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�¡ ¨¤¥´É¨Ë¨± Í¨¨ £² ¤±¨Ì ¶·μ¸É· ´¸É¢¥´´ÒÌ ±·¨¢ÒÌ

� ¸¸³ É·¨¢ ¥É¸Ö ³¥Éμ¤μ²μ£¨Ö Ëμ·³¨·μ¢ ´¨Ö ¨´Ëμ·³ É¨¢´ÒÌ ¶·¨§´ ±μ¢ ´¥-
§ ³±´ÊÉÒÌ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±·¨¢ÒÌ ¨ ¨¸¸²¥¤Ê¥É¸Ö ¨Ì ¢´ÊÉ·¥´´ÖÖ £¥μ³¥É·¨Ö
´  μ¸´μ¢¥ ´¥¸±μ²Ó±¨Ì ±² ¸¸μ¢ k-jet-Ô±¢¨¢ ²¥´É´μ¸É¨. „²Ö ¨¤¥´É¨Ë¨± Í¨¨ É ±¨Ì
±·¨¢ÒÌ ¢¢μ¤ÖÉ¸Ö ´¥¸±μ²Ó±μ É¨¶μ¢ ³¥É·¨±. �¶·¥¤¥²Ö¥É¸Ö ¶μ´ÖÉ¨¥ ¸¢¥·Ì¸² ¡μ°
k-jet-Ô±¢¨¢ ²¥´É´μ¸É¨, ¢ ¸¢Ö§¨ ¸ Î¥³ ¢¢μ¤ÖÉ¸Ö ¥Ð¥ ´¥¸±μ²Ó±μ ³¥É·¨± ¤²Ö ¸² ¡μ°
¨¤¥´É¨Ë¨± Í¨¨ ±·¨¢ÒÌ ¨ ¨Ì ¸¥£³¥´Éμ¢. �·¨¢¥¤¥´Ò ¶·¨³¥·Ò ¨ μ¡² ¸É¨ ¶·¨²μ-
¦¥´¨°,   É ±¦¥ Ê± § ´ ¶ÊÉÓ ¤ ²Ó´¥°Ï¨Ì ¨¸¸²¥¤μ¢ ´¨°.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.
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About Identiˇcation of Smooth Spatial Curves

Methodology of forming of information properties of unclosed spatial curves is
discussed. The intrinsic geometry on the base of any class of k-jet equivalence is
investigated. For identiˇcation of its curve some types of metrics are introduced.
There is a deˇned conception of super slow k-jet identiˇcation of curves and their
segments. Examples and area of application of this methodology are included and
the path of next investigations is described.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö § ¤ Î¨ μ¡· ¡μÉ±¨,  ´ ²¨§  ¨ ¨¤¥´É¨Ë¨± Í¨¨ É·¥±μ¢
Î ¸É¨Í ¢´μ¢Ó ¶·¨μ¡·¥É ÕÉ ¢Ò¸μ±¨° ¶·¨μ·¨É¥É ¢ É¥μ·¥É¨Î¥¸±μ° ¨ ¨¸¸²¥¤μ¢ -
É¥²Ó¸±μ° ¤¥ÖÉ¥²Ó´μ¸É¨ ³´μ£¨Ì ÊÎ¥´ÒÌ ± ± ¢ �μ¸¸¨¨, É ± ¨ §  ·Ê¡¥¦μ³. 	Éμ
³μ¦´μ μ¡ÑÖ¸´¨ÉÓ ·Ö¤μ³ Ë ±Éμ·μ¢. ‚μ-¶¥·¢ÒÌ, ¢ÒÎ¨¸²¨É¥²Ó´ Ö ¨ ¨§³¥·¨É¥²Ó-
´ Ö É¥Ì´¨±  ¶·¥É¥·¶¥²¨ ¸ÊÐ¥¸É¢¥´´Ò¥ ¨§³¥´¥´¨Ö ¨ ¤μ¸É¨£²¨ §´ Î¨É¥²Ó´ÒÌ
Ê¸¶¥Ìμ¢. ‚μ-¢Éμ·ÒÌ, ±μ²¨Î¥¸É¢μ ·¥§Ê²ÓÉ Éμ¢ ¶·¨ ¶·μ¢¥¤¥´¨¨ ¨¸¸²¥¤μ¢ ´¨°
¸É ²μ ´ ¸Éμ²Ó±μ ¢¥²¨±μ, ÎÉμ ¶·μ¢¥¤¥´¨¥  ´ ²¨§  ¢·ÊÎ´ÊÕ, ¶·μ¸³ É·¨¢ ´¨¥³
¸² °¤μ¢, ¸É ²μ ¶·μ¸Éμ Ë¨§¨Î¥¸±¨ ´¥¢μ§³μ¦´Ò³. ‚-É·¥ÉÓ¨Ì, Ê¸±μ·¨É¥²Ó´ Ö
É¥Ì´¨±  ¸É ²  ´ ¸Éμ²Ó±μ ¸μ¢¥·Ï¥´´μ°,   ¢μ ³´μ£¨Ì ¸²ÊÎ ÖÌ ¨ ±μ³¶ ±É´μ°,
ÎÉμ ¥¥ ´ Î¨´ ÕÉ ¶·¨³¥´ÖÉÓ ¢μ ³´μ¦¥¸É¢¥ ¶·¨±² ¤´ÒÌ μ¡² ¸É¥°, É ±¨Ì ± ±
³¥¤¨Í¨´ , ¸¥²Ó¸±μ¥ Ìμ§Ö°¸É¢μ, ³ Ï¨´μ¸É·μ¥´¨¥ ¨ É. ¶., ÎÉμ É·¥¡Ê¥É  ¢Éμ³ É¨-
§ Í¨¨ ¢¸¥Ì ¶·μÍ¥¸¸μ¢.

‚¸¥ ÔÉ¨ Ë ±Éμ·Ò ¶·¨¢μ¤ÖÉ ± Éμ³Ê, ÎÉμ μ¡· ¡μÉ±  ¨  ´ ²¨§ É·¥±μ¢ ¤μ²¦´Ò
¡ÒÉÓ  ¢Éμ³ É¨Î¥¸±¨³¨ ¨²¨  ¢Éμ³ É¨§¨·μ¢ ´´Ò³¨. �¸´μ¢´μ° μ¸μ¡¥´´μ¸ÉÓÕ
¶·¨ ·¥Ï¥´¨¨ É ±μ£μ ·μ¤  § ¤ Î Ö¢²Ö¥É¸Ö ¶μ²ÊÎ¥´¨¥ ·¥§Ê²ÓÉ Éμ¢ ¢ ·¥¦¨³¥ ·¥-
 ²Ó´μ£μ ¢·¥³¥´¨, Éμ ¥¸ÉÓ ´¥¶μ¸·¥¤¸É¢¥´´μ ¶μ Ìμ¤Ê ¶·μ¢μ¤¨³μ£μ Ô±¸¶¥·¨³¥´É 
¨²¨ ¢Ò¶μ²´Ö¥³μ° · ¡μÉÒ. ‘·¥¤¨ É ±¨Ì § ¤ Î ³μ¦´μ ¢Ò¤¥²¨ÉÓ: μ¡· ¡μÉ±Ê ¨
 ´ ²¨§ ¤ ´´ÒÌ μ É·¥± Ì ´  ¡μ²ÓÏ¨Ì Ê¸±μ·¨É¥²ÖÌ, ´ ¶·¨³¥· ´  LHA, ±μ£¤  ¢
¸¥±Ê´¤Ê ¶·μ¨¸Ìμ¤ÖÉ ÉÒ¸ÖÎ¨ ¸μ¡ÒÉ¨°, ¢ ± ¦¤μ³ ¨§ ±μÉμ·ÒÌ ¨³¥¥É¸Ö ³´μ¦¥-
¸É¢μ É·¥±μ¢; ± ²¨¡·μ¢±Ê ³ £´¨É´μ£μ ¶μ²Ö ¸¨¸É¥³ ¶μ Ì · ±É¥·Ê ¶μ²ÊÎ ¥³ÒÌ
·¥§Ê²ÓÉ Éμ¢ ¢ ¢¨¤¥ É· ¥±Éμ·¨° Î ¸É¨Í; ®Ë¨²ÓÉ· Í¨Õ¯ É·¥±μ¢ ¢ ´¥±μÉμ·μ³
¸μ¡ÒÉ¨¨ ¤²Ö Ê¸É· ´¥´¨Ö ²¨Ï´¨Ì É·¥±μ¢, ´¥ ´¥¸ÊÐ¨Ì ¨´Ëμ·³ Í¨¨, ¨ ³´μ£¨¥
¤·Ê£¨¥  ´ ²μ£¨Î´Ò¥ § ¤ Î¨.

�´ ²¨§ ¶μ± §Ò¢ ¥É, ÎÉμ ·¥Ï¥´¨¥ É ±¨Ì § ¤ Î μ¶¨· ¥É¸Ö ´  É¥μ·¨Õ μ¡· -
¡μÉ±¨ ¨§μ¡· ¦¥´¨° ¨ · ¸¶μ§´ ¢ ´¨¥ μ¡· §μ¢. �¤´ ±μ, ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ ¢
´¥° ¨§¢¥¸É´Ò ´¥±μÉμ·Ò¥ ±μ´±·¥É´Ò¥ ·¥Ï¥´¨Ö  ´ ²μ£¨Î´ÒÌ § ¤ Î∗, ³μ¦´μ § -
³¥É¨ÉÓ, ÎÉμ ¢¸¥ μ´¨ Ö¢²ÖÕÉ¸Ö Î ¸É´Ò³¨ ¸²ÊÎ Ö³¨ ¤·Ê£μ° É¥μ·¥É¨Î¥¸±¨ ¡μ²¥¥
μ¡Ð¥° ¨ ¸²μ¦´μ° ¶·μ¡²¥³Ò, ±μÉμ·ÊÕ ³μ¦´μ ¸Ëμ·³Ê²¨·μ¢ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³

∗�¢Éμ·Ò ´¥ ¸É ¢ÖÉ ¸¢μ¥° § ¤ Î¥° ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¶·μ¢¥¤¥´¨¥ ¨¸Éμ·¨Î¥¸±μ£μ ¨ É¥³ É¨-
Î¥¸±μ£μ μ¡§μ· . ’ ±μ° μ¡§μ· ¶² ´¨·Ê¥É¸Ö μ¶Ê¡²¨±μ¢ ÉÓ ¶μ§¤´¥¥ ¨ ¸¢Ö§ ÉÓ ¥£μ ¸ ·¥Ï¥´¨¥³ μ¤´μ°
¨§ ±μ´±·¥É´ÒÌ § ¤ Î.
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¢¨¤¥: ¶μ¸É·μ¥´¨¥ ¢´ÊÉ·¥´´¥£μ μ¶¨¸ ´¨Ö ´¥±μÉμ·μ° ¶·μ¸É· ´¸É¢¥´´μ° ±·¨¢μ°,
É ±μ£μ, ±μÉμ·μ¥ ´¥ ¨§³¥´Ö¥É¸Ö ¶·¨ ¶·μ¥±É¨¢´ÒÌ  ËË¨´´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ
(¶·μ¸É· ´¸É¢¥´´Ò° ¸¤¢¨£, ¨§³¥´¥´¨¥ ³ ¸ÏÉ ¡ , ¢· Ð¥´¨¥ ¨ §¥·± ²Ó´Ò° ¶μ¢μ-
·μÉ). „·Ê£¨³¨ ¸²μ¢ ³¨, μ¸´μ¢´ Ö Í¥²Ó § ±²ÕÎ ¥É¸Ö ¢ ¢Ò¤¥²¥´¨¨ ¨§ ËÊ´±Í¨¨
´¥±μÉμ·μ° ¸¨¸É¥³Ò ¶·¨§´ ±μ¢, ¨´¢ ·¨ ´É´ÒÌ ± μ¶·¥¤¥²¥´´μ° £·Ê¶¶¥ ¶·¥-
μ¡· §μ¢ ´¨°,   § É¥³ ¨ ¶μ¸É·μ¥´¨¨ ³¥É·¨±¨, ±μÉμ·ÊÕ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ
¶·¨ ¸· ¢´¥´¨¨ ÔÉ¨Ì ËÊ´±Í¨°.

