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GROUND STATE CORRELATIONS AND STRUCTURE
OF ODD SPHERICAL NUCLEI

S. Mishev1, V. V. Voronov2

Joint Institute for Nuclear Research, Dubna

It is well known that the Pauli principle plays a substantial role at low energies because the phonon
operators are not ideal boson operators. Calculating the exact commutators between the quasiparticle
and phonon operators one can take into account the Pauli principle corrections. Besides, the ground
state correlations due to the quasiparticle interaction in the ground state in	uence the single-particle
fragmentation as well. In this paper, we generalize the basic equations of the quasiparticleÄphonon
nuclear model to account for both effects mentioned. As an illustration of our approach, calculations
on the structure of the low-lying states in 133Ba have been performed.

•μ·μÏμ ¨§¢¥¸É´μ, ÎÉμ ¶·¨´Í¨¶ � Ê²¨ μ± §Ò¢ ¥É ¸ÊÐ¥¸É¢¥´´μ¥ ¢²¨Ö´¨¥ ´  ¸É·Ê±ÉÊ·Ê ¸μ¸ÉμÖ´¨°
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ÊÎ¥¸ÉÓ ¶μ¶· ¢±¨ ¨§-§  ¶·¨´Í¨¶  � Ê²¨. Š·μ³¥ Éμ£μ, ´  Ë· £³¥´É Í¨Õ μ¤´μÎ ¸É¨Î´ÒÌ ¸μ¸ÉμÖ´¨°
¢²¨ÖÕÉ ±μ··¥²ÖÍ¨¨ ¢ μ¸´μ¢´μ³ ¸μ¸ÉμÖ´¨¨, ¢μ§´¨± ÕÐ¨¥ ¨§-§  ¢§ ¨³μ¤¥°¸É¢¨Ö ±¢ §¨Î ¸É¨Í. ‚
¤ ´´μ° · ¡μÉ¥ μ¸´μ¢´Ò¥ Ê· ¢´¥´¨Ö ±¢ §¨Î ¸É¨Î´μ-Ëμ´μ´´μ° ³μ¤¥²¨ μ¡μ¡Ð¥´Ò ´  ¸²ÊÎ ° ÊÎ¥É 
μ¡μ¨Ì Ê¶μ³Ö´ÊÉÒÌ ÔËË¥±Éμ¢. ‚ ± Î¥¸É¢¥ ¶·¨³¥·  · ¸¸Î¨É ´  ¸É·Ê±ÉÊ·  ´¨§±μ²¥¦ Ð¨Ì ¸μ¸ÉμÖ´¨°
¢ 133Ba.

PACS: 21.60.-n

INTRODUCTION

In the forthcoming period there will be an increasing activity in the domain of unstable
nuclei studies due to the start of operation of several major facilities, producing intensive
beams of radioactive nuclei, far away from the valley of stability. These studies are motivated
by the signiˇcant changes that take place in the structure of these nuclei. Along with the
changes in the shell structure within the mean ˇeld approximation, the many-body effects
increase their role as we move away from the magic numbers. In particular, the interaction
between the single-particle states with energies near the Fermi level with the vibrating core
must be treated within an enlarged conˇguration space, which takes account of the correlations
in the ground state. Here and further, by ground state correlations (GSC) we imply correlations
due to the quasiparticleÄphonon interaction in the ground state.
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A fairly good theoretical description of the ground state correlations (GSC) can be archived
within an extended version of the quasiparticleÄphonon nuclear model (QPM) [1]. The QPM
is widely used for the description of the energies and fragmentation of nuclear excitations. The
different versions of the QPM equations for oddÄeven spherical nuclei are given in [2Ä4].
It has been shown in [2, 5] that corrections due to the action of the Pauli principle are
very important for the determination of the energies of some states. However, in these
investigations the ground state correlations effects have not been taken into account. Later,
in the study of Van der Sluys et al. [6], it was proved that the GSC in	uence the single-
particle fragmentation as they shift the strength to higher excitation energies. In their study,
the operators of quasiparticles and phonons have been taken as the commuting ones, thus
neglecting the Pauli principle.

