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The procedure of averaging in an instanton medium on quarks with any number of flavors is
discussed. It is shown that the effect of the instanton medium is equivalent to an interaction of light
quarks with dynamically generated mass (four-quark interaction Ny = 2) and massless bosonic spinor
fields (ghosts). The fact that the instanton liquid is dilute makes it possible to use perturbation theory.

Ipennoxen mpouexyp YCpPeAHEHHS B MHCT HTOHHOW KMAKOCTH IO KB PK M ISl JIIOOOTO YHCI
poM ToB. IToK 3 HO, 4TO 3hheKT MHCT HTOHHOM Cpelbl 9KBUB JIEHTEH BBEICHUIO 3(h(PeKTUBHOIO B3 M-
MOJIEHCTBHS JIETKHX KB PKOB C IWH MUYECKOI M ccoii (deTpIpexhepMHOHHOE B3 MMOJEUCTBHE) U 6e3M c-
COBBIX OO30HHBIX CITHHOPHBIX Honell (qyxoB). IIpuMeHeHue Teopun BO3MYLIEHHH OIp B HO O Toj ps
P 3PEeXEHHOCTH MHCT HTOHHOU XHIKOCTH.

PACS: 11.10.Lm; 11.10.St; 11.15.Ex; 11.15.Pg; 11.15.Tk

INTRODUCTION

Important progress was achieved in understanding of the mechanism of spontaneous break-
ing of chiral invariance in [1-5] and, consequently, in understanding of the physics of particles
of the pseudoscalar meson octet [5-7]. The constructed model, a vacuum instanton liquid,
made it possible to find the low-energy characteristics of 7w, K mesons, in good agreement
with the experimental data [5,8-10]. The method of calculation of the correlation functions
in an instanton medium was proposed by Diakonov and Petrov. In the framework of this
method the superposition of instanton—anti-instanton (pseudoparticle) pairs is considered as an
external classical field. Correlation functions calculated in this field depend on characteristics
of all pseudoparticles, i.e., their sizes py, orientations U, and centers z. Averaging over a
statistical ensemble of instantons with a distribution function of instanton sizes gives the exact
correlation function in the instanton vacuum. This distribution function, which is a probability
that a fluctuation with given parameters occurs, is determined exclusively by the interaction
of the pseudoparticles and does not contain corrections from the quark—pseudoparticle inter-
action, i.e., in the quenched approximation Ny /N, < 1, where N ¢ and N, are the numbers
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of flavors and colors, respectively. The averaging simplifies substantially because of the
following approximations:

a) when N, is large, the distribution function of the instanton sizes d(p;) is very narrow
and tends to a d-function shape as N, — oco. It means that in the leading order in 1/N, the
instanton sizes p; can be replaced by their average value p [4],

b) the packing parameter of the instanton liquid n = p/R, where R is the average
distance between pseudoparticles, is small, 77 =~ 1/3, and therefore the pseudoparticles can be
considered as uncorrelated ones,

c) the Hilbert space of quarks is projected into the space of fermion zero modes. This
approximation is valid for long wave vacuum fluctuations (scale > 0.3 fm) and is based on
the fact that the spectrum of the Dirac operator in an instanton field is characterized by a gap
of the order of p~! ~ 600 MeV [5].

A diagrammatic averaging procedure was developed and two-point correlation functions
were calculated. However, it is problematic to calculate three-point and multipoint correlation
functions by using this method. The difficulty is due to the absence of any method for treating
the coupled ladder diagrams in different directions and finding the solutions of coupled
equations of the Bethe—Salpeter type. Therefore, there is a problem of finding a realistic
algorithm to calculate other Green functions.

The idea how to overcome this difficulty is to start with the multi-pseudoparticle partition
function and by averaging to obtain more general effective action which is equivalent to
the previous model. Several attempts have been made to construct such an action [11-15].
However, none of these actions is equivalent to the previous one (see, for instance, [14]). From
our point of view, this is connected with subtleties of the averaging procedure that was not
properly taken into account. Namely, the effect of quarks on the distribution function d(p;)
(which implies an elimination of zero modes and ultraviolet divergences from the fermion
determinant) was neglected, but this nonregularized determinant was included in the definition
of the correlation function [16]. In this paper we investigate the problem of averaging more
accurately. In Sec.1 we obtain the multi-pseudoparticle partition function from the QCD
Lagrangian in the approximations (a-c) in the case Ny = 1. This effective action already
contains a nontrivial interaction of quarks in contrast to the previous results [11-15]. Case
Ny = 2 we investigate in Sec.2. Section 3 is devoted to the vector channel.