�μ¸±μ²Ó±Ê ·¥Ï¥´¨¥ É ±μ° ¶·μ¡²¥³Ò ´¥ Ö¢²Ö¥É¸Ö É·¨¢¨ ²Ó´Ò³, Éμ  ¢Éμ·Ò
¢ ÔÉμ° ¶Ê¡²¨± Í¨¨ ·¥Ï¨²¨ μ¸É ´μ¢¨ÉÓ¸Ö ´  ¡μ²¥¥ ¶·μ¸Éμ° § ¤ Î¥,   ¨³¥´´μ
¶μ¸É·μ¥´¨¨ É ±μ£μ μ¶¨¸ ´¨Ö ¨ ¢¢¥¤¥´¨¨ ³¥É·¨± ¤²Ö ¨¤¥´É¨Ë¨± Í¨¨ £² ¤±¨Ì
ËÊ´±Í¨°.

Š·μ³¥ Éμ£μ, ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ´¥ ¡Ê¤ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ¢μ¶·μ¸Ò, ¸¢Ö-
§ ´´Ò¥ ¸ ¶¥·¢¨Î´μ° μ¡· ¡μÉ±μ° ¨¸¶μ²Ó§Ê¥³ÒÌ ¤ ´´ÒÌ, ¶μ¸±μ²Ó±Ê, ¢μ-¶¥·¢ÒÌ,
É ±¨Ì · ¡μÉ ¤μ¸É ÉμÎ´μ ³´μ£μ,   ¢μ-¢Éμ·ÒÌ, ÔÉ  É¥³  É·¥¡Ê¥É · ¸¸³μÉ·¥´¨Ö ¢
μÉ¤¥²Ó´μ° · ¡μÉ¥.

�  μ¸´μ¢ ´¨¨ ¢ÒÏ¥¨§²μ¦¥´´μ£μ ¸μ¤¥·¦ ´¨¥ · ¡μÉÒ ¡Ê¤¥É ¸±² ¤Ò¢ ÉÓ¸Ö
¨§ ¸²¥¤ÊÕÐ¨Ì · §¤¥²μ¢. ‚ · §¤. 1 ¡Ê¤¥É · ¸¸³μÉ·¥´  ³¥Éμ¤μ²μ£¨Ö Ëμ·³¨·μ-
¢ ´¨Ö ¨´Ëμ·³ É¨¢´ÒÌ ¶·¨§´ ±μ¢ ´¥§ ³±´ÊÉÒÌ ±·¨¢ÒÌ, ´  μ¸´μ¢¥ ±μÉμ·μ°
¸É ´μ¢¨É¸Ö ¢μ§³μ¦´μ° ¨Ì ¨¤¥´É¨Ë¨± Í¨Ö ¸ ÊÎ¥Éμ³ ¨´¢ ·¨ ´É´ÒÌ 2d- ¨ 3d-
 ËË¨´´ÒÌ ¶·¥μ¡· §μ¢ ´¨°, É ±¨Ì ± ± ¸¤¢¨£, ³ ¸ÏÉ ¡¨·μ¢ ´¨¥, ¶μ¢μ·μÉ ¨
§¥·± ²Ó´μ¥ μÉμ¡· ¦¥´¨¥. ‚ · §¤. 2 ¡Ê¤ÊÉ · ¸¸³μÉ·¥´Ò n-³¥·´Ò¥ ¸¶·Ö³²Ö-
¥³Ò¥ ±·¨¢Ò¥, ¨Ì ¢´ÊÉ·¥´´ÖÖ £¥μ³¥É·¨Ö,   É ±¦¥ ³¥É·¨±¨ ¢ ±² ¸¸ Ì ¸² ¡μ
k-jet-Ô±¢¨¢ ²¥´É´ÒÌ ±·¨¢ÒÌ. ‚ · §¤. 3 ¡Ê¤ÊÉ ¶·¨¢¥¤¥´Ò ¨´¤ÊÍ¨·μ¢ ´´Ò¥
³¥É·¨±¨, ±μÉμ·Ò¥ ¶μ§¢μ²ÖÉ ¸· ¢´¨¢ ÉÓ É ±¨¥ ±² ¸¸Ò ±·¨¢ÒÌ ³¥¦¤Ê ¸μ¡μ°.
‚ · §¤. 4 ¡Ê¤ÊÉ  ´ ²¨§¨·μ¢ ÉÓ¸Ö ¢μ¶·μ¸Ò, ¸¢Ö§ ´´Ò¥ ¸μ ¸¢¥·Ì¸² ¡μ° ¨¤¥´-
É¨Î´μ¸ÉÓÕ ±·¨¢ÒÌ, ´  μ¸´μ¢¥ ±μÉμ·μ° ¤²Ö ¨¤¥´É¨Ë¨± Í¨¨ ±·¨¢ÒÌ ¢¢μ¤¨É¸Ö
¥Ð¥ μ¤´  £·Ê¶¶  ³¥É·¨± ´  ´¥·¥£Ê²Ö·´ÒÌ ¸¥É± Ì. � §¤. 5 ¶μ¸¢ÖÐ¥´ μ¡¸Ê-
¦¤¥´¨Õ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢. ‚ § ±²ÕÎ¥´¨¨ ¸Ëμ·³Ê²¨·μ¢ ´Ò ¢Ò¢μ¤Ò ¶μ
¶·¨¢¥¤¥´´μ³Ê ¢ · ¡μÉ¥ ³ É¥·¨ ²Ê. �·¨²μ¦¥´¨¥ ¸μ¤¥·¦¨É ·Ö¤ ³ ²μ· ¸¶·μ-
¸É· ´¥´´ÒÌ ¸¢¥¤¥´¨° ¶μ ¤¨ËË¥·¥´Í¨ ²Ó´μ° £¥μ³¥É·¨¨ ±·¨¢ÒÌ.

1. ‚‚…„…�ˆ… ‚ ��ˆ‘��ˆ… Š�ˆ‚›•

ˆ¤¥´É¨Ë¨± Í¨Ö £· Ë¨Î¥¸±¨Ì μ¡· §μ¢ ¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î ¥É¸Ö μÉ ¤·Ê£¨Ì
É¨¶μ¢ · ¸¶μ§´ ¢ ´¨Ö É¥³, ÎÉμ ¤²Ö ¥¥ ¶·μ¢¥¤¥´¨Ö ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´ 
¨´Ëμ·³ Í¨Ö · §²¨Î´μ° ¶·¨·μ¤Ò. 	ÉμÉ ¶·μÍ¥¸¸ ³μ¦¥É ¡ÒÉÓ μ¸´μ¢ ´ ´  ¨¤¥´-
É¨Ë¨± Í¨¨ ¢´¥Ï´¨Ì ¶·¨§´ ±μ¢ μ¡Ñ¥±Éμ¢, É ±¨Ì ± ± Í¢¥É, Ëμ·³ , Éμ²Ð¨´  ¨
É¨¶ ²¨´¨°, · §³¥· ¨ ³´μ£¨¥ ¤·Ê£¨¥, ¨²¨ Å ´  ¢´ÊÉ·¥´´¨Ì ¶·¨§´ ± Ì, ¶·¥¤¸É -
¢²ÖÕÐ¨Ì ¸μ¡μ° ¶ · ³¥É·Ò, ¶μ²ÊÎ ¥³Ò¥ ´  ÔÉ ¶¥ ¶·¥¤¢ ·¨É¥²Ó´μ° μ¡· ¡μÉ±¨,
´ ¶·¨³¥· ¤²¨´  ¶¥·¨³¥É·  μ¡Ñ¥±É , ±μ³¶ ±É´μ¸ÉÓ ¨²¨ ¥£μ ¶²μÐ ¤Ó [1]. �¤-
´ ±μ ¢¸¥ ÔÉ¨ ¶·¨§´ ±¨ ´¥ Ö¢²ÖÕÉ¸Ö ·¥¶·¥§¥´É É¨¢´Ò³¨ ¶·¨ 2d- ËË¨´´ÒÌ
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¶·¥μ¡· §μ¢ ´¨ÖÌ (¸¤¢¨£, ³ ¸ÏÉ ¡, ¶μ¢μ·μÉ ¨ §¥·± ²Ó´μ¥ μÉμ¡· ¦¥´¨¥). ‘²¥-
¤μ¢ É¥²Ó´μ, ¤²Ö ¶· ¢¨²Ó´μ° ¨¤¥´É¨Ë¨± Í¨¨ μ¡Ñ¥±É  ´ ¨¡μ²¥¥ ¢ ¦´ÊÕ ·μ²Ó
¨£· ¥É ¶·¨´Í¨¶ ¢Ò¡μ·  ¨´Ëμ·³ É¨¢´ÒÌ ¶·¨§´ ±μ¢, Éμ ¥¸ÉÓ É ±¨Ì ¸¢μ°¸É¢
μ¡· § , ¶μ ±μÉμ·Ò³ ¥£μ ³μ¦´μ ¢Ò¤¥²¨ÉÓ ¨§ μ±·Ê¦ ÕÐ¥° £·Ê¶¶Ò μ¡Ñ¥±Éμ¢.
�μ ÎÉμ ¦¥ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° É ±¨¥ ¨´Ëμ·³ É¨¢´Ò¥ ¶·¨§´ ±¨?

� ¸¸³μÉ·¨³ ¢ ± Î¥¸É¢¥ ¶·¨³¥·  ´¥±μÉμ·ÊÕ ±·¨¢ÊÕ ´  ¶²μ¸±μ¸É¨. �Ê¸ÉÓ
ÔÉ  ±·¨¢ Ö ´¥ ¨³¥¥É Éμ²Ð¨´Ò ¨ É¨¶  ¶·μ·¨¸μ¢±¨, Éμ ¥¸ÉÓ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
´¥±μÉμ·ÊÕ ËÊ´±Í¨Õ f(t) ¢ E2. Š ± ¶μ¸É·μ¨ÉÓ ¥¥ μ¶¨¸ ´¨¥, ±μÉμ·μ¥ ¡Ê¤¥É
¨´¢ ·¨ ´É´μ ± 2d- ËË¨´´Ò³ ¶·¥μ¡· §μ¢ ´¨Ö³ Å ¸¤¢¨£Ê, ³ ¸ÏÉ ¡¨·μ¢ ´¨Õ,
¶μ¢μ·μÉÊ, §¥·± ²Ó´μ³Ê μÉμ¡· ¦¥´¨Õ?

�É³¥É¨³, ÎÉμ ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¶μ¤ ¨¤¥´É¨Ë¨± Í¨¥° ¡Ê¤¥³ ¶μ´¨³ ÉÓ
¶·μÍ¥¸¸ ¸· ¢´¥´¨Ö ¤¢ÊÌ £·Ê¶¶ ¶·¨§´ ±μ¢, ¢Ò¤¥²¥´´ÒÌ ¨§ ¢¥Ð¥¸É¢¥´´ÒÌ ËÊ´±-
Í¨° f(t) ¨ g(t). �¶·¥¤¥²¨³ ¸´ Î ²  ¸¨¸É¥³Ê ¶·¨§´ ±μ¢, ´  ±μÉμ·μ° μ´  ¡Ê¤¥É
¶·μ¢μ¤¨ÉÓ¸Ö. �Î¥¢¨¤´μ, ÎÉμ ¤²Ö ¢Ò¡· ´´μ£μ É¨¶  ±·¨¢μ° É ±¨¥ ¶·¨§´ ±¨
´¥μ¡Ìμ¤¨³μ ¨¸± ÉÓ ´  μ¸´μ¢¥ ¢´ÊÉ·¥´´¨Ì ¸¢μ°¸É¢, ±μÉμ·Ò³¨ μ´  μ¡² ¤ ¥É.

