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�·¥¤²μ¦¥´ ¸¶μ¸μ¡ ·¥Ï¥´¨Ö ¤¢Ê³¥·´ÒÌ ¸É É¨Î¥¸±¨Ì ³μ¤¥²¥°. ‚ μÉ²¨Î¨¥ μÉ ¨§¢¥¸É´ÒÌ ¸¶μ¸μ¡μ¢
μ´ Ö¢´μ ¨¸¶μ²Ó§Ê¥É ¶·μÍ¥¤Ê·Ê  ´ ²¨É¨Î¥¸±μ£μ ¶·μ¤μ²¦¥´¨Ö S-³ É·¨ÍÒ ´  ´¥Ë¨§¨Î¥¸±¨¥ ²¨¸ÉÒ
·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸É¨.

The method of solution of the two-dimensional static models is suggested. Unlike known methods
it obviously uses procedure of analytical continuation of S-matrix to unphysical sheets of the Riemann
surface.
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„μ± § É¥²Ó¸É¢μ �.�. 	μ£μ²Õ¡μ¢Ò³ ¤¨¸¶¥·¸¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° ¤²Ö πN -· ¸¸¥Ö´¨Ö
´  ´¥´Ê²¥¢μ° Ê£μ² [1] ¶μ¤¢¥²μ ¶·μÎ´Ò° ËÊ´¤ ³¥´É ¶μ¤ ¸É É¨Î¥¸±¨¥ ³μ¤¥²¨. �¨¦¥ ³Ò
¡Ê¤¥³ ¨§ÊÎ ÉÓ ¸É É¨Î¥¸±¨¥ ¤¨¸¶¥·¸¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö, ¸¢μ¤Ö ¨Ì ± ´¥²¨´¥°´μ° (§  ¸Î¥É
Ê¶·Ê£μ£μ Ê¸²μ¢¨Ö Ê´¨É ·´μ¸É¨) ±· ¥¢μ° § ¤ Î¥. �´  ¸μ¸Éμ¨É ¨§ ·Ö¤  Ê¸²μ¢¨° ´  ³ É·¨Î´Ò¥
Ô²¥³¥´ÉÒ S-³ É·¨ÍÒ:

a) Si Å ³¥·μ³μ·Ë´Ò¥ ËÊ´±Í¨¨ ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ z

¸ · §·¥§ ³¨ (−∞,−1], [+1, +∞), i � N ;
¡) S∗

i (z) = Si(z∗);

¢) | Si(ω + i0) |2 = 1 ¶·¨ ω � 1, Si(ω + i0) = lim
ε→+0

Si(ω + iε);

£) Si(−z) =
N∑

j=1

AijSj(z).

(1)

„¥°¸É¢¨É¥²Ó´Ò¥ §´ Î¥´¨Ö ¶¥·¥³¥´´μ° z · ¢´Ò ω Å ¶μ²´μ° Ô´¥·£¨¨ ·¥²ÖÉ¨¢¨¸É¸±μ°
Î ¸É¨ÍÒ, · ¸¸¥¨¢ ÕÐ¥°¸Ö ´  Ë¨±¸¨·μ¢ ´´μ³ Í¥´É·¥. Œ¥·μ³μ·Ë´μ¸ÉÓ ËÊ´±Í¨° Si(z)
¥¸ÉÓ ¸²¥¤¸É¢¨¥ ¸É É¨Î¥¸±μ£μ ¶·¥¤¥²  § ¤ Î¨ · ¸¸¥Ö´¨Ö [2]. “¶·Ê£μ¥ Ê¸²μ¢¨¥ Ê´¨É ·´μ¸É¨
(1¢) ¸¶· ¢¥¤²¨¢μ ´  ¶· ¢μ³ · §·¥§¥ ¶²μ¸±μ¸É¨ z. �  ²¥¢μ³ · §·¥§¥ ËÊ´±Í¨¨ Si(z) μ¶·¥-
¤¥²ÖÕÉ¸Ö Ê¸²μ¢¨¥³ ¶¥·¥±·¥¸É´μ° ¸¨³³¥É·¨¨ (1£). ‚¨¤ ³ É·¨ÍÒ ¶¥·¥±·¥¸É´μ° ¸¨³³¥É·¨¨
§ ¤ ¥É¸Ö £·Ê¶¶μ°, μÉ´μ¸¨É¥²Ó´μ ±μÉμ·μ° S-³ É·¨Í  ¨´¢ ·¨ ´É´ .
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�¥·¥¶¨Ï¥³ Ê¸²μ¢¨Ö (1) ¢ μ¶¥· Éμ·´μ° Ëμ·³¥. „²Ö ÔÉμ£μ μ¶·¥¤¥²¨³ ¸Éμ²¡¥Í ËÊ´±Í¨°