1. MULTIPARTICLE PARTITION FUNCTION

The partition function of QCD in Euclidean space is
Zoep = / e SV A DYDYt DA, (1)

The main assumptions of the model are that the integration over the gauge field A, is
equivalent to averaging over a statistical ensemble of pseudoparticles with known distribution
function for a given configuration and the field A, in the interaction term is replaced by a
superposition of instanton—anti-instanton configurations A, = Z Ai + Z Ai

I I

7~ <<exp { [+ imps o+ w+n]d4x}>>Dwa+, @
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where V = 9 + A and ((...)) stands for an average over the collective coordinates: an
integration with respect to the positions z; of the pseudoparticles and their orientations Uj;
(following approximation (a) we must put all the sizes of pseudoparticles equal to p =
(600 MeV)_l). However, Z " turns out not equivalent to the previous model [4,5,17] since
({AB)) # ((A)){({B)). Under definition (2) the quark propagator is

g __ ((iV + im) ' Det (iV +im)))
((Det (iV +im)))

The determinant in the denominator of (3) contains ultraviolet and infrared (m — 0) di-
vergences which must be regularized in order to make 5" to be unambiguous (see [5]). In
turn, this requires allowance for the back reaction effect of the fermions on the instanton
medium (which is beyond the framework of the quenched approximation considered) and a
modification of the distribution function. As a result, the propagator (3) is not equal to that
found in [5]:

3)

S = —({(iV +im)™")). )

In order to solve this problem and construct a theory with quark propagator identical
to (4), we use the following trick. Let us introduce additional boson spinor fields (ghosts)
x and Y7 in the effective action to compensate the contributions from the quark degrees of
freedom

7 = / <<exp{/[¢+(z'@ +im) + xt GV +im)x + 0t + w+n]d4a:}>> x
x DyDytDyDxt. (5)

In this way the whole averaging process is not modified. We recall that the distribution
function was obtained in the quenched approximation neglecting the contributions from quark
fields. This approximation corresponds to neglecting dynamical quark loops included into the
determinant. In order to keep the distribution function obtained in the quenched approximation
untouched, the determinant term is compensated by introduction of additional ghost fields. It
is this point that makes our approach essentially different from those proposed previously.
Following approximation (c) we must replace the exact quark propagator in the field of a
single instanton by the model propagator

.
St(a,y) = Sola,y) — 2L ). ©)

m

where Sp(xz,y) is the free propagator, and ¢;(x) is the quark zero mode in the field of
Ith pseudoparticle: a right-handed (left-handed) Weyl spinor for an (anti)instanton. This
model propagator interpolates the correct behavior at small momenta pp < 1 (the region
where spontaneous breaking of chiral invariance occurs) and at high momenta where (6)
becomes the free quark propagator. Using Sal = —(25‘ +im), S;l — 50—1 = —iAz, we have

—iA=3(57 —5y) + (S - sp
I I

S= 18"+ (S; =S +> =1 . (7)
I
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Equations (6) and (7) give

¢I¢[ _ . A . =

ZV—l—zm—z@—l-zm—i—Z[l—i— (i + im)——L — 1| (id +im) + [I — I]. 8)

I

Using the chiral properties and the normalization conditions for the zero modes (¢} | id+im |

¢r) =1im,
—1

[H 8¢1¢1] _ 1 P97
im
-1
[1 + (i + im) = ¢I¢I ] — (id + im) qbz(fé ,

we obtain from (5) in the chiral limit
= /DwDWDXDx* exp {/[W(ié)w +x () x + 't + Wn]d‘*w} x