‚μ¸¶μ²Ó§Ê¥³¸Ö ¶μ´ÖÉ¨¥³ k-jet (k-¸É·Ê°) [2] ¤²Ö μ¶¨¸ ´¨Ö ¸¨¸É¥³Ò ¶·¨-
§´ ±μ¢. � ¶μ³´¨³, ÎÉμ ±² ¸¸Ò k-jet, Ô±¢¨¢ ²¥´É´ÒÌ k · § ´¥¶·¥·Ò¢´μ ¤¨ËË¥-
·¥´Í¨·Ê¥³μ° ´  [a, b] ¢¥Ð¥¸É¢¥´´μ° ËÊ´±Í¨¨ f(t), μ¶·¥¤¥²ÖÕÉ¸Ö μÉ·¥§±μ³
·Ö¤  ’¥°²μ· , ¢ ±μÉμ·μ³ ¶·μ¢¥¤¥´  § ³¥´  ¶¥·¥³¥´´μ° ¸ (t − t0) ´  z ¨
· ¸¸³ É·¨¢ ¥³ Ö μ¡² ¸ÉÓ · ¸Ï¨·¥´  ¸ μ±·¥¸É´μ¸É¨ ÉμÎ±¨ t0 ´  ¢¥¸Ó μÉ·¥§μ±
[a, b]: (

Jk
t0f

)
(z) = f (t0) + f ′ (t0) z + ... +

f (k) (t0)
k!

zk.

‚¢¥¤¥³ ¸²¥¤ÊÕÐ¨¥ ¶μ´ÖÉ¨Ö.
�¶·¥¤¥²¥´¨¥ 1.1. �Ê¸ÉÓ f ¨ g Ö¢²ÖÕÉ¸Ö k · § ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê-

¥³Ò³¨ ¢¥Ð¥¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ´  μÉ·¥§±¥ [a, b]. �Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ μ´¨
k-jet-¨¤¥´É¨Î´Ò ¢ ÉμÎ±¥ t0 ∈ [a, b], ¥¸²¨ ¢ ´¥° ¸μ¢¶ ¤ ÕÉ ¢¸¥ ¨Ì ¶·μ¨§¢μ¤´Ò¥
¤μ k-£μ ¶μ·Ö¤±  ¢±²ÕÎ¨É¥²Ó´μ: f(t0) = g(t0), f (1)(t0) = g(1)(t0), ..., f (k)(t0) =
g(k)(t0), É. ¥. ¥¸²¨ μ´¨ ¨¸¶ÒÉÒ¢ ÕÉ ¢ ÉμÎ±¥ t0 ± ¸ ´¨¥ k-£μ ¶μ·Ö¤±  (¸³.
·¨¸. 1).

�¨¸. 1. ˆ¤¥´É¨Î´μ¸ÉÓ ¢ ÉμÎ±¥

�¶·¥¤¥²¥´¨¥ 1.2. �Ê¸ÉÓ f ¨ g Ö¢²ÖÕÉ¸Ö k · § ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨-
·Ê¥³Ò³¨ ¢¥Ð¥¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ´  μÉ·¥§±¥ [a, b]. �Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ
μ´¨ k-jet-¨¤¥´É¨Î´Ò ´  μÉ±·ÒÉμ³ ¨´É¥·¢ ²¥ (c, d), ¥¸²¨ f(t) = g(t), f (1)(t) =
g(1)(t), ..., f (k)(t) = g(k)(t) ¶·¨ ²Õ¡μ³ t ∈ (c, d).
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�¶·¥¤¥²¥´¨¥ 1.3. �Ê¸ÉÓ f ¨ g Ö¢²ÖÕÉ¸Ö k · § ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨-
·Ê¥³Ò³¨ ¢¥Ð¥¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ´  μÉ·¥§±¥ [a, b]. �Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ
μ´¨ k-jet-¨¤¥´É¨Î´Ò ´  ¢¸¥³ μÉ·¥§±¥, ¥¸²¨ μ´¨ k-jet-¨¤¥´É¨Î´Ò ´  ²Õ¡μ³
μÉ±·ÒÉμ³ ¨´É¥·¢ ²¥ μÉ·¥§±  [a, b].

�¶·¥¤¥²¥´¨¥ 1.4. �Ê¸ÉÓ f ¨ g Ö¢²ÖÕÉ¸Ö k · § ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨-
·Ê¥³Ò³¨ ¢¥Ð¥¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ´  μÉ·¥§±¥ [a, b]. � §μ¢¥³ k-jet-´Ê²Ö³¨

j-£μ ¶μ·Ö¤±  (1 � j � k) ËÊ´±Í¨¨ f ÉμÎ±¨ t
(j)
1 , t

(j)
2 , ..., t

(j)
nj , ¢ ±μÉμ·ÒÌ j-Ö

¶·μ¨§¢μ¤´ Ö ËÊ´±Í¨¨ f μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó: f (j)(t(j)r ) = 0, r = 1, ..., nj .
‹¥³³ . …¸²¨ ËÊ´±Í¨Ö f k-jet-¨¤¥´É¨Î´  ËÊ´±Í¨¨ g ´  μÉ·¥§±¥ [a, b],

Éμ k-jet-´Ê²¨ j-£μ ¶μ·Ö¤±  ËÊ´±Í¨¨ f ¸μ¢¶ ¤ ÕÉ ¸ k-jet-´Ê²Ö³¨ j-£μ ¶μ·Ö¤± 
ËÊ´±Í¨¨ g(1 � j � k).

„μ± § É¥²Ó¸É¢μ É·¨¢¨ ²Ó´μ.
�¶·¥¤¥²¥´¨¥ 1.5. �Ê¸ÉÓ ¢¥Ð¥¸É¢¥´´ Ö ËÊ´±Í¨Ö f(t), § ¤ ´´ Ö ´  μÉ·¥§±¥

[a, b], k · § ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³ . �¡μ§´ Î¨³ Î¥·¥§ Gf ³´μ¦¥¸É¢μ,
μ¡· §μ¢ ´´μ¥ ÉμÎ± ³¨, ¢ ±μÉμ·ÒÌ f ′(t) = 0, f ′′(t) = 0, . . ., f (k)(t) = 0. ’μ£¤ 
³´μ¦¥¸É¢μ ÉμÎ¥± Gf = {a = t0 < t1 < t2... < ti < ... < tm = b}, ¶μ²ÊÎ¥´´ÒÌ
μÉ ¶·μ¨§¢μ¤´ÒÌ · §´ÒÌ ¶μ·Ö¤±μ¢ ¨ Ê¶μ·Ö¤μÎ¥´´μ¥ ´  [a, b] ¶μ ¢μ§· ¸É ´¨Õ
¶ · ³¥É·  t, ¡Ê¤¥³ ´ §Ò¢ ÉÓ ³´μ¦¥¸É¢μ³ k-jet-´Ê²¥° ËÊ´±Í¨¨ f(t).

� ¶·¨³¥·, ¤²Ö ´¥¢Ò·μ¦¤¥´´μ° ±Ê¡¨Î¥¸±μ° ¶ · ¡μ²Ò ÔÉμ ³´μ¦¥¸É¢μ
¡Ê¤¥É ¸μ¸ÉμÖÉÓ ¨§ É·¥Ì ÉμÎ¥±: ¤¢ÊÌ Ô±¸É·¥³ ²Ó´ÒÌ ¨ μ¤´μ° ¶¥·¥£¨¡  (¸³.
·¨¸. 2,  ). „²Ö · §¢¥·É±¨ Ï¥¸É¨²¥¶¥¸É±μ¢μ° Ô¶¨Í¨±²μ¨¤Ò (a = 2, b = 12), ¸³.
·¨¸. 2, ¡, Ëμ·³Ê²  ±μÉμ·μ° § ¶¨¸Ò¢ ¥É¸Ö ± ±

r(t)=

=

√(
(a+b) cos(t)−a cos

(
(a+b)t

a

))2

+
(
(a+b) sin(t)−a sin

(
(a+b)t

a

))2

,

Î¨¸²μ ´Ê²¥° ´  [0, 2π], ¶μ²ÊÎ¥´´ÒÌ μÉ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ°, ¸μ¸É ¢²Ö¥É 8, μÉ
¢Éμ·μ° ¶·μ¨§¢μ¤´μ° Å 8, μÉ É·¥ÉÓ¥° ¶·μ¨§¢μ¤´μ° Å 16 ¨ É. ¤.

�¶·¥¤¥²¥´¨¥ 1.6. �Ê¸ÉÓ f ¨ g Ö¢²ÖÕÉ¸Ö k · § ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨-
·Ê¥³Ò³¨ ¢¥Ð¥¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ´  μÉ·¥§±¥ [a, b], ¶Ê¸ÉÓ Ê ´¨Ì ¸μ¢¶ ¤ ÕÉ

�¨¸. 2. ŠÊ¡¨Î¥¸± Ö ¶ · ¡μ²  (a) ¨ Ô¶¨Í¨±²μ¨¤  (¡)
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¢¸¥ k-jet-´Ê²¨ ¢¸¥Ì ¶μ·Ö¤±μ¢ ¤μ k-£μ ¶μ·Ö¤±  ¢±²ÕÎ¨É¥²Ó´μ ¨ ¶Ê¸ÉÓ, ±·μ³¥
Éμ£μ, §´ Î¥´¨Ö ËÊ´±Í¨° f ¨ g ¸μ¢¶ ¤ ÕÉ ¢μ ¢¸¥Ì k-jet-´Ê²ÖÌ. ’μ£¤  ³Ò
¡Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ ËÊ´±Í¨¨ f ¨ g Ö¢²ÖÕÉ¸Ö ¸² ¡μ k-jet-¨¤¥´É¨Î´Ò³¨ ´ 
μÉ·¥§±¥ [a, b].

2. ‚�“’�…��ŸŸ ƒ…�Œ…’�ˆŸ Š�ˆ‚›•

‚ ÔÉμ³ · §¤¥²¥ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ n-³¥·´Ò¥ ¸¶·Ö³²Ö¥³Ò¥ ±·¨¢Ò¥ L,
¶ · ³¥É·¨§μ¢ ´´Ò¥ ´ ÉÊ· ²Ó´Ò³ ¶ · ³¥É·μ³ s Å ¤²¨´μ° ¤Ê£¨ ±·¨¢μ° L.
Š ¦¤ Ö ¨§ ´¨Ì μ¶¨¸Ò¢ ¥É¸Ö μ£· ´¨Î¥´´μ° n-³¥·´μ° ¢¥±Éμ·-ËÊ´±Í¨¥° r (s),
±μμ·¤¨´ ÉÒ ±μÉμ·μ° r1 (s) , . . . , rn (s) Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ ¸ μ£· ´¨Î¥´´μ°
¢ ·¨ Í¨¥°,   ¨Ì ¶·μ¨§¢μ¤´Ò¥ r′1 (s) , . . . , r′n (s) Å ´¥¶·¥·Ò¢´Ò³¨ ËÊ´±Í¨Ö³¨.

‡ ³¥Î ´¨¥ 2.1. ˆ´¢ ·¨ ´É´μ¸ÉÓ ¶² ´¨·Ê¥³ÒÌ μ¶¥· Í¨° ´ ¤ ±·¨¢Ò³¨
μÉ´μ¸¨É¥²Ó´μ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¸¤¢¨£μ¢, ¶·μ¸É· ´¸É¢¥´´ÒÌ ¶μ¢μ·μÉμ¢, ¶·μ-
¸É· ´¸É¢¥´´ÒÌ μÉ· ¦¥´¨°, · ¸ÉÖ¦¥´¨° ¨ ¸¦ É¨° n-³¥·´μ£μ ¶·μ¸É· ´¸É¢  §´ -
Î¥´¨° ËÊ´±Í¨° r (s) ¸²¥¤Ê¥É ¨§ ¶·μ¢¥¤¥´¨Ö ·Ö¤  ¶·μÍ¥¤Ê· ´ ¤ n-³¥·´Ò³¨
¶ · ³¥É·¨Î¥¸±¨³¨ ±·¨¢Ò³¨,   ¨³¥´´μ:

• r (s) �→ r ′ (s) = r(s)
max

s∈[0,S]
|r(s)| Å ³ ¸ÏÉ ¡¨·μ¢ ´¨¥ · §³¥·μ¢ ±·¨¢μ° ± 1;

• rk(s) �→ r′′k (s) = (−1)jkrk(s), jk = 0, 1, k = 1, n Å Î ¸É¨Î´ Ö
¨´¢¥·¸¨Ö ¢ μ¡² ¸É¨ §´ Î¥´¨°;

• s �→ s′ = S − s Å ¨´¢¥·¸¨Ö ¶ · ³¥É·  ±·¨¢μ°;

• s �→ s′′ = s
S Å ³ ¸ÏÉ ¡¨·μ¢ ´¨¥ ¶ · ³¥É·  ±·¨¢μ°.

