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RADIATIVE MUON (PION) PAIR PRODUCTION
IN HIGH-ENERGY ELECTRON-POSITRON
ANNIHILATION
(THE CASE OF SMALL INVARIANT PAIR MASS)

A. B. Arbuzov®, E. Bartos®', V. V. Bytev®, E. A. Kuraev®, Z. K. Silagadze®

“Joint Institute for Nuclear Research, Dubna
YBudker Institute of Nuclear Physics, Novosibirsk, Russia

The process of muon (pion) pair production with small invariant mass in electron—positron high-
energy annihilation, accompanied by emission of a hard photon at large angles, is considered. We find
that the Drell-Yan picture for the differential cross section is valid in the charge-even experimental
set-up. Radiative corrections both for the electron block and for the final state block are taken into
account.

P ccmotpen mpouecc 00p 30B HUSI MIOOHHO# (ITMOHHO#) I PbI B IPOIIECCE IEKTPOH-TO3UTPOHHOM
HHUTHISAIUH ¢ 00p 30B HUEM pe JIBHOTO XEeCTKOTro HeKOJUTHHE pHOro (oToH . [Tox 3 HO, yTo mudde-
PEHIIM JIbHOE CeYeHHe OMUCHIB eTcs B p MK X mpouecc Hpemt —SIH B 3 psIoOBO-Y4€THOH MOCT HOBKE
DKCHEepUMEHT . P I IMOHHBIE TONP BKU K 3JICKTPOHHOMY OJIOKY U KOHEYHOMY COCTOSIHUIO TIPUBEICHbI
B H JINTUYECKOM BUIE.

INTRODUCTION

The radiative return method, when the hard initial state radiation is used to reduce the in-
variant mass of a hadronic system produced in the high-energy electron—positron annihilation,
provides an important tool to study various hadronic cross sections in a wide range of invariant
masses without actually changing the center-of-mass energy of the collider [1-6]. The very
high luminosity of the modern meson factories makes the method competitive with the more
conventional energy scan approach [7,8]. Preliminary experimental studies both at KLOE [9]
and at BABAR [10] confirm the excellent potential of the radiative return method. The case
of resonance production by this mechanism was first considered in Ref. [11]. Recently a
considerable effort was made to elucidate the theoretical understanding of the radiative return
process, especially for the case of low-energy pion pair production [12—18].

The case when the invariant mass of hadron system /51 is small compared to the center-
of-mass total energy /s = 2¢ is of special interest. Such a situation is realized, for example, in
the BABAR radiative return studies, where such interesting physical quantities as form factors
of the pion and the nucleon can be investigated. The processes of radiative annihilation
into muon and pion pairs, considered here, play a crucial role in such studies, both for
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the normalization purposes and as one of the principal hadron production processes at low
energies. Description of their differential cross sections with a rather high level of accuracy
(better than 0.5% in the muon case) at the energies of the BABAR experiment is the goal of
the present paper.

We specify the kinematics of the radiative muon (pion) pair creation process

e—(p-) +e+(p+) = p—(g-) + p(gq+) + (k1) €))
as follows:

pi=m? ¢i=M? k=0,
X+ =2kips, Xy =2kige, s=(p-+ps)? s1=(¢-+qs)°, ()
t=-2p_q-, t1=-2p4q4, u=-2p_q4, u1=—-2piq_,

where m and M are the electron and muon (pion) masses, respectively. Throughout the paper
we will suppose

S~ —t~ —t] ~ =~ Uy~ X~ X S AM? > m? (3)

and s> s; > M2

We will systematically omit the terms of the order of M?/s and m?/s; compared with
the leading ones. In O («) radiative corrections, we will drop also terms suppressed by the
factor s1/s. A kinematical diagram of the process under consideration is drawn in Fig. 1.

In this paper we will consider only the charge-
even part of the differential cross section, which
can be measured in an experimental set-up blind
to the charges of the created particles. So we omit
the contribution from box-type FD, when virtual
photon connects both muon and electron line. A
detailed study of the charge-odd part of the radia-
tive annihilation cross section in general kinemat-
ics will be presented elsewhere. Also we neglect
the contributions from non-collinear final state ra-
Fig. 1. Kinematical diagram for a radiative Jjation due to suppression factor s1/s.
event with a small invariant mass s, Our paper is organized as follows. The next

section is devoted to the Born-level cross section.
Radiative corrections to the final and initial states are considered in Sec.2. This is followed
by concluding remarks. Some useful formulae are given in the appendix.

