ¨§ ¶¥·¨Í¥´É· 
� μ¤´μ¢·¥³¥´´μ ¸ ÉμÎ± ³¨ � ¨ P′ ¢ÒÌμ¤¨É ÉμÎ±  P′′, ±μÉμ· Ö ¢· Ð ¥É¸Ö · ¢´μ³¥·´μ ¸μ
¸·¥¤´¥° Ê£²μ¢μ° ¸±μ·μ¸ÉÓÕ ¶μ μ±·Ê¦´μ¸É¨. …¥ ¢¨¤¨³μ¥ ¶μ²μ¦¥´¨¥ μ¶·¥¤¥²ÖÉ¸Ö Ê£²μ³
∠�‘P′′, ±μÉμ·Ò° ´ §Ò¢ ¥É¸Ö ¸·¥¤´¥°  ´μ³ ²¨¥° M . Š¥¶²¥· ¢¶¥·¢Ò¥ ¶μ± § ², ÎÉμ E ¨
M ¢¸¥£¤  ¸¢Ö§ ´Ò Ê· ¢´¥´¨¥³ (1).

�¨¸. 1. ƒ· Ë¨Î¥¸± Ö ¨²²Õ¸É· Í¨Ö Ë¨§¨Î¥¸±μ£μ ¸μ¤¥·¦ ´¨Ö Ê· ¢´¥´¨Ö Š¥¶²¥· 

„μ²£μ¥ ¢·¥³Ö ¸Î¨É ²μ¸Ó, ÎÉμ ´¥¢μ§³μ¦´μ ¶μ²ÊÎ¨ÉÓ ÉμÎ´μ¥  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥
Ê· ¢´¥´¨Ö Š¥¶²¥·  (É. ¥. · §·¥Ï¨ÉÓ ÔÉμ Ê· ¢´¥´¨¥ μÉ´μ¸¨É¥²Ó´μ E), ´¥¸³μÉ·Ö ´  ¥£μ
± ¦ÊÐÊÕ¸Ö ¶·μ¸ÉμÉÊ.

�¤´ ±μ ¶μ¸É¥¶¥´´μ ´ Ìμ¤¨²¨¸Ó ´¥±μÉμ·Ò¥ Ëμ·³Ò ÉμÎ´μ£μ ·¥Ï¥´¨Ö, ±μÉμ·Ò¥ ¢¸¥£¤ 
¡Ò²¨ Í¥´´¥¥ Î¨¸²¥´´ÒÌ. ‚ [1] ¶·¥¤¸É ¢²¥´  ¶μ²´ Ö ´μ¢ÒÌ μÉ±·ÒÉ¨° ¨ ¤· ³ É¨§³ 
¨¸Éμ·¨Ö ¶μ¨¸±  ÉμÎ´ÒÌ ¨ ¶·¨¡²¨¦¥´´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö Š¥¶²¥·  ¨ ¨¸¶μ²Ó§Ê¥³Ò¥
¶·¨ ÔÉμ³  ´ ²¨É¨Î¥¸±¨¥ ¨ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò.

’ ±, ´ ¶·¨³¥·, ¨³¥ÕÉ¸Ö ·¥Ï¥´¨Ö ¢ ¢¨¤¥ ·Ö¤μ¢:
• ¶μ ¸É¥¶¥´Ö³ ε [1]:

E = M +
∞∑

n=1

anεn, £¤¥ an =
1

n!2n−1

[n/2]∑
k=0

(−1)k

(
n
k

)
(n−2k)n−1 sin [(n − 2k)M ] ; (2)

• ¶μ ËÊ´±Í¨Ö³ 	¥¸¸¥²Ö μÉ ε [1Ä3]:

E = M +
∞∑

n=1

2
n

Jn(nε) sin (nM). (3)

‘ ¶μ³μÐÓÕ ³¥Éμ¤ , μ¸´μ¢ ´´μ£μ ´  £· ´¨Î´μ° § ¤ Î¥ �¨³ ´ , ¢ [4] ¡Ò²μ ¶μ²ÊÎ¥´μ
¨´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ±μ·´Ö Ê· ¢´¥´¨Ö (1) ¢ ¢¨¤¥

E = M − ε(M − π)

⎡
⎣(ε + 1)2 − 2

π
(M − π)2

1∫
0

F (t) dt

⎤
⎦ , (4)
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£¤¥

F (t) = arctg
−2tC (t)

(
ε +

π

2
t
)

(
ε +

π

2
t
)2

− (M − π)2 t2 − t2C (t)
, C (t) = log

(√
1
t2

− 1 +
1
t

)
.

