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“· ²Ó¸±¨° £μ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É, …± É¥·¨´¡Ê·£, �μ¸¸¨Ö

�·¥¤² £ ¥É¸Ö ´μ¢Ò° ·¥²ÖÉ¨¢¨¸É¸±¨° Ëμ·³ ²¨§³ μ¤´μ±μ³¶μ´¥´É´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°, ¶·¨-
£μ¤´Ò° ¤²Ö μ¶¨¸ ´¨Ö ¶μ²¥° ¸ ¶·μ¨§¢μ²Ó´Ò³ ¸¶¨´μ³. …£μ · ¡μÉμ¸¶μ¸μ¡´μ¸ÉÓ ¤¥³μ´¸É·¨·Ê¥É¸Ö ´ 
·¥Ï¥´¨¨ § ¤ Î μ ´ Ìμ¦¤¥´¨¨ Ô´¥·£¥É¨Î¥¸±¨Ì É¥·³μ¢ ¢μ¤μ·μ¤μ¶μ¤μ¡´ÒÌ  Éμ³μ¢ ¸ · §²¨Î´μ° ¸É¥-
¶¥´ÓÕ ÉμÎ´μ¸É¨ ¨ ¢ · §´ÒÌ μ¡¸ÉμÖÉ¥²Ó¸É¢ Ì: £·Ê¡μ¥ ·¥Ï¥´¨¥, ·¥²ÖÉ¨¢¨¸É¸± Ö ¶μ¶· ¢± , Éμ´± Ö
¸É·Ê±ÉÊ· , ÔËË¥±ÉÒ ‡¥¥³ ´  ¢ ³ £´¨É´μ³ ¶μ²¥, ¸¢¥·ÌÉμ´±μ¥ · ¸Ð¥¶²¥´¨¥ ¸ ÊÎ¥Éμ³ ¸¶¨´  Ö¤· .

New relativistic method of one-component wave functions applicable to description of ˇelds with
arbitrary spins is suggested. The method is used for the problem of energy states of hydrogen-like atoms
depending on required accuracy and under different conditions: rough estimate, relativistic correction,
ˇne structure, Zeeman effect in a magnetic ˇeld, hyperˇne splitting with account of nucleus spin.

PACS: 31.15.-p
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„²Ö ·¥Ï¥´¨Ö § ¤ Î  Éμ³´μ° Ë¨§¨±¨ ¨ Ë¨§¨±¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¢ ´ ¸ÉμÖÐ¥¥
¢·¥³Ö μ¡ÒÎ´μ ¶μ²Ó§ÊÕÉ¸Ö ²¨¡μ ³¥Éμ¤ ³¨ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, ²¨¡μ
·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö. Œ¥¦¤Ê É¥³ · §· ¡μÉ ´ ´μ¢Ò° ·¥²ÖÉ¨¢¨¸É¸±¨°
Ëμ·³ ²¨§³, ´¥ Ê¸ÉÊ¶ ÕÐ¨° ¨³ ¢ Ê´¨¢¥·¸ ²Ó´μ¸É¨, ´μ ¶·¥¢μ¸Ìμ¤ÖÐ¨° ¶·μ¸ÉμÉμ° ¨ ´ -
£²Ö¤´μ¸ÉÓÕ. �¢Éμ· ´ §¢ ² ¥£μ Ëμ·³ ²¨§³μ³ μ¤´μ±μ³¶μ´¥´É´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°.

�μ¢Ò°  ¶¶ · É μ¸´μ¢ ´ ´  ¨¸¶μ²Ó§μ¢ ´¨¨ ¸± ²Ö·´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¤²Ö μ¶¨¸ ´¨Ö
¶μ²¥° ¸ ¶·μ¨§¢μ²Ó´Ò³ ¸¶¨´μ³. �μ¤·μ¡´μ ¥£μ Ë¨§¨Î¥¸±¨¥ μ¸´μ¢Ò μ¶¨¸ ´Ò ¢ [1]. ‡¤¥¸Ó
Éμ²Ó±μ μÉ³¥É¨³, ÎÉμ μ¸´μ¢μ¶μ² £ ÕÐ¥° ¤²Ö ´¥£μ Ö¢²Ö¥É¸Ö ±μ´Í¥¶Í¨Ö ¶μ²¥° ¤¢¨¦¥´¨Ö,
· ¸¸³ É·¨¢ ÕÐ Ö ¢¸¥ ¡¥§ ¨¸±²ÕÎ¥´¨Ö ³ É¥·¨ ²Ó´Ò¥ μ¡· §μ¢ ´¨Ö ¨ ¨Ì μÉ´μ¸¨É¥²Ó´Ò¥
¤¢¨¦¥´¨Ö ± ± ´¥¶·¥·Ò¢´Ò¥ ¶μ²Ö · ¸¶·¥¤¥²¥´´ÒÌ ¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ § ·Ö¤ , Ô´¥·-
£¨¨, ¨³¶Ê²Ó¸ , Ê£²μ¢μ£μ ³μ³¥´É  ¨ É. ¶. �¥μÉÑ¥³²¥³Ò³ ¸¢μ°¸É¢μ³ É ±¨Ì ¶μ²¥° Ö¢²Ö¥É¸Ö
¨Ì ¸ ³μ¸μ£² ¸μ¢ ´´μ¸ÉÓ ¨²¨ ¢§ ¨³´ Ö ¸μ£² ¸μ¢ ´´μ¸ÉÓ, ÎÉμ ¶·μÐ¥ ¢¸¥£μ ·¥ ²¨§Ê¥É¸Ö ¢
¢μ²´μ¢ÒÌ ¶μ²ÖÌ1.

�¶¨Ï¥³ ¢±· ÉÍ¥ μ¸´μ¢´Ò¥ Ì · ±É¥·´Ò¥ Î¥·ÉÒ ´μ¢μ£μ Ëμ·³ ²¨§³ . ‚μ-¶¥·¢ÒÌ, ¢¸¥
Ë¨£Ê·¨·ÊÕÐ¨¥ ¢ ´¥³ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ (¶μ²Ö) Ö¢²ÖÕÉ¸Ö ¸± ²Ö·´Ò³¨ ±μ³¶²¥±¸´Ò³¨. ‚μ-
¢Éμ·ÒÌ, ¥¸²¨ ± ±μ¥-Éμ ¶μ²¥ ¤¢¨¦¥´¨Ö Ψ Ö¢²Ö¥É¸Ö ¸Ê¶¥·¶μ§¨Í¨¥° ´¥¸±μ²Ó±¨Ì ´¥§ ¢¨¸¨³ÒÌ

1�É¸ÊÉ¸É¢¨¥ ¸ ³μ¸μ£² ¸μ¢ ´´μ¸É¨ ¢¥¤¥É ± ¡Ò¸É·μ° ¤¨¸¸¨¶ Í¨¨ ¶μ²Ö.
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¶μ²¥° ¤¢¨¦¥´¨Ö ψ, φ, χ, . . . 1, Éμ μ´μ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ μ¡ÒÎ´μ£μ ¶·μ¨§¢¥¤¥´¨Ö Ψ =
ψφχ . . . ‚-É·¥ÉÓ¨Ì, ± ± ¨ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥, Ë¨§¨Î¥¸±¨³ ¢¥²¨Î¨´ ³ ¸μ¶μ¸É ¢²ÖÕÉ¸Ö
μ¶¥· Éμ·Ò. �·¨ ¤¥°¸É¢¨¨ μ¶¥· Éμ·  ´  ¶μ²¥ Ψ μ´ ¤μ²¦¥´ ¶μμÎ¥·¥¤´μ ¤¥°¸É¢μ¢ ÉÓ ´ 
¢¸¥ ¶ ·Í¨ ²Ó´Ò¥ ¶μ²Ö, ¢Ìμ¤ÖÐ¨¥ ¢ Ψ. �·¨ ÔÉμ³ μ´ ¤μ²¦¥´ ¡ÒÉÓ ¢Ò· ¦¥´ ¢ ¶¥·¥³¥´´ÒÌ
Éμ° ¦¥ ¸¨¸É¥³Ò μÉ¸Î¥É , ÎÉμ ¨ ¶μ²¥, ´  ±μÉμ·μ¥ μ´ ¤¥°¸É¢Ê¥É. ‚-Î¥É¢¥·ÉÒÌ, ¤¨´ ³¨± 
¶·μ¨§¢μ²Ó´μ£μ ¶μ²Ö Ψ μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³ Š²¥°´ Äƒμ·¤μ´ Ä”μ± 

∂μ∂μΨ +
m2c2

�2
Ψ = 0, μ = 0, 1, 2, 3, (1)

±μÉμ·μ¥, É ±¨³ μ¡· §μ³, Ö¢²Ö¥É¸Ö Ê´¨¢¥·¸ ²Ó´Ò³ ¤²Ö Ëμ·³ ²¨§³ .
�¶¨¸ ´¨¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢Ò¶μ²´Ö¥É¸Ö ¢ Éμ³ ¦¥ Ì · ±É¥·´μ³ ±²ÕÎ¥. …¸²¨ ¨§¢¥¸É´μ,

ÎÉμ ¥¸ÉÓ ¢´¥Ï´¥¥ ¢μ§¤¥°¸É¢¨¥, Éμ ¢ μ¡Ð¥¥ ¶μ²¥ Ψ ¢¢μ¤¨É¸Ö ¤μ¶μ²´¨É¥²Ó´μ¥ ¶ ·Í¨ ²Ó´μ¥
¶μ²¥ ¤¢¨¦¥´¨Ö f , ´ §Ò¢ ¥³μ¥ ¶μ²¥³ ·¥ ±Í¨¨ (¶μ²¥³ μÉ±²¨± ). �μ²¥ Ψ ¶μ¤¸É ¢²Ö¥É¸Ö ¢ (1).
„ ²¥¥ ³´μ£μ¥ § ¢¨¸¨É μÉ ·¥§Ê²ÓÉ É  ¤¥°¸É¢¨Ö μ¶¥· Éμ·μ¢ ´  ¶μ²¥ ·¥ ±Í¨¨. �·¨¢¥¤¥³
¤ ´´Ò¥ ¤²Ö Ô²¥±É·μ³ £´¨É´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. …¸²¨ ¨¸¸²¥¤Ê¥³μ¥ ¶μ²¥ ¤¢¨¦¥´¨Ö Ψ
μ¡² ¤ ¥É Ô²¥±É·¨Î¥¸±¨³ § ·Ö¤μ³ Q ¨ ´  ´¥£μ ¸μ ¸Éμ·μ´Ò ¤¥°¸É¢Ê¥É 4-¶μÉ¥´Í¨ ² Aμ, Éμ
·¥§Ê²ÓÉ Éμ³ ¤¥°¸É¢¨Ö μ¶¥· Éμ·  4-¨³¶Ê²Ó¸  ¡Ê¤¥É

p̂μf = −Q

c
Aμf −→ ∂μf =

iQ

�c
Aμf. (2)

‚¸²¥¤¸É¢¨¥ (2) ¶μ²¥ ·¥ ±Í¨¨ f ¢ ¤ ²Ó´¥°Ï¥³ ¸μ±· Ð ¥É¸Ö ¢ Ê· ¢´¥´¨¨ (1) ¨ μ¸É ¢²Ö¥É ¢
´¥³ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö μ¶¥· Éμ·μ¢, ¶·μ¨§¢μ¤´ÒÌ μÉ p̂μ.