‚¢¥¤¥³ ¢ · ¸¸³μÉ·¥´¨¥ ³´μ¦¥¸É¢μ μ£· ´¨Î¥´´ÒÌ n-³¥·´ÒÌ ¢¥±Éμ·-ËÊ´±-
Í¨° r (s) ´  μÉ·¥§±¥ s ∈ [0, 1]. ‚¢¥¤¥³ ´  ÔÉμ³ ³´μ¦¥¸É¢¥ ¸É·Ê±ÉÊ·Ê ¢¥±Éμ·-
´μ£μ ( ËË¨´´μ£μ) ¶·μ¸É· ´¸É¢ , ¨´¤ÊÍ¨·μ¢ ´´ÊÕ  ´ ²μ£¨Î´μ° ¸É·Ê±ÉÊ·μ° ¢
μ¡² ¸É¨ §´ Î¥´¨°. ‚ ¶μ²ÊÎ¨¢Ï¥³¸Ö ²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥ § ¤ ¤¨³ ³¥É·¨±Ê
· ¢´μ³¥·´μ° ¸Ìμ¤¨³μ¸É¨

ρ (f ,g) = ‖f − g‖C = max
s∈[0,1]

|f(s) − g(s)| . (2.1)

‡ ¤ ¤¨³ ´  μÉ·¥§±¥ [0, 1] ´¥· ¢´μ³¥·´ÊÕ ¸¥É±Ê 0 < t0 < t1 < . . . < tm−1 <
tm = 1, ±μÉμ· Ö ± ¦¤ÊÕ ËÊ´±Í¨Õ fm ∈ R ¶·μ¥Í¨·Ê¥É ´  ¸¥ÉμÎ´ÊÕ ËÊ´±Í¨Õ
fm = {f(t0), . . . , f(tm)}.

�·¨ Ë¨±¸¨·μ¢ ´´μ³ Î¨¸²¥ m · §¡¨¥´¨° μÉ·¥§±  [0, 1] ¶μ²ÊÎ ÕÐ¨¥¸Ö
¸¥ÉμÎ´Ò¥ ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö Ô²¥³¥´É ³¨ n× (m+1)-³¥·´μ£μ ²¨´¥°´μ£μ ¶·μ-
¸É· ´¸É¢  (¢¥±Éμ·´μ£μ ¨²¨  ËË¨´´μ£μ). � ¸¸ÉμÖ´¨¥ (2.1) ¨´¤ÊÍ¨·Ê¥É · ¸¸Éμ-
Ö´¨¥ ³¥¦¤Ê ´¨³¨ ¶μ Ëμ·³Ê²¥

ρm (fm,gm) = ‖fm − gm‖C = max
tj

|f(tj) − g(tj)| . (2.2)
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‚ μ¡Ð¥³ ¸²ÊÎ ¥, ¶μ¢ÒÏ Ö ¶μ·Ö¤μ± k-jet-μ¶¨¸ ´¨Ö ³´μ£μ³¥·´ÒÌ ±·¨¢ÒÌ Lf ,
³Ò Ê¢¥²¨Î¨¢ ¥³ ±μ²¨Î¥¸É¢μ k-jet-´Ê²¥° ËÊ´±Í¨¨ f , É. ¥. ³μÐ´μ¸ÉÓ ³´μ¦¥¸É¢ 
Gf . �¤´ ±μ ¢ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ ÔÉμ ³´μ¦¥¸É¢μ ³μ¦¥É ¸É ¡¨²¨§¨·μ¢ ÉÓ¸Ö,
É ± ÎÉμ ¤ ²Ó´¥°Ï¥¥ Ê¢¥²¨Î¥´¨¥ ¶μ·Ö¤±  k-jet ¢ μ¶¨¸ ´¨¨ ´¥ ¤μ¡ ¢²Ö¥É k-jet-
´Ê²¥°. ‚ Î ¸É´μ¸É¨, É ±μ¥ ´ ¸ÒÐ¥´¨¥ ´ ¡²Õ¤ ¥É¸Ö ¤²Ö ËÊ´±Í¨°, Ê¤μ¢²¥É¢μ·Ö-

ÕÐ¨Ì Ê· ¢´¥´¨Õ
dk0f

dtk0
= αff ¸ ´¥±μÉμ·Ò³ ±μ³¶²¥±¸´Ò³ Î¨¸²μ³ αf . ‚ ÔÉμ³

¸²ÊÎ ¥
dk0+nf

dtk0+n
=

dnf

dtn
, É ± ÎÉμ Ê¢¥²¨Î¥´¨¥ ³´μ¦¥¸É¢  k-jet-´Ê²¥° ¶·μ¨¸Ìμ¤¨É

²¨ÏÓ ¤μ k = k0,   § É¥³ μ´¨ ¶μ¢Éμ·ÖÕÉ¸Ö.
ˆ§ μ¡Ð¥° É¥μ·¨¨ ¸¥ÉμÎ´ÒÌ ËÊ´±Í¨° ¨§¢¥¸É´μ, ÎÉμ ¶·¨ ¨§³¥²ÓÎ¥´¨¨ ¸¥É±¨

ÉμÎ´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨¨ ¨¸Ìμ¤´μ° ¢¥±Éμ·-ËÊ´±Í¨¨ f ¸ ¶μ³μÐÓÕ ¸¥ÉμÎ´ÒÌ
ËÊ´±Í¨° fm ¶μ¢ÒÏ ¥É¸Ö ¶·¨ Ê¢¥²¨Î¥´¨¨ m (¸³., ´ ¶·¨³¥·, [3]).

„²Ö ²Õ¡ÒÌ ¤¢ÊÌ ËÊ´±Í¨° f ¨ g ±² ¸¸  ¸² ¡μ° k-jet-Ô±¢¨¢ ²¥´É´μ¸É¨
´ ¡μ·Ò ¶ ·

{G, F} = {(t0, f(t0)) , . . . , (tn, f(tn))}
¨

{G, H} = {(t0, h(t0)) , . . . , (tn, h(tn))}
¸μ¢¶ ¤ ÕÉ. ˆ, ´ μ¡μ·μÉ, ¨§ ¸μ¢¶ ¤¥´¨Ö {G, F} ¨ {G, H} ¸²¥¤Ê¥É ¸² ¡ Ö
k-jet-Ô±¢¨¢ ²¥´É´μ¸ÉÓ ËÊ´±Í¨° f ¨ g.

“É¢¥·¦¤¥´¨¥ 2.1. Š² ¸¸ ¸² ¡μ° k-jet-Ô±¢¨¢ ²¥´É´μ¸É¨ μ¤´μ§´ Î´μ μ¶·¥-
¤¥²Ö¥É¸Ö ¸¥ÉμÎ´μ° ËÊ´±Í¨¥°{G, F }, ¥¤¨´μ° ¤²Ö ¢¸¥Ì ¶·¥¤¸É ¢¨É¥²¥° ±² ¸¸ .
„ ´´ Ö ¸¥ÉμÎ´ Ö ËÊ´±Í¨Ö, É. ¥. ¶ ·  {G, F} § ¤ ¥É ²μ³ ´ÊÕ ²¨´¨Õ Lm

f , ¢¶¨-
¸ ´´ÊÕ ¢ ¨¸Ìμ¤´ÊÕ ¸¶·Ö³²Ö¥³ÊÕ ±·¨¢ÊÕ Lf (¸³. ¶·¨²μ¦¥´¨¥). 	É  ¢¶¨¸ ´´ Ö
²μ³ ´ Ö Lm

f μ¶¨¸Ò¢ ¥É¸Ö ±Ê¸μÎ´μ-²¨´¥°´μ° ËÊ´±Í¨¥° fn
m, ¶·¨´ ¤²¥¦ Ð¥°

²¨´¥°´μ³Ê ¶·μ¸É· ´¸É¢Ê R,   ÉμÎ´¥¥ ±μ´¥Î´μ³¥·´μ³Ê · §³¥·´μ¸É¨ n×(m+1)
¶μ¤¶·μ¸É· ´¸É¢Ê R

n
m.

� ¸¸ÉμÖ´¨¥ ρ (f, fn
m) = ‖f − fn

m‖C ³¥¦¤Ê ±·¨¢μ° ¨ ¢¶¨¸ ´´μ° ²μ³ ´μ°
§ ¢¨¸¨É μÉ ¨¸Ìμ¤´μ° ±·¨¢μ° Lf ¨ μÉ ¸É¥¶¥´¨ k-jet-μ¶¨¸ ´¨Ö ±·¨¢μ°, § ¤ ÕÐ¥°
³μÐ´μ¸É¨ ³´μ¦¥¸É¢ Gk

f = Gk
h ¨ ³´μ¦¥¸É¢  ¶ · {G, F} = {G, H}, μ¤´ ±μ

· ¸¸ÉμÖ´¨Ö ρ (f, fn
m) ¨ ρ (h, hn

m) ³μ£ÊÉ ´¥ ¸μ¢¶ ¤ ÉÓ. �·¨ ÔÉμ³ · ¸¸ÉμÖ´¨¥
³¥¦¤Ê ¢¶¨¸ ´´Ò³¨ ²μ³ ´Ò³¨, ¸μ¢¶ ¤ ÕÐ¨³¨ ¤²Ö ±·¨¢ÒÌ Lf ¨ Lh, · ¢´μ
´Ê²Õ, É. ¥. ρ (fn

m, hn
m) = 0.

	Éμ ²¥£±μ μ¡ÑÖ¸´Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ ¢Ò±² ¤± ³¨. �Ê¸ÉÓ ρ (f, fn
m) = δf ,  

ρ (h, hn
m) = δh, Éμ£¤  ¢ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ ³ ±¸¨³Ê³ ¤μ¸É¨£ ¥É¸Ö ´  μ¤´μ³ ¨

Éμ³ ¦¥ ÊÎ ¸É±¥ [tk, tk+1], ³Ò ³μ¦¥³ μÍ¥´¨ÉÓ ¶·¨· Ð¥´¨¥ ¤²¨´Ò ²μ³ ´μ° ¶·¨
¤μ¡ ¢²¥´¨¨ ÉμÎ±¨ t∗ ∈ [tk, tk+1], ¢ ±μÉμ·μ° ÔÉμÉ ³ ±¸¨³Ê³ ¤μ¸É¨£ ¥É¸Ö. ‚
¶·¨¡²¨¦¥´¨¨ ²¨´¥°´ÒÌ ¶·¨· Ð¥´¨° ÔÉμ ³μ¦´μ ¸¤¥² ÉÓ ¸ ¶μ³μÐÓÕ É¥μ·¥³Ò
�¨Ë £μ· .

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¸¶· ¢¥¤²¨¢  μÍ¥´± 

ρ (f, h) � ρ (f, fn
m) + ρ (fn

m, hn
m) + ρ (hn

m, h) = δf + δh.
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„μ¡ ¢²¥´¨¥ ÉμÎ±¨ t∗ ± ³´μ¦¥¸É¢Ê Gf = Gh, É ± ÎÉμ G∗ = G ∪ {t∗} · §¤¥²¨É
f ¨ g ´  · §´Ò¥ ±² ¸¸Ò ¸² ¡μ° k-jet-Ô±¢¨¢ ²¥´É´μ¸É¨.