�μ¶ÒÉ±¨ ¶μ¸É·μ¥´¨Ö ÉμÎ´ÒÌ ¨ ¶·¨¡²¨¦¥´´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö (1) ¶·μ¤μ²¦ ÕÉ¸Ö ¨ ¢
´ Ï¨ ¤´¨ [5, 6]1.

�¤´ ±μ ¶·¥¤¸É ¢²¥´´Ò¥ ¢ÒÏ¥,   É ±¦¥ ¤·Ê£¨¥ ¨§¢¥¸É´Ò¥ ·¥Ï¥´¨Ö £·μ³μ§¤±¨, É·Ê¤´Ò
¤²Ö  ´ ²¨§  ¨ ¢ÒÎ¨¸²¥´¨°: ·Ö¤Ò ¢ ¢Ò· ¦¥´¨ÖÌ (2) ¨ (3) ¶²μÌμ ¸Ìμ¤ÖÉ¸Ö ¨ É·¥¡ÊÕÉ ÊÎ¥É 
¡μ²ÓÏμ£μ ±μ²¨Î¥¸É¢  ¸² £ ¥³ÒÌ,   ¨´É¥£· ² ¢ (4) ¨³¥¥É É·¥¡ÊÕÐ¨¥ ¤μ¶μ²´¨É¥²Ó´μ£μ
 ´ ²¨§  μ¸μ¡¥´´μ¸É¨. �· ±É¨Î¥¸±μ¥ ¨¸¶μ²Ó§μ¢ ´¨¥ Ëμ·³Ê² (2)Ä(4) É ±¦¥ ¶·¥¤¸É ¢²Ö¥É¸Ö
¶·μ¡²¥³ É¨Î´Ò³.

ˆÉ ±, ´¥¸μ³´¥´´μ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¶μ¨¸± ¶·μ¸ÉÒÌ ¨ Ê¤μ¡´ÒÌ ¤²Ö Î¨¸²¥´´ÒÌ
· ¸Î¥Éμ¢ Ëμ·³Ê², § ¤ ÕÐ¨Ì ±μ·´¨ Ê· ¢´¥´¨Ö Š¥¶²¥· . �¨¦¥ ¶·¥¤¸É ¢²¥´a ´μ¢ Ö Ëμ·³ 
Ö¢´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö Š¥¶²¥· . ‚ ´¥° ¨¸¶μ²Ó§μ¢ ´Ò ´μ¢Ò¥ ¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨ Å
£¨¶¥·ËÊ´±Í¨¨ ‹ ³¡¥·É , Ö¢²ÖÕÐ¨¥¸Ö μ¡μ¡Ð¥´¨¥³ ¶μ²ÊÎ¨¢Ï¥° Ï¨·μ±μ¥ · ¸¶·μ¸É· ´¥-
´¨¥ ËÊ´±Í¨¨ ‹ ³¡¥·É  W (x) [7, 8].

1. ƒˆ�…�”“�Š–ˆˆ ‹�Œ�…�’�

‘¥³¥°¸É¢μ £¨¶¥·ËÊ´±Í¨° ‹ ³¡¥·É  HW ({fi (x)}N ; y) ¡Ò²μ ¢¢¥¤¥´μ ¢ [9, 10] ± ±
¥¸É¥¸É¢¥´´μ¥ μ¡μ¡Ð¥´¨¥ ËÊ´±Í¨¨ ‹ ³¡¥·É  W (x), Ö¢²ÖÕÐ¥°¸Ö μ¡· É´μ° ± ËÊ´±Í¨¨ y =
x exp x. –¥²Ó ¨Ì ¢¢¥¤¥´¨Ö Å ·¥Ï¥´¨¥ ³ É¥³ É¨Î¥¸±¨Ì § ¤ Î, ¸¢Ö§ ´´ÒÌ ¸ ¡¥¸±μ´¥Î´Ò³
Ô±¸¶μ´¥´Í¨·μ¢ ´¨¥³.