In this paper, we generalize the basic QPM equations for oddÄeven spherical nuclei to
take account of the effects due to the GSC and the Pauli principle. We treat long-range
ground state correlations by including backward-going quasiparticleÄphonon vertices using
the equation of motion method [7] with explicitly taking into account the Pauli principle.
Numerical calculations of the structure of the low-lying states in 133Ba within the developed
approach have been performed.

1. FORMULATION OF THE MODEL

We employ the QPM-Hamiltonian including an average nuclear ˇeld, described by the
WoodsÄSaxon potential, pairing interactions, isoscalar particle-hole residual forces in sepa-
rable form with the BohrÄMottelson radial dependence [8]:

H =
(n,p)∑

τ

⎧⎨
⎩

∑
jm

(Ej − λτ )a†
jmajm − 1

4
G(0)

τ : (P †
0 P0)τ : −1

2

∑
λμ

κ(λ) : (M †
λμMλμ) :

⎫⎬
⎭ . (1)

The single-particle states are speciˇed by the quantum numbers (jm); Ej are the single-

particle energies; λτ is the chemical potential; G
(0)
τ and κ(λ) are the strengths in the p-p and

p-h channels, respectively. The sum goes over protons (p) and neutrons (n) independently
and the notation τ = {n, p} is used. The pair creation and the multipole operators entering
the normal products in (1) are deˇned as follows:

P+
0 =

∑
jm

(−1)j−ma+
jma+

j−m,

M+
λμ =

1√
2λ + 1

∑
jj′mm′

f
(λ)

jj′
〈jmj

′
m

′
| λμ〉a+

jmaj′m′ ,

where f
(λ)
jj′ are the single-particle radial matrix elements of the residual forces.

In what follows, we work in quasiparticle representation, deˇned by the canonical Bogo-
liubov transformation:

a+
jm = ujα

+
jm + (−1)j−m

vjαj−m.
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The Hamiltonian can be represented in terms of bifermion quasiparticle operators (and
their conjugate ones):

B(jj
′
; λμ) =

∑
mm′

(−1)j
′
+m′〈jmj

′
m

′ | λμ〉α+
jmαj′−m′ ,

A+(jj
′
; λμ) =

∑
mm′

〈jmj
′
m

′ | λμ〉α+
jmα+

j′m′ .

The phonon creation operators are deˇned in the two-quasiparticle space in a standard
fashion:

Q+
λμi =

1
2

∑
jj′

{ψλi
jj′

A+(jj
′
; λμ) − (−1)λ−μϕλi

jj′
A(jj

′
; λ − μ)},

where index λ = 0, 1, 2, 3, . . . denotes multipolarity and μ is its z-projection in the laboratory
system. The normalization of the one-phonon states reads

〈|[Qλμi, Q
+
λ′μ′i′ ]|〉 = δλλ′δμμ′δii′ .

In terms of quasiparticles and phonons, the Hamiltonian is rewritten

H = h0 + hpp + hQQ + hQB , h0 + hpp =
∑
jm

εj α+
jm αjm,

hQQ = −1
8

∑
λμii′

A (λii′) (Q+
λμi + (−)λ−μ Qλ−μi) (Q+

λ−μi′
+ (−)λ+μ Qλμi′ ),

hQB = − 1
2
√

2

∑
λμijj′

πj

πλ
Γ(jj′λi) ( (−)λ−μQ+

λμi + Qλ−μi)B(jj
′
; λ − μ) + h.c.,

where

A (λii′) =
Xλi + Xλi

′

√
Y λiY λi′

, Γ(jj′λi) =
πλ

πj

v
(−)
jj′ f

(λ)
jj′√

Y λi
,

Xλi =
∑
jj′

(f (λ)

jj′
u

(+)

jj′
)2 εjj′

ε2
jj′

− ω2
λi

, Y λi =
∑
jj′

(f (λ)

jj′
u

(+)

jj′
)2 εjj′ ωλi(

ε2
jj′

− ω2
λi

)2 ,

with v
(−)
jj′ = ujuj′ − vjvj′ and u

(+)
jj′ = uj′vj + ujvj′ . Here and further, we use the notation

πj =
√

(2j + 1).
The model wave function of an oddÄeven spherical nucleus is taken in the form [6]:

Ψν(JM) = O+
JMν |〉, (2)

where

O+
JMν = CJνα+

JM +
∑

i

Dλi
j (Jν)P+

jλi(JM) − EJν α̃JM −
∑

i

Fλi
j (Jν)P̃jλi(JM), (3)
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with

P+
jλi(JM) =

[
α+

jmQ+
λμi

]
JM

,

and stands for time conjugate according to the convention: P̃jλi(JM) = (−1)J−M

Pjλi(J − M).
We apply the equation of motion method to the excitation operator (3):

〈|{δOJMν , H, O+
JMν}|〉 = ηJν〈|{δOJM , O+

JM}|〉.