X <<Hexp{% / vidgdiz / ¢}ri(‘§wd4y+% / x idgrdia / ¢}z’éxd4y} >> )
1.1

Using the properties of Grassmann variables 1,9, we get for Z(n,n™)
Z(nn*) = / DyDy* DxDx* exp { / [ (1009 + x T (@D)x + 1 + w*md‘*m} x

X << Hexp{% / xtidprd*z / ¢}z‘éxd4y} <1 - % / VTidgrdia / ¢}ié¢d4y)>>.
IV
(10

We shall average Z over the positions and orientations of the pseudoparticles using the
density matrix of fermion zero modes [5]

I I+ d4kdp zk(:r zr)—iq( zl)¢( )(b( ) 7. 1= 4
G0 ()05 (y) —/ (27r)8 = m(]f’yﬂ’yqu)ij (UIT 7. U/ )
(11
+

Here, a,b(,j) are color (spinor) indices, 7, are N X N, matrices with (7,77) in the

upper left corner (the other elements are zero), T are the Pauli matrices and k= kuYu. The
function ¢(k) is related to the Fourier transform of the zero modes:

—2mp
Jklp<i
84) = 7P (1) Ki() — BB )] e = LB (12
* : k| p>1

kip2
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For anti-instantons one has v; — —5 and Tf — 7,F, and in averaging over the orienta-

tions with the Haar measure normalized to unity the relations are used:

1
dU =1, /UmiU.J;LdU SR S -
/ J N, (13)
1 1 m—n
/UkpUqurj;rthst = m |:6k7"618 (6mp6nq - Fcénpémq) + ( r s ):| .

In the leading in 1/N, approximation only planar terms are kept when integration over the
orientation matrices U; is performed. We denote the integrals considered below by I and
I (A=1i/m)

I = /dUexp {)\/X"’z’égzﬁld‘lx/gbﬁéxd‘ly} ,

a
i

18 a) = [ av [ronth)]” (67 @l exo |3 [xctidora'e [[opioaty).

(14)

From the explicit expression (12) it follows that I " can contain only scalar and tensor
products of left-handed components. However, we note that the tensor terms are suppressed
in the limit N, — oo. Thus, I is a function of variable ¢, i.e., I (t), with

A
t= FC{X}EXL}a

where brackets denote the convolution

41, 74
(B () = [ AT W@ e iz - ] ob)al) Gogh alk) =| k| o(h).

We note that I' and Ifjb are related by

I (k. q)

821
A2 FA () = e
O 7 5x;(k)ox(q)

Solving this differential equation we find

1tk = O (52 athiatg esp st - o)+
+ NLE% (%I/ (t) — M) a(k)a(q)exp [iz(k — q)] {X;_in} . (15)

From the observation [18] that an integration over the group is equivalent to a projection
of the tensor product of the fundamental representation onto the singlets of the group (see,
for instance, Eqs. (13) and also [14]) we obtain

/ 1
I —

=— (16)
1- N. {XZXL}
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Substituting (15) into (10) and integrating over the positions of pseudoparticles we find for
Ny =11[16]

Z(m,nt) =
4 M 4 -
/ DYDY DD expl—Jo + (7™ 4) (4 ) [ / d K+] [V / d K_] . an

where
Jo = —/ [wﬂ'éw n Xﬂéx} d'z, K_=K.(L— R),

and
Ky=T(t)+ mé\fc <I ) N Il(o)) {vFvL}+

() 4 (0= MO ) (.

Note that this expression is finite in m and the chiral limit m — 0 is valid. The action
contains the dynamical mass M (k) ~ (N.)? and the interaction potential is ~ N, ! (number
of instantons, N, is proportional to the number of colors, N.). Retention of the potential is
justified by the fact that it leads to results which are stable in N, for correlation functions
of colorless currents. The N ! suppression of the potential is compensated by extra powers
of N, from fermion-ghost loops [16]. Note that the dependence of the product {x"x} (2)
on z can be neglected. This approximation, which is valid in the chiral limit, is based on
the fact that the function aQ(k) decreases rapidly (see also [19]) for average values of the
ghost fields {x*x} ~ 1/k? and the largest contribution to integral comes from the region
k ~ g ~ 0. In the chiral limit m — 0 the dependence on z vanishes. We recall that our Z is
normalized to unity and that any suppression is compensated by the analogous contribution of
the determinant from v, 1, i.e., the dependence on z in ' (t) can be neglected. It must be
emphasized that when mass corrections are taken into account, the integration over the fields
x and xT can be carried out exactly, and the result in the limit m — 0 is the same as the
approximate one [16]. The advantage of this approximation is that the interaction potential
can be calculated. Beyond the chiral limit it is very hard to find. In accordance with what
we have said above, we shall write down the action keeping the terms O(1/N,.) and making