�¶¨¸ ´¨¥ ¸¶¨´  É ±¦¥ ´¥ ¢ÒÌμ¤¨É §  · ³±¨ ¢ÒÏ¥¨§²μ¦¥´´μ£μ ¶μ¤Ìμ¤ . � ¨³¥´´μ,
´¥§ ¢¨¸¨³ Ö ¸É¥¶¥´Ó ¸¢μ¡μ¤Ò ±¢ ´Éμ¢μ£μ ¶μ²Ö Å ¸¶¨´ Å ¶μ² £ ¥É¸Ö ´¥§ ¢¨¸¨³Ò³ ¶μ²¥³
¢· Ð É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö ¢ ¸μ¡¸É¢¥´´μ° ¸¨¸É¥³¥ μÉ¸Î¥É 2, ¨ ¥³Ê ¶·μ¸Éμ ¸μ¶μ¸É ¢²Ö¥É¸Ö
¶ ·Í¨ ²Ó´μ¥ ¶μ²¥ σ, ¢Ìμ¤ÖÐ¥¥ ¢ Ψ. ‚ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¢· Ð É¥²Ó´μ¥ ¤¢¨¦¥´¨¥ ¤μ²¦´μ
μ¶¨¸Ò¢ ÉÓ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ μ¶¥· Éμ·  ³μ³¥´É  ¨³¶Ê²Ó¸  (¨/¨²¨ ¥£μ ±¢ ¤· É ).
�μÔÉμ³Ê σ ¨§´ Î ²Ó´μ ¢Ò¡¨· ¥É¸Ö ¨§ ÔÉμ£μ ±² ¸¸ . � ¨¡μ²¥¥ μ¡Ð¨³ ¢Ò· ¦¥´¨¥³ ¤²Ö ´¥£μ
Ö¢²Ö¥É¸Ö

σ(θ, ϕ) = Y μ
ν (θ, ϕ) = [apP

μ
ν (cos θ) + aqQ

μ
ν (cos θ)] eiμϕ, (3)

£¤¥ Pμ
ν (ζ), Qμ

ν (ζ) Å ¶·¨¸μ¥¤¨´¥´´Ò¥ ËÊ´±Í¨¨ ‹¥¦ ´¤·  1-£μ ¨ 2-£μ ·μ¤  ¸μμÉ¢¥É¸É¢¥´´μ;
ap, aq Å Î¨¸²μ¢Ò¥ ³´μ¦¨É¥²¨; ν Å ±¢ ´Éμ¢μ¥ Î¨¸²μ ³μ¤Ê²Ö Ê£²μ¢μ£μ ³μ³¥´É ; μ Å ±¢ ´-
Éμ¢μ¥ Î¨¸²μ z-¶·μ¥±Í¨¨ Ê£²μ¢μ£μ ³μ³¥´É . „²Ö Í¥²ÒÌ ν = l, μ = m ËÊ´±Í¨Ö Qm

l (cos θ)
¨³¥¥É μ¸μ¡¥´´μ¸É¨, ¶μÔÉμ³Ê ¶μ² £ ÕÉ aq = 0 ¨ ¶μ²ÊÎ ÕÉ

σ(θ, ϕ) = Y m
l (θ, ϕ) =

1
2

√
2l + 1

π

(l − |m|)!
(l + |m|)! P

|m|
l (cos θ) eimϕ, (4)

£¤¥ P
|m|
l (cos θ) Å ¶·¨¸μ¥¤¨´¥´´Ò¥ ¶μ²¨´μ³Ò ‹¥¦ ´¤· . ’ ±μ° ¢ ·¨ ´É, ¢ Î ¸É´μ¸É¨,

¨³¥¥É ³¥¸Éμ ¶·¨ É· ¤¨Í¨μ´´μ³ μ¶¨¸ ´¨¨ μ·¡¨É ²Ó´μ£μ Ê£²μ¢μ£μ ³μ³¥´É .

1� §Ò¢ ¥³ÒÌ ¶ ·Í¨ ²Ó´Ò³¨.
2‘μ¢³¥Ð¥´´μ° ¸ Í¥´É·μ³ ³ ¸¸ ¶μ²Ö.
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�·¨ ¶μ²ÊÍ¥²ÒÌ ν = s, μ = s′ ¢ ¶μ²Õ¸ Ì ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É θ, ϕ μ¡¥
ËÊ´±Í¨¨ P s′

s (cos θ), Qs′

s (cos θ) ³μ£ÊÉ ¨³¥ÉÓ ¸¨´£Ê²Ö·´μ¸É¨, μ¤´ ±μ ¢¸¥£¤  ¶μ¶¥·¥³¥´´μ.
�μÔÉμ³Ê ¶μ²¥ ¸¶¨´  σ(θ, ϕ) ¢¸¥£¤  ³μ¦¥É ¡ÒÉÓ ¢Ò¡· ´μ £² ¤±¨³ ¸ ¶μ³μÐÓÕ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¥£μ ¶μ¤¡μ·  ³´μ¦¨É¥²¥° ap, aq . „²Ö ¢ ¦´μ£μ ¸²ÊÎ Ö s = 1/2, s′ = ±1/2

Y 1/2
1/2 (θ, ϕ) =

1
π

( {
1

0

}
cos θ√
sin θ

+

{
0

1

}
√

sin θ

)
eiϕ/2, (5)

Y −1/2
1/2 (θ, ϕ) =

1
π

( {
0

1

}
cos θ√
sin θ

+

{
1

0

}
√

sin θ

)
e−iϕ/2. (6)

�¥·¢ÊÕ ¶·μ¢¥·±Ê Ëμ·³ ²¨§³ μ¤´μ±μ³¶μ´¥´É´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¶·μÏ¥² ´  § -
¤ Î Ì μ ¢μ¤μ·μ¤μ¶μ¤μ¡´μ³  Éμ³¥. �·¨ ÔÉμ³ ¢ÒÖ¢¨²¨¸Ó ³´μ£¨¥ ¥£μ ¶·¥¨³ÊÐ¥¸É¢  ¶¥·¥¤
É· ¤¨Í¨μ´´Ò³¨ ³¥Éμ¤ ³¨. Š ´¨³ μÉ´μ¸ÖÉ¸Ö μ¡Ð Ö ¤²Ö ¢¸¥Ì § ¤ Î ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ
μ¸´μ¢´ÒÌ ¤¥°¸É¢¨° (É ±, ¢¸¥ § ¤ Î¨ ´ Î¨´ ÕÉ¸Ö ¸ § ¶¨¸¨ Ê· ¢´¥´¨Ö Š²¥°´ Äƒμ·¤μ´ Ä
”μ± ), ¶·μ¸ÉμÉ , ¨§´ Î ²Ó´μ ·¥²ÖÉ¨¢¨¸É¸±¨° Ì · ±É¥· ¨ ´ ²¨Î¨¥ Ë¨§¨Î¥¸±μ° É· ±Éμ¢±¨.
�¨¦¥ ¡Ê¤¥É ¶·μ¤¥³μ´¸É·¨·μ¢ ´  · ¡μÉ  ´μ¢μ£μ Ëμ·³ ²¨§³ .

ˆÉ ±, · ¸¸³μÉ·¨³  Éμ³, ¸μ¸ÉμÖÐ¨° ¨§ Ö¤·  ¸ § ·Ö¤μ³ +Ze, ³ ¸¸μ° mZ ¨ μ¤´μ£μ
Ô²¥±É·μ´  ¸ § ·Ö¤μ³ −e, ³ ¸¸μ° me. …¸²¨ ¸³μÉ·¥ÉÓ ´  ´¥£μ ¨§ ´¥±μÉμ·μ° ¢´¥Ï´¥°
(² ¡μ· Éμ·´μ°) ¸¨¸É¥³Ò μÉ¸Î¥É  (·¨¸. 1), Éμ ¢¥±Éμ· r′Z § ¤ ¥É ±μμ·¤¨´ ÉÒ Ö¤· ,   ¢¥±-
Éμ· r′e Å ±μμ·¤¨´ ÉÒ Ô²¥±É·μ´ 1. ‚¥±Éμ· R Ê± §Ò¢ ¥É ´  Í¥´É· ³ ¸¸ (Í¥´É· ¨´¥·Í¨¨)
¸¨¸É¥³Ò ®Ö¤·μ-Ô²¥±É·μ´¯. …¸²¨ ¶¥·¥°É¨ ¢ ¸¨¸É¥³Ê Í¥´É·  ³ ¸¸ (‘–ˆ)  Éμ³ , Éμ rZ

§ ¤ ¸É ±μμ·¤¨´ ÉÒ Ö¤· ,   re Å ±μμ·¤¨´ ÉÒ Ô²¥±É·μ´ . Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ É ±μ¥
· ¸¸³μÉ·¥´¨¥ Ô±¢¨¢ ²¥´É´μ § ¤ Î¥ μ ¤¢¨¦¥´¨¨ ´¥±μÉμ·μ£μ ®¶·¨¢¥¤¥´´μ£μ¯ Ô²¥±É·μ´  ¸
±μμ·¤¨´ É ³¨ r = re − rZ ¢ ¸¨¸É¥³¥ μÉ¸Î¥É , ¸μ¢³¥Ð¥´´μ° ¸ Ö¤·μ³. Œ ¸¸  ¶·¨¢¥¤¥´´μ£μ
Ô²¥±É·μ´  ¶·¨ ÔÉμ³ ¥¸ÉÓ m̄.

„μ¸Éμ¨´¸É¢μ³ μ¶¥· Éμ·  ¤'�² ³¡¥·  ∂μ∂μ Ö¢²Ö¥É¸Ö ¥£μ ·¥²ÖÉ¨¢¨¸É¸± Ö ¨´¢ ·¨ ´É-
´μ¸ÉÓ, ¡² £μ¤ ·Ö ±μÉμ·μ° Ê· ¢´¥´¨¥ (1) ¨ ¢ ¶·¨¢¥¤¥´´μ° ¸¨¸É¥³¥ μÉ¸Î¥É  ¸μÌ· ´¨É ¸¢μÕ

�¨¸. 1. ‹ ¡μ· Éμ·´ Ö ¸¨¸É¥³  μÉ¸Î¥É  ¨ ¸¨¸É¥³  Í¥´É·  ¨´¥·Í¨¨ (‘–ˆ) ¢μ¤μ·μ¤μ¶μ¤μ¡´μ£μ  Éμ³ 

1„²Ö Ê¤μ¡¸É¢  ³Ò ¸μÌ· ´Ö¥³ ¸É ·ÊÕ É¥·³¨´μ²μ£¨Õ, ÌμÉÖ ¢ · ³± Ì ´μ¢μ£μ ¶μ¤Ìμ¤  ¶· ¢¨²Ó´¥¥ ¡Ò²μ ¡Ò
£μ¢μ·¨ÉÓ ®±μμ·¤¨´ ÉÒ Í¥´É·  ³ ¸¸ Ö¤· ¯ ¨ ®±μμ·¤¨´ ÉÒ Í¥´É·  ³ ¸¸ Ô²¥±É·μ´ ¯. �·¨ ÔÉμ³ ¶μ¤ Ö¤·μ³ ¨
Ô²¥±É·μ´μ³ ¶μ¤· §Ê³¥¢ ²¨¸Ó ¡Ò ´¥±μÉμ·Ò¥ ¶μ²Ö ¤¢¨¦¥´¨Ö.
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Ëμ·³Ê. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö ¶μ²Ö ¤¢¨¦¥´¨Ö Ψ ¶·¨¢¥¤¥´´μ£μ Ô²¥±É·μ´  ¸ ³ ¸¸μ° m̄ ¡Ê¤¥³
¨³¥ÉÓ