„ ¤¨³ μ¶·¥¤¥²¥´¨¥ £¨¶¥·ËÊ´±Í¨Ö³ ‹ ³¡¥·É . �Ê¸ÉÓ ¨³¥¥É¸Ö ±μ´¥Î´Ò° ´ ¡μ· ¤¥°-
¸É¢¨É¥²Ó´ÒÌ μ¶μ·´ÒÌ ËÊ´±Í¨° {fi(x)}N . ’μ£¤  £¨¶¥·ËÊ´±Í¨Ö ‹ ³¡¥·É  ¥¸ÉÓ ËÊ´±Í¨Ö,
μ¡· É´ Ö ± ËÊ´±Í¨¨

y = x exp (fN (x) exp (fN−1(x) exp (fN−2(x) . . .))) 2. (5)

Š ± ¶μ± § ´μ, ¢ [9, 10] £¨¶¥·ËÊ´±Í¨¨ ‹ ³¡¥·É  ¶μ§¢μ²ÖÕÉ ¤μ¸É ÉμÎ´μ ÔËË¥±É¨¢´μ
 ´ ²¨É¨Î¥¸±¨ ·¥Ï ÉÓ ¸²μ¦´Ò¥ É· ´¸Í¥´¤¥´É´Ò¥ Ê· ¢´¥´¨Ö É¨¶  Ê· ¢´¥´¨Ö
x exp (x exp (x exp x)) = a, ¨³¥ÕÐ¥£μ ·¥Ï¥´¨¥ ¢ ¢¨¤¥ x = HW ({x, x, x}3; a).

‚ ¤ ²Ó´¥°Ï¥³ ´ ³ ¶μ´ ¤μ¡¨É¸Ö £¨¶¥·ËÊ´±Í¨Ö ‹ ³¡¥·É  ¸ μ¤´μ° ²¨ÏÓ μ¶μ·´μ° ËÊ´±-
Í¨¥° HW ({f(x)}1; y).

�·¨³¥·Ò. HW ({0}1; y) = y; HW ({lnx}1; y) = ±√
y; HW ({x − ln x}1; y) = ln y;

HW ({x}1; y) = W (y).
�·¨¢¥¤¥³ ¤²Ö ¸¶· ¢±¨ Ëμ·³Ê²Ò ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¨ ¨´É¥£·¨·μ¢ ´¨Ö

HW ({f (x)}1; y), ¨¸¶μ²Ó§ÊÖ ¶· ¢¨²  ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¨ ¨´É¥£·¨·μ¢ ´¨Ö [11] ¤²Ö

1�¥Ï¥´¨¥, ¶·¥¤¸É ¢²¥´´μ¥ ¢ [5], Å μÏ¨¡μÎ´μ¥, ÎÉμ ²¥£±μ ¶·μ¢¥·¨ÉÓ ¥£μ ¶μ¤¸É ´μ¢±μ° ¢ Ê· ¢´¥´¨¥.
2‚ [10] ¨¸¶μ²Ó§Ê¥É¸Ö μ¡· É´Ò° ¶μ·Ö¤μ± ´Ê³¥· Í¨¨ μ¶μ·´ÒÌ ËÊ´±Í¨°, ´¥¦¥²¨ §¤¥¸Ó ¨ ¢ [9].
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μ¡· É´ÒÌ ËÊ´±Í¨°

d

dy
HW ({f(x)}1; y) =

HW ({f(x)}1; y)

y

[
1 + HW ({f(x)}1; y)

df

dx

∣∣∣∣
x=y

] ; (6)

