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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 
“´¨¢¥·¸¨É¥É ¨³. � ³Ò±  Š¥³ ²Ö, ’¥±¨·¤ £, ’Ê·Í¨Ö

‚ · ³± Ì ±¢ ´Éμ¢μ° É¥μ·¨¨ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ r-¶·μ¸É· ´¸É¢¥ ¢¢μ¤ÖÉ¸Ö ±¨-
´¥É¨Î¥¸±¨¥ ¨³¶Ê²Ó¸Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶μ²μ¢¨´¥ ´¥¥¢±²¨¤μ¢  · ¸¸ÉμÖ´¨Ö ¤μ ´ Î ²  ±μμ·¤¨´ É
¢ ¶·μ¸É· ´¸É¢¥ ¸±μ·μ¸É¥° ‹μ¡ Î¥¢¸±μ£μ. �É¨ μ¶¥· Éμ·Ò, ¸μ¢¶ ¤ ÕÐ¨¥ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ¸ÉμÖ´-
´μ£μ ³´μ¦¨É¥²Ö ¸ £¥´¥· Éμ· ³¨ É· ´¸²ÖÍ¨° r-¶·μ¸É· ´¸É¢ , Ö¢²ÖÕÉ¸Ö ¢´¥Ï´¨³¨ ¶·μ¨§¢μ¤´Ò³¨
¤²Ö ´¥±μ³³ÊÉ É¨¢´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¨¸Î¨¸²¥´¨Ö.

In the framework of the quantum theory in the relativistic conˇguration r-space the kinetic mo-
menta, corresponding to the half of the non-Euclidean distance in the Lobachevsky velocities space, are
introduced. These operators, coinciding up to the constant factor with the generators of translations of
the r-space, are the exterior derivatives of the noncommutative differential calculus.

PACS: 11.30.Cp; 03.30.+p; 03.65.-w
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�·¥¤É¥Î¥° ±μ´Í¥¶Í¨¨ ·¥²ÖÉ¨¢¨¸É¸±μ£μ ±μ´Ë¨£Ê· Í¨μ´´μ£μ r-¶·μ¸É· ´¸É¢ , ¢¢¥¤¥´-
´μ° ¢ · ¡μÉ¥ [1], ¡Ò²  ¨¤¥Ö ‘´ °¤¥·  [2, 3] μ ´¥±μ³³ÊÉ É¨¢´μ³ ¶·μ¸É· ´¸É¢¥. ‚ ¶¥·¢μ°
· ¡μÉ¥ [2] ‘´ °¤¥·  ¶μ¤Î¥·±´ÊÉμ, ÎÉμ ´¥±μ³³ÊÉ¨·ÊÕÐ¨¥ μ¶¥· Éμ·Ò ±μμ·¤¨´ É ¨ ¢·¥³¥´¨
Ö¢²ÖÕÉ¸Ö £¥´¥· Éμ· ³¨ ¡Ê¸Éμ¢ ¨¸±·¨¢²¥´´μ£μ ¤Ê ²Ó´μ£μ ¶·μ¸É· ´¸É¢ 2. �·¨ ¶μ¸É·μ¥´¨¨
·¥²ÖÉ¨¢¨¸É¸±μ£μ ±μ´Ë¨£Ê· Í¨μ´´μ£μ r-¶·μ¸É· ´¸É¢  ¨¸¶μ²Ó§μ¢ ²¸Ö ÉμÉ Ë ±É, ÎÉμ ³ ¸¸μ-
¢ Ö ¶μ¢¥·Ì´μ¸ÉÓ ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ

p02 − p2 = m2c2, p0 > 0, (1)

¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¨³¶Ê²Ó¸´μe ¶·μ¸É· ´¸É¢μ ¶μ¸ÉμÖ´´μ° ±·¨¢¨§´Ò Å ¶·μ¸É· ´¸É¢μ ‹μ-
¡ Î¥¢¸±μ£μ. ‘μμÉ¢¥É¸É¢¥´´μ £¥´¥· Éμ·Ò ²μ·¥´Í¥¢ÒÌ ¡Ê¸Éμ¢

xi = M0i = i�

√
1 +

p2

m2c2

∂

∂pi
(2)

³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± É·¥Ì³¥·´Ò¥  ´ ²μ£¨ μ¶¥· Éμ·μ¢ ±μμ·¤¨´ É ‘´ °¤¥· . ’·¨ μ¶¥-
· Éμ·  (2) ´¥ μ¡· §ÊÕÉ § ³±´ÊÉμ°  ²£¥¡·Ò ¶μ μÉ´μÏ¥´¨Õ ± ±μ³³ÊÉ¨·μ¢ ´¨Õ, ± ±μ¢μ°
Ö¢²Ö¥É¸Ö  ²£¥¡·  ‹¨ £·Ê¶¶Ò ‹μ·¥´Í  SL(2, C), ¢±²ÕÎ ÕÐ Ö É ±¦¥ £¥´¥· Éμ·Ò Ê£²μ¢μ£μ

1E-mail: mirkr@theor.jinr.ru
2‘³. ¶μ¤¸É·μÎ´μ¥ ¶·¨³¥Î ´¨¥ ¢ [2] ¸ ¡² £μ¤ ·´μ¸ÉÓÕ ‚. � Ê²¨ §  ÔÉÊ ¨´É¥·¶·¥É Í¨Õ.
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³μ³¥´É . �¥·¥Ìμ¤ μÉ ´¥±μ³³ÊÉ É¨¢´μ£μ ¶·μ¸É· ´¸É¢  ‘´ °¤¥·  ± ±μ³³ÊÉ É¨¢´μ³Ê ·¥-
²ÖÉ¨¢¨¸É¸±μ³Ê ±μ´Ë¨£Ê· Í¨μ´´μ³Ê ¶·μ¸É· ´¸É¢Ê · ¢´μ¸¨²¥´ § ³¥´¥ ´¥±μ³³ÊÉ¨·ÊÕÐ¨Ì
μ¶¥· Éμ·μ¢ xi ´  ¶μ²´Ò° ´ ¡μ· ±μ³³ÊÉ¨·ÊÕÐ¨Ì μ¶¥· Éμ·μ¢, ¶·¨´ ¤²¥¦ Ð¨Ì Ê´¨¢¥·-
¸ ²Ó´μ° μ¡¥·ÉÒ¢ ÕÐ¥°  ²£¥¡·¥ SL(2, C). �Éμ, ¶μ ¸ÊÉ¨ ¤¥² , ¶·¥μ¡· §μ¢ ´¨¥ ± ±¢ ´Éμ¢μ-
³¥Ì ´¨Î¥¸±μ³Ê ¶·¥¤¸É ¢²¥´¨Õ, Ô±¢¨¢ ²¥´É´μ³Ê ¸´ °¤¥·μ¢¸±μ³Ê, ·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´-
Éμ¢μ° É¥μ·¨¨ ´  £¨¶¥·¡μ²μ¨¤¥ (1). ‚ ·μ²¨ μ¶¥· Éμ·  ±¢ ¤· É  · ¤¨Ê¸ -¢¥±Éμ·  ¢ ·¥²Ö-
É¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¢Ò¸ÉÊ¶ ¥É ±¢ ¤· É¨Î´Ò° μ¶¥· Éμ· Š §¨-
³¨· , ±μ³³ÊÉ¨·ÊÕÐ¨° ¸ μ¶¥· Éμ· ³¨ ‘´ °¤¥· ,   É ±¦¥ ¸ μ¶¥· Éμ· ³¨ Ê£²μ¢μ£μ ³μ³¥´É .