∂μ∂μΨ +
m̄2c2

�2
Ψ = 0. (7)

1. ƒ�“��… ��ˆ‘��ˆ… ’…�Œ�‚ 	�…�ƒˆˆ �’�Œ�

‘Î¨É ¥³, ÎÉμ ¢  Éμ³¥ ¨³¥¥É ³¥¸Éμ Éμ²Ó±μ μ·¡¨É ²Ó´μ¥ ¤¢¨¦¥´¨¥ Ô²¥±É·μ´  ¶μ¤ ¤¥°-
¸É¢¨¥³ ±Ê²μ´μ¢¸±μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ Ö¤·μ³. �μÔÉμ³Ê ¶·¥¤¸É ¢¨³ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ
®¶·¨¢¥¤¥´´μ£μ Ô²¥±É·μ´ ¯ ¢ ¢¨¤¥

Ψ(xμ) = ψ(xμ)f(xμ), (8)

£¤¥ f(xμ) Å ¶μ²¥ ·¥ ±Í¨¨ ®¶·¨¢¥¤¥´´μ£μ Ô²¥±É·μ´ ¯ ´  ¶μÉ¥´Í¨ ² Ö¤· ; ψ(xμ) Å
¨¸±μ³ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö (μ·¡¨É ²Ó´μ£μ ¤¢¨¦¥´¨Ö).

�μ¤¸É ¢¨³ ¥¥ ¢ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö (7) ¨ ¢Ò¶μ²´¨³ É·¥¡Ê¥³Ò¥ ¤¥°¸É¢¨Ö (¤¨ËË¥·¥´-
Í¨·μ¢ ´¨¥ ¶·μ¨§¢¥¤¥´¨Ö):

∂μ∂μ(ψf) +
m̄2c2

�2
ψf = 0, ∂μ(ψ∂μf + f∂μψ) +

m̄2c2

�2
ψf = 0;

(9)

ψ∂μ∂μf + f∂μ∂μψ + 2(∂μψ)(∂μf) +
m̄2c2

�2
ψf = 0.

�μ¸±μ²Ó±Ê ¶μ²¥ Ö¤·  ±Ê²μ´μ¢¸±μ¥, Éμ ¥£μ 4-¶μÉ¥´Í¨ ²

Aμ =
(

Ze

r
, 0, 0, 0

)
.

‘²¥¤μ¢ É¥²Ó´μ,

2(∂μψ)(∂μf) = −2
ie

�c
fAμ∂μψ = −2

iZe2

�c2r

∂ψ

∂t
f ;

(10)

∂μ∂μf =
iQ

�c
Aμ(∂μf) = − Z2e4

�2c2r2
f.

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ·¥§Ê²ÓÉ ÉÒ ¨ ¶μ¸ÉμÖ´´ÊÕ Éμ´±μ° ¸É·Ê±ÉÊ·Ò α = e2/�c ≈ 1/137, ¶·¨¢¥-
¤¥³ Ê· ¢´¥´¨¥ ¤¨´ ³¨±¨ (9) ± ¢¨¤Ê

−α2Z2

r2
ψf + f∂μ∂μψ − 2

iαZ

cr

∂ψ

∂t
f +

m̄2c2

�2
ψf = 0.

‘μ±· É¨³ ´  f , ¶¥·¥£·Ê¶¶¨·Ê¥³ ¨ § ¶¨Ï¥³ ¢ 3-³¥·´μ° Ëμ·³¥:

1
c2

∂2ψ

∂t2
− Δψ − 2

iαZ

cr

∂ψ

∂t
+

(
m̄2c2

�2
− α2Z2

r2

)
ψ = 0. (11)

‘Î¨É ¥³ ¶μ²¥ Ψ ¸É Í¨μ´ ·´Ò³ ¨ ¶μÔÉμ³Ê ¶μ² £ ¥³ ψ(t, r) = e−iωtχ(r). …¸²¨ ³Ò
¶μ¤¸É ¢¨³ ÔÉμ ¢ Ê· ¢´¥´¨¥ (11), Éμ ¶μ²ÊÎ¨³

Δχ +
(
−m̄2c2

�2
+

ω2

c2
+ 2

αωZ

cr
+

α2Z2

r2

)
χ = 0.
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‘Ê³³  ¶¥·¢ÒÌ ¤¢ÊÌ Î²¥´μ¢ ¢ ¸±μ¡± Ì μÉ·¨Í É¥²Ó´ , É ± ÎÉμ

Δχ +
(
−κ2 + 2

αωZ

cr
+

α2Z2

r2

)
χ = 0, £¤¥ − κ2 = −m̄2c2

�2
+

ω2

c2
.

‚ ¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì r, θ, ϕ ÔÉμ Ê· ¢´¥´¨¥ § ¶¨Ï¥É¸Ö ± ±

∂2χ

∂r2
+

2
r

∂χ

∂r
+

1
r2

Δθ,ϕχ +
(
−κ2 + 2

αωZ

cr
+

α2Z2

r2

)
χ = 0, (12)

£¤¥ Ê£²μ¢ Ö Î ¸ÉÓ μ¶¥· Éμ·  ‹ ¶² ¸  ¥¸ÉÓ

Δθ,ϕ ≡ ∂2

∂θ2
+ ctg θ

∂

∂θ
+

1
sin2 θ

∂2

∂ϕ2
.

� §¤¥²¨³ ¶¥·¥³¥´´Ò¥ r ¨ θ, ϕ, ¤²Ö Î¥£μ ¶μ²μ¦¨³ χ(r) = R(r)Y (θ, ϕ). �μ²ÊÎ¨³

Y
∂2R

∂r2
+

2Y

r

∂R

∂r
+

R

r2
Δθ,ϕY +

(
−κ2 + 2

αωZ

cr
+

α2Z2

r2

)
RY = 0,

μÉ±Ê¤  ¸²¥¤ÊÕÉ ¤¢  ´¥§ ¢¨¸¨³ÒÌ Ê· ¢´¥´¨Ö:

d2R

dr2
+

2
r

dR

dr
+

(
−κ2 + 2

αωZ

cr
+

α2Z2 − λ1

r2

)
R = 0, Δθ,ϕY + λ1Y = 0.

‘μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ μ¶¥· Éμ·  Δθ,ϕ É¥ ¦¥, ÎÉμ ¨ Ê μ¶¥· Éμ·  ±¢ ¤· É  Ê£²μ¢μ£μ ³μ-
³¥´É , É. ¥.

Y (θ, ϕ) = [apP
m
l (cos θ) + aqQ

m
l (cos θ)] eimϕ,

£¤¥ ¨´¤¥±¸Ò l ¨ m ¢ ¤ ´´μ³ ¸²ÊÎ ¥ Ö¢²ÖÕÉ¸Ö ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ μ·¡¨É ²Ó´μ£μ Ê£²μ¢μ£μ
³μ³¥´É  ¨ ¶·¨´¨³ ÕÉ Í¥²μÎ¨¸²¥´´Ò¥ §´ Î¥´¨Ö. Š·μ³¥ Éμ£μ, ¶·¨ ÔÉμ³ λ1 = l(l + 1), ÎÉμ
³Ò ¨ ¶μ¤¸É ¢¨³ ¢ · ¤¨ ²Ó´μ¥ Ê· ¢´¥´¨¥:

d2R

dr2
+

2
r

dR

dr
+

[
−κ2 + 2

αωZ

cr
− l(l + 1) − α2Z2

r2

]
R = 0. (13)

�¥Ï¥´¨¥ ¶μ¤μ¡´μ£μ Ê· ¢´¥´¨Ö (Éμ²Ó±μ ¡¥§ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±¨ α2Z2/r2) ³μ¦´μ
´ °É¨ ¶μÎÉ¨ ¢ ± ¦¤μ³ ÊÎ¥¡´¨±¥ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ [2Ä6]. �¡ÒÎ´μ ¶μ² £ ÕÉ R(r) =
rγ e−κrW (r), £¤¥ γ Å ´¥±μÉμ· Ö ¶·μ¨§¢μ²Ó´ Ö ¶μ±  ±μ´¸É ´É , W Å ´μ¢ Ö ËÊ´±Í¨Ö μÉ
r, ¢¨¤ ±μÉμ·μ° ¶·¥¤¸Éμ¨É ´ °É¨. �μ¸²¥ ÔÉμ£μ (13) ¶·¥¢· Ð ¥É¸Ö ¢ Ê· ¢´¥´¨¥ ¤²Ö W (r)
¸μ ¸¢μ¡μ¤´Ò³ ¶ · ³¥É·μ³ γ. —Éμ¡Ò ¥£μ Ê¶·μ¸É¨ÉÓ, ¶·¨´¨³ ÕÉ

γ2 + γ + α2Z2 − l(l + 1) = 0, −→ γ = −1
2

+
√

(l + 1/2)2 − α2Z2, (14)

¶μ¸²¥ Î¥£μ ¶μ²ÊÎ ÕÉ

r
d2W

dr2
+ 2(γ − κr + 1)

dW

dr
+ 2

(
αωZ

c
− κγ − κ

)
W = 0.
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�μ² £ Ö W (r) ¢ ¢¨¤¥ ·Ö¤  W = W (ξ) =
∑

akξk, £¤¥ ξ = 2κr, ¶μ²ÊÎ ÕÉ ·¥±Ê··¥´É´ÊÕ

Ëμ·³Ê²Ê ¤²Ö ¥£μ ±μÔËË¨Í¨¥´Éμ¢:

ak+1 =
k + γ + 1 − αωZ

κc
(k + 1)(k + 2γ + 2)

ak.

„²Ö ¸Ìμ¤¨³μ¸É¨ ÔÉμÉ ·Ö¤ ¤μ²¦¥´ μ¡·Ò¢ ÉÓ¸Ö ¶·¨ ´¥±μÉμ·μ³ k = nr, ¨§ Î¥£μ ¸²¥¤Ê¥É

αωZ

κc
= nr + γ + 1.