…¸²¨ ¦¥ ³ ±¸¨³Ê³ ¤μ¸É¨£ ¥É¸Ö ¢ · §²¨Î´ÒÌ ÉμÎ± Ì t∗f �= t∗g ,   É¥³ ¡μ²¥¥
´  · §´ÒÌ ¸¥£³¥´É Ì μÉ·¥§± , ¤μ¡ ¢²¥´¨¥ ÔÉ¨Ì ÉμÎ¥± ¤¥² ¥É · §²¨Î´Ò³¨ G∗

f =
G∗

h ¨ É¥³ ¡μ²¥¥ · §¢μ¤¨É f ¨ g ¶μ · §´Ò³ ±² ¸¸ ³.
‡ ³¥Î ´¨¥ 2.2. � ¸¸ÉμÖ´¨¥ ρ (f, fn

m) Ö¢²Ö¥É¸Ö · ¸¸ÉμÖ´¨¥³ ËÊ´±Í¨¨ f μÉ
¶μ¤¶·μ¸É· ´¸É¢  R

n
m ¢ ¸³Ò¸²¥ m-¶μ¶¥·¥Î´¨±μ¢ Šμ²³μ£μ·μ¢  [4].

‡ ³¥Î ´¨¥ 2.3. „²¨´  ±·¨¢μ° Lf · ¢´  ¥¤¨´¨Í¥,   ¤²¨´  ¢¶¨¸ ´´μ°
²μ³ ´μ° Lm

f ³¥´ÓÏ¥ ¥¤¨´¨ÍÒ. �·¨Î¥³ ¶·¨ m → ∞ Lm
f → 1, ¨ Î¥³ ³¥´ÓÏ¥

1 − Lm
f , É¥³ ³¥´ÓÏ¥ · ¸¸ÉμÖ´¨¥ ρ (f, fn

m) ¨ ´ μ¡μ·μÉ, Î¥³ ³¥´ÓÏ¥ ρ (f, fn
m),

É¥³ ³¥´ÓÏ¥ 1 − Lm
f .

“É¢¥·¦¤¥´¨¥ 2.2. …¸²¨ ËÊ´±Í¨Ö f(t) k · § ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê-
¥³ , Éμ£¤  μ´  ³μ¦¥É ¡ÒÉÓ  ¶¶·μ±¸¨³¨·μ¢ ´  ²¨´¥°´μ° ²μ³ ´μ° L ¢ Ê§² Ì
³´μ¦¥¸É¢  G, ¶·¨ ÔÉμ³ ÉμÎ´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨¨ μ¶·¥¤¥²Ö¥É¸Ö ¶μ·Ö¤±μ³ ¶·μ-
¨§¢μ¤´ÒÌ (¸³. · §¤. 3).

“É¢¥·¦¤¥´¨¥ 2.3. „²Ö ± ¦¤μ£μ ±² ¸¸  ¸² ¡μ° k-jet-¨¤¥´É¨Î´μ¸É¨ ËÊ´±-
Í¨° ´  μÉ·¥§±¥ [a, b] ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´ Ö ¶·¥¤¸É ¢²ÖÕÐ Ö ÔÉμÉ ±² ¸¸
±Ê¸μÎ´μ-²¨´¥°´ Ö ËÊ´±Í¨Ö L, ¸μ¢¶ ¤ ÕÐ Ö ¸μ ¢¸¥³¨ ËÊ´±Í¨Ö³¨ ±² ¸¸  ¢
k-jet-´Ê²ÖÌ ¨ ²¨´¥°´ Ö ´  Ë· £³¥´É Ì [ti, ti+1], ¶·¨´ ¤²¥¦ Ð¨Ì ³´μ¦¥¸É¢Ê
´Ê²¥° k-jet.

‡ ³¥Î ´¨¥ 2.4. ‘μ£² ¸´μ É¥μ·¥³¥ ‚¥°¥·ÏÉ· ¸¸  [5] ¤²Ö ´¥¶·¥·Ò¢´μ°
ËÊ´±Í¨¨ ´  μÉ·¥§±¥ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¢´ÊÉ·¨ μÉ·¥§±  μ´  ²¨¡μ ¨³¥¥É Ô±¸-
É·¥³Ê³, ²¨¡μ ³μ´μÉμ´´ . � ¸¸³μÉ·¨³ (k − 1)-Õ ¶·μ¨§¢μ¤´ÊÕ ËÊ´±Í¨¨ f ´ 
²Õ¡μ³ ¨§ Ë· £³¥´Éμ¢, ²¥¦ Ð¥³ ³¥¦¤Ê ¤¢Ê³Ö ¸μ¸¥¤´¨³¨ k-jet-´Ê²Ö³¨. �´ 
³μ´μÉμ´´  ´  ± ¦¤μ³ ¨§ ´¨Ì, É. ±. ¢¸¥ ¥¥ Ô±¸É·¥³Ê³Ò Ö¢²ÖÕÉ¸Ö ´Ê²Ö³¨ k-°
¶·μ¨§¢μ¤´μ°,   §´ Î¨É ±μ´Í ³¨ · ¸¸³ É·¨¢ ¥³ÒÌ Ë· £³¥´Éμ¢. �´ ²μ£¨Î´μ,
¢¸¥ ¶·μ¨§¢μ¤´Ò¥ ³¥´ÓÏ¥£μ ¶μ·Ö¤±  ¨ ¸ ³  ËÊ´±Í¨Ö É ±¦¥ ³μ´μÉμ´´Ò ´ 
± ¦¤μ³ ¨§ ÔÉ¨Ì Ë· £³¥´Éμ¢ ¢ ¸¨²Ê ¢¸¥ Éμ° ¦¥ É¥μ·¥³Ò.

3. ˆ„…�’ˆ”ˆŠ�–ˆŸ Š�ˆ‚›•

‚ · §¤. 2 ¡Ò²¨ ¢¢¥¤¥´Ò ±μ´¸É·Ê±Í¨¨, ¶μ§¢μ²ÖÕÐ¨¥ μ¶·¥¤¥²¨ÉÓ Ì · ±É¥·-
´Ò¥ ¶·¨§´ ±¨ ¤²Ö ¨¤¥´É¨Ë¨± Í¨¨ £² ¤±¨Ì ¶·μ¸É· ´¸É¢¥´´ÒÌ ±·¨¢ÒÌ. ˆ¸-
¶μ²Ó§μ¢ ´¨¥ k-jet-´Ê²¥° ¶μ§¢μ²Ö¥É ´ £²Ö¤´Ò³ μ¡· §μ³ μ¶¨¸ ÉÓ É¥ ³¥É·¨±¨,
±μÉμ·Ò¥ ³Ò ´¨¦¥ ¢¢μ¤¨³ ´  ¶·μ¸É· ´¸É¢¥ ±² ¸¸μ¢. �´¨ ¶·¥¤´ §´ Î¥´Ò ¤²Ö
ÔËË¥±É¨¢´μ° ·¥ ²¨§ Í¨¨  ¢Éμ³ É¨Î¥¸±¨Ì ¶·μÍ¥¤Ê· Î¨¸²¥´´μ° ¨¤¥´É¨Ë¨± -
Í¨¨ ±·¨¢ÒÌ ´  μ¸´μ¢¥ ¨Ì ¸¢μ°¸É¢, ¨§²μ¦¥´´ÒÌ ¢ ¤ ´´μ³ · §¤¥²¥. ’¥¶¥·Ó ¡Ê¤ÊÉ
· ¸¸³μÉ·¥´Ò ¶· ±É¨Î¥¸±¨¥ ³¥Éμ¤Ò ¸· ¢´¥´¨Ö ¤¢Ê³¥·´ÒÌ ±·¨¢ÒÌ ´  μ¸´μ¢¥
ÔÉ¨Ì ¶·¨§´ ±μ¢, ¤²Ö Î¥£μ ¡Ê¤ÊÉ ¶μ¸É·μ¥´Ò ¸²¥¤ÊÕÐ¨¥ ³¥É·¨±¨.

� ¸¸³μÉ·¨³ É¥μ·¥É¨Î¥¸±¨° ¸²ÊÎ °, ±μ£¤  ³Ò ÌμÉ¨³ ¸· ¢´¨ÉÓ ´¥±μÉμ·ÊÕ
±·¨¢ÊÕ Lf ¸ ÔÉ ²μ´´μ° ±·¨¢μ° Lg ¨ ¨³¥ÕÐ¨³¨ μ¶¨¸ ´¨¥ ¢ ¢¨¤¥ ¢¥±Éμ·-
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ËÊ´±Í¨° f̃ (s) ¸ ¤²¨´μ° Sf ¨ g̃ (s) ¸ ¤²¨´μ° Sg. ‚ÒÎ¨¸²¨³
∥∥∥f̃

∥∥∥ = max
S

∣∣∣f̃ (s)
∣∣∣

¨ ‖g̃‖ = max
S

|g̃ (s)|. �·μ³ ¸ÏÉ ¡¨·Ê¥³ μ¡² ¸ÉÓ §´ Î¥´¨° ¨ μ¶·¥¤¥²¥´¨°

É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¢Ò¶μ²´Ö²¨¸Ó ¸μμÉ´μÏ¥´¨Ö

f (x′) =
f̃ (x)
‖f‖ , x′ =

s

Sf
, g (y) =

g̃ (s)
‖g‖ , y =

s

Sg
.

’μ£¤  ¤¢Ê³ ±·¨¢Ò³ Lf ¨ Lg ¡Ê¤ÊÉ ¶μ¸É ¢²¥´Ò ¢ ¸μμÉ¢¥É¸É¢¨¥ ¤¢  Ô²¥³¥´É  f
¨ g ¨§ R.

„²Ö ± ¦¤μ° ¨§ ËÊ´±Í¨° f ¨ g μ¶·¥¤¥²¨³ ³´μ¦¥¸É¢  Gf ¨ Gg ¨Ì k-jet-
´Ê²¥°, ±μÉμ·Ò¥ Ëμ·³¨·ÊÕÉ ¸¥É±¨ (´¥ μ¡Ö§ É¥²Ó´μ ¸μ¢¶ ¤ ÕÐ¨¥ ¨, ¢μ§³μ¦´μ,
· §´μ° ³μÐ´μ¸É¨) ´  μÉ·¥§±¥ [0, 1].

�¶·¥¤¥²¥´¨¥ 3.1. �Ê¸ÉÓ ¤²Ö ÔÉ ²μ´´μ° ±·¨¢μ° f = f(s) ³´μ¦¥¸É¢μ
Gf = {a = x0 < x1 <, ..., < xl= b} μ¡· §μ¢ ´μ l + 1 ÉμÎ± ³¨,   ¤²Ö ¨¤¥´-
É¨Ë¨Í¨·Ê¥³μ° ±·¨¢μ° g = g(s) Gg = {c = y0 < y1 <, ..., < ym = d} ¸μ-
¤¥·¦¨É m + 1 ÉμÎ±Ê. �Ê¸ÉÓ l > m, Éμ ¥¸ÉÓ ¶·¥¤¶μ²μ¦¨³, ÎÉμ ¨¤¥´É¨Ë¨Í¨-
·Ê¥³ Ö ±·¨¢ Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ë· £³¥´É ÔÉ ²μ´´μ°, ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥
μ´¨ ¶μ³¥´ÖÕÉ¸Ö ³¥¸É ³¨. …¸²¨ ¶·¥¤¸É ¢¨ÉÓ, ÎÉμ · ¸¸³ É·¨¢ ¥³Ò¥ ±·¨¢Ò¥
¨³¥ÕÉ ¶¸¥¢¤μ¶¥·¨μ¤¨Î´μ¸ÉÓ, Éμ ´¥μ¡Ìμ¤¨³μ ¤μμ¶·¥¤¥²¨ÉÓ Gs ³´μ¦¥¸É¢μ³
ÉμÎ¥± Éμ£μ ¦¥ · §³¥· , ÎÉμ ¨ G0 ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

G∗
s = x0, x1, ..., xl, xl+1 = xl + x1 − x0, ..., xl+m = xl + xm − x0.

„·Ê£¨³¨ ¸²μ¢ ³¨, ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¸²ÊÎ °, ±μ£¤  |Gf |=m
< |Gg|=k,

É. ¥. ³´μ¦¥¸É¢μ k-jet-´Ê²¥° ±·¨¢μ° Lf ³¥´ÓÏ¥ ³´μ¦¥¸É¢  k-jet-´Ê²¥° ±·¨¢μ°
Lg. �·¨ ÔÉμ³ ³´μ¦¥¸É¢μ Gg ´¥μ¡Ìμ¤¨³μ ¤μμ¶·¥¤¥²¨ÉÓ ¤μ ³´μ¦¥¸É¢  Ggf ¶μ
¶· ¢¨²Ê

|Ggf | = |Gg| + |Gf | − 1.