Following the linearization procedure [7], at the ˇnal state of calculation of the matrix
elements, we consider the ground state of the evenÄeven nucleus to be a vacuum state for
both operators αJM and Qλμi.

In all calculations the exact commutation relations between the quasiparticle and phonon
operators are considered:

[
αjm, Q+

λμi

]
=

∑
j′m′

〈jmj′m′ | λμ〉ψλi
jj′α

+
j′m′ .

The normalization condition of the wave function reads

〈|{OJMν , O+
JMν}|〉 = C2

Jν + E2
Jν +

∑
jλi

[Dλi
j (Jν)]2 +

∑
jλi

[Fλi
j (Jν)]2+

+
∑

jλij′λ′i′

[Dλi
j (Jν)Dλ′i′

j′ (Jν) + Fλi
j (Jν)Fλ′i′

j′ (Jν)]LJ (jλi|j′λ′i′) = 1.

The equation of motion leads to the following system of linear equations for each state
with quantum numbers JM :

⎛
⎜⎜⎝

εJ V (Jj′λ′i′) 0 −W (Jj′λ′i′)
V (Jjλi) KJ(jλi|j′λi′) W (Jjλi) 0

0 W (Jj′λ′i′) −εJ −V (Jj′λ′i′)
−W (Jjλi) 0 −V (Jjλi) −KJ(jλi|j′λi′)

⎞
⎟⎟⎠

⎛
⎜⎜⎝

CJν

Dλ′i′

j′ (Jν)
−EJν

−Fλ′i′

j′ (Jν)

⎞
⎟⎟⎠ =

= ηJν

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

CJν

Dλi
j (Jν) +

∑
j′λ′i′

Dλ′i′

j′ (Jν)LJ (jλi|j′λ′i′)

−EJν

−Fλi
j (Jν) −

∑
j′λ′i′

Fλ′i′

j′ (Jν)LJ (jλi|j′λ′i′)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (4)

The explicit expressions for the quantities entering the above formulas will be inspected
one at a time

LJ(jλi|j′λ′i′) = πλπλ′

∑
j1

ψλ′i′

j1j ψλi
j1j′

{
j′ j1 λ
j J λ′

}
,
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V (Jjλi) =
〈∣∣∣{[αJM , H ] , P+

jλi (JM)
}∣∣∣〉 =

= − 1√
2
Γ (Jjλi) − 1√

2

∑
j′λ′i′

(TJ (jλi; j′λ′i′) + LJ (jλi|j′λ′i′)) Γ (Jj′λ′i′).

As a result of the application of the equation of motion method, the matrix elements
V (Jjλi) between quasiparticle and quasiparticle

⊗
phonon states differ from those obtained

earlier [2] by an additive containing TJ (jλi|j′λ′i′):

TJ (jλi|j′λ′i′) = πλπλ′
∑
j1

ψλi
j1j′ϕ

λ′i′

j1j

{
j′ j1 λ
j J λ′

}
.

W (Jjλi) =
〈∣∣∣{[

α+
JM , H

]
, P̃+

jλi (JM)
}∣∣∣〉 = −1

4
πλ

πJ

∑
i′τ0

Aτ0 (λii′)ϕλi′

Jj −

− 1
4

∑
λ′j′i′i′′τ0

Aτ0 (λ′i′i′′)
πλ′

πJ

[
ϕλ′i′

Jj′ LJ (jλi|j′λ′i′′) − ψλ′i′′

Jj′ TJ (jλi|j′λ′i′)
]
.

The matrix elements W (Jjλi) appear after the introduction of the backward-going terms
in the operator (3) and they present a central issue of this work.