replacement {XZXL} (2) — {XJLFXL} (0)

. d*k
J=Jy— Nyln [14— #{XIXL}(O) VN /waL ( >(27r)4] +

L—R
(£28) o

In the thermodynamic limit, when N — o0,V — oo , we have N = N_ = N/2

/WL >m

—(L = R) (19)

N
J=Jo=5 {1 0)}_2mVNC
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and Z(0,0) can be written as

dwy dpiy dw_ dp_ N iN
B n L dwy dpy 1 A H+
200.0) = [ DuDv* DDy %ui%rﬁem[% 7 et v,
d4k3 1 7 L — R
+ 2 4 — —1-—{x{
x/% Vi (k)a”(k) @my1 Tt (u+ mN, i) (0)> " ((W)u+ — (Mu)]'
(20)

After integration over ¥, %", y, xT [12,13,16] we have

_ N N
Z(0,0) = /dmdu% exp [—Eln;ur -5 Inp_ +
+ —

papie (N N\ al(k) ) di(k)
+2VNC/1n <1+ g (QVN) = >(2W)4 , Q2D

where
dwy dw_ ( Wy +w_ ) —2Ne [ ( 1 ) 1
gt p— z/—— 14 ——FF— exp |iwy | ——1)F+tw_ | ——=1]].
(it 1) (2m) (2m) 4N, T\ e T
oo (9 pe) , , :
In the thermodynamic limit In | ==——5—=| should be neglected in comparison with terms
U3 =

proportional to V' or N. Integration over u+ can be carried out by the saddle-point method,
since Ay is of the order of 1/1/N.. We obtain p; = pu_ = me, where € ~ (100 MeV)~!
is determined by the self-consistency condition introduced in [5] naturally arising in the
integration over fi4:

__4VN, M?3*(p) d'p Ne

1 -
N ) p2+M2(p) (2m)* (k) 2V,

2(k). (22)

In accordance with the results of [5,12,13] at this order of 1/N,. we have obtained a
theory of noninteracting quarks with effective masses M (k):

Z(0,0) = const/D¢D¢+ GXp/W[ — b+ iM(k))] (23)

From Egs. (19) and (23) it can be seen that the average value ({x} Xz} (0)) is determined
by the relation

: -1
i
[1 + m—NC<{XJLrXL} (0»] = me. (24)
We shall now consider the action in the order 1/N,:

J=Jo—[N+1nQ]—[ Lon }

N+—>N,
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where
i i 2
Q=1+ -~ {xixc}(0)+ (— {xixc} (0)> +

+ <mVN > /1/)L1/)L a*(k )(;l;]; <1 + m?\fc {xixr} (0)> +
" (mé\fj/%{ﬁn}(z) {xtve} (2). (25

Substituting the average value (24) for colorless products

(o 0) ~ ({5 i} @)

one gets in the chiral limit m — 0, N, — oo

7= [ (sl = M0 + i) oy + 25 [ (MM @M @M

Mk tp—g 1) (wz<k>xL<q>) (xypm(l)) W L(L—R). 6

Thus, in the case Ny = 1, in contrast with the results of [12,13,20] we obtain the nonlinear
theory with nonlocal interaction. This action has three important advantages: (a) perturbation
N1 (b) th
_ N e
2V N, N,
model is superconvergent, and (c) the potential retains massless ghost fields [16].

theory can be applied since the vertex function is parametrically small

2. ACTION FOR LIGHT QUARKS IN INSTANTON VACUUM MODEL FOR Ny =2

The partition function of QCD in Euclidean space with any number of flavors has the
form