S0(z) = [S1(z), S2(z), . . . , SN (z)],

£¤¥ ¢¥·Ì´¨° ¨´¤¥±¸ μ¡μ§´ Î ¥É Ë¨§¨Î¥¸±¨° ²¨¸É ·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸É¨ S-³ É·¨ÍÒ,  
±¢ ¤· É´Ò¥ ¸±μ¡±¨ Å ¸Éμ²¡¥Í ËÊ´±Í¨° Si(z). “¸²μ¢¨Ö (1a, ¡, £) μÉ´μ¸ÖÉ¸Ö ± Ë¨§¨Î¥¸±μ³Ê
²¨¸ÉÊ,   Ê¸²μ¢¨¥ Ê´¨É ·´μ¸É¨ (1¢) ³μ¦¥É ¡ÒÉÓ ¶·μ¤μ²¦¥´μ ´  ±μ³¶²¥±¸´Ò¥ §´ Î¥´¨Ö
ω ¨ ¢ ¶μ±μ³¶μ´¥´É´μ° Ëμ·³¥ S0

i (z)S1
i (z) = 1 μ¶·¥¤¥²Ö¥É §´ Î¥´¨Ö S1

i (z) ´  ¶¥·¢μ³
´¥Ë¨§¨Î¥¸±μ³ ²¨¸É¥. �¶¥· Éμ·´ Ö Ëμ·³  Ê¸²μ¢¨Ö Ê´¨É ·´μ¸É¨ (1¢) § ¤ ¥É¸Ö ´¥²¨´¥°´Ò³
μ¶¥· Éμ·μ³ I ¶μ Ëμ·³Ê²¥

IS(z) =
[

1
S1(z)

,
1

S2(z)
, . . . ,

1
SN(z)

]
.

‚ ·¥§Ê²ÓÉ É¥ Ê¸²μ¢¨Ö (1) ¶·¨´¨³ ÕÉ ¢¨¤

a) S0(z) Å ¸Éμ²¡¥Í ³¥·μ³μ·Ë´ÒÌ ËÊ´±Í¨° ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ z

¸ · §·¥§ ³¨ (−∞,−1], [+1, +∞);

¡) S0∗(z) = S0(z∗);

¢) S1(z) = IS0(z);

£) S0(−z) = AS0(z).

(2)

�¶¥· Éμ·Ò A ¨ I ´¥ ±μ³³ÊÉ¨·ÊÕÉ, ¨  ´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²¦¥´¨¥ ´  ´¥Ë¨§¨Î¥¸±¨¥ ²¨¸ÉÒ
μ¶·¥¤¥²¨³ Ëμ·³Ê²μ°

Sp(z) = (IA)pS0((−1)pz), (3)

£¤¥ p Å ´μ³¥· ²¨¸É  ·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸É¨. ‘ ¶μ³μÐÓÕ μ¶·¥¤¥²¥´¨Ö (3) Ê¸²μ¢¨Ö
Ê´¨É ·´μ¸É¨ ¨ ¶¥·¥±·¥¸É´μ° ¸¨³³¥É·¨¨ ¶·μ¤μ²¦ ÕÉ¸Ö ´  ´¥Ë¨§¨Î¥¸±¨¥ ²¨¸ÉÒ

ISp(z) = S1−p(z), ASp(z) = S−p(−z). (4)

‘²μ¦´μ¸ÉÓ ·¥Ï¥´¨Ö § ¤ Î¨ (2) μ¶·¥¤¥²Ö¥É¸Ö · §³¥·´μ¸ÉÓÕ ¸Éμ²¡Í  S0(z) ¨ ¢¨¤μ³
²¨´¥°´μ£μ μ¶¥· Éμ·  A Å ³ É·¨ÍÒ ¶¥·¥±·¥¸É´μ° ¸¨³³¥É·¨¨.

