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A new method based on the Monte Carlo calculation on the lattice is proposed to study the Casimir
effect in the noncompact lattice QED. This method can be used for Chern—Simons surfaces (thin metal
films) and for dielectric plates.

Hpeﬂnoer HOBBIA METOJ [UISl BBIYUCIIECHUS OHEPTUU K 3UMHUp , 6 3pr}0H.[PII71CH H MOHTE-
K PJIOBCKHUX BBIYHUCIICHUAX B HEKOMII KTHOH pemeTquOﬁ QJIEKTPOAUH MHKE. 1ot METOA MOXKET IIpUMeE-
HATBHCA IJI YEPH-C MMOHCOBCKHX HOBCpXHOCTeﬁ (TOHKI/IX MET JUIMYECKUX H.HCHOK) U Jid AUDJIEKTpUYE-
CKHX IIIT CTHH.
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1. INTRODUCTION AND GENERAL MOTIVATION

During the last few years the Casimir effect has attracted much attention due to the great
experimental and theoretical progress in studying of this phenomenon. This macroscopic
quantum effect plays a crucial role in nanophysics, micromechanics, quantum optics, con-
densed matter physics, material science, and it is also very important for different models of
boundary states in hadron physics, heavy-ion collisions, and cosmology.

Nowadays, a lot of theoretical methods for calculation of the Casimir effect were proposed.
Various approximate methods (like the proximity force approximation method [1, 5]) are
used in the case of curved surfaces. There has been a large progress in this approximate
method in the last few years due to the possibility to take into account the first terms of the
asymptotic expansion for small separation between bodies [2]. Also, several exact methods
were developed recently for the Casimir effect calculation. One of them is based on the Green
function method [3]. In this method the full Casimir force on a body is expressed in terms of
the mean electromagnetic stress tensor (T5;;) and its components can be obtained from Green’s
functions. Evaluation of the Green function is the standard task in various electromagnetic
problems, so many standard techniques become applicable for the Casimir calculations in this
case. Another interesting method is multipole expansion of the Casimir interaction [4]. The
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Casimir energy is obtained in this method as an interaction between multipoles, generated by
quantum current fluctuations.

In our work we propose a new numerical method for the Casimir energy calculation based
on the Monte Carlo technique in the lattice quantum field theory. This approach can be useful
because many effective numerical algorithms were developed for the Monte Carlo calculations
in lattice QFT. These methods are rather simple and very suitable for parallel calculations, so
it will be interesting to apply them for a new problem.

A crucial obstacle on the way of the realization of any Casimir problem on the lat-
tice is the following. If the Casimir energy is a response of the vacuum to the presence
of the boundary, what is «the boundary» in terms of lattice formalism? In other words,
what is an observable quantity corresponding to such a boundary? In fact, the answer is
nontrivial and leads to the definition of two new observational quantities in lattice field
theory.

In Sec.2 we will discuss the Chern—Simons boundary condition (it can be used as a model
for thin metal films). In Sec.3 we will consider Wilson «bag» and lattice description of
Casimir effect in Maxwell-Chern—Simons theory. Section 4 will be devoted to the description
of dielectric and in Sec.5 we will discuss the continuous limit of lattice calculations.

2. CHERN-SIMONS BOUNDARY CONDITIONS
AND CASIMIR EFFECT

Casimir effect is a response of the vacuum to boundary condition. The spectrum of vacuum
fluctuations depends on the boundary conditions. Changing of the boundary conditions leads
to changing of the spectrum of vacuum fluctuations and so to generating of the corresponding
Casimir force on the boundary. In the standard quantum field theory formalism, such changing
of spectrum of vacuum fluctuations can be described, for example, by means of the Green
function method [1]. This approach is a very powerful tool for studying many essential
Casimir tasks [1]. Unfortunately, the application of this analytical method to the case of more
complicated shape of the boundary surfaces is not so easy due to calculation difficulties. Our
aim is the creation of the numerical method for the Casimir effect calculation directly from
the quantum field theory action. The lattice formalism looks very attractive for this role but
manifestly we cannot base in our approach on the separation of vacuum modes corresponding
to boundary from the full spectrum of vacuum fluctuation. In lattice formalism we work in
Euclidean space and deal with full spectrum of vacuum fluctuations and cannot easily snatch
out vacuum fluctuations corresponding to some boundary conditions. We need some very
delicate approach for separation of vacuum fluctuation modes that preserve gauge invariance
of our lattice formalism. Fortunately, such an approach to Casimir problem was proposed
recently [8].