�¶·¥¤¥²¥´¨¥ 3.2. „²Ö ´¥±μÉμ·μ£μ ³´μ¦¥¸É¢  ´Ê²¥° k-jet G = {a = x0 < x1 <
, ..., < xl = b}, §¥·± ²Ó´Ò³ ¥³Ê ´ §μ¢¥³ ³´μ¦¥¸É¢μ Gz = {b = y0 = xn, >
y1 = xn−1 >, ..., > yn = x0 = a}.

‚¢¥¤¥³ ³´μ£μ³¥·´ÊÕ ËÊ´±Í¨Õ · §´μ¸É¨ ¸ ÊÎ¥Éμ³ ¢μ§³μ¦´ÒÌ ¨´¢¥·¸¨°
(μÉ· ¦¥´¨°) ¢ μ¡² ¸É¨ §´ Î¥´¨° ËÊ´±Í¨° f ¨ g ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ηk
i,j = |fk (ti+j)| − |gk (τi)| , i = 0, l − m, j = 0, m.

ˆ§ ¶μ²ÊÎ¥´´μ£μ ´ ¡μ·  ³μ¦´μ ²¨¡μ ¸Ëμ·³¨·μ¢ ÉÓ ²¨´¥°´ÊÕ ËÊ´±Í¨Õ · §´μ-

¸É¨ ¶¥·¢μ£μ É¨¶  η
(1)
i,j = max

l=1,n

∣∣ηl
i,j

∣∣, ²¨¡μ ²¨´¥°´ÊÕ ËÊ´±Í¨Õ · §´μ¸É¨ ¢Éμ·μ£μ

É¨¶  Å η
(2)
i,j = 1

n

n∑
l=1

∣∣ηl
i,j

∣∣.
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�¶·¥¤¥²¨³ ËÊ´±Í¨¨  ¡¸μ²ÕÉ´μ° μÏ¨¡±¨ ¨¤¥´É¨Ë¨± Í¨¨ ¶¥·¢μ£μ ¨ ¢Éμ-
·μ£μ É¨¶ 

δq
i =

1
(m + 1)

m∑
j=0

∣∣∣η(q)
i,j

∣∣∣, q = 1, 2, i = 0, (k − m),

¨ ËÊ´±Í¨¨ μÉ´μ¸¨É¥²Ó´μ° μÏ¨¡±¨ ¨¤¥´É¨Ë¨± Í¨¨ ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ É¨¶ 

σ
(q)
i =

1
(m + 1)

m∑
j=0

∣∣∣δ(q)
i − η

(q)
i,j

∣∣∣, q = 1, 2, i = 0, (k − m).

�¶·¥¤¥²¥´¨¥ 3.3. ”Ê´±Í¨Õ · ¸¶μ§´ ¢ ´¨Ö ¤²Ö ¨¤¥´É¨Ë¨± Í¨¨ ´¥§ ³±´Ê-
ÉÒÌ ±·¨¢ÒÌ ´  μ¸´μ¢¥ ²¨´¥°´μ° ±μ··¥²ÖÍ¨¨ 1 (‹Š1) § ¶¨Ï¥³ ± ±

λLK1 =
{

1, (ρLK1 < εLK1) ∨ (ρz
LK1 < εLK1) ,

0, (ρLK1 � εLK1) ∧ (ρz
LK1 � εLK1) ,

(3.1)

£¤¥ ρLK1 = min
i

δi Å ³¥É·¨±  ‹Š1; ρz
LK1 Å ³¥É·¨±  ‹Š1, ¢ÒÎ¨¸²¥´´ Ö ´ 

§¥·± ²Ó´μ³ ³´μ¦¥¸É¢¥ k-jet-´Ê²¥° μ¡Ñ¥±É ,   εLK1 Å ±² ¸¸¨Ë¨± Í¨μ´´Ò°
¤μ¶Ê¸± ‹Š1. � ¢¥´¸É¢μ λLK1 = 1 ¡Ê¤¥É μ§´ Î ÉÓ Ê¸¶¥Ï´ÊÕ ¨¤¥´É¨Ë¨± -
Í¨Õ ±·¨¢μ°,   i Å ¸¤¢¨£ ¶μ²μ¦¥´¨Ö μ¡Ñ¥±É  μÉ´μ¸¨É¥²Ó´μ ´ Î ²  ÔÉ ²μ´´μ°
²¨´¨¨.

�¶·¥¤¥²¥´¨¥ 3.4. ”Ê´±Í¨Õ · ¸¶μ§´ ¢ ´¨Ö ¤²Ö ¨¤¥´É¨Ë¨± Í¨¨ ´¥§ ³±´Ê-
ÉÒÌ ±·¨¢ÒÌ ´  μ¸´μ¢¥ ²¨´¥°´μ° ±μ··¥²ÖÍ¨¨ º2 (‹Š2) § ¶¨Ï¥³ ± ±

λLK2 =
{

1, (ρLK2 < εLK2) ∨ (ρz
LK2 < εLK2) ,

0, (ρLK2 � εLK2) ∧ (ρz
LK2 � εLK2) ,

(3.2)

£¤¥ ρLK2 = min
i

σi Å ³¥É·¨±  ‹Š2; ρz
LK2 Å ³¥É·¨±  ‹Š2 º2, ¢ÒÎ¨¸²¥´´ Ö

´  §¥·± ²Ó´μ³ ³´μ¦¥¸É¢¥ k-jet-´Ê²¥° μ¡Ñ¥±É ,   εLK2 Å ±² ¸¸¨Ë¨± Í¨μ´´Ò°
¤μ¶Ê¸± ‹Š2. � ¢¥´¸É¢μ λLK2 = 1 ¡Ê¤¥É μ§´ Î ÉÓ Ê¸¶¥Ï´ÊÕ ¨¤¥´É¨Ë¨± Í¨Õ
μ¡Ñ¥±É ,   i Å ¸¤¢¨£ ¶μ²μ¦¥´¨Ö μ¡Ñ¥±É  μÉ´μ¸¨É¥²Ó´μ ´ Î ²  ÔÉ ²μ´´μ°
²¨´¨¨.

‡ ³¥Î ´¨¥ 3.1. …¸²¨ ¢¥·μÖÉ´μ¸ÉÓ ¨¤¥´É¨Ë¨± Í¨¨ §¥·± ²Ó´μ ¶μ¢¥·´ÊÉÒÌ
±·¨¢ÒÌ ¨¸±²ÕÎ ¥É¸Ö, Éμ Î ¸É¨ Ëμ·³Ê²Ò ¸ §¥·± ²Ó´μ° ËÊ´±Í¨¥° ρz ¢ (2.1) ¨
(2.2) ¨¸±²ÕÎ ÕÉ¸Ö.

�¥ ²¨§ Í¨Ö ³¥Éμ¤μ¢ ‹Š1 ¨ ‹Š2  ´ ²μ£¨Î´  ³¥Éμ¤ ³ £¥μ³¥É·¨Î¥¸±μ° ±μ·-
·¥²ÖÍ¨¨, ¤¥É ²Ó´μ ¨§²μ¦¥´´Ò³ ¢ [6] ¨ [7].
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4. ˆ„…�’ˆ”ˆŠ�–ˆŸ �� ‘…’Š�•

�·¥¤²μ¦¥´´Ò¥ ¢ ¤ ´´μ° · ¡μÉ¥ ³¥Éμ¤Ò ¨¤¥´É¨Ë¨± Í¨¨ ¶·μ¸É· ´¸É¢¥´-
´ÒÌ ±·¨¢ÒÌ · ¸¸Î¨É ´Ò ´  ¸²ÊÎ ° μ¡· ¡μÉ±¨ ¡μ²ÓÏ¨Ì ³ ¸¸¨¢μ¢ ¤ ´´ÒÌ. ‚
¸²ÊÎ ¥ ¦¥, ±μ£¤  ±μ²¨Î¥¸É¢μ μ¡· ¡ ÉÒ¢ ¥³ÒÌ ±·¨¢ÒÌ ¸É ´μ¢¨É¸Ö μ¸μ¡¥´´μ
¡μ²ÓÏ¨³, ¶·μÍ¥¤Ê·Ê ¨¤¥´É¨Ë¨± Í¨¨ ³μ¦´μ · §¡¨ÉÓ ´  ´¥¸±μ²Ó±μ ¶μ¸²¥¤μ¢ -
É¥²Ó´ÒÌ ÔÉ ¶μ¢ (¸³. ³¥Éμ¤ ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ ¢§¢¥Ï¨¢ ´¨Ö ¢ [8]). �·¨ ÔÉμ³
´  ´ Î ²Ó´μ³ ÔÉ ¶¥ ¢Ò¶μ²´Ö¥É¸Ö ¡μ²¥¥ £·Ê¡ Ö ±² ¸¸¨Ë¨± Í¨Ö,   ´  ¶μ¸²¥¤Ê-
ÕÐ¨Ì ÔÉ ¶ Ì ¨¸¶μ²Ó§ÊÕÉ¸Ö ¡μ²¥¥ ³¥¤²¥´´Ò¥ ¨ ¶·¥Í¨§¨μ´´Ò¥ ³¥Éμ¤Ò.

‚ ¶¥·¢μ³ · §¤¥²¥ ¡Ò²¨ μ¶¨¸ ´Ò ¤¢  μÉ´μÏ¥´¨Ö Ô±¢¨¢ ²¥´É´μ¸É¨: ¡μ²¥¥
¸¨²Ó´μ¥ μÉ´μÏ¥´¨¥ k-jet-Ô±¢¨¢ ²¥´É´μ¸É¨ ¨ ¡μ²¥¥ £·Ê¡μ¥ μÉ´μÏ¥´¨¥ ¸² ¡μ°
k-jet-Ô±¢¨¢ ²¥´É´μ¸É¨. „²Ö ¶·¥¤¢ ·¨É¥²Ó´μ° ±² ¸¸¨Ë¨± Í¨¨ ±·¨¢ÒÌ ³μ¦´μ
¨¸¶μ²Ó§μ¢ ÉÓ ¥Ð¥ ¡μ²¥¥ £·Ê¡μ¥ μÉ´μÏ¥´¨¥ Ô±¢¨¢ ²¥´É´μ¸É¨, ±μÉμ·μ¥ ¡Ê¤¥³
´ §Ò¢ ÉÓ ¸¢¥·Ì¸² ¡μ° k-jet-Ô±¢¨¢ ²¥´É´μ¸ÉÓÕ. „²Ö ¥£μ μ¶·¥¤¥²¥´¨Ö ¶·μ¢¥¤¥³
¸²¥¤ÊÕÐ¨¥ ¶μ¸É·μ¥´¨Ö.

‚ μÉ²¨Î¨¥ μÉ ¸²ÊÎ Ö ¸² ¡μ° k-jet-Ô±¢¨¢ ²¥´É´μ¸É¨ ¢ ± Î¥¸É¢¥ §´ Î¥´¨°
ËÊ´±Í¨¨ ¢Ò¡¥·¥³ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ¤¢Ê³Ö ¸μ¸¥¤´¨³¨ Ê§² ³¨ ³´μ¦¥¸É¢  G,  
¢ ± Î¥¸É¢¥  ·£Ê³¥´Éμ¢ ¶μ²μ¦¥´¨¥ ÔÉ¨Ì Ê§²μ¢. ’μ ¥¸ÉÓ § ³¥´¨³ F ³´μ¦¥¸É¢μ³
F ∗ =

{
f(ti) = ti−1 − ti, i = 1, k + 1

}
, £¤¥ §´ Î¥´¨Ö  ·£Ê³¥´É  ¶·¨´ ¤²¥¦ É

³´μ¦¥¸É¢Ê G.
„²Ö ¤μ¸É¨¦¥´¨Ö ¨´¢ ·¨ ´É´μ¸É¨ μÉ´μ¸¨É¥²Ó´μ ²¨´¥°´ÒÌ · §³¥·μ¢ ±·¨-

¢ÒÌ ¢¢¥¤¥³ ´μ·³¨·ÊÕÐ¨° ³´μ¦¨É¥²Ó, ±μÉμ·Ò° ¡Ê¤¥É ¶·¨¢μ¤¨ÉÓ ¸Ê³³ ·´Ò¥
¤²¨´Ò · ¸¸³ É·¨¢ ¥³ÒÌ ±·¨¢ÒÌ ± 1.