“¸²μ¢¨¥ Ê´¨É ·´μ¸É¨ ¶μ ¶¥·¥³¥´´μ° p Å ¶·μ¸É¥°Ï¥¥ ËÊ´±Í¨μ´ ²Ó´μ¥ Ê· ¢´¥´¨¥,
·¥Ï¥´¨¥ ±μÉμ·μ£μ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¤¢Ê³Ö Ëμ·³Ê² ³¨

Sp(z) = egi(p−1/2,z) =
Gi(p, z)

Gi(1 − p, z)
, £¤¥ gi(q, z) = −gi(−q, z), (5)

  Gi(p, z) Å Í¥² Ö ËÊ´±Í¨Ö. –¥²Ò¥ ËÊ´±Í¨¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¸¢μ¨³¨ ´Ê²Ö³¨, ¶μÔÉμ³Ê · ¸-
¸³μÉ·¨³ ÔÉμÉ ¢μ¶·μ¸ ´  ¶·¨³¥·¥ ·¥Ï ¥³μ° ³μ¤¥²¨ ¸ ¤¢ÊÌ·Ö¤´μ° ³ É·¨Í¥° ¶¥·¥±·¥¸É´μ°
¸¨³³¥É·¨¨.
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�Ê¸ÉÓ Ë¨±¸¨·μ¢ ´´Ò° Í¥´É· ¨³¥¥É Ê£²μ¢μ° ³μ³¥´É l, Éμ£¤  ³ É·¨Í  ¶¥·¥±·¥¸É´μ°
¸¨³³¥É·¨¨ A · ¢´  [3]

A =
1

2l + 1

(
−1 2l + 2
2l 1

)
. (6)

“¸²μ¢¨¥ ¶¥·¥±·¥¸É´μ° ¸¨³³¥É·¨¨ (2£) ¶μ§¢μ²Ö¥É ¢Ò· §¨ÉÓ S0(z) Î¥·¥§ ¸¨³³¥É·¨Î´ÊÕ
s(z) ¨  ´É¨¸¨³³¥É·¨Î´ÊÕ a(z) ËÊ´±Í¨¨. 	Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Ê· ¢´¥´¨¥ (3) ´  ¶·μ¥±É¨¢-

´μ° ¶·Ö³μ°. ’μ£¤  ³μ¦´μ μ¶·¥¤¥²¨ÉÓ §´ Î¥´¨¥  ËË¨´´μ° ±μμ·¤¨´ ÉÒ X0 =
S1

S2
= − l + 1

l
¨ ¶·¨ z = 0 ¢ÒÎ¨¸²¨ÉÓ ¥¥ §´ Î¥´¨¥ ´  p-³ ²¨¸É¥ ¸ ¶μ³μÐÓÕ Ê· ¢´¥´¨Ö (3):

Xp =
p − (l + 1)

p + l
. (7)

�·¨ ¶μ²ÊÎ¥´¨¨ (7) ´¥ ¡Ò²μ ¨¸¶μ²Ó§μ¢ ´μ μ¤´μ ¨§ Ê¸²μ¢¨° Ê´¨É ·´μ¸É¨ (4). ‘ ¶μ³μ-
ÐÓÕ ´¥£μ μ¶·¥¤¥²¨³ ËÊ´±Í¨Õ S2 = ϕl(p), ±μÉμ· Ö, ¸ ÊÎ¥Éμ³ ¶¥·¥±·¥¸É´μ° ¸¨³³¥É·¨¨,
μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨°

ϕl(p)
1 + p/l

= −ϕl(−p)
1 − p/l

, ϕl(p)ϕl(1 − p) = 1. (8)

�¥Ï¥´¨¥ Ê· ¢´¥´¨° (8) ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ËÊ´±Í¨¨ G ¨§ ¸μμÉ-
´μÏ¥´¨° (5) ¨ ¨³¥¥É ¢¨¤

ϕl(p) =
l∏

n=1

p − l/2 − (−1)n[1/2 + (l − n)]
p − l/2 + (−1)n[1/2 + (l − n)]