∫
HW ({f(x)}1; y) dy = yHW ({f(x)}1; y) −

∫
x=HW ({f(x)}1;y)

xf(x)dx. (7)

2. Š�Š ‚›—ˆ‘‹Ÿ’œ ƒˆ�…�”“�Š–ˆ� ‹�Œ�…�’�

�¥·¥¤ É¥³ ± ± · ¸¸³μÉ·¥ÉÓ ¢μ¶·μ¸ μ¡ Ê¤μ¡¸É¢¥ ¢ · ¸Î¥É Ì ²Õ¡μ° ´μ¢μ° ËÊ´±Í¨¨,
´ ¶μ³´¨³, ÎÉμ ¥Ð¥ ´¥¸±μ²Ó±μ ¤¥¸ÖÉ¨²¥É¨° ´ § ¤, ¢ ¤μ±μ³¶ÓÕÉ¥·´ÊÕ Ô¶μÌÊ, ²μ£ ·¨Ë³¨-
Î¥¸± Ö, ¶μ± § É¥²Ó´ Ö ¨ É·¨£μ´μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨, ´¥ £μ¢μ·Ö Ê¦¥ μ¡ μ¡Ð¥Ê¶μÉ·¥¡¨-
É¥²Ó´ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨ÖÌ, ¡Ò²¨ ´¥Ê¤μ¡´Ò ¤²Ö ¢ÒÎ¨¸²¥´¨°.

�¤´ ±μ ¸¥°Î ¸ ³μ¦´μ ¶·¥¤²μ¦¨ÉÓ ´¥¸±μ²Ó±μ ¶·μ¸ÉÒÌ  ²£μ·¨É³μ¢ ¢ÒÎ¨¸²¥´¨Ö £¨¶¥·-
ËÊ´±Í¨¨ ‹ ³¡¥·É . ‚¸¥ μ´¨ μ¸´μ¢ ´Ò ´  ¢ÒÎ¨¸²¥´¨¨ μ¡· É´μ° ËÊ´±Í¨¨ ¶ÊÉ¥³ · §²μ¦¥-
´¨Ö ¥¥ ¢ ·Ö¤ ’¥°²μ·  ¨ ¶μ¸²¥¤ÊÕÐ¥£μ ·¥Ï¥´¨Ö ¶μ²¨´μ³¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö, ´ ¶·¨³¥·,
³¥Éμ¤μ³ �ÓÕÉμ´ . �·¨³¥·Ò  ²£μ·¨É³μ¢ ¢ÒÎ¨¸²¥´¨Ö μ¡· É´μ° ËÊ´±Í¨¨ ¶·¨¢¥¤¥´Ò ¢
[12Ä14]. 	Ò²  · §· ¡μÉ ´  ¶·μ¸É Ö Maple-¶·μÍ¥¤Ê· , ¶·¨¢¥¤¥´´ Ö ¢ [10], ¶μ§¢μ²ÖÕÐ Ö
¢ÒÎ¨¸²ÖÉÓ,  ´ ²¨§¨·μ¢ ÉÓ ¨ ¸É·μ¨ÉÓ £· Ë¨±¨ £¨¶¥·ËÊ´±Í¨¨ ¸ ²Õ¡Ò³ ±μ´¥Î´Ò³ ´ ¡μ·μ³
μ¶μ·´ÒÌ ËÊ´±Í¨° {fi(x)}N .