‚μ§¢μ¤Ö ÔÉμ ¢Ò· ¦¥´¨¥ ¢ ±¢ ¤· É:

α2ω2Z2

κ2c2
= (nr + γ + 1)2 = n2

r + γ2 + 1 + 2nrγ + 2γ + 2nr,

¶μ¤¸É ¢²ÖÖ ¸Õ¤  γ ¨§ (14) ¨ μ£· ´¨Î¨¢ Ö¸Ó Î²¥´ ³¨ ¸É¥¶¥´¨ ´¥ ¢ÒÏ¥ α2, ¶μ²ÊÎ¨³

α2ω2Z2

κ2c2
= n2 − α2Z2 n

l + 1/2
,

£¤¥ £² ¢´μ¥ ±¢ ´Éμ¢μ¥ Î¨¸²μ n = nr+l+1. �É¸Õ¤  Ê¦¥ ¸²¥¤Ê¥É μ±μ´Î É¥²Ó´μ¥ ¢Ò· ¦¥´¨¥
¤²Ö Ô´¥·£¥É¨Î¥¸±¨Ì É¥·³μ¢, ¶·¨Î¥³ ¸· §Ê ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±μ°:

En,l = �ω ≈ m̄c2 − m̄c2

2

[
α2Z2

n2
+

α4Z4

n3

(
1

l + 1/2
− 3

4n

)]
. (15)

2. ’��Š�Ÿ ‘’�“Š’“�� 	�…�ƒ…’ˆ—…‘Šˆ• ’…�Œ�‚

�¥ ²Ó´Ò° Ô²¥±É·μ´ μ¡² ¤ ¥É ¥Ð¥ μ¤´¨³, ¸μ¡¸É¢¥´´Ò³, ¶μ²¥³ ¤¢¨¦¥´¨Ö, ±μÉμ·μ¥ ¶·¨-
´ÖÉμ ´ §Ò¢ ÉÓ ¸¶¨´μ³. �Éμ ´¥§ ¢¨¸¨³μ¥ ¶μ²¥,   ¶μÉμ³Ê ¢ μ¡ÐÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ
¢Ìμ¤¨É ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö:

Ψ = ψfσ.

‡¤¥¸Ó ψ ¨ f ¥¸ÉÓ ¸μμÉ¢¥É¸É¢¥´´μ ¶μ²¥ μ·¡¨É ²Ó´μ£μ ¤¢¨¦¥´¨Ö ¨ ¶μ²¥ ·¥ ±Í¨¨ ´  ¢§ ¨³μ-
¤¥°¸É¢¨¥. ‘¶¨´μ¢μ¥ ¶μ²¥ σ = σ(x′′μ) § ¢¨¸¨É μÉ ®¢´ÊÉ·¥´´¨Ì¯ ±μμ·¤¨´ É x′′μ ¸μ¡¸É¢¥´-
´μ° ¸¨¸É¥³Ò μÉ¸Î¥É  Ô²¥±É·μ´ .

�μ¤¸É ¢¨³ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¢ ¤¨´ ³¨Î¥¸±μ¥ Ê· ¢´¥´¨¥:

∂μ∂μ(ψfσ) +
m̄2c2

�2
ψfσ = 0.

� ¸±·μ¥³ ¸±μ¡±¨ ¨ ¶μ¸²¥ ¶·¨¢¥¤¥´¨Ö ¶μ¤μ¡´ÒÌ ¶μ²ÊÎ¨³

(∂μ∂μψ)fσ + (∂μ∂μf)ψσ + (∂μ∂μσ)ψf + 2(∂μψ)(∂μf)σ+

+ 2(∂μψ)(∂μσ)f + 2(∂μf)(∂μσ)ψ +
m̄2c2

�2
ψfσ = 0. (16)
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�¥·¢Ò¥ É·¨ ¸² £ ¥³ÒÌ μ¶¨¸Ò¢ ÕÉ Ô´¥·£¨Õ-¨³¶Ê²Ó¸ ¶μ²¥° ψ, f ¨ σ ¶μ μÉ¤¥²Ó´μ¸É¨, É·¨
¸²¥¤ÊÕÐ¨Ì Ì · ±É¥·¨§ÊÕÉ ¶μ¶ ·´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¢Ìμ¤ÖÐ¨Ì ¢ ´¨Ì ¶μ²¥°:

2(∂μψ)(∂μf)σ Å ¢§ ¨³μ¤¥°¸É¢¨¥ Ô²¥±É·μ´  ¸ Ö¤·μ³,
2(∂μψ)(∂μσ)f Å ¸¶¨´-μ·¡¨É ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ Ô²¥±É·μ´ ,
2(∂μf)(∂μσ)ψ Å ¢§ ¨³μ¤¥°¸É¢¨¥ ¸¶¨´  Ô²¥±É·μ´  ¸ Ö¤·μ³.

�μ¸²¥¤´¨³ ¨§ ´¨Ì ¶·¥´¥¡·¥¦¥³ ´  ¤ ´´μ³ ÔÉ ¶¥ ¢¸²¥¤¸É¢¨¥ μÉ´μ¸¨É¥²Ó´μ° ³ ²μ¸É¨.
‚μ¸¶μ²Ó§Ê¥³¸Ö ¸μμÉ´μÏ¥´¨Ö³¨ (10), ¶μ¸²¥ Î¥£μ ¨§ (16) ¶μ²ÊÎ¨³:

∂μ∂μψ − 2
iαZ

cr

∂ψ

∂t
+ 2(∂μψ)

∂μσ

σ
+

[
m̄2c2

�2
− α2Z2

r2
+

∂μ∂μσ

σ

]
ψ = 0. (17)

‘¶¨´μ¢ Ö ËÊ´±Í¨Ö σ § ¢¨¸¨É Éμ²Ó±μ μÉ Ê£²μ¢ θ′′, ϕ′′ ¨ ´¥ § ¢¨¸¨É μÉ r′′. �Éμ §´ Î¨É, ÎÉμ
¡¥§ ´ ·ÊÏ¥´¨Ö μ¡Ð´μ¸É¨ ¤²Ö ÔÉμ° ËÊ´±Í¨¨ ´ Î ²  μÉ¸Î¥É  ¤¢ÊÌ ¸¨¸É¥³ xμ ¨ x′′μ ³μ¦´μ
¸μ¢³¥¸É¨ÉÓ. ’ ±¨³ μ¡· §μ³, ¢ ËÊ´±Í¨¨ σ(θ′′, ϕ′′) ³Ò ³μ¦¥³ ¸μ¢¥·Ï¨ÉÓ § ³¥´Ê θ′′ = θ,
ϕ′′ = ϕ, ¶μ¸²¥ Î¥£μ ¶μ² £ ÉÓ σ = σ(θ, ϕ).

�μ²ÊÎ¨³

∂μ∂μσ =
s(s + 1)

r2
σ −→ ∂μ∂μσ

σ
=

s(s + 1)
r2

.

Œμ¦´μ ¶μ± § ÉÓ [1], ÎÉμ

(∂μψ)(∂μσ) =
l · s
r2

ψσ, l = L/�, s = S/�,

£¤¥ L Å Ê£²μ¢μ° ³μ³¥´É ¶μ²Ö ¤¢¨¦¥´¨Ö ψ (μ·¡¨É ²Ó´Ò°); S Å Ê£²μ¢μ° ³μ³¥´É ¶μ²Ö
¤¢¨¦¥´¨Ö σ (¸¶¨´).

�μ¸±μ²Ó±Ê l · s = [j(j + 1) − l(l + 1) − s(s + 1)]/2, Éμ Ê· ¢´¥´¨¥ (17) ¶·¨μ¡·¥É¥É
¸²¥¤ÊÕÐ¨° ¢¨¤1:

1
c2

∂2ψ

∂t2
− Δψ − 2

iαZ

cr

∂ψ

∂t
+

[
m̄2c2

�2
− α2Z2

r2
+

j(j + 1) − l(l + 1)
r2

]
ψ = 0.

�μ¤¸É ´μ¢±μ° ψ = e−iωt χ(r) ¨§¡ ¢¨³¸Ö μÉ ¢·¥³¥´´	μ° § ¢¨¸¨³μ¸É¨ ¨ ¶μ²ÊÎ¨³

Δχ +
[
−κ2 + 2

αωZ

cr
+

α2Z2

r2
− j(j + 1) − l(l + 1)

r2

]
χ = 0. (18)

� §¤¥²ÖÖ ¶¥·¥³¥´´Ò¥ r ¨ θ, ϕ, ³Ò ¶μ²ÊÎ¨³ ¥Ð¥ μ¤´μ ¸² £ ¥³μ¥

− l(l + 1)
r2

R,

±μÉμ·μ¥ ¢§ ¨³´μ Ê´¨ÎÉμ¦¨É¸Ö ¸ ¶·μÉ¨¢μ¶μ²μ¦´Ò³ ¢ (18), ¶μ¸²¥ Î¥£μ μ¸É ´¥É¸Ö · ¤¨ ²Ó-
´μ¥ Ê· ¢´¥´¨¥

d2R

dr2
+

2
r

dR

dr
+

[
−κ2 + 2

αωZ

cr
− j(j + 1) − α2Z2

r2

]
R = 0. (19)

1j ¥¸ÉÓ ³μ¤Ê²Ó ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É   Éμ³  j = l + s.
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�´μ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ μ¡μ§´ Î¥´¨° l ↔ j ¸μ¢¶ ¤ ¥É ¸ Ê· ¢´¥´¨¥³ (13), ¶μÔÉμ³Ê ´¥É ´¨-
Î¥£μ Ê¤¨¢¨É¥²Ó´μ£μ ¢ Éμ³, ÎÉμ ¨§ ´¥£μ ¤²Ö Ô´¥·£¥É¨Î¥¸±¨Ì É¥·³μ¢ ¶μ²ÊÎ ¥É¸Ö ¶μ¤μ¡´ Ö
Ëμ·³Ê² 

En,l = �ω ≈ m̄c2 − m̄c2

2

[
α2Z2

n2
+

α4Z4

n3

(
1

j + 1/2
− 3

4n

)]
, (20)

¨§¢¥¸É´ Ö ¶μ¤ ´ §¢ ´¨¥³ Ëμ·³Ê²Ò Éμ´±μ° ¸É·Ê±ÉÊ·Ò1.

3. �’�Œ ‚ Œ�ƒ�ˆ’��Œ ��‹…. ‘‹�†�›‰ 	””…Š’ ‡……Œ���

‚²¨Ö´¨¥ ³ £´¨É´μ£μ ¶μ²Ö ´  ¢¨¤ ¸¶¥±É·μ¢  Éμ³μ¢ ¨§¢¥¸É´μ ¶μ¤ μ¡Ð¨³ ´ §¢ ´¨¥³
ÔËË¥±Éμ¢ ‡¥¥³ ´  (1896). ‚ ¸²ÊÎ ¥ ¸² ¡ÒÌ ¶μ²¥° · §²¨Î ÕÉ ¶·μ¸Éμ° (´μ·³ ²Ó´Ò°) ¨
¸²μ¦´Ò° ( ´μ³ ²Ó´Ò°) ÔËË¥±ÉÒ ‡¥¥³ ´ , ¢μ§´¨± ÕÐ¨¥ ¶·¨ · §²¨Î´μ° ³Ê²ÓÉ¨¶²¥É´μ¸É¨
²¨´¨°. ‚ ¸¨²Ó´ÒÌ ¶μ²ÖÌ ¨³¥¥É ³¥¸Éμ ÔËË¥±É � Ï¥´ Ä
 ±  (1912).