‚μ¸¶μ²Ó§Ê¥³¸Ö ³¥Éμ¤μ²μ£¨¥° �¶·¥¤¥²¥´¨Ö 3.1. ¨ μ¡μ§´ Î¨³ ®¤²¨´Ò μ·-
¤¨´ É¯ ÔÉ ²μ´´μ° ±·¨¢μ° ± ± Ss

j ,   ¨¤¥´É¨Ë¨Í¨·Ê¥³μ° Å So:

Ss
j =

m∑
i=1

� tsi+j , j = 0, (k − m), So =
m∑

i=1

� toi .

‚¢¥¤¥³ ËÊ´±Í¨Õ μÉ´μ¸¨É¥²Ó´μ£μ ¶μ¶ ·´μ£μ · ¸¸ÉμÖ´¨Ö

ηi,j =
� tsi+j

Ss
j

−
� toj
So

, i = 0, k − m, j = 0, m,

£¤¥ � tsi+j = tsi+j+1 − tsi+j ,   � toi = toi+1 − toi (¶·¨ μÉ¸ÊÉ¸É¢¨¨ ¶¸¥¢¤μ¶¥·¨μ-

¤¨Î´μ¸É¨ i = 0, k − m).
‡ ¶¨Ï¥³ ËÊ´±Í¨¨  ¡¸μ²ÕÉ´μ° μÏ¨¡±¨ ¨¤¥´É¨Ë¨± Í¨¨ ´  ¸¥É±¥

δi =
1

m + 1

m∑
j=0

|ηi,j |, i = 0, (k − m),
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¨ μÉ´μ¸¨É¥²Ó´μ° μÏ¨¡±¨ ¨¤¥´É¨Ë¨± Í¨¨ ´  ¸¥É±¥

σi =
1

m + 1

m∑
j=0

|δi − ηi,j |, i = 0, (k − m).

�¶·¥¤¥²¥´¨¥ 4.1. ”Ê´±Í¨Õ · ¸¶μ§´ ¢ ´¨Ö ¤²Ö ¨¤¥´É¨Ë¨± Í¨¨ ´¥§ ³±´ÊÉÒÌ
±·¨¢ÒÌ ´  μ¸´μ¢¥ ²¨´¥°´μ° ¸¥ÉμÎ´μ° ±μ··¥²ÖÍ¨¨ º1 (‘Š1) § ¶¨Ï¥³ ± ±

λNK1 =
{

1, (ρNK1 < εNK1) ∨ (ρz
NK1 < εNK1) ,

0, (ρNK1 � εNK1) ∧ (ρz
NK1 � εNK1) ,

(4.1)

£¤¥ ρNK1 = min
i

δi Å ³¥É·¨±  ‘Š1; ρz
NK1 Å ³¥É·¨±  ‘Š1, ¢ÒÎ¨¸²¥´´ Ö ´ 

§¥·± ²Ó´μ³ ³´μ¦¥¸É¢¥ k-jet-´Ê²¥° μ¡Ñ¥±É ,   εNK1 Å ±² ¸¸¨Ë¨± Í¨μ´´Ò°
¤μ¶Ê¸± ‘Š1. � ¢¥´¸É¢μ λNK1 = 1 ¡Ê¤¥É μ§´ Î ÉÓ Ê¸¶¥Ï´ÊÕ ¨¤¥´É¨Ë¨± Í¨Õ
μ¡Ñ¥±É ,   i Å ¸¤¢¨£ ¶μ²μ¦¥´¨Ö μ¡Ñ¥±É  μÉ´μ¸¨É¥²Ó´μ ´ Î ²  ÔÉ ²μ´´μ°
²¨´¨¨.

�¶·¥¤¥²¥´¨¥ 4.2. ”Ê´±Í¨Õ · ¸¶μ§´ ¢ ´¨Ö ¤²Ö ¨¤¥´É¨Ë¨± Í¨¨ ´¥§ ³±´Ê-
ÉÒÌ ±·¨¢ÒÌ ´  μ¸´μ¢¥ ²¨´¥°´μ° ¸¥ÉμÎ´μ° ±μ··¥²ÖÍ¨¨ º2 (‘Š2) § ¶¨Ï¥³
± ±

λNK2 =
{

1, (ρNK2 < εNK2) ∨ (ρz
NK2 < εNK2) ,

0, (ρNK2 � εNK2) ∧ (ρz
NK2 � εNK2) ,

(4.2)

£¤¥ ρNK2 = min
j

σ(j) Å ³¥É·¨±  ²¨´¥°´μ° ¸¥ÉμÎ´μ° ±μ··¥²ÖÍ¨¨ º2; ρz
NK2 Å

³¥É·¨±  ²¨´¥°´μ° ¸¥ÉμÎ´μ° ±μ··¥²ÖÍ¨¨ º2, ¢ÒÎ¨¸²¥´´ Ö ´  §¥·± ²Ó´μ³
³´μ¦¥¸É¢¥ k-jet-´Ê²¥° μ¡Ñ¥±É ,   εNK2 Å ±² ¸¸¨Ë¨± Í¨μ´´Ò° ¤μ¶Ê¸± ‘Š1.
� ¢¥´¸É¢μ λNK2 = 1 ¡Ê¤¥É μ§´ Î ÉÓ Ê¸¶¥Ï´ÊÕ ¨¤¥´É¨Ë¨± Í¨Õ μ¡Ñ¥±É ,   j Å
¸¤¢¨£ ¶μ²μ¦¥´¨Ö μ¡Ñ¥±É  μÉ´μ¸¨É¥²Ó´μ ´ Î ²  ÔÉ ²μ´´μ° ²¨´¨¨.

�¨¸. 3. ˆ¤¥´É¨Ë¨± Í¨Ö ¤¢ÊÌ §¥·± ²Ó´ÒÌ ±Ê¡¨Î¥¸±¨Ì ¶ · ¡μ²
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‡ ³¥Î ´¨¥ 4.1. …¸²¨ ¢¥·μÖÉ´μ¸ÉÓ ¨¤¥´É¨Ë¨± Í¨¨ §¥·± ²Ó´μ ¶μ¢¥·´ÊÉÒÌ
±·¨¢ÒÌ ¨¸±²ÕÎ ¥É¸Ö, Éμ Î ¸É¨ Ëμ·³Ê²Ò ¸ §¥·± ²Ó´μ° ËÊ´±Í¨¥° ρz ¢ (3.1)

�¨¸. 4. ƒ· Ë¨± É·¥Ì²¥¶¥¸É±μ¢μ°
£¨¶μÍ¨±²μ¨¤Ò

¨ (3.2) ¨¸±²ÕÎ ÕÉ¸Ö.
’ ±, ´  ·¨¸. 3 ¶μ± § ´Ò ¤¢¥ ±Ê¡¨Î¥¸±¨¥

¶ · ¡μ²Ò ¢ §¥·± ²Ó´μ³ μÉμ¡· ¦¥´¨¨, ±μÉμ-
·Ò¥ ¢ ¶·¨¢¥¤¥´´ÒÌ ³¥É·¨± Ì ‘Š1 ¨ ‘Š2
Ö¢²ÖÕÉ¸Ö ´¥μÉ²¨Î¨³Ò³¨.

�·¨¢¥¤¥³ ¥Ð¥ μ¤¨´ ¶·¨³¥· ¸ ¨¸¶μ²Ó§μ¢ -
´¨¥³ ²¨´¥°´μ° ¸¥ÉμÎ´μ° ¨¤¥´É¨Ë¨± Í¨¨ ´ 
μ¸´μ¢¥ É·¥Ì²¥¶¥¸É±μ¢μ° £¨¶μÍ¨±²μ¨¤Ò, Ê· ¢-
´¥´¨¥ · §¢¥·É±¨ ±μÉμ·μ° § ¶¨¸Ò¢ ¥É¸Ö ± ±

f(t) =

= 2∗
√

5 + 4 cos(t) cos(2t) − 4 sin(t) sin(2t)

¨ ¨³¥¥É ¡¥¸±μ´¥Î´μ¥ Î¨¸²μ ¶·μ¨§¢μ¤´ÒÌ. …¥
£· Ë¨± ¶μ± § ´ ´  ·¨¸. 4.

„²Ö · §¢¥·É±¨ ÔÉμ° ±·¨¢μ° ³´μ¦¥¸É¢μ
k-jet-´Ê²¥°, ¢ÒÎ¨¸²¥´´μ¥ ¤²Ö ¶ · ³¥É·  k = 2 ´  μÉ·¥§±¥, [0, 360◦] ¡Ê¤¥É
¨³¥ÉÓ ¢¨¤ G = {0, 5, 60, 115, 120, 125, 180, 235, 249, 245, 300, 355} (¸³. ·¨¸. 5).

�¨¸. 5. � §¢¥·É±  É·¥Ì²¥¶¥¸É±μ¢μ° £¨¶μÍ¨±²μ¨¤Ò ¤μ ¨ ¶μ¸²¥ Ë¨²ÓÉ· Í¨¨. ‚¥·É¨-
± ²Ó´Ò¥  ¡¸Í¨¸¸Ò ¶μ± §Ò¢ ÕÉ ´Ê²¨ k-jet, ²μ³ ´ Ö ¶μ± §Ò¢ ¥É  ¶¶·μ±¸¨³¨·ÊÕÐÊÕ
±Ê¸μÎ´μ-²μ³ ´ÊÕ ±·¨¢ÊÕ

� ³´μ¦¥¸É¢μ F ∗ = {5, 55, 55, 5, 5, 55, 5, 5, 55, 55, 5, 5}. Š ± ²¥£±μ § -
³¥É¨ÉÓ ¤²Ö ¸¨³³¥É·¨Î´μ° ±·¨¢μ° ¸ É·μ°´μ° Í¥´É· ²Ó´μ° ¸¨³³¥É·¨¥°, ¤²Ö
¨¤¥´É¨Ë¨± Í¨¨ ¶μ ³¥Éμ¤ ³ ‘Š1 ¨ ‘Š2 ¤μ¸É ÉμÎ´μ Éμ²Ó±μ Î¥ÉÒ·¥Ì ÉμÎ¥±
(ÊÎ¨ÉÒ¢ Ö É·¨ μ¸¨ Í¥´É· ²Ó´μ° ¸¨³³¥É·¨¨).
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5. ��‘“†„…�ˆ…

‚´¥¸¥´¨¥ ¶μ´ÖÉ¨Ö ¸É·Ê° ¢ É¥μ·¨Õ · ¸¶μ§´ ¢ ´¨Ö μ¡· §μ¢ ¨ · ¸¸³μÉ·¥´¨¥
¶·μÍ¥¸¸  ¨¤¥´É¨Ë¨± Í¨¨ ¶²μ¸±¨Ì ±·¨¢ÒÌ ´  μ¸´μ¢¥ ³´μ¦¥¸É¢  ´Ê²¥° k-jet
μÉ±·Ò¢ ¥É ³´μ£μ ´μ¢ÒÌ ¢μ§³μ¦´μ¸É¥° · ¡μÉÒ ¸ ËÊ´±Í¨Ö³¨.