Z(m*) = / D¢DYT DYDY exp ( / WL pidy! dha+ T ioy 'd4x) x
i M 1
X <<exp (Iff/a/x"'fi@(bf/qb}riaxf) H [Iff« _%/wﬁa@d“x/w@'awﬁIff}>>,
f.f
27)

(0
where I,y =6y, P = P2 (f, f' =1,2). In the case Ny = 2, repeating the steps

which bring us to (10) we obtain in the leading order in 1/N,

Z=7;+ 7
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Zr = / 21 / dUr DY DY Dx Dy exp / [w*f iy + z'c(}xf} drx
i +Fi AL A + AT A 1 +:A0 A + A 4
X eXPE/X 1091y d x/¢l(l—)zﬁx d*y (1 — %/wf 1091y d x/¢l(l—)18wfd y) ,
(28)
73 = ﬂd‘lz 7 dU DYDYyt (exp | wTidy, | x
2 = m2 1(I) a1 €xp Frovs
X /ﬁjfif%z(f) d4$1/¢;r(f)i31/11 d4y1/¢§rié¢1(f) d4$2/¢;r(f)i3¢2 d*ys,
where we omit in (28) the nonleading in 1/N, terms y,x" in the exponent. Here Z7

coincides with our result (26) in the case Ny = 1 and Z; is exactly the expression
first investigat.ed in [12,13]. Using the zero-mode density matrix (11), relations (13) and

i
Y5[Va, V8] = = €aBuv|Vu, V], and Fierz transformations we obtain

2
il 2/d4dtW() (29)
2= \nNe LA WEL),
where W4 (x) are 2 x 2 flavor matrices
d'kd'l 1+
Wila)s = [ e €~ AR} (0) 5220, 0. (30)

The 4-fermion interaction is reminiscent of the famous 't Hooft interaction [1]. In the instanton
liquid model it becomes nonlocal owing to the diagonalization of the would be zero modes
of individual pseudoparticles in the instanton medium [12,13]. Strength of interaction (29)
in our model is unambiguously fixed by the characteristics of the instanton medium and the
averaging procedure. Collecting (25) and (29) we obtain the effective action

L—R ]

Q =1+ mLNC {X}FLXJ‘L} (0) + (mLNC {X}FLXJ‘L} (0)>2 +
(o) [ etvntiews: (14— () +

+ (mZ]'VC>2/£V2 {?/J;FLXfL} (2) {X}_waL} (z) + (nf]‘\/[ey/d‘lxdet Wiy(z). 3D

.
(me)?

Expanding the [n function, using (24), lim P, o —

P=1+ # {xfxr}©+ (ﬁ {Xfuxs} (o>>2
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and definition (22) for M (k), we finally obtain in the case Ny = 2

J= / (W[/% —iM(k)]y + x+l%><) (;47’; + 2%x
g/lﬂf@»ﬁf«»ﬁf@»ﬁ4a>f/%ﬂ<k+p—q—4>fﬂﬂ%§g§§5f1%¢@<k>xL<q»(xz@ﬂ¢m<w)+

+ % (032 (B)v12(0) (Vag ()2 (D) = (i, (B)v2r(9)) (V3L (P)erz(D)] }+ (L—R).
(32)

Note that the four-quark coupling in our approach differs from the result [12,13]. Besides
we have significant contribution from quark interaction with massless bosonic spinor fields.

3. ROLE OF THE INSTANTON VACUUM IN THE VECTOR CHANNEL

Now let us demonstrate that instanton fluctuations of the QCD vacuum not only make it
possible to describe the mechanism of spontaneous breaking of chiral invariance (SBCI), but
also can play a decisive role in the formation of bound states in the vector channel. It should
be emphasized that the vector channel can be described using a unified approach based on
quark interaction generated by instanton. Using common notation: .S for action (32) and J
for the currents, we can define the connected part of the current correlation function as

4 4
1) = [ EEEE 50— ko )0 (k) e,

where JU(k) = T (k)['¢(k) with T' = 1,75, %, 7475, 0w We will consider two types of
diagrams contributing to the connected part of the correlation function in different channels:
a) Figure 1 presents the connected part of the correlation function in the pseudoscalar channel