IJ (jλi|j′λ′i′) =
〈∣∣∣{Pjλi (JM) ,

[
H, P+

j′λ′i′ (JM)
]}∣∣∣〉 ,

IJ (jλi|j′λ′i′) + IJ (j′λ′i′|jλi) =
= 2δjj′δλλ′δii′ (ωλi + εj) + LJ (j′λ′i′|jλi) (εj′j + ωλ′i′ + ωλi) −RJ (jλi|j′λ′i′) ,

KJ(jλi|j′λi′) =
1
2

[IJ (jλi|j′λ′i′) + IJ (j′λ′i′|jλi)] ,

RJ (jλi|j′λ′i′) =
1
4

∑
i1τ0

[Aτ0 (λi1i)LJ (j′λ′i′|jλi1) + Aτ0 (λ′i1i
′)LJ (jλi|j′λ′i1)]+

+
1
4

∑
λ1i1i2j1τ0

Aτ0 (λ1i1i2)
[
LJ (jλi|j1λ1i1)LJ (j′λ′i′; j1λ1i2)+

+ LJ (j′λ′i′|j1λ1i1)LJ (jλi|j1λ1i2)
]
.

The quantities LJ(jλi|j′λ′i′), TJ (jλi|j′λ′i′) and RJ (jλi|j′λ′i′) vanish if the Pauli prin-
ciple is not respected.



584 Mishev S., Voronov V. V.

2. NUMERICAL RESULTS

In order to give a qualitative picture of the effect on the structure of the low-lying states,
imposed by the backward-going amplitudes and the Pauli principle, numerical calculations for
133Ba have been performed. This nucleus enters the transitional region where the anharmonic
effects play a gradually increasing role at low and mainly at intermediate energies, and
therefore the results presented in this section may lack some accuracy because the wave
function (2) does not contain conˇgurations to account for these effects. The pairing constants
Gτ are ˇtted so as to reproduce the oddÄeven mass differences.

Our calculations include quadrupole and octupole phonons. The strength parameter κ(2)

is adjusted so that the odd energy spectrum of the low-lying states is reasonably close to
the experimental values, while κ(3) is ˇxed by the experimental energy of the ˇrst octupole
state of the neighbouring evenÄeven nucleus. As a result, the energies of the ˇrst quadrupole
state in 132Ba have a value that is much higher than the experimental one in the models
studied. Moreover, if κ(2) is ˇxed within the model which takes account of the GSC, the
values of ω21 are systematically increased of about 10% as compared to the model, where the
backward amplitudes are not considered. It is worth mentioning that after the introduction of
the anharmonic effects the energy of this state would decrease.

As we move away from the magic number 82 for the neutron subsystem, the correlations
in the ground state tend to increase along with the quantities W (Jjλi). This trend is presented
in Table 1, where W (Jjλi) are evaluated only at the lowest poles. Characteristic feature of
QPM is that quantities, related to both the pairing and the multipoleÄmultipole interactions,
enter the expressions for the interaction vertices, producing some competitive effects between
them which are central for the understanding of the behaviour of V (Jjλi) and W (Jjλi)
along the isotopic chain. Having the lowest quasiparticle energies, the states 1h11/2, 3s1/2

and 2d3/2 experience the greatest part of the interaction with the remaining quasiparticles in
the ground state.

Table 1. Values of the matrix elements V 2 (Jjλi) and W 2 (Jjλi) for 133Ba calculated for Jπ =

1/2+, 3/2+, 11/2−, 5/2+, 7/2+ at the lowest poles

State Pole's structure V 2 W 2 R 1 + L
1/2+ 2d3/2

⊗
21 0.1225 2.1 Ä0.43 0.932

3/2+ 2d3/2

⊗
21 0.0445 1.72 0.072 1.031

11/2− 1h11/2

⊗
21 0.0493 3.92 Ä1.25 0.753

5/2+ 2d3/2

⊗
21 0.047 0.14 Ä0.068 0.986

7/2+ 2d3/2

⊗
21 0.118 0.439 Ä0.68 0.874

The quantities R (Jjλi) and L (Jjλi) experience a strong dependence on the degree of
collectivity of the vibrational states in the neighbouring evenÄeven nuclei. As seen from
Table 1, their values increase as we move away from the magic number of the neutron
subsystem. As far as we study the low-lying states only, it is mainly the ˇrst quadrupole state
that in	uences them.