�·μ¸Éμ° ÔËË¥±É ‡¥¥³ ´  ¨³¥¥É ³¥¸Éμ, ¢ Î ¸É´μ¸É¨, Éμ£¤ , ±μ£¤  ¸¶¨´ ¨§²ÊÎ ÕÐ¨Ì
Ô²¥±É·μ´μ¢ ´¥ ÊÎ ¸É¢Ê¥É ¢ Ö¢²¥´¨¨. ’ ± ³μ¦¥É μ¡¸ÉμÖÉÓ ¤¥²μ, ¥¸²¨ É ±¨Ì Ô²¥±É·μ´ 
¤¢  ¨ ¸¶¨´Ò ¨Ì ¶·μÉ¨¢μ¶μ²μ¦´μ ´ ¶· ¢²¥´Ò. ‘²¥¤μ¢ É¥²Ó´μ, ¢μ¤μ·μ¤μ¶μ¤μ¡´Ò¥  Éμ³Ò,
¨³¥ÕÐ¨¥ ¶μ μ¶·¥¤¥²¥´¨Õ μ¤¨´ Ô²¥±É·μ´, ¢ ¸² ¡ÒÌ ¶μ²ÖÌ ÊÎ ¸É¢ÊÕÉ Éμ²Ó±μ ¢ ¸²μ¦´μ³
ÔËË¥±É¥ ‡¥¥³ ´ . � °¤¥³ Ëμ·³Ê²Ê ¤²Ö Ô´¥·£¥É¨Î¥¸±¨Ì Ê·μ¢´¥° ¢ ÔÉμ³ ¸²ÊÎ ¥.

ˆÉ ±, ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¨³¥¥É É¥¶¥·Ó ¸μ¸É ¢ Ψ = ψfσf ′, £¤¥ ψ Å ¶μ²¥ μ·¡¨É ²Ó´μ£μ
¤¢¨¦¥´¨Ö, f Å ¶μ²¥ ·¥ ±Í¨¨ Ô²¥±É·μ´  ´  Ö¤·μ, σ Å ¶μ²¥ ¸¶¨´μ¢μ£μ ¤¢¨¦¥´¨Ö, f ′ Å
¶μ²¥ ·¥ ±Í¨¨ ´  ¢´¥Ï´¥¥ ³ £´¨É´μ¥ ¶μ²¥ H.

�μ¤¸É ¢¨³ ÔÉμ ¢ Ê· ¢´¥´¨¥ ¤¨´ ³¨±¨ (1) ¨ ¶μ²ÊÎ¨³

(∂μ∂μψ)fσf ′ + (∂μ∂μf)ψσf ′ + (∂μ∂μσ)ψff ′ + (∂μ∂μf ′)ψfσ+

+ 2(∂μψ)(∂μf)σf ′ + 2(∂μψ)(∂μσ)ff ′ + 2(∂μψ)(∂μf ′)fσ+

+ 2(∂μf)(∂μσ)ψf ′ + 2(∂μf)(∂μf ′)ψσ + 2(∂μσ)(∂μf ′)ψf +
m̄2c2

�2
ψfσf ′ = 0. (21)

�¥·¢Ò¥ Î¥ÉÒ·¥ Î²¥´  μ¶¨¸Ò¢ ÕÉ Ô´¥·£¨Õ-¨³¶Ê²Ó¸ ¸μ¡¸É¢¥´´μ ¶μ²¥° ψ, f , σ, f ′, ¸²¥¤Ê-
ÕÐ¨¥ Ï¥¸ÉÓ Å ¶μ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ÔÉ¨Ì ¶μ²¥° ³¥¦¤Ê ¸μ¡μ°:

2(∂μψ)(∂μf)σf ′ Å ¢§ ¨³μ¤¥°¸É¢¨¥ Ô²¥±É·μ´  ¸ Ö¤·μ³,
2(∂μψ)(∂μσ)ff ′ Å ¸¶¨´-μ·¡¨É ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ Ô²¥±É·μ´ ,
2(∂μψ)(∂μf ′)fσ Å ¢§ ¨³μ¤¥°¸É¢¨¥ μ·¡¨É ²Ó´μ£μ ¤¢¨¦¥´¨Ö ¸ ³ £´¨É´Ò³ ¶μ²¥³,
2(∂μf)(∂μσ)ψf ′ Å ¢§ ¨³μ¤¥°¸É¢¨¥ ¸¶¨´  Ô²¥±É·μ´  ¸ Ö¤·μ³,
2(∂μf)(∂μf ′)ψσ Å ¢§ ¨³μ¤¥°¸É¢¨¥ ¶μ²¥° ·¥ ±Í¨¨ f , f ′,
2(∂μσ)(∂μf ′)ψf Å ¢§ ¨³μ¤¥°¸É¢¨¥ ¸¶¨´  Ô²¥±É·μ´  ¸ ³ £´¨É´Ò³ ¶μ²¥³.

ˆ§-§  ¸² ¡μ¸É¨ ³ £´¨É´μ£μ ¶μ²Ö μÉ¡· ¸Ò¢ ¥³ 4-¥ ¨ 9-¥ ¸² £ ¥³Ò¥. �μ¸±μ²Ó±Ê ¶μ²¥ Ö¤· 
³Ò ¶μ±  ¸Î¨É ¥³ Î¨¸Éμ ±Ê²μ´μ¢¸±¨³, ¸¶¨´ Ô²¥±É·μ´  ¸ ´¨³ ´¥ ¢§ ¨³μ¤¥°¸É¢Ê¥É. �μÔÉμ³Ê
μÉ¡· ¸Ò¢ ¥³ ¨ 8-¥ ¸² £ ¥³μ¥.

1
¥§ ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ m̄c2 ¥¥ ¶μ²ÊÎ¨² Ô³¶¨·¨Î¥¸±¨³ ¶ÊÉ¥³ �. ‡μ³³¥·Ë¥²Ó¤ (1916).
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Œ £´¨É´μ¥ ¶μ²¥ H § ¤ ¥É ¢ ¶·μ¸É· ´¸É¢¥ ¢Ò¤¥²¥´´μ¥ ´ ¶· ¢²¥´¨¥. ‘μ·¨¥´É¨·Ê¥³
´ ÏÊ ¸¨¸É¥³Ê ±μμ·¤¨´ É μ¸ÓÕ z ¢¤μ²Ó ´ ¶·Ö¦¥´´μ¸É¨ H, Éμ£¤  4-¶μÉ¥´Í¨ ² A′μ ³ £´¨É-
´μ£μ ¶μ²Ö ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

A′μ =
(

0, −H

2
y,

H

2
x, 0

)
, H ≡ |H| = const. (22)

„¥°¸É¢¨É¥²Ó´μ, ¶·¨ ÔÉμ³ ¶μ²ÊÎ¨³ ¶μ²¥ H, μ·¨¥´É¨·μ¢ ´´μ¥ ¢¤μ²Ó μ¸¨ z:

H = rotA′ = ∇× A′ =

∣∣∣∣∣∣∣∣
ex ey ez

∂/∂x ∂/∂y ∂/∂z

−Hy/2 Hx/2 0

∣∣∣∣∣∣∣∣
= 0 · ex + 0 · ey + H · ez.

„ ²¥¥, ¨¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨Ö, ¶μ²ÊÎ¥´´Ò¥ ¢ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì ¤²Ö ÊÎ¥É  ¢§ ¨³μ¤¥°-
¸É¢¨Ö ¸ Ö¤·μ³ ¨ É. ¶., ¶¥·¥¶¨Ï¥³ Ê· ¢´¥´¨¥ (21) ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

(∂μ∂μψ)fσf ′ − α2Z2

r2
ψfσf ′ +

s(s + 1)
r2

ψfσf ′ − 2
iαZ

cr

∂ψ

∂t
fσf ′ + 2

l · s
r2

ψfσf ′+

+ 2(∂μψ)(∂μf ′)fσ + 2(∂μσ)(∂μf ′)ψf +
m̄2c2

�2
ψfσf ′ = 0. (23)

‘ ÊÎ¥Éμ³ (2) ¨ (22) ´ Ìμ¤¨³, ÎÉμ

∂μf ′ =
ie

�c

(
0,

H

2
y, −H

2
x, 0

)
f ′, 2(∂μψ)(∂μf ′)fσ =

ieH

�c

(
y
∂ψ

∂x
− x

∂ψ

∂y

)
fσf ′.

‚¸¶μ³¨´ Ö ¢Ò· ¦¥´¨¥ ¤²Ö z-±μ³¶μ´¥´ÉÒ ³μ³¥´É  ¨³¶Ê²Ó¸  ¶μ²Ö ψ

M̂zψ = −i�

(
x

∂ψ

∂y
− y

∂ψ

∂x

)
= Lzψ,

¶μ²ÊÎ ¥³

2(∂μψ)(∂μf ′)fσ =
e

�2c
LzHψfσf ′ −→ 2(∂μψ)(∂μf ′)fσ =

e

�c
(l · H)ψfσf ′. (24)

‡¤¥¸Ó ³Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó É ±¦¥ É¥³, ÎÉμ H μ·¨¥´É¨·μ¢ ´μ ¢¤μ²Ó μ¸¨ z ¨ ´  ´¥£μ
Ê³´μ¦ ¥É¸Ö z-±μ³¶μ´¥´É  Ê£²μ¢μ£μ ³μ³¥´É , ÎÉμ Ô±¢¨¢ ²¥´É´μ ¸± ²Ö·´μ³Ê ¶·μ¨§¢¥¤¥´¨Õ
L ¨ H.

�μ¤μ¡´Ò³ μ¡· §μ³ ¢ÒÖ¸´¨³ ¸ÊÐ´μ¸ÉÓ 7-£μ ¸² £ ¥³μ£μ ¢ (23):

2(∂μσ)(∂μf ′)ψf =
ieH

�c

(
y
∂σ

∂x
− x

∂σ

∂y

)
ψff ′ = − ieH

�c

∂σ

∂ϕ
ψff ′. (25)

�μ²¥ ¸¶¨´μ¢μ£μ ¢· Ð¥´¨Ö Ô²¥±É·μ´  σ § ¢¨¸¨É Éμ²Ó±μ μÉ Ê£²μ¢ θ′′, ϕ′′ ¸¨¸É¥³Ò μÉ-
¸Î¥É , ¸¢Ö§ ´´μ° ¸ Í¥´É·μ³ ³ ¸¸ Ô²¥±É·μ´ . �¤´ ±μ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ ³Ò Ê¡¥¤¨²¨¸Ó
¢ Éμ³, ÎÉμ ³μ¦´μ ¡¥§ ´ ·ÊÏ¥´¨Ö μ¡Ð´μ¸É¨ ¶μ² £ ÉÓ θ′′ ≡ θ, ϕ′′ ≡ ϕ.

�É²¨Î¨¥ ÔÉμ£μ ¸²ÊÎ Ö μÉ ¶·¥¤Ò¤ÊÐ¥£μ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ³ £´¨É´μ¥ ¶μ²¥, ÌμÉÖ ¨
¸² ¡μ¥, ¢Ò§Ò¢ ¥É ¶·¥Í¥¸¸¨Õ μ¡¥¨Ì ¸¨¸É¥³ μÉ¸Î¥É  ¢μ±·Ê£ μ¸¥° z = z′′ (² ·³μ·μ¢  ¶·¥-
Í¥¸¸¨Ö) ¸ Î ¸ÉμÉ ³¨ ωl = eH/2mec, ωs = eH/mec ¸μμÉ¢¥É¸É¢¥´´μ. ’μ, ÎÉμ ³Ò ³μ¦¥³
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¸μ¢³¥¸É¨ÉÓ ´ Î ²  ¸¨¸É¥³ xμ ¨ x′′μ, μÎ¥´Ó ¢ ¦´μ. �Éμ §´ Î¨É, ÎÉμ ¢ μ¡¥¨Ì ¸¨¸É¥³ Ì ³μ£ÊÉ
¨¸¶μ²Ó§μ¢ ÉÓ¸Ö μ¤´¨ ¨ É¥ ¦¥ Î ¸Ò1, É. ¥. ÎÉμ t ≡ t′′. ‚ [1] ¶μ± § ´μ, ÎÉμ ¢μ ¢· Ð ÕÐ¨Ì¸Ö
¶μ¤μ¡´Ò³ μ¡· §μ³ ¸¨¸É¥³ Ì μÉ¸Î¥É  ·¥²ÖÉ¨¢¨¸É¸±¨° ¨´É¥·¢ ² ¸μÌ· ´Ö¥É¸Ö, É ± ¦¥ ± ± ¨
¢ ¨´¥·Í¨ ²Ó´ÒÌ ¸¨¸É¥³ Ì μÉ¸Î¥É .