This approach is based on a very elegant idea coming from some unique properties of
the Chern—Simons action in three dimensions [8]. Let us consider electromagnetic fields in
341 dimensions with the Maxwell action and additional Chern—Simons action given on three-
dimensional integral on the boundary surface S:

1
S = ~1 /d4m F, F* — %%d?’se”“”pnaA#(x)pr(x), (1)
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where €7#”? is the Levi—Civita tensor and n, is the normal vector to the boundary surface
S; A is a real parameter.

Let us consider now the simplest form of boundary surface .S, namely two parallel infinite
planes placed from each other at the distance R. The Chern—Simons formulation of this
canonical Casimir problem was studied analytically in a series of works [9]. We will use this
analytical answer for the fitting of our numerical data.

In the case of plane form of the boundary surface S, the Chern—Simons action in (1) has
the following form:

Scs = % /(5(x3) —0(zg — R))eMPA,  (2)F, ,(v) d*z,
where, in our formulation of this Casimir problem, normal vectors to the planes are turned
in the opposite directions. This choice of the normal vector orientation corresponds to
our renormalization procedure based on the connection between open and closed Casimir
problems.

If the parameter )\ is small, electromagnetic fields obviously do not feel any boundary
and are free. What happens if the parameter A\ becomes large and tends to infinity and fields
dynamics on the boundary surface S is determined by Chern—Simons action? Let us consider
the equation of motion obtained from the action (1):

0,0, A" + N(0(z3) — (23 — R))e*P A,0,A, = 0. )

At A — oo, it is easy to obtain from (2) corresponding boundary conditions on the
surface S:

EH‘S =0, H,|ls=0,

where H,, and E) are normal and longitudinal components of magnetic and electric fields,
correspondingly. These conditions mean the nulling of the energy flux of the electromagnetic
field through the surface.

The analytical answer of Casimir energy per unit area for two planes given by the Green
function method is the following [9]:

71.2
Ecas = — 2/ (M),
cas =~z ! V)

where function f(A): limy_ f(A) = 1 can be written as

90 A2
0= T (3757 )

Here the polylogarithm function Lis(x) is defined as

| =

o0 k 0
Lig(x) =) % =— /k2 In(1 —ze ") dk.
k=1 0
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3. WILSON «BAG» AND LATTICE DESCRIPTION
OF CASIMIR EFFECT IN MAXWELL-CHERN-SIMONS THEORY

In our work we use the four-dimensional hypercubical lattice and the action for the

noncompact U (1) QED:
5= 238,

x pu<v

where the link and plaquette variables are defined as

Ou(@) =ead,, Opu(z)=20u00(2) = Dvliu(z),
Alﬁl,y(az) = 9[71,($ + ﬂ) — 917,,(x).

Here a is a lattice step and the parameter 3 = 1/e2. Physical quantities are calculated in the
lattice formalism by means of field configuration averaging, where the field configurations
(the set of all link variables) are generated with the statistical weight e ™.

We have clarified in the previous section that the additional Chern—Simons action describes
the Casimir effect. In order to find a lattice description of the Casimir interaction between
boundary surfaces, let us consider Wilson loop, which describes the interaction of charged
particles. Wilson loop can be written in QED in Euclidean time as

We = exp ig%Adeu = exp (i/JMAde‘L) . (3)
c

The exponent in (3) is the additional term to the
”T action. This term describes the interaction of the
Sy field A,, with the current J,,(z) = g § d(x—&) d,, of

C

| charged particle. Configuration averaging of Wilson
loop (W(R,T)) (where R and T are dimensions of
the loop) converges in Euclidean time in the limit
T — oo to

" " (W(R,T)) — C e VT,

%y where V(R) is the energy of interaction between
charged particles. The same method can be used for
| calculation of Casimir energy by means of Chern—
> Simons action.
l” Analogously to the description of charged parti-
cles interaction by 1D integral along Wilson loop, we
will describe the Casimir interaction of surfaces by
corresponding 3D integral. The first problem is that
for stationary objects the action (2) is an integral from ¢ = —oo to t = o0, so by analogy to
Wilson loop, we should enclose the surface of the integration in ¢ direction. The integration
surface for two planes is shown in the figure. This closing procedure can be performed both