1. THE BORN-LEVEL CROSS SECTION

Within the Born approximation, the matrix element of the initial state emission process
has the form
(47r04)3/27 ﬁ,—fcl—l—mA A—ﬁJr—i—kAl—l—m
Mp = ———
B s U(p-i-) Yp —2p,/€1 e+e —2p+k1

Yo |ulp-)J* 4)
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with
J? = ti(q- )y ulgy) ©)
for the muon pair production, and
IR = (g- = ¢4+) F7" (s1) ©)

for the case of charged pions, F5"(s1) being the pion strong interaction form factor, in which
we include all the effects of strong interactions in two-pion formation.
The corresponding contribution to the cross section is

do}y _ RI RI — pro;(04) i =S" ), =
dar 8r2sst pa 2 ro o p\Jo") T
Bpa = ngpa + Bll(p*p*)pa + BQQ(erer)pU; (7)
2 _ 2 4 4
Bg = - (Sl ki X+) * (81 * X ) ) Bll - - o1 ) BQQ - - o1 ’
X+X— X+X— X+X—

where we have used the short hand notations (¢q),s = ¢pq0, (P9)pe = PpGs + ¢pPo. For the
muon final state

S1

Z'f)(z)f“) =4 (Q+Q—)p0 - 91)05 : (8)

For the case of pions,

O = [P (s1) 2 (q- — q4)p(a- — q4)o- 9)

Note that the Born-level cross section for the eTe™ — u™p ™~y process was calculated
in [19,20] (see also [21]).
The phase space volume of the final particles is
d3q_ d3qy d3ky

dr = —= 54 _—qy —q_ — k). 10
= o o (p+ +p 4+ —q 1) (10)

For the case of small invariant mass of the created pair s; < s, it can be rewritten as (see
Fig. 1)

dl' = m2dz_deds, (11)

(note that s; is small due to ¢ — 1, but the energy of muon pair is large: sz% > 4M?) and
approximately

5 1 s(l1Fec
xi:§7 J)++J)_:1, leg\/ga X+ = ( 2:': )7 le:zsxia
—sz_(1—¢) —szy(l1+4¢) —szy(l—c) —sx_(1+¢)
t=——— = tH=————~ = - = —
) ) 1 2 ) U 2 ) U 2 )

c=rcos(p_q_) = cos 0.
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We will assume that the emission angle of the hard photon lies outside the narrow cones
around the beam axis: 0y < 01 < 7w — 0y, with 0y < 1, Oge > M.

When the initial state radiation dominates, the Born cross section take a rather simple
forms

3 2
() : _ (i)
dO'BM (p_,p+, kl,q_,q_l,_) = m[20’+ 1-— 2x_a:+]dx_dcd51,
3 2
(m) . _ o (1+C) Fstr 27
do (p—7p+7/€17Q—7Q+)—7881(1_02)| S (s1)|? [0 + z_xy]dr_dcedsy, (12)
1 1 AM? M?
—(1— _ < —(1 =4/1—= =
S1-8) <o <3(1+H). 4 o=

Here ( is the velocity of the pair component in the center-of-mass reference frame of the
pair.

2. RADIATIVE CORRECTIONS

Radiative corrections (RC) can be separated into three gauge-invariant parts. They can be
taken into account by the formal replacement (see (7)):

R K" .Jj,
=T @ e (13)
st sl —T(s)P?

where II(s1) describes the vacuum polarization of the virtual photon (see Appendix); K9 is
the initial-state emission Compton tensor with RC taken into account; Jgg is the final state
current tensor with O (a) RC.

First we consider the explicit formulae for RC due to virtual, soft, and hard collinear
final state emission. As regards RC to the initial state for the charge-blind experimental
set-up considered here, we will use the explicit expression for the Compton tensor with heavy
photon K*“ calculated in the paper [22] for the scattering channel and apply the crossing
transformation (see also [15]). Possible contribution due to emission of an additional real
photon from the initial state will be taken into account too. In conclusion, we will give the
explicit formulae for the cross section, consider separately the kinematics of the collinear
emission, and estimate the contribution of higher orders of perturbation theory (PT).