�É¸Ò² Ö Î¨É É¥²Ö §  ¤¥É ²Ö³¨ ± [1] (¸³. É ±¦¥ [4Ä6]), Ê± ¦¥³ §¤¥¸Ó ²¨ÏÓ μ¸´μ¢´Ò¥
 ¸¶¥±ÉÒ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·¥¤¸É ¢²¥´¨¨.

�¥²ÖÉ¨¢¨¸É¸±μ° ¶²μ¸±μ° ¢μ²´μ° Ö¢²Ö¥É¸Ö Ö¤·μ ¶·¥μ¡· §μ¢ ´¨Ö ƒ¥²ÓË ´¤ Äƒ· ¥¢ :

〈r|p〉 =
(

p0 − p · n
mc

)−1−i rmc
�

, (3)

n2 = 1. �²μ¸± Ö ¢μ²´  〈r|p〉 ¥¸ÉÓ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸¢μ¡μ¤´μ£μ ¤¢¨¦¥´¨Ö, É. ¥. ¤¢¨-
¦¥´¨Ö ¸ § ¤ ´´Ò³ §´ Î¥´¨¥³ Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸ , ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³
r-¶·μ¸É· ´¸É¢¥ (¸³. Ëμ·³Ê²Ê (11))

r = rn, 0 � r < ∞, np = (sin ϑ cosϕ, sin ϑ sinϕ, cos ϑ), (4)

r Å ·¥²ÖÉ¨¢¨¸É¸±¨° ¨´¢ ·¨ ´É, ¸¢Ö§ ´´Ò° ¸ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ μ¶¥· Éμ·  Š §¨-
³¨·  £·Ê¶¶Ò ‹μ·¥´Í  [1]. �¥²ÖÉ¨¢¨¸É¸±μ¥ ±μ´Ë¨£Ê· Í¨μ´´μ¥ r-¶·μ¸É· ´¸É¢μ ¤Ê ²Ó´μ
¶·μ¸É· ´¸É¢Ê ¨³¶Ê²Ó¸μ¢ ‹μ¡ Î¥¢¸±μ£μ ¢ ¸³Ò¸²¥ ¶·¥μ¡· §μ¢ ´¨Ö ”Ê·Ó¥ ¸ Ö¤· ³¨ (3).
�²μ¸± Ö ¢μ²´  (3) Ö¢²Ö¥É¸Ö ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¥° ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ μ¸´μ¢´μ°
¸¥·¨¨ ´¥¶·¨¢μ¤¨³ÒÌ Ê´¨É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ‹μ·¥´Í  SL(2, C) (£·Ê¶¶Ò ¨§μ-
³¥É·¨° ¶·μ¸É· ´¸É¢  ‹μ¡ Î¥¢¸±μ£μ (1)). ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥

〈r|p〉 −→ exp
(
i
rp
�

)
. (5)

‚ ¡μ²ÓÏ¥° Î ¸É¨ ´ ¸ÉμÖÐ¥° · ¡μÉÒ ¶·¨´ÖÉ  ¸¨¸É¥³  ¥¤¨´¨Í, ¢ ±μÉμ·μ° c = m = � =
1. ‹¨ÏÓ ¢ É¥Ì ¸μμÉ´μÏ¥´¨ÖÌ, ¢ ±μÉμ·ÒÌ ·μ²Ó · §³¥·´ÒÌ ±μ´¸É ´É ¢ ¦´  ¤²Ö ¶μ´¨³ ´¨Ö
Ë¨§¨Î¥¸±μ£μ ¸³Ò¸² , μ´¨ ¢μ¸¸É ´ ¢²¨¢ ÕÉ¸Ö ¡¥§ ¤μ¶μ²´¨É¥²Ó´ÒÌ μ£μ¢μ·μ±, ¶μ¸±μ²Ó±Ê
ÔÉμ Ö¸´μ ¨§ ±μ´É¥±¸É .

Š²ÕÎ¥¢ÊÕ ·μ²Ó ¢ · ¸¸³ É·¨¢ ¥³μ³ ·¥²ÖÉ¨¢¨¸É¸±μ³ Ëμ·³ ²¨§³¥ ¨£· ÕÉ ¤¨ËË¥·¥´-
Í¨ ²Ó´μ-· §´μ¸É´Ò¥ μ¶¥· Éμ·Ò Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸ :

H0 = p̂0 = ch i
∂

∂r
+

i

r
sh i

∂

∂r
− �ϑ,φ

2r2
exp

(
i

∂

∂r

)
, (6)

p̂1 = sin ϑ cosφ

[
p̂0 − exp

(
i

∂

∂r

)]
− i

(
cosϑ cosφ

r

∂

∂ϑ
− sinφ

r sinϑ

∂

∂φ

)
exp

(
i

∂

∂r

)
, (7)

p̂2 = sin ϑ sin φ

[
p̂0 − exp

(
i

∂

∂r

)]
− i

(
cosϑ sin φ

r

∂

∂ϑ
+

cosφ

r sin ϑ

∂

∂φ

)
exp

(
i

∂

∂r

)
, (8)

p̂3 = cosϑ

[
p̂0 − exp

(
i

∂

∂r

)]
+ i

sinϑ

r

∂

∂ϑ
exp

(
i

∂

∂r

)
, (9)

£¤¥ �ϑ,φ Å Ê£²μ¢ Ö Î ¸ÉÓ μ¶¥· Éμ·  ‹ ¶² ¸ .
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�¶¥· Éμ·Ò 4-¨³¶Ê²Ó¸  (6)Ä(9) ±μ³³ÊÉ¨·ÊÕÉ:

[p̂μ, p̂ν ] = 0, μ, ν = 0, 1, 2, 3. (10)

�²μ¸±¨¥ ¢μ²´Ò (3) Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ μ¶¥· Éμ·μ¢ 4-¨³¶Ê²Ó-
¸  (6)Ä(9):

p̂μ 〈r|p〉 = pμ 〈r|p〉 . (11)

‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ μ¶¥· Éμ·Ò (7)Ä(9) ¶¥·¥Ìμ¤ÖÉ ¢ μ¡ÒÎ´Ò¥ ±¢ ´Éμ¢μ-³¥Ì -
´¨Î¥¸±¨¥ μ¶¥· Éμ·Ò ¨³¶Ê²Ó¸  (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ¸ÉμÖ´´μ£μ Ë ±Éμ·  Å μ¶¥· Éμ·Ò ¤¨Ë-
Ë¥·¥´Í¨·μ¢ ´¨Ö).