, (9)

  Ê· ¢´¥´¨Ö ´  ËÊ´±Í¨Õ gl(p) É ±μ¢Ò:

gl(p + 1) + gl(p) = ln
p + 1/2 + l

p + l/2 − l
, gl(p) = −gl(−p). (10)

‡ ¤ Î  (10) ·¥Ï ² ¸Ó ¶ÊÉ¥³ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ § ³¥´ ËÊ´±Í¨¨ gl(p), Ê³¥´ÓÏ ÕÐ¨Ì §´ -
Î¥´¨¥ l ¨ ¶·¨¢μ¤ÖÐ¨Ì Ê· ¢´¥´¨¥ ´  gl(p) ± μ¤´μ·μ¤´μ³Ê. ˆ´É¥·¥¸´μ μÉ³¥É¨ÉÓ, ÎÉμ μ´ 
¤μ¶Ê¸± ¥É ¸¢¥¤¥´¨¥ ± ±² ¸¸¨Î¥¸±μ° § ¤ Î¥ μ ¸Ê³³¨·μ¢ ´¨¨ ËÊ´±Í¨°1. �·μ¨²²Õ¸É·¨·Ê¥³
ÔÉμÉ ¶·¨¥³ ´  ¶·¨³¥·¥ l = 1. �·μ¢¥¤¥³ § ³¥´Ê ¶¥·¥³¥´´μ° gl(p) = (−1)pf(p). ’μ£¤ 
Ê· ¢´¥´¨Ö³¨ ´  f(p) ¡Ê¤ÊÉ

f(p + 1) − f(p) = (−1)p ln
p + 3/2
p − 1/2

, f(p) = −f(−p). (11)

‚ÒÎ¨¸²¥´¨¥ f(p) ¸¢μ¤¨É¸Ö ± ¸Ê³³¨·μ¢ ´¨Õ ËÊ´±Í¨¨ ¢ ¶· ¢μ° Î ¸É¨ · §´μ¸É´μ£μ Ê· ¢-
´¥´¨Ö

f(p) − f(0) =
p−1∑
n=1

(−1)n ln
n − 1/2
n + 3/2

, f(p) = −f(−p). (12)

1�  ÔÉμ μ¡· É¨² ´ Ï¥ ¢´¨³ ´¨¥ ‚.ˆ.ˆ´μ§¥³Í¥¢.
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‘Ê³³  ¢ Ëμ·³Ê²¥ ¤²Ö f(p) ¢ÒÎ¨¸²Ö¥É¸Ö. � §´μ¸ÉÓ §´ ³¥´ É¥²Ö ¨ Î¨¸²¨É¥²Ö ¤·μ¡¨ ¶μ¤
§´ ±μ³ ²μ£ ·¨Ë³  · ¢´  2. �Éμ ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ ¤·μ¡¨ ¢ ¸Ê³³¥, μÉ¸ÉμÖÐ¨¥ ´ 
¤¢  ´μ³¥· , ¨³¥ÕÉ μ¤¨´ ±μ¢Ò¥ §´ ³¥´ É¥²Ó ¨ Î¨¸²¨É¥²Ó, ±μÉμ·Ò¥ ¢ ¸Ê³³¥ ¸μ±· Ð ÕÉ¸Ö.
‘μ±· Ð¥´¨Ö ¨³¥ÕÉ ³¥¸Éμ ¤²Ö Î¥É´ÒÌ ¨ ´¥Î¥É´ÒÌ n ´¥§ ¢¨¸¨³μ. �μÔÉμ³Ê ¨¸±μ³ Ö ¸Ê³³ 
· ¢´ 

p−1∑
n=1

(−1)n ln
n − 1/2
n + 3/2

= ln
p + 1/2
p − 1/2

(−1). (13)

�μ² £ Ö f(0) = ln (−1), ¶μ²ÊÎ¨³ ·¥§Ê²ÓÉ É, ¸²¥¤ÊÕÐ¨° ¨§ Ëμ·³Ê²Ò (9) ¶·¨ l = 1. „²Ö
¶·μ¨§¢μ²Ó´ÒÌ l ¤¥°¸É¢Ê¥É  ´ ²μ£¨Î´Ò° ³¥Ì ´¨§³ ¸μ±· Ð¥´¨Ö ¤·μ¡¥°, μÉ¸ÉμÖÐ¨Ì ´  2l,
±μÉμ·Ò° ¨ ¶·¨¢μ¤¨É ± Ëμ·³Ê²¥ (9).