2.1. Corrections to the Final State. The third part is related to the lowest order RC to the
muon (pion) current [27]

Jpo = 180 + i) + (). (14)
(v)

The virtual photon contribution i, takes into account the Dirac and Pauli form factors of the
muon current

Do =04

a7 Pl a=arta, si=¢ (9

T = a(g-) |, Fi(s1) +
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We have

Bpgig;“) =B, Z |Jlgvu)|2 + By, |:Z |p_J(vu)|2 + Z |p+J(uH)|2:|. (16)

pol pol pol

Here > means a sum over the muon spin states and

«
ST = = [=8(s1 + 2M2) ) = 126 £57),

pol

a 1 a7
Z |J(”“)pi|2 = ;32(1 + ¢)? (x+a:_f1(”) + ng(“)) )
pol
For the pion final state we have
o (VT a o (U
B” Z;U) — 2;Bp Zﬁ;?f)ngD,
-(UT o Str
BifD = 2|3 (s1)[? % (18)

X

1
(4M2 = 51)By + 25" Bui (w4 —w-)2(1+ %) | 5P,

The explicit expression for the f1'5, f@EP form factors of pion and muon are given in the
Appendix.
The soft photon correction to the final state currents reads

-\ ST o -(UT - S o s
ZE}U ) = ;A1’2’Z(p(l)7' )a ZE}UH) = ;Al'Q'ZE)%H)a
1 [ d3k 1\ 1+42 1 Ae)2 M2
Ak [LR(ar 0 (g By B
4 w \g+k g-k) | <ac 2p 1-p e2ryw N

1+ 32 1. ,1+8 1+8, 1-p%2 7x? . (B—1
B L e B e !
i dt 1 —¢2 (x+—a:_)2 145 (19)
g=2ﬁ/71_ﬂ2t2 1n(1+ 1 i )zln(—1_5>ln(1+z—z/62)+
0

. (1=-8 . (1=-p (140 . ( 1+p
+L12 (714—5/7“) +L12 (fl_—ﬂ/r) —L12 (7]_—5/7“> —ng (1—}—[3/7’),

4M> 1 T 77\ >
B=1/1- 5 Z_Z<’/_+_’/_)’ r=|ry —x_|.
$1 T_ Ty

This formula provides the generalization of known expression (see (25), (26) in [23]) for the
case of small invariant mass 4M? ~ /51 < e4.

The contribution of an additional hard photon emission (with momentum k2) by the muon
block, provided 51 = (¢4 + q— + k2)? ~ 51 < s, can be found by the expression

B/)a'(hu) _ i d3k2 Bro J(’Y) J('Y) * 20
Zpa - Z P (a ) ’ ( )

47T2 w2

wo>Ae



46 Arbuzov A. B. et al.

with
2 2
ST = 4Q% (51 + 2kaq- + 2kaqy + 2M2) — g k2a-)” + (kaq)
. 0 (k2q—)(k2q+)
@= q_ks  qiko
and

D TP pe? = —8Q%(q-p+)(qrp+) +

VE DP+q+ P+q— DP+q+
(pi 2) ( q+ q ko q q Ky > (pi 2) < q kg q kg )

(kop+)M?
(k2qy)(k2q-)

+8(p+Q)(p+q+ —p+q-) — 8 (21)

For the case of charged pion pair production, the radiative current tensor has the form

(hr « T/~ d3k2 ]\42
i = -2 [P0t S

2
w2 Xa_

2
(Q1Q1)p0 + —Ag (Q2Q2)ps —
X2+

q+9— 1
- * (QlQQ)pa + 9po —
X2+X2— X2—

Q1=q- — qy + ko, Q2 =q- —qy — ko, X2+ = 2kaqy+.

; (22)

wa>Ae

(Qug ) + i(Qqua]
X2+

One can check that the Bose symmetry and the gauge invariance condition is valid for the
pionic current tensor. Namely, it is invariant with regard to the permutation of the pion
momenta and turns to zero after conversion with 4-vector q.

The sum of soft and hard photon corrections to the final current does not depend on A¢/e.

2.2. Corrections to the Initial State. Let us now consider the Compton tensor with RC,
which describe virtual corrections to the initial state. In our kinematical region it will be
convenient to rewrite the tensor explicitly extracting large logarithms. We will distinguish
two kinds of large logarithms:

L =In ;—1 (23)

S
ls :lnm,

We rewrite the Compton tensor [22] in the form

a a 1
Kpa = (1 + %P) Bpa + % [ngpa + T11(p—p—)pa + 7'22(p+p+)/)a - 5712(p—p+)/)a )
(24)

m 4 9
p= _41n7(ls—1)—z§+3l3—3zl+§w2—§,
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with 73, = a;l1 + b; and