�¸´μ¢´ Ö É·Ê¤´μ¸ÉÓ ¨´¢¥·É¨·μ¢ ´¨Ö ËÊ´±Í¨¨ § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ μ¡· É´Ò¥ ËÊ´±-
Í¨¨ ´¥³μ´μÉμ´´ÒÌ ËÊ´±Í¨° ³´μ£μ§´ Î´Ò (É. ¥. ¨³¥ÕÉ ´¥¸±μ²Ó±μ ¢¥É¢¥°) ¨ ´¥μ¡Ìμ¤¨³μ
¢ÒÎ¨¸²ÖÉÓ §´ Î¥´¨¥ ËÊ´±Í¨¨ ¸ ¶·¨¢Ö§±μ° ± ±μ´±·¥É´μ° ¢¥É¢¨. �·μ¡²¥³  ¸¥²¥±Í¨¨ ¢¥-
É¢¥° ³´μ£μ§´ Î´μ° μ¡· É´μ° ËÊ´±Í¨¨ ¢ ¶·¨³¥´¥´¨¨ ± Ê· ¢´¥´¨Õ Š¥¶²¥·  ³μ¦¥É ¡ÒÉÓ
·¥Ï¥´ , ´ ¶·¨³¥·, ³¥Éμ¤μ³ ¢Ò¤¥²¥´¨Ö ¥¤¨´¸É¢¥´´μ° ¤¥°¸É¢¨É¥²Ó´μ° ¢¥É¢¨ ¨§ ³´μ¦¥¸É¢ 
±μ³¶²¥±¸´ÒÌ.

3. �…˜…�ˆ… “��‚�…�ˆŸ Š…�‹…��

�¥·¥¶¨Ï¥³ Ê· ¢´¥´¨¥ Š¥¶²¥·  (1) ¢ Ô±¸¶μ´¥´Í¨ ²Ó´μ³ ¢¨¤¥

E exp
[
ln

(
1 − ε sin E

E

)]
= M, (8)

¨ Éμ£¤  ¥£μ ·¥Ï¥´¨¥ ¥¸ÉÓ

E = HW

({
ln

(
1 − ε sinx

x

)}
1

; M
)

. (9)

‚ ¸¶· ¢¥¤²¨¢μ¸É¨ ¶μ²ÊÎ¥´´μ£μ ·¥Ï¥´¨Ö ³μ¦´μ ²¥£±μ Ê¡¥¤¨ÉÓ¸Ö ¶ÊÉ¥³ ¶μ¤¸É ´μ¢±¨ ¥£μ ¢
Ê· ¢´¥´¨¥ Š¥¶²¥·  (1).

�·¨ ¢ÒÎ¨¸²¥´¨¨ §´ Î¥´¨Ö E ¤²Ö ±μ´±·¥É´ÒÌ §´ Î¥´¨° ε ¨ M ¶·μ¡²¥³  ¸¥²¥±Í¨¨
¢¥É¢¥° (Ê· ¢´¥´¨¥ (1) ¨³¥¥É ¡¥¸±μ´¥Î´μ¥ Î¨¸²μ ±μ³¶²¥±¸´ÒÌ ·¥Ï¥´¨° ¨ μ¤´μ ¨¸±μ³μ¥
¤¥°¸É¢¨É¥²Ó´μ¥) ·¥Ï ² ¸Ó ¶ÊÉ¥³ ¢Ò¤¥²¥´¨Ö ¥¤¨´¸É¢¥´´μ° ¤¥°¸É¢¨É¥²Ó´μ° ¢¥É¢¨.
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ˆ¸¶μ²Ó§μ¢ ´¨¥ · §· ¡μÉ ´´μ° Maple-¶·μÍ¥¤Ê·Ò [10] ¶μ§¢μ²Ö¥É ¢ÒÎ¨¸²ÖÉÓ § ¢¨¸¨-
³μ¸ÉÓ E(M) ¶·¨ ±μ´±·¥É´ÒÌ ε. �·μ¢¥·±  ¶μ± § ² , ÎÉμ ±μ·´¨ Ê· ¢´¥´¨Ö Š¥¶²¥· ,
¢ÒÎ¨¸²¥´´Ò¥ ¶μ Ëμ·³Ê²¥ (3) ¶·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ³ ±μ²¨Î¥¸É¢¥ Î²¥´μ¢ ÔÉμ£μ ·Ö¤  ¨
¶μ Ëμ·³Ê²¥ (9) ¶·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ³ ±μ²¨Î¥¸É¢¥ Î²¥´μ¢ ·Ö¤  ’¥°²μ·  ¤²Ö μ¡· É´μ°
ËÊ´±Í¨¨, ¶μ²´μ¸ÉÓÕ ¸μ¢¶ ¤ ÕÉ.