�¥¸³μÉ·Ö ´  ±μ³³ÊÉ É¨¢´μ¸ÉÓ μ¶¥· Éμ·μ¢ p̂μ, μ´¨ ´¥ ³μ£ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± £¥´¥-
· Éμ·Ò É· ´¸²ÖÍ¨° ¢ ± ±μ³-²¨¡μ (²¨´¥°´μ³) ¶·¥¤¸É ¢²¥´¨¨ £·Ê¶¶Ò �Ê ´± ·¥. �μ¸±μ²Ó±Ê
μ¶¥· Éμ· p̂0 ¢Ìμ¤¨É ¢ ¢Ò· ¦¥´¨Ö ¤²Ö p̂1 − p̂3, ¢Ò· ¦¥´¨Ö ¤²Ö ¶μ¸²¥¤´¨Ì ´¥²¨´¥°´Ò ¶μ
μ¡ÒÎ´Ò³ ¶·μ¨§¢μ¤´Ò³ ∂/∂ϑ, ∂/∂ϕ (ϑ, ϕ Å Ê£²μ¢Ò¥ ±μμ·¤¨´ ÉÒ ¢¥±Éμ·  r, ¸³. Ëμ·-

³Ê²Ê (4)) ¨ ±μ´¥Î´μ-· §´μ¸É´μ° ¶·μ¨§¢μ¤´μ° Δ̂ =
ei ∂

∂r − 1
i

¶μ · ¤¨ ²Ó´μ° ±μμ·¤¨´ É¥

¢¥±Éμ·  r. ’ ±¨¥ ®μ¶¥· Éμ·Ò ¨³¶Ê²Ó¸μ¢¯ ´¥ ³μ£ÊÉ ¡ÒÉÓ ¢´ÊÉ·¥´´¨³¨ ¶·μ¨§¢μ¤´Ò³¨
¢ ± ±μ³-²¨¡μ ²¨´¥°´μ³ (μ¡μ¡Ð¥´´μ³) ¤¨ËË¥·¥´Í¨ ²Ó´μ³ ¨¸Î¨¸²¥´¨¨ ¨, ¸É ²μ ¡ÒÉÓ,
£¥´¥· Éμ· ³¨ £·Ê¶¶Ò ‹μ·¥´Í  ¢ ´¥±μÉμ·μ³ ¥¥ ²¨´¥°´μ³ ¶·¥¤¸É ¢²¥´¨¨. �¤´ ±μ μÉμ¦¤¥-
¸É¢²¥´¨¥ μ¶¥· Éμ·μ¢ ¨³¶Ê²Ó¸  ¸ £¥´¥· Éμ· ³¨ É· ´¸²ÖÍ¨° Ö¢²Ö¥É¸Ö μ¸´μ¢μ¶μ² £ ÕÐ¨³
É·¥¡μ¢ ´¨¥³ ±¢ ´Éμ¢μ° É¥μ·¨¨. ‚ÒÌμ¤ ¨§ ÔÉμ£μ ¶·μÉ¨¢μ·¥Î¨Ö ¸ÊÐ¥¸É¢Ê¥É. �´ μ¸´μ¢ ´
´  Éμ³, ÎÉμ μ¶¥· Éμ·Ò (6)Ä(9) Å ´¥ ¥¤¨´¸É¢¥´´Ò¥ μ¡μ¡Ð¥´¨Ö ´  ¸²ÊÎ ° ·¥²ÖÉ¨¢¨¸É-
¸±μ£μ ±μ´Ë¨£Ê· Í¨μ´´μ£μ ¶·μ¸É· ´¸É¢  μ¶¥· Éμ·μ¢ ¨³¶Ê²Ó¸  ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ-
¢μ° É¥μ·¨¨. � §·¥Ï¥´¨¥ ¢ÒÏ¥Ê± § ´´μ° ¶·μ¡²¥³Ò μ¸´μ¢ ´μ ´  ¢¢¥¤¥´¨¨ ¢³¥¸Éμ p̂μ ´μ-
¢ÒÌ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¨³¶Ê²Ó¸μ¢ k̂μ, ¸¢Ö§ ´´ÒÌ ¸ ¶μ²μ¢¨´´Ò³ · ¸¸ÉμÖ´¨¥³ ¢ ¶·μ¸É· ´¸É¢¥
‹μ¡ Î¥¢¸±μ£μ (1). ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¨Ì ±¨´¥É¨Î¥¸±¨³¨ ¨³¶Ê²Ó¸ ³¨.

�¥¥¢±²¨¤μ¢μ · ¸¸ÉμÖ´¨¥ μÉ ÉμÎ±¨ ¸ ±μμ·¤¨´ É ³¨ pμ ¤μ ´ Î ²  ±μμ·¤¨´ É Ö¢²Ö¥É¸Ö
±²ÕÎ¥¢μ° ¶¥·¥³¥´´μ° ¶·μ¸É· ´¸É¢  ¨³¶Ê²Ó¸μ¢ ‹μ¡ Î¥¢¸±μ£μ (1). � ¸¸³μÉ·¨³ £¨¶¥·¸Ë¥-
·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ ¢ ¶·μ¸É· ´¸É¢¥ ‹μ¡ Î¥¢¸±μ£μ ¸ ´ Î ²μ³ ¢ ÉμÎ±¥ pμ = 0:

p0 = chχ, p = sh χnp, np = (sin θ cosφ, sin θ sin φ, cos θ). (12)

‚¥²¨Î¨´  χ Ö¢²Ö¥É¸Ö ´¥¥¢±²¨¤μ¢Ò³ · ¸¸ÉμÖ´¨¥³. ‘¢Ö§Ó ³¥¦¤Ê ·¥²ÖÉ¨¢¨¸É¸±μ° Ô´¥·-
£¨¥° ¨ ¨³¶Ê²Ó¸μ³ (1) ¸ ÉμÎ±¨ §·¥´¨Ö £¥μ³¥É·¨¨ ¸¢μ¤¨É¸Ö ± ®£¨¶¥·¡μ²¨Î¥¸±μ° É¥μ·¥³¥
�¨Ë £μ· ¯ ch2χ − sh2χ = 1.