’ ±¨³ μ¡· §μ³, ‘–ˆ  Éμ³  ¶μ¢μ· Î¨¢ ¥É¸Ö ¸¨´Ì·μ´´μ ¸ ¶·¥Í¥¸¸¨¥° μ·¡¨É ²Ó´μ£μ
¤¢¨¦¥´¨Ö Ô²¥±É·μ´ ,   ¸μ¢³¥Ð¥´´ Ö ¸ ´¥Õ μ¸ÓÕ z′′ = z ®¸¶¨´μ¢ Ö ¸¨¸É¥³ ¯ Å ¸¨´Ì·μ´´μ
¸ ¶·¥Í¥¸¸¨¥° ¸¶¨´ . �·¨ ÔÉμ³

∂r′′

∂r
= 1,

∂θ′′

∂θ
= 1,

∂ϕ′′

∂ϕ
=

dϕ′′

dϕ
=

dϕ′′/dt′′

dϕ/dt
=

ωs

ωl
= 2,

£¤¥ ³Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó É¥³, ÎÉμ t = t′′. �¥¤¨ £μ´ ²Ó´Ò¥ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ Ÿ±μ¡¨
¶·¥μ¡· §μ¢ ´¨Ö xμ ↔ x′′μ · ¢´Ò 0. ‘²¥¤μ¢ É¥²Ó´μ,

∂σ

∂ϕ
=

∂σ

∂r′
∂r′

∂ϕ
+

∂σ

∂θ′
∂θ′

∂ϕ
+

∂σ

∂ϕ′
∂ϕ′

∂ϕ
= 2

∂σ

∂ϕ′ = 2i
Sz

�
σ = 2is′σ, £¤¥ s′ ≡ Sz

�
.

�μ¤¸É ¢¨³ ÔÉμ ¢ (25), § É¥³ ¢¸¥ Å ¢ Ê· ¢´¥´¨¥ (23), ¸μ±· É¨³ ´  fσf ′ ¨ ¶μ²ÊÎ¨³
Ê· ¢´¥´¨¥ ¤²Ö ¶μ²Ö ψ:

∂μ∂μψ − 2
iαZ

cr

∂ψ

∂t
+

[
m̄2c2

�2
+

2 l · s + s(s + 1) − α2Z2

r2
+

e

�c
l · H + 2

e

�c
s ·H

]
ψ = 0.

‚ É·¥Ì³¥·´μ³ ¢¨¤¥:

1
c2

∂2ψ

∂t2
− Δψ − 2

iαZ

cr

∂ψ

∂t
+

[
m̄2c2

�2
+

2 l · s + s(s + 1) − α2Z2

r2
+

e

�c
(l + 2s)·H

]
ψ = 0.

(26)
�¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö ¢Ò¶μ²´Ö¥É¸Ö ¶μ Éμ° ¦¥ ¸Ì¥³¥, ÎÉμ ¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì.

�μ²¥ ψ ¶μ² £ ¥É¸Ö ¸É Í¨μ´ ·´Ò³, ¨ ÔÉμ ¶μ§¢μ²Ö¥É ¨§¡ ¢¨ÉÓ¸Ö μÉ ¢·¥³¥´´	μ° § ¢¨¸¨³μ¸É¨.
‡ É¥³ ¶·¨ ·¥Ï¥´¨¨ ¢ ¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ¶·μ¨§¢μ¤¨É¸Ö · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ r
¨ θ, ϕ. ‘μμÉ¢¥É¸É¢¥´´μ ¶μ²ÊÎ ÕÉ¸Ö ´¥§ ¢¨¸¨³Ò¥ Ê· ¢´¥´¨Ö ¤²Ö · ¤¨ ²Ó´μ° ¨ Ê£²μ¢μ°
ËÊ´±Í¨°. �  μ¤´μ³ ¨§ ÔÉ ¶μ¢ · ¤¨ ²Ó´μ¥ Ê· ¢´¥´¨¥

d2R

dr2
+

2
r

dR

dr
+

[
−κ2

H + 2
αωZ

cr
+

α2Z2 − j(j + 1)
r2

]
R = 0

μ± §Ò¢ ¥É¸Ö ¶μ Ëμ·³¥ ¨¤¥´É¨Î´Ò³ Ê· ¢´¥´¨Õ (19), Éμ²Ó±μ

κ2
H =

m̄2c2

�2
− ω2

c2
+

e

�c
(l + 2s)·H

μÉ²¨Î ¥É¸Ö μÉ κ2. �μÔÉμ³Ê Ëμ·³Ê²  ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ É¥·³  μ± §Ò¢ ¥É¸Ö ¶μÌμ¦¥° ´ 
Ëμ·³Ê²Ê Éμ´±μ° ¸É·Ê±ÉÊ·Ò, μÉ²¨Î Ö¸Ó μÉ ´¥¥ ²¨ÏÓ ¤μ¡ ¢±μ°, § ¢¨¸ÖÐ¥° μÉ ³ £´¨É´μ£μ
¶μ²Ö H:

E = �ω ≈ m̄c2 − m̄c2

2

[
α2Z2

n2
+

α4Z4

n3

(
1

j + 1/2
− 3

4n

)]
+

e�

2m̄c
(l + 2s)·H. (27)

1� Ìμ¤ÖÐ¨¥¸Ö, ± ± μ¡ÒÎ´μ, ¢ ´ Î ²¥ μÉ¸Î¥É .
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‚ÒÏ¥´ §¢ ´´ÊÕ ¤μ¡ ¢±Ê ³μ¦´μ É ±¦¥ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

EH = −gj′μBH, (28)

£¤¥ g =
3j(j + 1) + s(s + 1) − l(l + 1)

2j(j + 1)
Å ³´μ¦¨É¥²Ó ‹ ´¤¥ (g-Ë ±Éμ·), j′ Å z-¶·μ¥±Í¨Ö

¶μ²´μ£μ ³μ³¥´É  j,   μB = e�/2mec Å ³ £´¥Éμ´ �μ·  [7]. ‚ ¦´ÊÕ ·μ²Ó ¶·¨ ÔÉμ³
¨£· ¥É Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ, ÎÉμ ¢¸²¥¤¸É¢¨¥ ¸² ¡μ¸É¨ ³ £´¨É´μ£μ ¶μ²Ö ¸¶¨´-μ·¡¨É ²Ó´ Ö
¸¢Ö§Ó μ± §Ò¢ ¥É¸Ö ¸¨²Ó´¥¥, Î¥³ ¢§ ¨³μ¤¥°¸É¢¨Ö l ¨ s ¸ H ¶μ μÉ¤¥²Ó´μ¸É¨. �μÔÉμ³Ê ¢¥±-
Éμ·Ò l ¨ s ¶·¥Í¥¸¸¨·ÊÕÉ ¢μ±·Ê£ j, ±μÉμ·Ò°, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ³¥¤²¥´´μ ¶μ¢μ· Î¨¢ ¥É¸Ö ¢
¶μ²¥ H ¢μ±·Ê£ μ¸¨ z. “¸·¥¤´¥´¨¥ ¶μ ¢·¥³¥´¨ ¸± ²Ö·´ÒÌ ¶·μ¨§¢¥¤¥´¨° (l · H) ¨ (s · H)
± ± · § ¨ ¶·¨¢μ¤¨É ± (28).

4. 	””…Š’ ��˜…��Ä��Š�

‚ ¸¨²Ó´ÒÌ ³ £´¨É´ÒÌ ¶μ²ÖÌ ¸¶¥±É· ²Ó´Ò¥ ²¨´¨¨ · ¸Ð¥¶²ÖÕÉ¸Ö ´  É·¨ ±μ³¶μ´¥´ÉÒ,
¨ ÔÉμ Ö¢²¥´¨¥ ´μ¸¨É ´ §¢ ´¨¥ ÔËË¥±É  � Ï¥´ Ä
 ± . „·Ê£μ¥ ´ §¢ ´¨¥ ÔÉμ£μ Ö¢²¥´¨Ö Å
³ £´¨Éμμ¶É¨Î¥¸±μ¥ ¶·¥¢· Ð¥´¨¥ [3].

’¥μ·¨Ö ÔËË¥±É  � Ï¥´ Ä
 ±  ¢Ò£²Ö¤¨É ¶μ¤μ¡´μ Éμ°, ÎÉμ ¡Ò²  · §¢¨É  ¢ ¶·¥¤Ò¤ÊÐ¥³
· §¤¥²¥. ’μ ¦¥ ´ Î ²Ó´μ¥ Ê· ¢´¥´¨¥ ¤¨´ ³¨±¨ (1), ÉμÉ ¦¥ ¸μ¸É ¢ μ¡Ð¥£μ ¶μ²Ö ¤¢¨¦¥´¨Ö,
É¥ ¦¥ · §¢¥·´ÊÉμ¥ Ê· ¢´¥´¨¥ (21) ¨ 4-¶μÉ¥´Í¨ ² (22) ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö. „ ²¥¥
´ Î¨´ ÕÉ¸Ö · §²¨Î¨Ö. ’ ± ± ± ¶μ²¥ H ¸¨²Ó´μ¥, ¢¥±Éμ·Ò l ¨ s Ê¦¥ ´¥ ¶·¥Í¥¸¸¨·ÊÕÉ
¢μ±·Ê£ j,   ¸ ³¨ Ö¢²ÖÕÉ¸Ö ¸μÌ· ´ÖÕÐ¨³¨¸Ö ¢¥²¨Î¨´ ³¨1. �´¨ ¶·¥Í¥¸¸¨·ÊÕÉ ¢μ±·Ê£ H
¸ ² ·³μ·μ¢Ò³¨ Î ¸ÉμÉ ³¨ ωl ¨ ωs ¸μμÉ¢¥É¸É¢¥´´μ. �·¨ ÔÉμ³ ÔËË¥±ÉÒ, μ¡Ê¸²μ¢²¥´´Ò¥
³ £´¨É´Ò³ ¶μ²¥³, ®§ ¡¨¢ ÕÉ¯ ¤¥°¸É¢¨¥ ¢¸¥Ì ¸¨² ¨ ¶μ¶· ¢μ±, ±·μ³¥ ±Ê²μ´μ¢¸±μ£μ ¢§ -
¨³μ¤¥°¸É¢¨Ö Ö¤·  ¨ Ô²¥±É·μ´ . �μÔÉμ³Ê ¢ · §¢¥·´ÊÉμ³ Ê· ¢´¥´¨¨ (21) ¸²¥¤Ê¥É μ¸É ¢¨ÉÓ
Éμ²Ó±μ 1-¥, 5-¥, 7-¥, 10-¥ ¨ 11-¥ ¸² £ ¥³Ò¥:

(∂μ∂μψ)fσf ′ +2(∂μψ)(∂μf)σf ′ +2(∂μψ)(∂μf ′)fσ +2(∂μσ)(∂μf ′)ψf +
m̄2c2

�2
ψfσf ′ = 0.