�μ²¥§´μ ¸· ¢´¨ÉÓ μ¸μ¡¥´´μ¸É¨ ¢ÒÎ¨¸²¥´¨Ö ¨¸±μ³μ£μ ·¥Ï¥´¨Ö ¶μ Ëμ·³Ê² ³ (3) ¨ (9).
’ ± ± ± Ëμ·³Ê²  (3) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸Ê³³Ê É·¨£μ´μ³¥É·¨Î¥¸±¨Ì ¸² £ ¥³ÒÌ,  ³¶²¨-
ÉÊ¤  ¨ ¶¥·¨μ¤ ±μÉμ·ÒÌ Ê¡Ò¢ ÕÉ ¸ ·μ¸Éμ³ ´μ³¥·  n, Éμ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ´¥¡μ²ÓÏμ£μ ±μ²¨-
Î¥¸É¢  Î²¥´μ¢ ·Ö¤  ´  ±·¨¢μ° E(M) § ³¥É´Ò μ¸Í¨²²ÖÍ¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸² £ ¥³μ³Ê ¸
³ ±¸¨³ ²Ó´Ò³ ´μ³¥·μ³ (·¨¸. 2,  ). ‘ Ê¢¥²¨Î¥´¨¥³ ±μ²¨Î¥¸É¢  ¸² £ ¥³ÒÌ  ³¶²¨ÉÊ¤  ÔÉ¨Ì
μ¸Í¨²²ÖÍ¨° Ê³¥´ÓÏ ¥É¸Ö, ¨ ±·¨¢ Ö ¶·¨¡²¨¦ ¥É¸Ö ± ¸¢μ¥³Ê ÉμÎ´μ³Ê ¶·μË¨²Õ.

�¨¸. 2. ˆ²²Õ¸É· Í¨Ö μ¸μ¡¥´´μ¸É¥° ¢ÒÎ¨¸²¥´¨Ö E(M) ¶·¨ ε = 0,99 ¶μ Ëμ·³Ê² ³ (3) ( ) ¨ (9) (¡):
1, 2 Å ¶·¨ Î¨¸²¥ Î²¥´μ¢ ·Ö¤  n = 5 ¨ n = 150; (0, A) Å ÊÎ ¸Éμ± ¸μ¢¶ ¤¥´¨Ö ¶·¨ 15 Î²¥´ Ì ·Ö¤ 

’¥°²μ· , (0, 	) Å ¶·¨ 20, (0, ‚) Å ¶·¨ 25 Î²¥´ Ì ·Ö¤  ’¥°²μ· 

‘μ¢¸¥³ ¶μ-¤·Ê£μ³Ê ¶·μ¨¸Ìμ¤¨É ¶·¨¡²¨¦¥´¨¥ ± ¸¢μ¥³Ê ÉμÎ´μ³Ê ¶·μË¨²Õ ±·¨¢μ°,
¢ÒÎ¨¸²Ö¥³μ° ¶μ Ëμ·³Ê²¥ (9). C ·μ¸Éμ³ ±μ²¨Î¥¸É¢  Î²¥´μ¢ ·Ö¤  ’¥°²μ·  ¤²Ö μ¡· É´μ°
ËÊ´±Í¨¨ · ¸É¥É ¤²¨´  ÊÎ ¸É± , £¤¥ ¨³¥¥É¸Ö ¸μ¢¶ ¤¥´¨¥ ¢ÒÎ¨¸²¥´´μ° ±·¨¢μ° ¸μ ¸¢μ¨³
ÉμÎ´Ò³ ¶·μË¨²¥³,   ¶·μ¨¸Ìμ¤¨É ÔÉμ ¢μ±·Ê£ ÉμÎ±¨, ¢¡²¨§¨ ±μÉμ·μ° ¡Ò²μ ¢Ò¶μ²´¥´μ
· §²μ¦¥´¨¥ ¢ ·Ö¤ ’¥°²μ·  (ÉμÎ±¨ M = 0 ´  ·¨¸. 2, ¡).