(' = v5). The vertex m — ¢ as T’} (p) is defined as (all factors N, and N/V are included
in the correlation function)

dik . 147 -
Fl"’(p)Z/—Sp [75(k+p/2+z'M1) 275 (k:—p/2—|—iM2)] X

@)
LT, Nﬁ/f% M@E) ()

"k +p/2)2 + M [k — p/2)2 + M2] ~ STZ k24 M2 T 2N,

where 4-fermion vertex is the second term in (32) and gives major inclusion in Fig. 2, while
the first term in (32) related to the ghost field includes the suppression factor (p/R) density
of instanton liquid. Results of calculation bring us to value f; = 142 MeV which coincides

Fig. 1. Connected part of the current correlation function. Solid thin lines correspond to quark fields
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P

k1=k+§
=y (S
2 M (ky) M (k)

P

kz=k*§

Fig. 2. The vertex m — ¢q

c

Fig. 3. Rescattering part of the current correlation function. The crosses correspond to the first term
in (32), interaction of quarks with massless bosonic spinor fields (thin lines are quarks, thick lines are
bosonic spinor fields)

with the previous result [12,13]. From symmetry considerations it follows that the vertex
I‘i (p) vanishes in the vector (I' = +,) and tensor (I' = o,,,,)) channels as it occurred in the
Diakonov—Petrov model [12, 13].

b) In the vector channel: Fig.3 shows a type of diagrams that describe the effects of
permanent scattering in continuous media.

If we isolate only one-meson states in the correlation function by imposing the condition
that any structure obtained by cutting an arbitrary diagram contains only two quarks and
that no colorless subsystems are formed by ghost legs (in other words, if we recall the
general rule that only planar diagrams and minimum number of quark loops survive in the
limit N, — oo) [21], the entire class of diagrams of the type presented in Fig.3,c can be
discarded. The coupling part of the correlation function is thus determined by the diagrams
in Fig.3,a,b which can be summed in the standard way by using the Fredholm equation.
It brings us to the results f, = 193 MeV, m, = 797 MeV. Detailed calculations in the
pseudoscalar and vector channels will be represented elsewhere, where we will also consider
test related to axial-anomaly low-energy theorems (LET).

CONCLUSIONS

Thus, our procedure of averaging the total QCD Lagrangian density in statistical ensemble
of pseudoparticles (rather than to average individual correlation functions as in [4, 5,12, 13])
leads to the action which even in the case Ny = 1 contains the interaction potential of quarks
in an instanton medium and makes it possible to calculate colorless correlation functions.

We want to stress again that the self-consistent quenched approximation is the base of
our approach. It corresponds to neglecting dynamic quark loops containing in the quark
determinant. To compensate the quark determinant we introduce the additional scalar ghost
fields with spin 1/2.
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The physical pattern is as follows: the instanton vacuum medium is treated as a discrete
system of I pairs, and passage to the continuous limit was performed only at the final stage
of calculations. This approach is correct for a quark propagating in the instanton vacuum
because deceleration effects that are due to medium (and which lead to emergence of the
effective quark mass M (p)) do not depend on the way in which the thermodynamic limit
appears N — oo, V — oo, N/V = const. The same approach can be used to describe a
Goldstone mode (pion) for which the quark interaction with vacuum plays a leading role,
while the exchange of momenta between quarks is insignificant. However, for other (non
Goldstone) modes such as vector particles, the continuity of medium plays a decisive role
because quarks exchange momenta only through a continuous medium and can form bound
state. The problem of taking correctly into account both of these effects simultaneously (quark
interactions with instanton fluctuations of the vacuum and interactions between quarks) can
be solved by the method discussed in this paper. Quark interaction in the instanton medium
is mediated by spin-1/2 boson fields y and x " arising in this approach and corresponding to
the physical degrees of freedom of the continuous medium. This effective (superconvergent)
interaction has far-reaching consequences, including the possibility of describing the vector
particles in the model of instanton liquid. Thus, this approach enables us to construct a model
describing physically observable particles.
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