�μ¢Ò¥ ¨³¶Ê²Ó¸Ò k̂μ § ¤ ÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö³¨

k0 = 2ch
χ

2
, k = 2sh

χ

2
np. (13)

“± ¦¥³ §¤¥¸Ó ´  ¢ ¦´Ò¥ ¸¢μ°¸É¢  ±¨´¥É¨Î¥¸±μ£μ ¨³¶Ê²Ó¸ . ‚Ò· ¦¥´¨¥ ¤²Ö Ô´¥·£¨¨
¢ É¥·³¨´ Ì ±¨´¥É¨Î¥¸±μ£μ ¨³¶Ê²Ó¸  ¥¸ÉÓ

E = mc2chχ = mc2
(
1 + sh2 χ

2

)
= mc2 +

k2

2m
, (14)

¨²¨

Ekin = E − mc2 =
k2

2m
. (15)
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’ ±¨³ μ¡· §μ³, ¸¢Ö§Ó ³¥¦¤Ê ·¥²ÖÉ¨¢¨¸É¸±μ° ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¥° Ekin ¨ ¨³¶Ê²Ó¸μ³
k § ¤ ¥É¸Ö ´¥·¥²ÖÉ¨¢¨¸É¸±¨³ ¶μ ¢¨¤Ê ¸μμÉ´μÏ¥´¨¥³. „²Ö μ¡ÒÎ´ÒÌ ¨³¶Ê²Ó¸μ¢ É ±μ¥ · §-
¤¥²¥´¨¥ ·¥²ÖÉ¨¢¨¸É¸±μ° Ô´¥·£¨¨ ´  Ô´¥·£¨Õ ¶μ±μÖ ¨ ±¨´¥É¨Î¥¸±ÊÕ ¸ÊÐ¥¸É¢Ê¥É Éμ²Ó±μ ¢
´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¨¡²¨¦¥´¨¨

E = p0c =
√

m2c4 + p̃2c2 � mc2 +
p2

2m
, |p| � mc. (16)

1. „‚“Œ…���… �…‹Ÿ’ˆ‚ˆ‘’‘Š�…
Š��”ˆƒ“��–ˆ����… ���‘’���‘’‚�

‘μμÉ´μÏ¥´¨Ö ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ ¢¥¸Ó³  ¶·μ¸ÉÒ. �¥É·¨¢¨ ²Ó´ Ö § ¤ Î  Å
´ °É¨ ¢Ò· ¦¥´¨Ö ¤²Ö ÔÉ¨Ì μ¶¥· Éμ·μ¢ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·¥¤¸É ¢²¥-
´¨¨. ŒÒ Ê¢¨¤¨³, ÎÉμ ÔÉμ ¢μ§³μ¦´μ ¢ ±μ´É¥±¸É¥ ´¥±μ³³ÊÉ É¨¢´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ
¨¸Î¨¸²¥´¨Ö. �·¨ ÔÉμ³ ¨¸±μ³Ò¥ μ¶¥· Éμ·Ò ¨³¶Ê²Ó¸  ¡Ê¤ÊÉ £¥´¥· Éμ· ³¨ É· ´¸²ÖÍ¨° ¢
r-¶·μ¸É· ´¸É¢¥. �·¨¸ÉÊ¶¨³ ± ·¥Ï¥´¨Õ ÔÉμ° § ¤ Î¨.

—Éμ¡Ò ¨§¡¥¦ ÉÓ ´¥μ¡Ìμ¤¨³μ¸É¨ ¢Ò¶¨¸Ò¢ ÉÓ £·μ³μ§¤±¨¥ Ëμ·³Ê²Ò, · ¸¸³μÉ·¨³ ¸²Ê-
Î ° ¤¢Ê³¥·´μ£μ ¶·μ¸É· ´¸É¢  ‹μ¡ Î¥¢¸±μ£μ ¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¤¢Ê³¥·´μ£μ ·¥²ÖÉ¨¢¨¸É-
¸±μ£μ ±μ´Ë¨£Ê· Í¨μ´´μ£μ ¶·μ¸É· ´¸É¢ . ƒ¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ ¨ ±¨´¥É¨Î¥¸±¨¥
k-¨³¶Ê²Ó¸Ò ¨³¥ÕÉ ¢¨¤

p0 = ch χ, p̃ = sh χñp, ñp = (cosφ, sin φ), (17)

k-¨³¶Ê²Ó¸Ò μ¶·¥¤¥²ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö³¨

k0 = ch
χ

2
, k̃ = sh

χ

2
ñp. (18)

�·¨ ÔÉμ³ ¤¢Ê³¥·´Ò¥ ¢¥±Éμ·Ò μ¡μ§´ Î ÕÉ¸Ö §´ Î±μ³ ®É¨²Ó¤ ¯ ¸¢¥·ÌÊ,

k̃ = (k1, k2), μ = 0, 1, 2. (19)

�¥²ÖÉ¨¢¨¸É¸± Ö ¶²μ¸± Ö ¢μ²´  ¢ ¤¢Ê³¥·´μ³ ¸²ÊÎ ¥ ¨ ¥¥ · §²μ¦¥´¨¥ ¶μ ³ É·¨Î´Ò³
Ô²¥³¥´É ³ ¤¢Ê³¥·´μ° £·Ê¶¶Ò ‹μ·¥´Í  SO(2, 1) ∼ SU(1, 1) ¨³¥ÕÉ ¢¨¤

〈ρ̃|p̃〉 =
(

p0 − p̃ · ñ
mc

)− 1
2−iρ

= (chχ − shχ cos(φ − ψ))−
1
2−iρ =

=
∞∑

m=−∞
(−1)m Γ (−iρ + 1/2)

Γ (−iρ + 1/2 + m)
Pm
− 1

2−iρ(ch χ) eim(ψ−φ), (20)

ρ̃ = ρñ, ñ = (cosψ, sin ψ).
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Šμ³³ÊÉ¨·ÊÕÐ¨¥ μ¶¥· Éμ·Ò ¨³¶Ê²Ó¸  § ¶¨ÏÊÉ¸Ö ± ±

p̂0 = ch i∂ρ +
i

2ρ
sh i∂ρ −

1

2ρ

(
ρ +

i

2

) (∂ψ)2e∂ρ ,

p̂± =
e±iψ

2

⎧⎪⎪⎨
⎪⎪⎩

p̂0 − e∂ρ ± 1(
ρ +

i

2

)e∂ρ∂ψ

⎫⎪⎪⎬
⎪⎪⎭

, (21)

p̂± =
p̂1 ± ip̂2

2
, ∂ρ =

∂

∂ρ
, ∂ψ =

∂

∂ψ
.

‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ ÔÉ¨ μ¶¥· Éμ·Ò ¶¥·¥Ìμ¤ÖÉ ¢ ¸É ´¤ ·É´Ò¥ μ¶¥· Éμ·Ò Ô´¥·£¨¨
¨ ¨³¶Ê²Ó¸  ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨:

p̂0−1 −→ k̃2

2
= −1

2
(∂ρ)2 −

i

2ρ
∂ρ − 1

2ρ2
(∂ψ)2,

(22)

p̂± −→k̃± = − i

2
e±iψ

(
∂ρ ± i

ρ
∂ψ

)
, k̂± =

k1 ± k2

2
.