��‹�‘� Œ�’�ˆ—�›• 	‹…Œ…�’�‚ S-Œ�’�ˆ–›

”μ·³Ê²Ò (7) ¨ (9) ¸¶· ¢¥¤²¨¢Ò ¤²Ö p ∈ Z ¨ μ¶·¥¤¥²ÖÕÉ ¶μ²Õ¸  ¨ ´Ê²¨ S1 ¨ S2.
�¤´ ±μ μ´¨ ´¥ Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨¥³ (1), É ± ± ± ¢ ÔÉ¨Ì Ê¸²μ¢¨ÖÌ Si Å ±μ³¶²¥±¸´Ò¥.
�·¨ ¨Ì ¢Ò¢μ¤¥ ¡Ò²¨ ¨¸¶μ²Ó§μ¢ ´Ò ¢¸¥ Ê¸²μ¢¨Ö (1), ±·μ³¥ μ¤´μ£μ Ê¸²μ¢¨Ö Ê´¨É ·´μ¸É¨
(1¢). ‚ ± Î¥¸É¢¥ ¥£μ ¢Ò¡¥·¥³ Ê¸²μ¢¨¥ Ê´¨É ·´μ¸É¨ ¤²Ö X , ±μÉμ·μ¥ ´ ² £ ¥É ´  p(ω)
¤μ¶μ²´¨É¥²Ó´μ¥ μ£· ´¨Î¥´¨¥

p(ω) + p∗(ω) = ±1;
ω > +1,

ω < −1.
(14)

‹¨´¥°´ Ö ´¥μ¤´μ·μ¤´ Ö ±· ¥¢ Ö § ¤ Î  ¨³¥¥É ·¥Ï¥´¨¥ [4]

p(z) =
1
π

arcsin z, (15)

±μÉμ·μ¥ ¶μ§¢μ²Ö¥É ¶·μ¤μ²¦¨ÉÓ Ëμ·³Ê²Ò (7) ¨ (9) ´  ±μ³¶²¥±¸´Ò¥ §´ Î¥´¨Ö p, É. ¥. p ∈ C.
�·¥¤¸É ¢¨³ ËÊ´±Í¨Õ ϕl(p) ¢ ¢¨¤¥

ϕl(p) =
Nl(p)
Dl(p)

, (16)

£¤¥ Nl(p), Dl(p) Å ¶μ²¨´μ³Ò

Nl(p) =
l∏

n=1

(
p − 1

2
− (−1)n

[
1
2

+ (l − n)
])

,

Dl(p) =
l∏

n=1

(
p − 1

2
+ (−1)n

[
1
2

+ (l − n)
])

.

(17)

	Ê¤¥³ ¢ÒÎ¨¸²ÖÉÓ Nl(p) ¤²Ö l ≡ 0(2), ´ Î¨´ Ö ¸ n = l. �¥·¢Ò³ ¸μ³´μ¦¨É¥²¥³ ¢ Nl(p)
¡Ê¤¥É p − 1, É. ¥. Nl(p) ¢¸¥£¤  ¨³¥¥É ±μ·¥´Ó +1. „²Ö ¸²¥¤ÊÕÐ¥£μ §´ Î¥´¨Ö n = l − 1
Nl(p) ¨³¥¥É ¸μ³´μ¦¨É¥²Ó p+1, É. ¥. ±μ·¥´Ó −1, · ¸¶μ²μ¦¥´´Ò° ¸¨³³¥É·¨Î´μ ± ¶¥·¢μ³Ê
±μ·´Õ μÉ´μ¸¨É¥²Ó´μ ´Ê²Ö. „²Ö ¶μ¸²¥¤ÊÕÐ¥° ¶ ·Ò §´ Î¥´¨° n = l − 2, l − 3 ±μ·´¨
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Nl(p) ¸¤¢¨´ÊÉÒ ´  ±2 ¶μ μÉ´μÏ¥´¨Õ ± ¶·¥¤Ò¤ÊÐ¥°, É. ¥. ¢ ÉμÎ± Ì ±3. �·μ¤μ²¦ Ö ÔÉμÉ
¶·μÍ¥¸¸ ¤ ²¥¥, ¶μ²ÊÎ¨³, ÎÉμ ¢¸¥ ±μ·´¨ Nl(p) ¤²Ö l ≡ 0(2) ¢Ò¡¨· ÕÉ¸Ö ¨§ ³´μ¦¥¸É¢ 
{ni ∈ Z | ni ≡ 1(2), | ni |< l}. �´ ²μ£¨Î´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ¤²Ö l ≡ 1(2) ¶·¨¢μ¤ÖÉ ±
³´μ¦¥¸É¢Ê {ni ∈ Z | ni ≡ 0(2), | ni |< l}. �¡  ·¥§Ê²ÓÉ É  ³μ£ÊÉ ¡ÒÉÓ μ¡Ñ¥¤¨´¥´Ò ¢
Ëμ·³Ê²¥