�  ¶· ±É¨±¥ É ±¦¥ ¨³¥¥É ¡μ²ÓÏμ¥ §´ Î¥´¨¥ ¡Ò¸É·μ¤¥°¸É¢¨¥ ¶·μÍ¥¤Ê· ¢ÒÎ¨¸²¥´¨Ö
·¥Ï¥´¨Ö ¶μ Ëμ·³Ê² ³ (3) ¨ (9). �¡ÒÎ´μ (¸³., ´ ¶·¨³¥·, [15]) É ±μ¥ ¸· ¢´¥´¨¥ ¶·μ¨§¢μ¤ÖÉ
¤²Ö ±μ´±·¥É´μ£μ ¶·μÍ¥¸¸μ·  ¨ ±μ´±·¥É´μ° ¸¨¸É¥³Ò ±μ³¶ÓÕÉ¥·´μ°  ²£¥¡·Ò. ‘²¥¤ÊÖ [15],
Ê± ¦¥³, ÎÉμ ´  ¶·μÍ¥¸¸μ·¥ Intel Celeron (600 ŒƒÍ, 256 Œ	 �‡“) ¢ ¸¨¸É¥³¥ Maple-9
¢ÒÎ¨¸²¥´¨¥ ¶μ Ëμ·³Ê²¥ (3), ´ ¶·¨³¥·, ¤²Ö n = 10, ±μ£¤  ¨³¥ÕÉ¸Ö ¸¨²Ó´Ò¥ μ¸Í¨²²ÖÍ¨¨
´  ±·¨¢μ°, É·¥¡Ê¥É 3,35 ¸, ¤²Ö n = 50, ±μ£¤  μ¸Í¨²²ÖÍ¨¨ ¥Ð¥ § ³¥É´Ò, Å 6,59 ¸,   ¤²Ö
n = 150, ±μ£¤  μ¸Í¨²²ÖÍ¨¨ Ê¦¥ ´¥ § ³¥É´Ò, Å 133,27 ¸ ¶·μÍ¥¸¸μ·´μ£μ ¢·¥³¥´¨. ’ ±μ°
¡Ò¸É·Ò° ·μ¸É ¢·¥³¥´¨ · ¸Î¥É  μ¡Ê¸²μ¢²¥´ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ ¢ÒÎ¨¸²¥´¨Ö ¡μ²ÓÏμ£μ Î¨¸² 
§´ Î¥´¨° ËÊ´±Í¨° 	¥¸¸¥²Ö.

‚ÒÎ¨¸²¥´¨¥ ¦¥ ¶μ Ëμ·³Ê²¥ (9) ¶·¨ 10 Î²¥´ Ì ·Ö¤  ’¥°²μ· , ±μ£¤  ¤²¨´  ÊÎ ¸É± 
¸μ¢¶ ¤¥´¨Ö § ³¥É´μ ³¥´ÓÏ¥ § ¤ ´´μ£μ ¨´É¥·¢ ²  (M = 0−7), § ´¨³ ¥É 5,39 ¸,   ¶·¨
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25 Î²¥´ Ì ·Ö¤ , ±μ£¤  ¤²¨´  ÊÎ ¸É±  ¸μ¢¶ ¤¥´¨Ö ¶μÎÉ¨ ¤μ¸É¨£ ¥É ¤²¨´Ò ¨´É¥·¢ ²  M =
0−7, Å 24,84 ¸.

’ ±¨³ μ¡· §μ³, ¢ · ¡μÉ¥ ¶·¥²μ¦¥´ ´μ¢Ò° ¶μ¤Ìμ¤ ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö Š¥¶²¥·  ´ 
μ¸´μ¢¥ £¨¶¥·ËÊ´±Í¨° ‹ ³¡¥·É .

‚Ò· ¦ ¥³ ¡² £μ¤ ·´μ¸ÉÓ ƒ. ƒμ´´¥ÉÊ §  ¶μ³μÐÓ ¢ ¶μ¤¡μ·¥ ²¨É¥· ÉÊ·Ò ¨ 
.	. ŠÊ¤ ¸μ¢Ê
§  ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö.
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