For reasons of conciseness, we introduce the following notations, indicating the different
variants of the model:

• QPM Å standard model as given in [1];
• QPM P Å model, including only the Pauli principle;
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• QPM BCK Å model, including backward amplitudes but not the Pauli principle, i.e.,
L, T and R are set to zero;

• QPM BCK P Å model, including backward amplitudes and the Pauli principle (see
Eq. (4)).

Low-lying energy spectrum of 133Ba [9] (in keV)
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Solving the system of equations (4), one can ˇnd the structure of the wave functions (2)
and the energies of the excited states. Working in a diagonal approximation for LJ and TJ , this
system reduces to a generalized eigenvalue problem. In the ˇgure a comparison between the
experimental values of the energies and the theoretical calculations within different versions
of the model is presented.

We restrict the calculation to six neutron states 1/2+, 3/2+, 9/2−, 11/2−, 5/2+ and
7/2+. As mentioned above, the values of κ(2) are determined by the spectrum of the oddÄ
even nuclei. In order to perform a comparative study of the levels' positions, we ˇx the
values of κ(2) in QPM BCK P and keep them constant in the calculations within the other
versions of the model.

From this ˇgure it can be seen that for states near the Fermi level, the ˇrst solutions,
obtained after the inclusion of the backward-going terms, become closer to the ˇrst poles and
consequently closer to the second solutions, thus signiˇcantly reducing the gap between the
ˇrst and the second states with signatures Jπ = 1/2+, 3/2+, 11/2−. For the states 5/2+ and
7/2+ the effect of the GSC is less important because their energies are well above the Fermi
level, and the values of W (Jjλi) are therefore small (see Table 1). It is due to the effect of
the correlations in the ground state that allowed the correct level ordering of the ˇrst several
states of this isotope.

Along with the experimental energies, our calculations provide a reasonable description
of the spectroscopic factors for (d, p) reactions (Table 2).

Table 2. Experimental and theoretical spectroscopic factors of the lowest states with Jπ =

1/2+, 3/2+ for 133Ba

State EXP QPM QPM P QPM BCK QPM BCK P

1/2+ 0.18 0.176 0.182 0.246 0.231
3/2+ 0.3 0.29 0.297 0.34 0.34

The observed differences in the last four columns in this table are due to the quasiparticles
in the ground state that additionally modify the single-particle occupation numbers, giving us
a good idea of the removal of the backward amplitudes.

Finally, we examine the effect of the GSC and the Pauli principle on the fragmentation
of the single-particle states among complex quasiparticle

⊗
phonon states. In the QPM BCK

versions of the model, the spectroscopic factors for the (d, p) and (d, t) reactions are written
as follows:

S
(d,p)
Jν = (CJνuJ − EJνvJ )2,

(5)
S

(d,t)
Jν = (CJνvJ + EJνuJ)2.

We notice that serious deviations from the expressions for these quantities within the
standard QPM (C2

Jνu2
J , C2

Jνv2
J ) may occur due to their non-quadratic behaviour with respect

to uJ and the presence of the backward amplitudes EJν . Again, in the case when the core
has a magic number of nucleons, expressions (5) yield the classical quantities because of the
step-wise behaviour of uJ and vJ in these nuclei.

We examine only levels in the vicinity of the Fermi level, as for them the interaction in
the ground state is stronger than for those lying at higher energies. Furthermore, the values of
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R (Jjλi), which effectively result in a shift of the poles, thus changing the gap between the
pure one-quasiparticle states and quasiparticle

⊗
phonon states, along with the re-normalization

factors (1 + L (Jjλi)) exert in	uence on the single-particle fragmentation as well.

CONCLUSION

We generalized the basic equations of the quasiparticleÄphonon nuclear model to account
for effects of the ground state correlations and the Pauli principle. As an illustration of our
approach, calculations on the structure of the low-lying states in 133Ba have been performed.
The comparison between theoretical calculations and experimental data for 133Ba has shown
that in order to describe the structure of the low-lying states in oddÄeven mass nuclei far from
the magic numbers one needs to take into account the Pauli principle and the ground state
correlations effects simultaneously. To improve this approach a self-consistent description of
the mean ˇeld with more realistic effective nucleonÄnucleon forces is desirable.
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