Nl(p) =
∏

ni∈Ml

(p − ni), Ml = {ni ∈ Z | ni ≡ (l + 1)(2), | ni |< l}. (18)

„²Ö ¢ÒÎ¨¸²¥´¨Ö Dl =
∏

di∈Ml

(p−di) § ³¥É¨³, ÎÉμ ni+di = 1. �É¸Õ¤  ¢¢¨¤Ê ¸¨³³¥É·¨¨

³´μ¦¥¸É¢  Ml ¨³¥¥³

Dl(p) =
∏

di∈Ml

(p − 1 + ni) =
∏

di∈Ml

(p − 1 − ni) = Nl(p − 1). (19)

ˆ§ ¸¨³³¥É·¨¨ ³´μ¦¥¸É¢  Ml ¸²¥¤ÊÕÉ ¸¢μ°¸É¢  ¸¨³³¥É·¨¨ ¶μ²¨´μ³μ¢ Nl(p),   ¨³¥´´μ

Nl(p) = Nl(−p) ¶·¨ l ≡ 0(2), Nl(p) = −Nl(−p) ¤²Ö l ≡ 1(2). (20)

„¥°¸É¢¨É¥²Ó´μ ³´μ¦¥¸É¢μ Ml≡0(2) ¸μ¸Éμ¨É ¨§ ¢¸¥Ì ´¥Î¥É´ÒÌ Ô²¥³¥´Éμ¢ Z,   ³´μ¦¥¸É¢μ
Ml≡1(2) Å ¨§ ¢¸¥Ì Î¥É´ÒÌ Ô²¥³¥´Éμ¢ Z, É. ¥. ¢±²ÕÎ ¥É ¨ Ô²¥³¥´É p = 0, ±μÉμ·Ò° ¨
μ¡¥¸¶¥Î¨¢ ¥É ´¥Î¥É´μ¸ÉÓ ¶μ²¨´μ³μ¢ ¢ Ëμ·³Ê² Ì (20).

ˆ¸±²ÕÎ Ö ¨§ ËÊ´±Í¨° S1(p), S2(p) ¶¥·¥³¥´´ÊÕ p, ²¥£±μ ¶μ²ÊÎ¨ÉÓ ¶μ²¨´μ³, ¨´¢ ·¨-
 ´É´Ò° μÉ´μ¸¨É¥²Ó´μ μ¶¥· Í¨° A ¨ I . �´ ¨³¥¥É ¢¨¤

S2

∏
ni∈Ml

[(S1(l + 1) + lS2) − (S2 − S1)ni] =
∏

ni∈Ml

[(S2(l + 1) + lS1) − (S2 − S1)ni], (21)

¸É¥¶¥´Ó ¥£μ ´  ¥¤¨´¨ÍÊ ¡μ²ÓÏ¥ ³μÐ´μ¸É¨ ³´μ¦¥¸É¢  Ml, CardMl≡0(1) = l,
CardMl≡1(2) = l + 1.