�·¨¸ÉÊ¶¨³ É¥¶¥·Ó ± ·¥Ï¥´¨Õ £² ¢´μ° ¶·μ¡²¥³Ò Å ± Ê¸É ´μ¢²¥´¨Õ Ö¢´μ£μ ¢¨¤  ·¥-
²ÖÉ¨¢¨¸É¸±¨Ì ±¨´¥É¨Î¥¸±¨Ì ¨³¶Ê²Ó¸μ¢ k̃, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì χ/2 (18). �Éμ É·¥¡Ê¥É ¸Ê-
Ð¥¸É¢¥´´μ£μ ¨§³¥´¥´¨Ö μ¸´μ¢´ÒÌ ¢¥²¨Î¨´ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨-
£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥. �·¥¦¤¥ ¢¸¥£μ, ´¥μ¡Ìμ¤¨³μ μ¡μ¡Ð¨ÉÓ ¡ §¨¸´ÊÕ ±μ´Í¥¶Í¨Õ
·¥²ÖÉ¨¢¨¸É¸±μ° ¶²μ¸±μ° ¢μ²´Ò ¨ ¶¥·¥°É¨ μÉ (3) ± ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¨ ¤²Ö μ¡μ¡Ð¥´-
´ÒÌ ËÊ´±Í¨° Ÿ±μ¡¨ [7]

〈ρ̃|k̃〉 −→ 〈ρ̃, n|k̃〉 =

=
(
ch

χ

2
− sh

χ

2
ei(ψ−φ)

)−iρ− 1
2+n (

ch
χ

2
− sh

χ

2
e−i(ψ−φ)

)−iρ− 1
2−n

. (23)

�·¨ É ±μ³ ¡μ²¥¥ μ¡Ð¥³ ¶μ¤Ìμ¤¥ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·¥¤¸É ¢²¥´¨¨
¶μÖ¢²Ö¥É¸Ö ´μ¢Ò° ¤¨¸±·¥É´Ò° ¶ · ³¥É· n. �μ¢ Ö ¶²μ¸± Ö ¢μ²´  Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ

〈ρ̃, 0|k̃〉 = 〈ρ̃|k̃〉 . (24)

�²μ¸± Ö ¢μ²´  〈ρ̃, n|k̃〉 Ö¢²Ö¥É¸Ö ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¥° ¤²Ö μ¡μ¡Ð¥´´ÒÌ ËÊ´±Í¨°

Ÿ±μ¡¨ P
− 1

2−iρ
mn (ch χ):

〈ρ̃, n|k̃〉 =
∞∑

m=−∞
P
− 1

2−iρ
mn (ch χ) ei(n−m)(ψ−φ). (25)

‚¥²¨Î¨´Ò m, n Å μ¤´μ¢·¥³¥´´μ Í¥²Ò¥ ¨²¨ ¶μ²ÊÍ¥²Ò¥ Î¨¸² . �¶¥· Éμ·Ò ˆ̃r = (k̂1, k̂2)
¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ρ-, ψ-, n-¶·¥¤¸É ¢²¥´¨¨ ³μ£ÊÉ ¡ÒÉÓ ¢Ò¢¥¤¥´Ò ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
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·¥±Ê··¥´É´ÒÌ ¸μμÉ´μÏ¥´¨° ¤²Ö ËÊ´±Í¨° Ÿ±μ¡¨:

Pμ
mn(ch χ) = ch

χ

2
P

μ+ 1
2

m+ 1
2 ,n+ 1

2
(ch χ) − sh

χ

2
P

μ+ 1
2

m+ 1
2 ,n− 1

2
(ch χ), (26)

Pμ
mn(ch χ) = −sh

χ

2
P

μ+ 1
2

m− 1
2 ,n+ 1

2
(ch χ) + ch

χ

2
P

μ+ 1
2

m− 1
2 ,n− 1

2
(chχ). (27)

„²Ö Ê¤μ¡¸É¢  ¢¢¥¤¥³ μ¶¥· Éμ·Ò q̂i =
1
2
k̂i, i = 1, 2,   É ±¦¥ q̂± =

q̂1 ± q̂2

2
. μ Å ²Õ¡μ¥

±μ³¶²¥±¸´μ¥ Î¨¸²μ. ŒÒ ¨³¥¥³

q̂+ = eiψ

{
−iρ− 1/2 + n

iρ
sh

i

2
∂ρ +

1
2ρ

∂ψ e
i
2∂ρ

}
e−

1
2 ∂n , (28)

q̂− = e−iψ

{
−iρ − 1/2 − n

iρ
sh

i

2
∂ρ − 1

2ρ
∂ψ e

i
2 ∂ρ

}
e

1
2 ∂n . (29)

Šμ³¶μ´¥´ÉÒ μ¶¥· Éμ·μ¢ q̂ ±μ³³ÊÉ¨·ÊÕÉ:

[
q̂1, q̂2

]
=

i

2
[
q̂+, q̂−

]
= 0. (30)

�¡μ¡Ð¥´´Ò¥ ¶²μ¸±¨¥ ¢μ²´Ò 〈ρ̃, n|p̃〉 Ö¢²ÖÕÉ¸Ö μ¡Ð¨³¨ ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ¤²Ö
q̂± ¸ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ q±:

q̂±〈ρ̃, n|p̃〉 = sh
χ

2
e±iφ〈ρ̃, n|p̃〉. (31)

�¥μ¡Ìμ¤¨³μ É ±¦¥ · ¸¸³μÉ·¥ÉÓ μ¶¥· Éμ·Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸μ¡¸É¢¥´´μ³Ê §´ Î¥-
´¨Õ ch χ/2:

c̃+ = − 1
2iρ

e−
1
2 ∂n

{
(−iρ − n)e

i
2∂ρ + (−iρ + n)e−

i
2 ∂ρ − i∂ψe

i
2∂ρ

}
=

=
(
e−iψ q̂+ + e

i
2∂ρe−

1
2∂n

)
, (32)

ĉ− = − 1
2iρ

e
1
2∂n

{
(−iρ + n)e

i
2∂ρ + (−iρ − n)e−

i
2 ∂ρ + i∂ψe

i
2∂ρ

}
=

=
(
eiψ q̂− + e

i
2∂ρe

1
2∂n

)
, (33)

ĉ± 〈ρ̃, n|p̃〉 = ch
χ

2
〈ρ̃, n|p̃〉 . (34)