(29)
„ ²Ó´¥°Ï¨° ¶ÊÉÓ ·¥Ï¥´¨Ö  ´ ²μ£¨Î¥´ ¶·μ°¤¥´´Ò³ ¢ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì. „²Ö · ¤¨-
 ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¶μ²ÊÎ ¥É¸Ö Ê· ¢´¥´¨¥

d2R

dr2
+

2
r

dR

dr
+

[
−κ2

H + 2
αωZ

cr
− l(l + 1)

r2

]
R = 0, κ2

H =
m̄2c2

�2
− ω2

c2
+

e

�c
(l + 2s)·H.

…£μ ·¥Ï¥´¨¥³ Ö¢²Ö¥É¸Ö ¡ ²Ó³¥·μ¢¸±¨° É¥·³ ¶²Õ¸ m̄c2 ¨ ¤μ¡ ¢± , § ¢¨¸ÖÐ Ö μÉ ³ £´¨É-
´μ£μ ¶μ²Ö:

E = �ω ≈ m̄c2 − m̄c2

2
α2Z2

n2
+

e�

2m̄c
(l + 2s)·H. (30)

� §¢ ´´ Ö ¤μ¡ ¢±  Ëμ·³ ²Ó´μ ¸μ¢¶ ¤ ¥É ¸ É ±μ¢μ° ¦¥ ¢ (27). �¤´ ±μ, ¶μ¸±μ²Ó±Ê Ì · ±É¥·
¶·¥Í¥¸¸¨¨ ¢¥±Éμ·μ¢ l, s, j É¥¶¥·Ó ¤·Ê£μ°, Ê¸·¥¤´¥´¨¥ ¶μ ¢·¥³¥´¨ ¶·¨¢μ¤¨É ± ¤·Ê£μ³Ê
·¥§Ê²ÓÉ ÉÊ:

EH = −μB(m + 2s′)H.

‡¤¥¸Ó m Å  §¨³ÊÉ ²Ó´μ¥ ±¢ ´Éμ¢μ¥ Î¨¸²μ μ·¡¨É ²Ó´μ£μ ³μ³¥´É  ¨³¶Ê²Ó¸ ; s′ Å ±¢ ´-
Éμ¢μ¥ Î¨¸²μ z-¶·μ¥±Í¨¨ ¸¶¨´ .

1’μÎ´¥¥, ¸μÌ· ´ÖÕÉ¸Ö ¨Ì ³μ¤Ê²¨ ¨ z-¶·μ¥±Í¨¨.
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5. ‘‚…�•’��Š�Ÿ ‘’�“Š’“�� ’…�Œ�‚ 	�…�ƒˆˆ

�¤´¨³ ¨§ μ¡Ö§ É¥²Ó´ÒÌ  É·¨¡ÊÉμ¢ Ë¥·³¨μ´´μ£μ ¶μ²Ö Ö¢²Ö¥É¸Ö ¶μ²¥ ¸¶¨´ . �Éμ³-
´Ò¥ Ö¤·  ¸μ¸ÉμÖÉ ¨§ Ë¥·³¨μ´μ¢ Å ¶·μÉμ´μ¢ ¨ ´¥°É·μ´μ¢. ‚ Î ¸É´μ¸É¨, Ö¤·μ μ¡ÒÎ´μ£μ
¢μ¤μ·μ¤ , ¸μ¸ÉμÖÐ¥¥ ¨§ μ¤´μ£μ ¶·μÉμ´ , ¨³¥¥É ¸¶¨´ �/2. ‚μ§´¨± ¥É ¢μ¶·μ¸: ¶μÎ¥³Ê
¦¥ ¤μ ¸¨Ì ¶μ· ³Ò ¶·¥´¥¡·¥£ ²¨ ´ ²¨Î¨¥³ ¸¶¨´  Ö¤· ? �É¢¥É § ±²ÕÎ ¥É¸Ö ¢ ³ ²μ¸É¨
³ £´¨É´μ£μ ³μ³¥´É  Ö¤· , ¸¢Ö§ ´´μ£μ ¸μ ¸¶¨´μ³. Œ £´¨É´Ò° ³μ³¥´É Ô²¥±É·μ´  ¶·¨-
¡²¨§¨É¥²Ó´μ · ¢¥´ ³ £´¥Éμ´Ê 
μ·  μe ≈ μB = e�/2mec, Éμ£¤  ± ± ³ £´¨É´Ò° ³μ³¥´É
Ö¤·  ¥¸ÉÓ ¢¥²¨Î¨´  ¶μ·Ö¤±  Ö¤¥·´μ£μ ³ £´¥Éμ´  μN = e�/2mpc [8]. ˆ§ ¸μ¶μ¸É ¢²¥´¨Ö1

μN/μB = me/mp = 1/1836,1 ¸É ´μ¢¨É¸Ö ¶μ´ÖÉ´μ° ¶·¨Î¨´  ´¥§ ³¥É´μ¸É¨ ¢· Ð É¥²Ó´μ£μ
¶μ²Ö Ö¤· : ¢ μ¤´μ³ ¨ Éμ³ ¦¥ ³ £´¨É´μ³ ¶μ²¥ H Ô´¥·£¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ³ £´¨É´μ£μ
¤¨¶μ²Ö Ö¤·  ¡μ²¥¥ Î¥³ ´  É·¨ ¶μ·Ö¤±  ³¥´ÓÏ¥, Î¥³ Ô´¥·£¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ³ £´¨É´μ£μ
¤¨¶μ²Ö Ô²¥±É·μ´ . ‘²¥¤μ¢ É¥²Ó´μ, ¥¸²¨ Ö¤·μ μ± §Ò¢ ¥É ¥Ð¥ ± ±μ¥-Éμ ¢²¨Ö´¨¥ ´  Ëμ·-
³¨·μ¢ ´¨¥ ¸¶¥±É·  (±·μ³¥ μ¸´μ¢´μ£μ Å ±Ê²μ´μ¢¸±μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö), Éμ ÔÉμ ¢²¨Ö´¨¥
¸² ¡¥¥, ± ± ³¨´¨³Ê³, ¢ 1000 · §.

’¥¶¥·Ó, μ¤´ ±μ, ³Ò Ê¦¥ ¶μ¤μÏ²¨ ± Éμ³Ê ·Ê¡¥¦Ê, ´  ±μÉμ·μ³ ¸²¥¤Ê¥É ´ Î ÉÓ ÊÎ¨ÉÒ-
¢ ÉÓ ¨ É ±¨¥ ¸² ¡Ò¥ ÔËË¥±ÉÒ. ŒÒ ¸μ¡¨· ¥³¸Ö ¶·¨¢²¥ÎÓ ± μ¶¨¸ ´¨Õ Ô´¥·£¥É¨Î¥¸±¨Ì
É¥·³μ¢  Éμ³  ¶μ²	Ö ¤¢¨¦¥´¨Ö, ¸¢Ö§ ´´Ò¥ ¸ ¢· Ð¥´¨¥³ Ö¤· , ¶μ²Ó§ÊÖ¸Ó ¶·¨ ÔÉμ³ ³¥Éμ-
¤¨±μ° Ëμ·³ ²¨§³  μ¤´μ±μ³¶μ´¥´É´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°. „²Ö ÔÉμ£μ ¢¢¥¤¥³ ¸²¥¤ÊÕÐ¨¥
μ¡μ§´ Î¥´¨Ö2:

I Å ¸¶¨´ Ö¤·  ¢ ¥¤¨´¨Í Ì � (É. ¥. ¡¥§· §³¥·´Ò°),
I Å ±¢ ´Éμ¢μ¥ Î¨¸²μ ¸¶¨´  I Ö¤· ,
F Å ¶μ²´Ò° Ê£²μ¢μ° ³μ³¥´É  Éμ³  (¢±²ÕÎ Ö Ö¤·μ) ¢ ¥¤¨´¨Í Ì �,
F Å ±¢ ´Éμ¢μ¥ Î¨¸²μ ¶μ²´μ£μ ³μ³¥´É  F.

�¡Ð Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¨³¥¥É ¸μ¸É ¢ Ψ = ψfσ, £¤¥ ψ(xμ) Å ¶μ²¥ μ·¡¨É ²Ó´μ£μ
¤¢¨¦¥´¨Ö Ô²¥±É·μ´ , f(xμ) Å ¶μ²¥ ·¥ ±Í¨¨ Ô²¥±É·μ´  ´  ¢μ§¤¥°¸É¢¨¥ Ö¤· , σ(x′′μ) Å
¶μ²¥ ¸¶¨´μ¢μ£μ ¤¢¨¦¥´¨Ö Ô²¥±É·μ´ .

�μ¤¸É ¢¨³ ¥¥ ¢ Ê· ¢´¥´¨¥ (1) ¨ ¶μ²ÊÎ¨³

(∂μ∂μψ)fσ + (∂μ∂μf)ψσ + (∂μ∂μσ)ψf+

+ 2(∂μψ)(∂μf)σ + 2(∂μψ)(∂μσ)f + 2(∂μf)(∂μσ)ψ +
m̄2c2

�2
ψfσ = 0. (31)

‚ ÔÉμ° § ¤ Î¥ ³Ò Ê¦¥ ´¥ ³μ¦¥³ ¶μ²Ó§μ¢ ÉÓ¸Ö Î¨¸Éμ ±Ê²μ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³ Ö¤· . �¥-
μ¡Ìμ¤¨³μ ÊÎ¥¸ÉÓ ³ £´¨É´Ò¥ ¨ Ô²¥±É·¨Î¥¸±¨¥ ³Ê²ÓÉ¨¶μ²Ó´Ò¥ ³μ³¥´ÉÒ ¸²¥¤ÊÕÐ¨Ì (¶μ¸²¥
´Ê²¥¢μ£μ) ¶μ·Ö¤±μ¢. � ¨¡μ²¥¥ ¸ÊÐ¥¸É¢¥´´Ò³ ¨§ ´¨Ì Ö¢²Ö¥É¸Ö ³ £´¨É´Ò° ¤¨¶μ²Ó´Ò° ³μ-
³¥´É, É¥³ ¡μ²¥¥ ÎÉμ Ê μ¡ÒÎ´μ£μ ¢μ¤μ·μ¤  Ö¤·μ Å ÔÉμ ¥¤¨´¸É¢¥´´Ò° ¶·μÉμ´, ´¥ ¨³¥ÕÐ¨°
±¢ ¤·Ê¶μ²Ó´μ£μ Ô²¥±É·¨Î¥¸±μ£μ ³μ³¥´É . �·¥´¥¡·¥£ Ö ¢¸¥³¨ μ¸É ²Ó´Ò³¨ ³μ³¥´É ³¨, § -
¶¨Ï¥³ [10]

Aμ =
(

Ze

r
,

μN × r
r3

)
=

(
Ze

r
, μNgN

I × r
r3

)
, £¤¥ gN Å ³´μ¦¨É¥²Ó ‹ ´¤¥ Ö¤· .