”Ê´±Í¨Ö ϕl(p) (Ëμ·³Ê²  (9)) μ¶·¥¤¥²Ö¥É¸Ö  ·¨Ë³¥É¨Î¥¸±μ° ¶·¨·μ¤μ° l ∈ N . �μ¸²¥-
¤μ¢ É¥²Ó´Ò¥ § ³¥´Ò gl(p) ¢ Ëμ·³Ê²¥ (10) ¶·¨¢μ¤ÖÉ ± Ê³¥´ÓÏ¥´¨Õ §´ Î¥´¨° l ¢ ¶· ¢μ°
Î ¸É¨ (10) É ±, ÎÉμ ¶μ¸²¥ l Ï £μ¢ Ê· ¢´¥´¨¥ ¶·¥¢· Ð ¥É¸Ö ¢ μ¤´μ·μ¤´μ¥, Î ¸É´μ¥ ·¥Ï¥-
´¨¥ ±μÉμ·μ£μ ¶·¨¢μ¤¨É ± ³´μ¦¨É¥²Õ 1 ¢ (9),   Î¨¸²μ § ³¥´ μ¶·¥¤¥²Ö¥É ¢¥·Ì´¨° ¶·¥¤¥² ¢
¶·μ¨§¢¥¤¥´¨¨. ”μ·³Ê²  (5) ¸¶· ¢¥¤²¨¢  ¨ ¤²Ö l ∈ R \ {−1/2}. ‚ ÔÉμ³ ¸²ÊÎ ¥ ³¥Ì ´¨§³
¶μ²ÊÎ¥´¨Ö  ´ ²μ£  Ëμ·³Ê²Ò (9) ¨§³¥´Ö¥É¸Ö: ¢¥·Ì´¨° ¶·¥¤¥² § ³¥´Ö¥É¸Ö ´  ∞. �·¨ ÔÉμ³
ËÊ´±Í¨Ö g∞(p) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Ö³

g∞(p + 1) + g∞(p) = ln (−1), g∞(p) = −g∞(−p). (22)

‚³¥¸Éμ Ëμ·³Ê²Ò (9) ¨³¥¥³

ϕ(p) =
Γ

(
−p + l

2
+ 1

)
Γ
(

p − l

2

)

Γ
(

p − 1 − l

2
+ 1

)
Γ
(
−p − 1 + l

2

)ψ(p),

(23)

ψ(p + 1)ψ(p) = −1, ψ(1 − p)ψ(p) = 1.

Ÿ¸´μ, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ ϕl(p) ËÊ´±Í¨Ö ϕ(p) ¸μ¤¥·¦¨É ¡¥¸±μ´¥Î´μ¥ Î¨¸²μ ´Ê²¥° ¨ ¶μ²Õ¸μ¢.
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„¢Ê³¥·´Ò¥ ¸É É¨Î¥¸±¨¥ ³μ¤¥²¨ ·¥Ï ²¨¸Ó ¢ ·Ö¤¥ · ¡μÉ (¸³. μ¡§μ· [3]). ‚ μÉ²¨Î¨¥ μÉ
´¨Ì ¨§²μ¦¥´´Ò° ¸¶μ¸μ¡ Ö¢´μ ¨¸¶μ²Ó§Ê¥É ¶·μÍ¥¤Ê·Ê  ´ ²¨É¨Î¥¸±μ£μ ¶·μ¤μ²¦¥´¨Ö ËÊ´±-
Í¨° Si(z) ´  ´¥Ë¨§¨Î¥¸±¨¥ ²¨¸ÉÒ ·¨³ ´μ¢μ° ¶μ¢¥·Ì´μ¸É¨ (Ëμ·³Ê²  (3)). „·Ê£ Ö ¥£μ
μ¸μ¡¥´´μ¸ÉÓ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ μ¤´μ¢·¥³¥´´μ¥ ¨¸¶μ²Ó§μ¢ ´¨¥ Ê¸²μ¢¨° (2 , ¡, £) ¤ ¥É
¢μ§³μ¦´μ¸ÉÓ ¢ÒÎ¨¸²¨ÉÓ  ËË¨´´ÊÕ ±μμ·¤¨´ ÉÊ X ¶·¨ z = 0 ´  ¶·μ¥±É¨¢´μ° ¶·Ö³μ°
(S1, S2) ¨ ¸ ¶μ³μÐÓÕ Ëμ·³Ê²Ò (7) ¶·μ¤μ²¦¨ÉÓ ¥¥ §´ Î¥´¨¥ ´  ¢¸¥ ²¨¸ÉÒ ·¨³ ´μ¢μ°
¶μ¢¥·Ì´μ¸É¨. ’¥³ ¸ ³Ò³ ¸É·μ¨É¸Ö ¸Î¥É´μ¥ ³´μ¦¥¸É¢μ Ml ¸ ¶·¥¤¥²Ó´μ° ÉμÎ±μ° X = 1,
±μÉμ· Ö ¸ÊÉÓ ´¥¶μ¤¢¨¦´ Ö ÉμÎ±  ¶·¥μ¡· §μ¢ ´¨Ö (3) ¶·¨ z = 0. ‘ ¶μ³μÐÓÕ Ml ³μ¦´μ
¶μ¸É·μ¨ÉÓ ¸¨¸É¥³Ê μ±·¥¸É´μ¸É¥° ÉμÎ±¨ X = 1, ± ¦¤ Ö ¨§ ±μÉμ·ÒÌ ¸μ¤¥·¦¨É ¶μ ±· °´¥°
³¥·¥ μ¤´Ê ÉμÎ±Ê Ml, É. ¥. μ´μ ¶μ§¢μ²Ö¥É ¨§ÊÎ ÉÓ ¶·¥μ¡· §μ¢ ´¨¥ (3) ¢ μ±·¥¸É´μ¸É¨ ÉμÎ±¨
X = 1.