2. �…Š�ŒŒ“’�’ˆ‚��… „ˆ””…�…�–ˆ�‹œ��… ˆ‘—ˆ‘‹…�ˆ…

� ¸¸³μÉ·¨³ É¥¶¥·Ó ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¨¸Î¨¸²¥´¨¥ ´ ¤  ¸¸μÍ¨ É¨¢´μ°  ²£¥¡·μ° A
±μμ·¤¨´ É´ÒÌ ËÊ´±Í¨° ´ ¤ ¶μ²¥³ ±μ³¶²¥±¸´ÒÌ Î¨¸¥² C. �¥μ¡Ìμ¤¨³μ¸ÉÓ · ¸¸³μÉ·¥´¨Ö
¡μ²e¥ μ¡Ð¥£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¨¸Î¨¸²¥´¨Ö [8, 9] (³Ò Ê¢¨¤¨³, ÎÉμ μ´μ ´¥±μ³³ÊÉ -
É¨¢´μ) ¢ÒÉ¥± ¥É ¨§ ¤¨ËË¥·¥´Í¨ ²Ó´μ-· §´μ¸É´μ£μ Ì · ±É¥·  ·¥²ÖÉ¨¢¨¸É¸±¨Ì μ¶¥· Éμ·μ¢
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¨³¶Ê²Ó¸  ˜̂q ¨ ĉ±. Šμ´¥Î´Ò¥ ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ Ô²¥³¥´Éμ¢ A ¨ ¶·μ¨§¢¥¤¥´¨Ö ±μ-
´¥Î´μ£μ Î¨¸²  Ô²¥³¥´Éμ¢ É ±¦¥ Ö¢²ÖÕÉ¸Ö Ô²¥³¥´É ³¨ A. „ ´´μ¥ ¶·μ¨§¢¥¤¥´¨¥  ¸¸μÍ¨ -
É¨¢´μ. „¨ËË¥·¥´Í¨ ²Ó´μ¥ ¨¸Î¨¸²¥´¨¥ ´ ¤ A Ö¢²Ö¥É¸Ö Z-£· ¤Ê¨·μ¢ ´´μ°  ¸¸μÍ¨ É¨¢´μ°
 ²£¥¡·μ° ´ ¤ C:

Ω(A) =
∑
r=0

⊕Ωr(A). (35)

�²¥³¥´ÉÒ Ωr(A) ´ §Ò¢ ÕÉ¸Ö r-Ëμ·³ ³¨. ‘ÊÐ¥¸É¢Ê¥É ¢´¥Ï´ÖÖ ¶·μ¨§¢μ¤´ Ö d̂, Ê¤μ-
¢²¥É¢μ·ÖÕÐ Ö ¸²¥¤ÊÕÐ¨³ Ê¸²μ¢¨Ö³:

d̂2 = 0, d̂(ωω′) = (d̂ω)ω′ + (−1)rω d̂ω′, (36)

£¤¥ ω ¨ ω′ Ö¢²ÖÕÉ¸Ö Ëμ·³ ³¨ r ¨ r′ ¸μμÉ¢¥É¸É¢¥´´μ. ‚ ´ Ï¥³ ¸²ÊÎ ¥ A Å ±μ³³ÊÉ É¨¢´ Ö
 ²£¥¡· , £¥´¥·¨·Ê¥³ Ö ±μμ·¤¨´ É´Ò³¨ xi-ËÊ´±Í¨Ö³¨ f(x1, . . . , xn), i = 1, . . . , n. ŒÒ
³μ¦¥³ ¶μ¸É·μ¨ÉÓ Ö¢´ÊÕ ±μ´¸É·Ê±Í¨Õ, μ¶·¥¤¥²ÖÕÐÊÕ d̂ ± ± μ¶¥· Éμ·´μ§´ Î´ÊÕ 1-Ëμ·³Ê.
‚ ¸²ÊÎ ¥ μ¡ÒÎ´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¨¸Î¨¸²¥´¨Ö

d̂ = dxi∂i, (37)

£¤¥ dxi Å ´¥§ ¢¨¸¨³Ò¥ ¤¨ËË¥·¥´Í¨ ²Ò (¶·μ¨§¢μ²Ó´Ò¥ ¶ · ³¥É·Ò), ¶μ¤Î¨´ÖÕÐ¨¥¸Ö ¶· -
¢¨² ³ ¢´¥Ï´¥£μ ¶·μ¨§¢¥¤¥´¨Ö (∧-¶·μ¨§¢¥¤¥´¨Ö) (³Ò μ¶Ê¸± ¥³ ¸¨³¢μ² ∧ ¢´¥Ï´¥£μ ¶·μ-
¨§¢¥¤¥´¨Ö ¢ Ëμ·³Ê² Ì). „¨ËË¥·¥´Í¨·μ¢ ´¨¥ μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥³

d̂ω = [d̂, ω]∧ = d̂ω − (−1)rωd̂. (38)

� ¶·¨³¥·, ¥¸²¨ ω = ω0 = f(x1, . . . , xn), Éμ, ¶·¨³¥´ÖÖ (38), ¶μ²ÊÎ ¥³

d̂ω0 = [d̂, ω0]∧ = dxi ∂if − fdxi∂i = dxi
∂f

∂xi
+ fdxi ∂i − fdxi ∂i =

= dxi
∂f

∂xi
= df, (39)

d2 = {d̂, [d̂, f ]} = d̂

(
dxi

∂f

∂xi

)
+ dxi

∂f

∂xi
d̂ =

= dxi ∧ dxj
∂2

∂xi∂xj
+ (dxi ∧ dxj + dxj ∧ dxi)

∂f

∂xi
∂j = 0. (40)

‚ μÉ¸ÊÉ¸É¢¨¥ ´¨¦´¥£μ §´ Î±  ∧ ¸±μ¡±¨ [] ¨ {} μ¡μ§´ Î ÕÉ μ¡ÒÎ´Ò° ±μ³³ÊÉ Éμ· ¨
 ´É¨±μ³³ÊÉ Éμ· ¸μμÉ¢¥É¸É¢¥´´μ. ’·¨¢¨ ²Ó´μ¥ ¸μμÉ´μÏ¥´¨¥ ¨³¥¥É ¢¨¤

[d̂, xk] = dxi ∂ixk − xk dxi ∂i = dxi
∂xk

∂xi
= dxk. (41)

‚ ¸²ÊÎ ¥ μ¡ÒÎ´μ£μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¤¨ËË¥·¥´Í¨ ²Ò dxk Ö¢²ÖÕÉ¸Ö Î¨¸²¥´´Ò³¨
¶ · ³¥É· ³¨, ±μ³³ÊÉ¨·ÊÕÐ¨³¨ ¸ ±μμ·¤¨´ É ³¨ dxi:

[dxk, xi] = 0. (42)

‚ ·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¨¸Î¨¸²¥´¨¥ ´¥±μ³³ÊÉ É¨¢´μ:

[dxk, xi] �= 0. (43)
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—Éμ¡Ò ¶μ¸É·μ¨ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¨¸Î¨¸²¥´¨¥ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´-
´μ³ ¶·μ¸É· ´¸É¢¥, ´ ³ ´¥μ¡Ìμ¤¨³μ μ¶·¥¤¥²¨ÉÓ ¢´¥Ï´ÕÕ ¶·μ¨§¢μ¤´ÊÕ d̂. � ¸¸³μÉ·¨³
¸´ Î ²  ´¥·¥²ÖÉ¨¢¨¸É¸±¨¥ μ¶¥· Éμ·Ò ¨³¶Ê²Ó¸ . �¶¥· Éμ· ¢´¥Ï´¥£μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö
d̂ ¶·μ¸Éμ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¨³¶Ê²Ó¸Ò:

d̂ = dx1 ∂x1 + dx2 ∂x2 = i(dx+k̂− + dx−k̂+). (44)