Wilson bag for two plane surfaces
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for plane surfaces and for any curved surface in three-dimensional space. As the result of
this procedure, so-called Wilson bag [6,7] can be obtained. It can be written as

exp i)\fEMVpUAVFpUdSM )
=

where Y is closed three-dimensional surface in four-dimensional space-time. The final con-
clusion is that Wilson bag is (by analogy to Wilson loop) an observable quantity which gives
us Casimir energy of the objects, defined by the surface of integration. For two planes we
will calculate the following object:

Wbag(R7 T) —e i/\S(R,T)7

where

S(R,T) = /Tdt///dxdydz (0(z — R) — 0(2))esvpo Av Fpo+
0

R

+/dz///dxdydt (0t —=T)—9d(t))eavpoAvFpo.

0

And in Euclidean time in the limit 7' — oo
(Whag (R, T)) — C e~ Foas(R)T

The second problem is to rewrite the Wilson bag in terms of lattice objects (links and
plaquettes). The product A, F,, can be exactly constructed only in noncompact QED. So
we use noncompact theory, because only in the noncompact QED there are lattice analogues
of A, and F,, — 6;,(z) and 6, ,,(x), respectively. There are two requirements for lattice
representation of Wilson bag:

1) The whole integral for Wilson bag should be the gauge invariant quantity.

2) «Locality». It means that in lattice representation of the product A, F,,, A, and Fj,,
should be given in the same point x. This requirement is nontrivial, because 0, ,; gives the
value of F),, in the center of the plaquette, but ¢, gives the value of A, in the center of the
link. These are different points.

These two requirements lead to the following structure of lattice representation for CS
action:

1 R N
Scs = gf >~ upoyu(2) (01 () + b1 (@ + p) + O (x + 6)+
zeVs

+01(x+ p+6))(0p po (T) + 0p po (z + D).

The expression 0;,,0,, . gives us a®e?A, F,, in continuum limit and by means of the factor
(3= 1/€? one can eliminate e? from the action.
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4. LATTICE DESCRIPTION OF DIELECTRIC

The same method, based on analogy to Wilson loop, can be used for lattice description
of the dielectric volumes.

The simplest dielectric (when we neglect anisotropy and e(w) dependence) can be de-
scribed by the following action:

3
1 1 4 g
5= /FWF“”dV + 5/ (EZ Foi FO + ZFijF”> av.
7 i i=1 i<j

Here V is four-dimensional volume occupied by dielectric. Additional action in this case can

be written as
-1 [(v }
Suaa = &5 / (Z; FOiFO’> av.

\%4

Its representation in noncompact QED lattice in Euclidean time is as follows:

3
Sadd.iat = - ; 15 oD oile).

zeV i=1

And we can obtain the Casimir energy of dielectric body by calculation of the configuration

average:
<ei5add.1ac> = C e_ECaST
b

where T is the size of 4D volume V in t direction.

5. CONTINUOUS LIMIT

The last point is the consideration of the continuous limit of our calculations.

The first feature of continuous limit procedure is that in our Casimir calculations nothing
depends on 3. Casimir effect without radiational corrections does not depend on the electron
charge in the continuous theory. On the lattice the independence appears due to the following
reasons: 1) there is no phase transition in the noncompact lattice QED, and [ here only plays
the role of the scale parameter for a numerical value of link variables; 2) we eliminate this
dependence from observable quantities due to the multiplication by [ in the final expressions
for lattice actions. So 3 can be chosen in rather a large interval according to calculational
convenience.

The second stage is «infinite lattice volume» limit N — oco. One of the basic requirements
for continuous limit procedure is rotational symmetry restoration. For non-Abelian theories
this restoration occurs due to large correlation length (or, in other words, small physical lattice
size). So we can restore rotational symmetry by increasing correlation length. This procedure
cannot be performed in noncompact Abelian but anyway rotational symmetry is restored at
sufficiently large lattice distances [10]. So we do not need large correlation length for our
continuous limit procedure. Instead of it we have limit N — oo, where N is the size of the
lattice.
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CONCLUSIONS

In this work we have proposed two new lattice variables that, by analogy to Wilson
loop, describe Casimir interaction. The first of them is Wilson «bag». It is generated by
Chern—Simons boundary conditions. This variable can be calculated exactly as gauge invariant
quantity only in noncompact theory. The second variable is based on the simplest model of
dielectric material. For both variables continuous limit procedure exists which consists of one
stage: «large lattice limit».
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