Ÿ¢´ Ö § ¢¨¸¨³μ¸ÉÓ X μÉ ´μ³¥·  ²¨¸É  p μ¶· ¢¤Ò¢ ¥É ¸²¥¤ÊÕÐÊÕ Í¥¶μÎ±Ê ¢²μ¦¥´¨°:
p ∈ Z ⊂ R ⊂ C. “¸²μ¢¨¥ Ê´¨É ·´μ¸É¨ X(z) μ¶·¥¤¥²Ö¥É ¢¨¤ ËÊ´±Í¨¨ p(z), § ¢¥·Ï Ö
·¥Ï¥´¨¥ § ¤ Î¨ (1).

�·μ¢¥¤¥´´Ò° ¢ÒÏ¥  ´ ²¨§ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ S1 ¨ S2 S-³ É·¨ÍÒ ¤¢Ê³¥·´μ° ¸É -
É¨Î¥¸±μ° ³μ¤¥²¨ ¶μ§¢μ²Ö¥É ¶·μÖ¸´¨ÉÓ ³¥Ì ´¨§³ μ¤´μ¢·¥³¥´´μ£μ ¢Ò¶μ²´¥´¨Ö Ê´¨É ·´μ-
¸É¨ ¨ ¶¥·¥±·¥¸É´μ° ¸¨³³¥É·¨¨ S-³ É·¨ÍÒ. � £²Ö¤´¥¥ ¢¸¥£μ μ´ ¤¥³μ´¸É·¨·Ê¥É¸Ö É ¡²¨-
Í¥°

ϕi s a s/a

p

p − 1
p2

p2 − 1
p

p2 − 1
p

1

p2 − 1
p(p − 2)

p2 − 1
p2 − 4

(p2 − 1)2
(p2 − 4)p

p

2

(p2 − 4)p
(p2 − 1)(p − 3)

(p2 − 4)p2

(p2 − 1)(p2 − 9)
(p2 − 4)3p

(p2 − 1)(p2 − 9)
p

3

(p2 − 1)(p2 − 9)
p(p2 − 4)(p2 − 16)

(p2 − 1)(p2 − 9)
(p2 − 4)(p2 − 16)

(p2 − 1)(p2 − 9)4
(p2 − 4)(p2 − 16)p

p

4

· · · · · · · · · p

l

„²Ö ·¥Ï¥´¨Ö ¸ ¡¥¸±μ´¥Î´Ò³ Î¨¸²μ³ ´Ê²¥° (23)
s

a
=

p

l
, ÎÉμ Ö¢²Ö¥É¸Ö μÉ· ¦¥´¨¥³

¤·Ê£μ£μ ³¥Ì ´¨§³  ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (10) ¢ ÔÉμ³ ¸²ÊÎ ¥.
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