25 2b2 4s  4(s®> +bx_) b*(2c— x— 25+
an = — 1[ LA A QX)— (2’”— X*} (25)
X4+X—- LX+X- a a coX— X+
2 2 b? b%(2¢ — x—
— {_51 (1+ SQ)G_ (2+_2)G+_M1ni_
X+X- X+ X< coX— X+
2 by_ b2
_ 8—1(28+X+)1ni—w—45—251—x_——:|, (26)
X+ X- G ¢
251 4ss1 8(x+x— — %) 4s 1 1
aiz = — — - 2 — gt o)
X+X- 1 X+X- a a bx+
1 1
+ o) (4 ) | @7
2 251 251
b1 = [ sc—X-X+)G- + —5(sb— x—x+)G+ +
e X+( +) Xg_( +)Gy
2 4y _ 4 2 4y _ 4
4o 851+XX++ 551 1ni+51 851+XX++ 581 1ni+
c? ex— X+ b? bx+ X
8(s% — — -
. M_zs(x_ux_ +251+105], (28)
a c b
2
0 - _25( 51 __>+L(§_1>+i(§_1), (29)
X+X- a) x+\b X-\ ¢
b, = _L(ﬁ+25b+x2+)g__i(ﬂ+25‘3+x2>a+_
X+ \ X+ X— X— \X- X+
b 962 _ 2 _ 2
_ i<§_1)1ni__<§_1>1ni+uv (30)
X+ \ b X-  x-\¢ X+ 2X+ X~
G- = —mX +”——2L12(1——)+2L12< 51)+21n—1n<1+i),
3 X- X -
2
G, = —1n2X—++7r——2L12(1——)+2L12< 1)+21n5—11n<1+s—1>,
s 3 X+ X+ X+

Toa(X— X+) = Tin(X+,x-),a=—(x4 +x-), b=s1+x-, c=s1+xt

The infrared singularity (the presence of the photon mass X\ in p) is compensated by
taking into account soft photon emission from the initial particles:

(%
ClO'SOft = dUO;AIQ;

&Pk -\
Ap=—— | — | — — L=
47 w p+k p_k

As a result, the quantity p in formula (24) will change to

mAe 1 2
=2(ls— 1)1 iy R
(s = Din =+ 5l = 3

w<Ae

A 272
p—)pA:(41n?€+3)(l3—1)—3l1+%—g. (32)
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Cross section of two-hard-photon emission for the case when one of them is emitted
collinearly to the incoming electron or positron can be obtained by means of the quasi-real
electron method [24]:

do? A& (p_ (1 — z3), p1i k
~7, coll B p*( 1’3),p+, 1,q+,q,)
dr_dc dsy AWy (ks) dr_dc dsy *
da—%(pfvar(l_fo);klanrvq )

+ AWy, (ks) dr_dc ds, ’ (33)

with
2 2
« x5 (€6o) dxs 3 Ae

de(k3):; |:<]_—£C3—|—?> In 2 —(1—253) m—?” T3 = —, $3>?. (34)

Here we suppose that the polar angle 63 between the directions of the additional collinear
photon and the beam axis does not exceed some small value 0y < 1, 6y > m

The boosted differential cross section d&% (p—z,p+y; k1, ¢+, q—) with reduced momenta
of the incoming particles reads (compare with Eq. (12))

o' (472, p—713 k1, ¢4, 9-) _ o’ (14+20—2v_(1—v_))(zf(1—c)*+a3(1+c)®)
dx_dcdsy s180223(1—c?)(x1+xotc(ma—11)) ’

Ao (pyxa, p—x13 k1, q4,9-)

_ a3( ( ) 0’)(.131(1 C) +x2(1+c) ) (35)
dx_dedsq s1827 x2(1 — ) (1 +zote(va—21))
T 2z
v =—, =
Y2

1 + 22 + (o — 1)

In a certain experimental situation, an estimate of the contribution of the additional hard
photon emission outside the narrow cones around the beam axes is needed. It can be esti-
mated by

do?

yymoncoll @ [ dhks [€2 + (€ —ws)? 1 dof(p-(1—x3),pyikr, gy, 4-)
dx_dc dsq 472 w3 Ews ksp_ dz_dc dsq
1 dol(p_,py(1 —x3);k _
O—B(p ap+( x?))’ 1’q+7q )} , J)gz ﬂ (36)
ksp dx_dc dsy 05300, Ac<ws<w: €

It is a simplified expression for the two-photon initial-state emission cross section. For the

case of a large-angle emission, deviation of our estimate from the exact result is small. It
does not depend on s and slightly depends on 6y. For 6y ~ 1072 we have

z f(do—?y'y, noncoll d ]

O’,Y% noncoll exact)
«

J do,

<107t

(37)
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2.3. Master Formula. By summing up all contributions for the charge-even part, we can
put the cross section of the radiative production in the form

do? (p4,p—; k1, a4, q— // dxidxy dajé(p+$27p—$1;k1,Q+7q—)X
dr_dc ds; [1-TI(sz1x2)|? dr_dc ds;