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ (22),   É ±¦¥ ¸μμÉ´μÏ¥´¨Ö

dx± = dx1 ± dx2 = e±iψ(dρ ± iρ dψ), (45)

d̂ = ieiψ(dρ + iρ dψ)
(
− i

2
e−iψ

) (
∂ρ − i

ρ
∂ψ

)
+

+ ie−iψ(dρ − iρ dψ)
(
− i

2
eiψ

)(
∂ρ +

i

ρ
∂ψ

)
= dρ∂ρ + dψ∂ψ, (46)

¨¸¶μ²Ó§ÊÖ · ¢¥´¸É¢  (38), (39), ¶μ²ÊÎ ¥³

df(ρ, ψ) = [d̂, f ] = dρ
∂f

∂ρ
+ dψ

∂f

∂ψ
. (47)

‚ ·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥ ¤¨ËË¥·¥´Í¨ ²Ò dx± ¨§³¥´ÖÕÉ¸Ö ¨ ¸É ´μ¢ÖÉ¸Ö μ¶¥· Éμ·´μ-
§´ Î´Ò³¨ ¢Ò· ¦¥´¨Ö³¨:

d̂x± = e±iψ
(
dρ ± e−

i
2∂ρ(iρ ∓ n)dψ

)
e−

1
2∂n . (48)

‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ d̂x± −→ dx±, £¤¥ dx± μ¶·¥¤¥²ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨¥³ (45).
‘²¥¤ÊÕÐ¥¥ · ¢¥´¸É¢μ Ê¤μ¢²¥É¢μ·Ö¥É¸Ö Éμ¦¤¥¸É¢¥´´μ:

i
(
d̂x+q̂− + d̂x−q̂+

)
= dρ

(
−2i sh

i

2
∂ρ

)
+ dψ∂ψ −→ dρ∂ρ + dψ∂ψ . (49)

„ ´´μ¥ ¢Ò· ¦¥´¨¥ ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ± ´¤¨¤ É ´  ·μ²Ó ¢´¥Ï´¥° ¶·μ¨§¢μ¤-
´μ° d̂. �¤´ ±μ, ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ (45) ¨³¥¥É ¶· ¢¨²Ó´Ò° ´¥·¥²ÖÉ¨¢¨¸É¸±¨° ¶·¥¤¥²,
ÔÉμ ¢Ò· ¦¥´¨¥ ´¥¶μ²´μ ¨ ´¥ ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ·¥²ÖÉ¨¢¨¸É¸±¨° d̂-μ¶¥· Éμ·.
�· ¢¨²Ó´Ò° d̂-μ¶¥· Éμ· ¤μ²¦¥´ ¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ ¢±²ÕÎ ÉÓ chχ/2 Å ±μ³¶μ´¥´ÉÒ μ¶¥-
· Éμ·  ¨³¶Ê²Ó¸  ĉ±. �μ¸²¥¤´¥¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¸¢Ö§ ´μ ¸ ¶· ¢¨²μ³ ‹¥°¡´¨Í , μ¡μ¡Ð¥´-
´Ò³ ´  ¸²ÊÎ ° ±μ´¥Î´μ-· §´μ¸É´ÒÌ μ¶¥· Éμ·μ¢ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö (¸³., ´ ¶·¨³¥·, [6]).
�μ²´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö d̂ ¨³¥¥É ¢¨¤

d̂ = i
(
d̂x+q̂− + d̂x−q̂+ + d̂x0+(ĉ+ − e−

1
2∂n) + d̂x0−(ĉ− − e

1
2∂n)

)
, (50)

£¤¥
d̂x0± = (dρ+ ± dρ−) e±

1
2∂n . (51)

’¥¶¥·Ó d̂ § ¶¨Ï¥É¸Ö ± ±

d̂ = i(d̂x+q̂− + d̂x−q̂++

+ dρ+(e
1
2∂n ĉ+ + e−

1
2∂n ĉ− − 2) + dρ−(e

1
2∂n ĉ+ − e−

1
2 ∂n ĉ−)). (52)
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‹¥£±μ ¤μ± § ÉÓ ¸²¥¤ÊÕÐ¥¥ Éμ¦¤¥¸É¢μ, ¸¢Ö§Ò¢ ÕÐ¥¥ ĉ+ ĉ−:

e
1
2∂n ĉ+ − e−

1
2∂n ĉ− = e

1
2∂ne−iψ q̂+ − e−

1
2∂neiψ q̂−. (53)

ŒÒ ¢¨¤¨³, ÎÉμ Ë ±Éμ·Ò ¶·¨ dρ+ ¨ dρ− ¸¢Ö§ ´Ò ³¥¦¤Ê ¸μ¡μ°. �Éμ ¶μ§¢μ²Ö¥É ¶μ²μ¦¨ÉÓ
dρ− = 0 ¡¥§ μ£· ´¨Î¥´¨Ö μ¡Ð´μ¸É¨. ŒÒ ¨³¥¥³

d̂ = i(d̂x+q̂− + d̂x−q̂+ + dρ+(e
1
2∂n ĉ+ + e−

1
2∂n ĉ− − 2)). (54)

“Î¨ÉÒ¢ Ö É ±¦¥ · ¢¥´¸É¢μ

∂nĉ+ − e−
1
2∂n ĉ− = 2 ch

i

2
∂ρ, (55)

μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ ¥³ d̂ ¢ ¢¨¤¥

d̂ = dρ

(
−2i sh

i

2
∂ρ

)
+ dρ+

(
2i ch

i

2
∂ρ − 2

)
+ dψ∂ψ (56)

¨²¨
d̂ = dρ→

−→
∂ + dρ←

←−
∂ + dψ ∂ψ, (57)

£¤¥

dρ→ =
dρ+ − dρ

2
, dρ← =

dρ+ + dρ

2
. (58)

�¶¥· Éμ·Ò
−→
∂ ¨

←−
∂ Ö¢²ÖÕÉ¸Ö, ¸μμÉ¢¥É¸É¢¥´´μ, ²¥¢μ° ¨ ¶· ¢μ° ¢´ÊÉ·¥´´¨³¨ ¶·μ¨§¢μ¤-

´Ò³¨ ¢ · ³± Ì · §¢¨Éμ£μ ¢ÒÏ¥ ´¥±μ³³ÊÉ É¨¢´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¨¸Î¨¸²¥´¨Ö. �Éμ
±μ´¥Î´μ-· §´μ¸É´Ò¥ μ¶¥· Éμ·Ò

−→
∂ =

e
i
2∂ρ − 1
i/2

,
←−
∂ =

e−i i
2∂ρ − 1
−i/2

. (59)

‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ μ¡  μ¶¥· Éμ·  ¸μ¢¶ ¤ ÕÉ ¸ μ¡ÒÎ´μ° ¶·μ¨§¢μ¤´μ° ∂ρ.
„²Ö ¶μ¸É·μ¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¨¸Î¨¸²¥´¨Ö ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³
¶·μ¸É· ´¸É¢¥ ¢ ¸¨²Ê ¸¶¥Í¨Ë¨±¨ ¤ ´´μ£μ ¸²ÊÎ Ö ¤μ¸É ÉμÎ´μ ¸μÌ· ´¨ÉÓ ²¨ÏÓ μ¤´Ê ¨§

¶·μ¨§¢μ¤´ÒÌ, ´ ¶·¨³¥·
−→←−
∂ . „²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¶μ²μ¦¨ÉÓ dρ← = 0. (ŒÒ μ¶Ê¸É¨²¨

´¨¦´¨° §´ Îμ± ®←¯ ¶·¨ dρ: dρ← = dρ.) �±μ´Î É¥²Ó´μ ¶μ²ÊÎ ¥³ d̂ ¢ ¢¨¤¥

d̂ = dρ
−→
∂ + dψ ∂ψ . (60)

‚ ·¥²ÖÉ¨¢¨¸É¸±μ³ ¤¨ËË¥·¥´Í¨ ²Ó´μ³ ¨¸Î¨¸²¥´¨¨ ¤¨ËË¥·¥´Í¨ ² dρ ´¥ ±μ³³ÊÉ¨·Ê¥É
¸ ±μμ·¤¨´ Éμ° ρ. � ¶μ³´¨³, ÎÉμ ¢ μ¡ÒÎ´μ³ ¤¨ËË¥·¥´Í¨ ²Ó´μ³ ¨¸Î¨¸²¥´¨¨ ρ dρ Ö¢²Ö-
ÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨ Î¨¸²¥´´Ò³¨ ¶ · ³¥É· ³¨ ¨, ¡¥§Ê¸²μ¢´μ, ±μ³³ÊÉ¨·ÊÕÉ:

dρ = [d̂, ρ] = [dρ∂ρ, ρ] = dρ, [dρ, ρ] = 0. (61)

‚ ·¥²ÖÉ¨¢¨¸É¸±μ³ ¨¸Î¨¸²¥´¨¨

d̂ρ = [d̂, ρ] = [d̂ρ ∂ρ, ρ] = dρ
e

i
2∂ρ − 1
i/2

ρ − ρ dρ
e

i
2∂ρ − 1
i/2

= d ρ e
i
2∂ρ . (62)
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[d̂ρ, ρ] =
i

2
d̂ρ. (63)

�¥¶μ¸·¥¤¸É¢¥´´μ ¨§ (63) ¸²¥¤Ê¥É

[d̂ρ, f(ρ)] =
i

2
(
−→
∂ f(ρ)) d̂ρ =

i

2
d̂ρ(

←−
∂ f(ρ)). (64)

‚Ò¶¨Ï¥³ ·¥²ÖÉ¨¢¨¸É¸±¨¥ μ¶¥· Éμ·Ò ±¨´¥É¨Î¥¸±μ£μ ¨³¶Ê²Ó¸  ˆ̃k ¢ É¥·³¨´ Ì ´¥±μ³³Ê-
É É¨¢´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¨¸Î¨¸²¥´¨Ö, · §¢¨Éμ£μ ¢ÒÏ¥. „²Ö ÔÉμ£μ ´ ³ ´¥μ¡Ìμ¤¨³μ
¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ®´¥±μ³³ÊÉ É¨¢´Ò³¨ ¸¨³¢μ² ³¨ •μ¤¦ ¯. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸μμÉ´μÏ¥-
´¨Ö ³μ¦´μ ´ °É¨ ¢ [6]. ‡´ Î±¨ ®−→∗ ¯ ¨ ®←−∗ ¯ μ¡μ§´ Î ÕÉ, ¸μμÉ¢¥É¸É¢¥´´μ, ²¥¢Ò° ¨ ¶· ¢Ò°
´¥±μ³³ÊÉ É¨¢´Ò° ¸¨³¢μ²Ò •μ¤¦ ,   §´ Îμ± ®∗¯ Å ¸É ´¤ ·É´Ò° ¸¨³¢μ² •μ¤¦ , ±μÉμ·Ò°
μÉ´μ¸¨É¸Ö ± ±μ³³ÊÉ É¨¢´μ³Ê ¤¨ËË¥·¥´Í¨·μ¢ ´¨Õ ¶μ Ê£²μ¢μ° ¶¥·¥³¥´´μ° ψ

k̂± = e±iψ

⎛
⎜⎝−iρ− 1

2
± n

2ρ
(−→∗ + ←−∗ ) d̂ρ − 1

ρ

(
1 +

i

2
−→∗ d̂ρ

)
∗ d̂ψ

⎞
⎟⎠ . (65)

ˆ¸¶μ²Ó§ÊÖ (65), ³Ò ³μ¦¥³ § ¶¨¸ ÉÓ ·¥²ÖÉ¨¢¨¸É¸±¨° μ¶¥· Éμ· Ô´¥·£¨¨ ¨ Ê· ¢´¥´¨¥
˜·¥¤¨´£¥·  ¢ Ëμ·³¥, ´¥μÉ²¨Î¨³μ° μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ¢Ò· ¦¥´¨°.

‘¢μ¡μ¤´Ò° ·¥²ÖÉ¨¢¨¸É¸±¨° £ ³¨²ÓÉμ´¨ ´, § ¶¨¸ ´´Ò° ¢ É¥·³¨´ Ì ±¨´¥É¨Î¥¸±μ£μ ¨³-

¶Ê²Ó¸  ˆ̃k, ¨³¥¥É ¢¨¤

Ĥ0 = p̂0c = mc2 +
ˆ̃k
2

2m
. (66)

�μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö V (ρ) ¢¢μ¤¨É¸Ö [1] ± ±  ¤¤¨É¨¢´ Ö ¤μ¡ ¢±  ± ¸¢μ¡μ¤´μ³Ê
£ ³¨²ÓÉμ´¨ ´Ê, ¨ ³Ò μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ ¥³ ·¥²ÖÉ¨¢¨¸É¸±μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¢
Ëμ·³¥ (

Ĥ0 + V (ρ)
)

ψ(ρ̃) = Eψ(ρ̃). (67)

�μ¤Î¥·±´¥³ ¥Ð¥ · §, ÎÉμ (66) ¨ (67) ´¥·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ Ëμ·³¥ ¨ Éμ²Ó±μ ±μ´±·¥É´Ò°

¢¨¤ ¨³¶Ê²Ó¸μ¢ ˆ̃
k ± ± ´¥±μ³³ÊÉ É¨¢´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ μ¶¥· Éμ·μ¢ ¶μ§¢μ²Ö¥É Ê¢¨¤¥ÉÓ,

ÎÉμ ³Ò ¨³¥¥³ ¤¥²μ ¸ ·¥²ÖÉ¨¢¨¸É¸±¨³ ¸²ÊÎ ¥³.
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