1mp Å ³ ¸¸  ¶·μÉμ´ .
2‚ μÉ²¨Î¨¥ μÉ ±¢ ´Éμ¢ÒÌ Î¨¸¥² Ô²¥±É·μ´ , ±¢ ´Éμ¢Ò¥ Î¨¸²  Ö¤·  ³Ò μ¡μ§´ Î¨³ ¡μ²ÓÏ¨³¨ ¡Ê±¢ -

³¨ (¸³. [6, 8, 9]).
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„²Ö ¢Éμ·μ£μ Î²¥´  ¢ (31) ´ Ìμ¤¨³:

(∂μ∂μf)ψσ = − e2

�2 c2
AμAμψfσ = − e2

�2 c2

[
Z2 e2

r2
− μ2

Ng2
N

|I × r|2

r6

]
ψfσ.

—¥É¢¥·Éμ¥ ¸² £ ¥³μ¥ ¥¸ÉÓ

2(∂μψ)(∂μf)σ = −2
ie

�c
(∂μψ)Aμfσ =

[
−2

iαZ

cr

∂ψ

∂t
+ 2

μNgNe

�2c

(p̂ψ) · (I × r)
r3

]
fσ.

‚ [1] ¶μ± § ´μ, ÎÉμ

(p̂ψ) · (I × r) = − �

r2
[(r · I)(l·r) − (r · r)(l·I)]ψ = �(l · I)ψ,

¸²¥¤μ¢ É¥²Ó´μ,

2(∂μψ)(∂μf)σ = 2
[
− iαZ

cr

∂ψ

∂t
+

μNgNe

�c

(l · I)
r3

ψ

]
fσ. (32)

˜¥¸Éμ¥ ¸² £ ¥³μ¥ ¤²Ö (31):

2(∂μf)(∂μσ)ψ = −2
e

�2c
Aμ(p̂μσ)ψf =

2e

�2c
A · (p̂σ)ψf = − 2e

�2c
A · (r × M̂σ)

r2
ψf =

= −2e

�c
μNgN

(I× r) · (r × s)
r5

ψfσ = 2
μNgNe

�c

(I · s)
r3

ψfσ.

‚¨¤ μ¸É ²Ó´ÒÌ Î²¥´μ¢ ¢ (31) ¡Ò² ´ °¤¥´ ¢ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì. �μ¤¸É ¢¨³ ¢¸¥ ¢
Ê· ¢´¥´¨¥, ¸μ±· É¨³ ´  fσ ¨ ÊÎÉ¥³, ÎÉμ l + s = j, ¶μ¸²¥ Î¥£μ ¶μ²ÊÎ¨³

∂μ∂μψ − 2
iαZ

cr

∂ψ

∂t
+

[
m̄2c2

�2
+

|s|2 + 2(l · s) − α2Z2

r2
+

+ 2
μNgNe

�c

(j · I)
r3

+
μ2

Ng2
Ne2

�2c2

(I × r)2

r6

]
ψ = 0.

ˆ§-§  ³ ²μ¸É¨ μN ¶μ¸²¥¤´¥¥ ¸² £ ¥³μ¥, ¸μ¤¥·¦ Ð¥¥ μ2
N , ³μ¦´μ μÉ¡·μ¸¨ÉÓ. �·¥¤¸É -

¢²ÖÖ ψ ¢ μ¡ÒÎ´μ³ ¢¨¤¥ ψ = e−iωtR(r)Y (θ, ϕ), ¶μ¸²¥ · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ ¶·¨¤¥³ ±
¸²¥¤ÊÕÐ¥³Ê · ¤¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ:

d2R

dr2
+

2
r

dR

dr
+

[
−κ2 + 2

αωZ

cr
− |l|2 + |s|2 + 2(l · s) − α2Z2

r2
− 2

μNgNe

�c

(j · I)
r3

]
R = 0,

£¤¥

κ2 =
m̄2c2

�2
− ω2

c2
.

“ÎÉ¥³, ÎÉμ |l|2 + |s|2 + 2(l · s) = |l + s|2 = |j|2, ¶μ¸²¥ Î¥£μ ¶μ²ÊÎ¨³

d2R

dr2
+

2
r

dR

dr
+

[
−κ2 + 2

αωZ

cr
− |j|2 − α2Z2

r2
− 2

μNgNe

�c

(j · I)
r3

]
R = 0.
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‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ μ´μ μÎ¥´Ó ¶μÌμ¦¥ ´  Ê· ¢´¥´¨¥ (19), ¶·¨¢μ¤ÖÐ¥¥ ± Ëμ·³Ê²¥ Éμ´-
±μ° ¸É·Ê±ÉÊ·Ò (20), Éμ²Ó±μ ¤μ¡ ¢²¥´μ μ¤´μ ¸² £ ¥³μ¥, ¸μ¤¥·¦ Ð¥¥ (j · I) ¨ μ¶¨¸Ò¢ ÕÐ¥¥
¢§ ¨³μ¤¥°¸É¢¨¥ ¶μ²´μ£μ ³μ³¥´É  Ô²¥±É·μ´  ¸μ ¸¶¨´μ³ Ö¤· . ˆ§-§  ³ ²μ¸É¨ Ö¤¥·´μ£μ ³ £-
´¥Éμ´  μN ÔÉμ ¸² £ ¥³μ¥ ³ ²	μ, ¨ ¥£μ ¢²¨Ö´¨¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ³ ²μ¥ ¢μ§³ÊÐ¥´¨¥
¸μ¸ÉμÖ´¨Ö, μ¶¨¸Ò¢ ¥³μ£μ ´¥¢μ§³ÊÐ¥´´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° Éμ´±μ° ¸É·Ê±ÉÊ·Ò, ±μÉμ-
·ÊÕ §¤¥¸Ó ³Ò μ¡μ§´ Î¨³ ψ0. ‚ É ±μ³ ¸²ÊÎ ¥, ¸μ£² ¸´μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, ³Ò ³μ¦¥³
Ê¸·¥¤´¨ÉÓ ÔÉμ ¸² £ ¥³μ¥ ¶μ ¸μ¸ÉμÖ´¨Õ ψ0:

2
μNgNe

�c

(j · I)
r3

−→
〈

2
μNgNe

�c

(j · I)
r3

〉
ψ0

= 2
μNgNe

�c
(j · I)

〈
1
r3

〉
ψ0

.

ˆ§ [7] ¨ [8] ´ Ìμ¤¨³ Ê¸·¥¤´¥´´ÊÕ ¶μ ¸μ¸ÉμÖ´¨Õ ψ0 (±¢ ´Éμ¢Ò¥ Î¨¸²  n, l, j) ¢¥²¨Î¨´Ê〈
1
r3

〉
ψ0

=
1

λ−3
C

α3Z3

n3j(j + 1)(l + 1/2)
,

£¤¥ λ−C = �/mec = λC/2π ¥¸ÉÓ ±μ³¶Éμ´μ¢¸± Ö ¤²¨´  ¢μ²´Ò Ô²¥±É·μ´ , ¤¥²¥´´ Ö ´  2π.
�μ¸²¥ ÔÉμ£μ ¶·μ¨§¢μ¤¨³ § ³¥´Ê

2
μNgNe

�c

(j · I)
r3

−→ Ω = 2
μNgNe

�c

(j · I)
λ−3

C

α3Z3

n3j(j + 1)(l + 1/2)
.

‚¥²¨Î¨´  Ω ¶μ¸ÉμÖ´´ Ö, ¨ ³Ò £·Ê¶¶¨·Ê¥³ ¥¥ ¸ κ2, ¢¢μ¤Ö ´μ¢μ¥ μ¡μ§´ Î¥´¨¥

κ′2 = κ2 + Ω.

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³ ¶·¨¢ÒÎ´μ¥ Ê· ¢´¥´¨¥

d2R

dr2
+

2
r

dR

dr
+

[
−κ′2 + 2

αωZ

cr
− |j|2 − α2Z2

r2

]
R = 0,

·¥Ï Ö ±μÉμ·μ¥, ¶·¨Ìμ¤¨³ ± ¸μμÉ´μÏ¥´¨Õ

E = �ω ≈ m̄c2 − m̄c2

2

[
α2Z2

n2
+

α4Z4

n3

(
1

j + 1/2
− 3

4n

)]
+

�
2

2m̄
Ω. (33)

�μ¸²¥¤´¥¥ ¸² £ ¥³μ¥ ¢ ÔÉμ° Ëμ·³Ê²¥ ¨ ¥¸ÉÓ Ô´¥·£¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö Ô²¥±É·μ´  ¨ Ö¤· 
Î¥·¥§ ³ £´¨É´μ¥ ¶μ²¥. �¡μ§´ Î¨³ ¥¥ Î¥·¥§ EjI , ¶μ²ÊÎ¨³

EjI =
μNgNe�

m̄c

(j · I)
λ−3

C

α3Z3

n3j(j + 1)(l + 1/2)
.

ˆ§ ¢¥±Éμ·´μ£μ Éμ¦¤¥¸É¢  |F|2 = (j + I)2 = |j|2 + |I|2 + 2(j · I) ´ Ìμ¤¨³

(j · I) =
1
2
(|F|2 − |j|2 − |I|2) =

1
2
[F (F + 1) − j(j + 1) − I(I + 1)].

‚¢¥¤¥³ ®¶·¨¢¥¤¥´´Ò°¯ ³ £´¥Éμ´ 
μ·  μ̄B = e�/2m̄c, ¶μ¸²¥ Î¥£μ ¶μ²ÊÎ¨³ Ëμ·³Ê²Ê ¤²Ö
Ô´¥·£¨¨ ¸¢¥·ÌÉμ´±μ£μ · ¸Ð¥¶²¥´¨Ö

EjI =
2μ̄BμNgN

λ−3
C

α3Z3

n3j(j + 1)(l + 1/2)
[F (F + 1) − j(j + 1) − I(I + 1)] .
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Š ± ¢¨¤´μ ¨§ · ¸¸³μÉ·¥´´ÒÌ ¶·¨³¥·μ¢, Ëμ·³ ²¨§³ μ¤´μ±μ³¶μ´¥´É´ÒÌ ¢μ²´μ¢ÒÌ
ËÊ´±Í¨° ¶·¨¢μ¤¨É ± ¢¥·´Ò³ ·¥Ï¥´¨Ö³, ¨§ Î¥£μ ¸²¥¤Ê¥É ¥¤¨´¸É¢¥´´μ ¶·¨¥³²¥³Ò° ¢Ò-
¢μ¤ μ ¥£μ ¶· ¢¨²Ó´μ¸É¨. ‚³¥¸É¥ ¸ É¥³, μ¡² ¸ÉÓ ¥£μ ¶·¨³¥´¨³μ¸É¨ ¢ÒÌμ¤¨É ¤ ²¥±μ § 
· ³±¨ ±¢ ´Éμ¢μ³¥Ì ´¨Î¥¸±¨Ì § ¤ Î. �μÔÉμ³Ê, ¢μ§³μ¦´μ, ¸Éμ¨É μ¡· É¨ÉÓ ¢´¨³ ´¨¥ ´ 
É¥μ·¨Õ [1], Î ¸ÉÓÕ ±μÉμ·μ° μ´ Ö¢²Ö¥É¸Ö?
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