1
. 1 1— 2 2
xD(x1,1l5)D(x2,ly) (1 + g[@) + @ /dx {Mlne—o —|—x} X
T 21 T 4
A

(38)
X

dﬁ’]g(p—(l—x),m;kl,q+,q—)+d53§(p—,p+(1—x);k17q+,q—) Ao’ oncoll
dr_dc ds, dr_dc ds, dr_dc ds;’

D@@):&1-@+§%ﬂ”@xg—n+

A 1+ 22
A= P = () L mu
+

€ 1—x

The boosted cross section do is defined above, in Eq. (35). The lower limits of the integrals
over z1,2 depend on the experimental conditions.
The structure function D includes all dependence on the large logarithm /. The so-called
K factor reads
Ki— L g ( ) 4 4() +Z(h])) + RW (39)

R] compt*

Quantities Rggmpt include the «nonleading» contributions from the initial-state radiation.
Generally, they are rather cumbersome expressions for the case s; ~ s. For the case

s1 ~ M? < s we obtain

2

RW  _  pm c 40
compt compt + (1—-2z_z4 +20)(1+c2)’ “0)
2 2
(™) B 1-c 5+20+012 2 _5—01 2
Rcompt - 4(1+62){ 1—c2 n 1+c¢ 1+c n 1+e¢ +

5—2c+c? o 2 d+c 2 c? w2
—1 — 1 —4 —. 41
R <1—c) 1—cn<1—c) —2f Ty @b

Fig. 2. RW)

compt

forc =0.1, z_ =0.1 Fig. 3. Rcompt forc =0.1, x— =0.1
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. - s
Here we see the remarkable phenomena: the cancellation of terms containing In (—) In
S1

such a way only one kind of large logarithm In (s/m?) enters in the final result. This fact is
the consequence of the renormalization group invariance.

The values of R%).  and R™

compt compt

are depicted on Figs.2 and 3.

CONCLUSIONS

We have considered radiative muon (pion) pair production in high-energy electron—
positron annihilation for the charge-blind experimental set-up. Anyway, the charge-odd part
of the cross section under consideration is suppressed by the factor s1/s < 1 in the kinematics
discussed here.

Using the heavy photon Compton tensor [22], we have calculated radiative corrections
to this process. Although analogous calculations were performed earlier (see, for example,
[13,15-17]), our main result, equation (38), is new, we believe. This result shows that the
cross section in our quasi 2 — 2 kinematics can be written in the form of the cross section
of the Drell-Yan process. Thus the results of [25] for the RC to the one-photon ete~
annihilation into hadrons are generalized to the situation when a hard photon at a large angle
is present in the final state.

This generalization is not a trivial fact because the two types of large logarithms are
present in the problem.

Possible background from the peripheral process e — eeufi is negligible in our kinemat-

L as . . . . .
ics: it is suppressed by the factor =2 and, besides, can be eliminated if the registration of

the primary hard photon (see Eq. (17§) ?s required by the experimental cuts for event selection.
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APPENDIX

The one-loop QED form factors of muon and pion are

" " « "
Re " (s1) = 1+ =1 (s1), ReFy" (s1) = = £ (s1),

’ M 1+ 52 1+62( 1 +8
P@g:(mKHJ)O— 2/313)+ 27 Cq@+¢m 5+

3'
- 2L12(1+ﬁ>)

I3, (A1)

1- 32
80
«
RGFSED(Sl) =1 + ;ngD(Sl),

£(s1) = —
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Qep (1. M 14 L+B2 7 1, 1+ =
fr (sﬁ-(ln)\ 1)(1 23 lg ) + 23 413+l51n—2ﬂ +3+

_ 2
+L12<%)>, 52:1—42, lﬁ:m%.

The expressions for leptonic and hadronic [26] contributions to the vacuum polarization
operator II(s) are

II(s) = I (s) + 1 (s),
I (s) = %Hl(s) + (%)QHQ(S) + (%)3113(5) -

7 et e~ —hadrons o/
Hh(s) S [PV / g (S )ds/ _ ,L',]_ro_e+e_~>hadrons(s)‘| .

(A2)

42 s— s
4m?2

The first-order leptonic contribution is well known [27]:

1 s 5
H1(s)=glnw—§+f(%)+f($7)_
. 1
where
5 x 1 1++vV1—=x
—— 42 V1i—z In|————=| f <1
9 3+6( +x) xn‘l_m or x
—§—§+§(2+x)\/x—1 arctan <7m> for = > 1,
1 Am?,
o) = e TE, = T
s

In the second order it is enough to take only the logarithmic term from the electron contribu-

tion [28] .

HQ(S) 4

s ) 5
(ln i Z7T) +<¢(3) - 2 (A.4)
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