‚μ-¶¥·¢ÒÌ, É ±μ° ¶μ¤Ìμ¤ ¤¥² ¥É ¢μ§³μ¦´Ò³ ¶μ¸É·μ¥´¨¥ μ¶¨¸ ´¨Ö ËÊ´±-
Í¨° ¤²Ö ¨Ì ¨¤¥´É¨Ë¨± Í¨¨ ¨´¢ ·¨ ´É´μ ±  ËË¨´´Ò³ ¶·¥μ¡· §μ¢ ´¨Ö³ (¸¤¢¨£,
³ ¸ÏÉ ¡, ¶μ¢μ·μÉ, §¥·± ²Ó´μ¥ μÉμ¡· ¦¥´¨¥). ‚¢¥¤¥´¨¥ ³¥É·¨± ²¨´¥°´μ° ¨
¸¥ÉμÎ´μ° ±μ··¥²ÖÍ¨¨ ¶μ§¢μ²Ö¥É μ¸ÊÐ¥¸É¢¨ÉÓ ¶·μÍ¥¸¸ ¨¤¥´É¨Ë¨± Í¨¨ ËÊ´±-
Í¨° Å · ¸¶μ§´ ¢ ´¨Ö Ëμ·³Ò ´¥§ ³±´ÊÉÒÌ ±·¨¢ÒÌ.

‚μ-¢Éμ·ÒÌ, ¢ ¨¸¶μ²Ó§Ê¥³ÒÌ ³¥Éμ¤ Ì ¸ÊÐ¥¸É¢Ê¥É ´¥±μÉμ· Ö ®´¥ÉμÎ´μ¸ÉÓ¯
¨¤¥´É¨Ë¨± Í¨¨, ¶·¨¢μ¤ÖÐ Ö ± Éμ³Ê, ÎÉμ ¤¢¥ ¸· ¢´¨¢ ¥³Ò¥ ±·¨¢Ò¥, ¶·¨´ ¤-
²¥¦ Ð¨¥ · §´Ò³ ±² ¸¸ ³, ´μ ¨³¥ÕÐ¨¥ ´  ´¥±μÉμ·μ³ μÉ·¥§±¥ μ¤¨´ ±μ¢Ò°
´ ¡μ· k-jet-´Ê²¥° ³μ£ÊÉ ¡ÒÉÓ ¨¤¥´É¨Ë¨Í¨·μ¢ ´Ò ± ± ËÊ´±Í¨¨ μ¤´μ£μ ±² ¸¸ 
¸ ÉμÎ´μ¸ÉÓÕ k-jet. 	Éμ μ§´ Î ¥É, ÎÉμ ¶μÖ¢²Ö¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ · ¸¶μ§´ ¢ ÉÓ
´¥ Éμ²Ó±μ Ëμ·³Ê ±·¨¢ÒÌ, ´μ ¨ μÉ´μ¸¨ÉÓ ËÊ´±Í¨¨ ± μ¶·¥¤¥²¥´´μ³Ê ±² ¸¸Ê,
´ §Ò¢ ¥³μ³Ê ¸² ¡μ-k-jet-Ô±¢¨¢ ²¥´É´μ³ ¨²¨ ¸¢¥·Ì¸² ¡μ-k-jet-Ô±¢¨¢ ²¥´É´μ³.
�·¨Î¥³ μ¶¨¸ ´¨¥ ±² ¸¸  ³μ¦´μ ¶μ²ÊÎ¨ÉÓ  ¶·¨μ·¨, É¥μ·¥É¨Î¥¸±¨, ¶ÊÉ¥³ · ¸-
Î¥É  ³´μ¦¥¸É¢  ´Ê²¥° k-jet, ±μÉμ·μ¥ ¡Ê¤¥É ¶μ²´μ¸ÉÓÕ μ¶·¥¤¥²ÖÉÓ ´Ê¦´Ò°
±² ¸¸ ËÊ´±Í¨°. � ¶·¨³¥·, §´ Ö ¶ · ³¥É·Ò ´¥±μÉμ·μ° Î ¸É¨ÍÒ ¨ ¶ · ³¥-
É·Ò ³ ¸¸-¸¶¥±É·μ³¥É· , ³μ¦´μ · ¸¸Î¨É ÉÓ ¶ · ³¥É·Ò ¥¥ É· ¥±Éμ·¨¨ ¢ ´¥³.
�·¨ ÔÉμ³ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ÉμÎ±¨ ³´μ¦¥¸É¢  ´Ê²¥° k-jet ¨ § É¥³, ±μ´É·μ²¨·ÊÖ
¶μ¢¥¤¥´¨¥ É· ¥±Éμ·¨° ¢ ÔÉ¨Ì ÉμÎ± Ì, ¨¤¥´É¨Ë¨Í¨·μ¢ ÉÓ É·¥±¨ Î ¸É¨Í ´  ¸μ-
¢¶ ¤¥´¨¥ §´ Î¥´¨° ËÊ´±Í¨° ¢ ÔÉ¨Ì ÉμÎ± Ì ´  μ¸´μ¢¥ ¶·¥¤²μ¦¥´´ÒÌ ³¥É·¨±.
‚ ·¥Ï¥´¨¨ ÔÉμ° § ¤ Î¨ ¢μ§³μ¦´Ò ¢ ·¨ Í¨¨, · ¸¸³μÉ·¥´¨¥ ±μÉμ·ÒÌ É·¥¡Ê¥É
´ ¶¨¸ ´¨Ö μÉ¤¥²Ó´μ° ¸É ÉÓ¨.

‚-É·¥ÉÓ¨Ì, ¶·¥¤²μ¦¥´´Ò¥ ³¥Éμ¤Ò μ¡² ¤ ÕÉ μ¶·¥¤¥²¥´´μ° ¢ ·¨ É¨¢´μ-
¸ÉÓÕ μÉ´μ¸¨É¥²Ó´μ ÉμÎ´μ¸É¨ ¨¤¥´É¨Ë¨± Í¨¨ ±·¨¢ÒÌ, ¸ ÉμÎ±¨ §·¥´¨Ö ¶μ·Ö¤± 
¨¸¶μ²Ó§Ê¥³ÒÌ ¶·μ¨§¢μ¤´ÒÌ. ’ ±, μÎ¥¢¨¤´μ, ÎÉμ ¶·¨ ¨¤¥´É¨Ë¨± Í¨¨ ±Ê¡¨Î¥-
¸±¨Ì ¶ · ¡μ² ¢¸¥ ¶·μ¨§¢μ¤´Ò¥ ¢ÒÏ¥ 3-° ¡Ê¤ÊÉ · ¢´Ò ´Ê²Õ. �¤´ ±μ ³μ¦´μ
¨¸± ÉÓ Ë· £³¥´ÉÒ É ±¨Ì ¶ · ¡μ² ¢ ±·¨¢ÒÌ ¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤±  (¶μ É·¥³
ÉμÎ± ³), ¨ É ±¨Ì Ë· £³¥´Éμ¢ ³μ¦¥É ¡ÒÉÓ ³´μ£μ. �μ²¥¥ Éμ£μ, ³μ¦´μ μ¸ÊÐ¥-
¸É¢²ÖÉÓ ¶μ¸ÉμÖ´´Ò° ±μ´É·μ²Ó ¶·μÍ¥¸¸  ´  ¶μÖ¢²¥´¨¥ ¢ ´¥³ μ¶·¥¤¥²¥´´μ°
Ëμ·³Ò ¸¨£´ ² . ’μÎ´μ¸ÉÓ É ±μ£μ ¶μ¨¸±  ¡Ê¤¥É μ¶·¥¤¥²ÖÉÓ¸Ö ¢¥²¨Î¨´μ° ±² ¸-
¸¨Ë¨± Í¨μ´´μ£μ ¤μ¶Ê¸±  ¨ ¶μ·Ö¤±μ³ k-jet. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ³μ¦´μ ¢Ò·¥-
§ ÉÓ Ë· £³¥´É ±·¨¢μ° ¢Ò¸μ±μ£μ ¶μ·Ö¤±  ¨ ¨¸± ÉÓ ¶μ ´¥³Ê ³¥¸É , ¸μ¢¶ ¤ Õ-
Ð¨¥ ¸ ±Ê¡¨Î¥¸±¨³¨ ¶ · ¡μ² ³¨. ’ ± Ö ¸¨ÉÊ Í¨Ö ¢μ§³μ¦´  ¢ É¥Ì ¸²ÊÎ ÖÌ,
±μ£¤  Î ¸ÉÓ ËÊ´±Í¨¨ ÊÉ· Î¥´ ,   ¶μ μ¸É ¢Ï¨³¸Ö Ë· £³¥´É ³ ´¥¢μ§³μ¦´μ
μ¶·¥¤¥²¨ÉÓ ¥¥ ¶μ·Ö¤μ±. �μ²¥¥ ¶μ¤·μ¡´μ É ± Ö ¸¨ÉÊ Í¨Ö ¡Ê¤¥É · ¸¸³μÉ·¥´ 
¢ ¤ ²Ó´¥°Ï¨Ì · ¡μÉ Ì.

‚-Î¥É¢¥·ÉÒÌ, ¶·¥¤²μ¦¥´´Ò¥ ³¥Éμ¤Ò ¨¤¥´É¨Ë¨± Í¨¨ ±·¨¢ÒÌ Ö¢²ÖÕÉ¸Ö
Î·¥§¢ÒÎ °´μ ¶·μ¸ÉÒ³¨ ¢ ¢ÒÎ¨¸²¨É¥²Ó´μ³ μÉ´μÏ¥´¨¨ ¨ ³μ£ÊÉ ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö
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¢ ·¥¦¨³¥ ·¥ ²Ó´μ£μ ¢·¥³¥´¨, Éμ ¥¸ÉÓ ¶·Ö³μ ¢ Ìμ¤¥ ¶·μ¢¥¤¥´¨Ö ´¥±μÉμ·μ£μ
Ô±¸¶¥·¨³¥´É .

‚-¶ÖÉÒÌ, ´¥μ¡Ìμ¤¨³μ μ¸μ¡μ μÉ³¥É¨ÉÓ, ÎÉμ ¸ÊÐ¥¸É¢ÊÕÉ ËÊ´±Í¨¨, Ê¤μ¢²¥-
É¢μ·ÖÕÐ¨¥ Ê¸²μ¢¨Ö³ �¶·¥¤¥²¥´¨Ö 1.3. ¨, É¥³ ´¥ ³¥´¥¥, ´¥ ¨¤¥´É¨Ë¨Í¨·Ê-
¥³Ò¥ ¢ ¸³Ò¸²¥ ‹¥³³Ò. Š ´¨³, ´ ¶·¨³¥·, μÉ´μ¸ÖÉ¸Ö ËÊ´±Í¨¨ ¢¨¤  f(t) =
exp {h(t)}, É ±¨¥ ÎÉμ f ′(t) = h′(t) exp {h(t)} ⇒ f ′′(t) =

{
h′(t)2 + h′′(t)

}
×

exp {h(t)} ⇒ f (n)(x) = P
(
h′, . . . , h(n)

)
exp {h(t)} ¨ ¶μ¶ ¤ ÕÐ¨¥ ¢ ±² ¸¸

f (n) = P (f) · f . ’ ±, ´ ¶·¨³¥·, ¶·¨ n = 1 É ±μ° ËÊ´±Í¨¥° ¡Ê¤¥É e−
1

x2 , ±μ-
Éμ· Ö ¨³¥¥É ¶·μ¨§¢μ¤´Ò¥ n-£μ ¶μ·Ö¤± , ¢ÒÎ¨¸²Ö¥³Ò¥ ¶μ Ëμ·³Ê²¥ f (n)(x) =
P

xm
e−

1
x2 [9]. ‚¸¥ ¶·μ¨§¢μ¤´Ò¥ ÔÉμ° ËÊ´±Í¨¨ · ¢´Ò ´Ê²Õ ¶·¨ x = 0,   ³´μ¦¥-

¸É¢μ k-jet-´Ê²¥° ¢Ò·μ¦¤ ¥É¸Ö ¢ μ¤´Ê ÉμÎ±Ê, Éμ ¥¸ÉÓ ´¥ μ¡² ¤ ¥É ¤μ¸É ÉμÎ´Ò³
±μ²¨Î¥¸É¢μ³ μ¶μ·´ÒÌ ÉμÎ¥±∗ É¨¶  k-jet-´Ê²¥°. Š·μ³¥ Éμ£μ, ¸·¥¤¨ ËÊ´±Í¨°, ¢
±μÉμ·ÒÌ ±μ²¨Î¥¸É¢μ μ¶μ·´ÒÌ ÉμÎ¥± ´¥ Ê¢¥²¨Î¨¢ ¥É¸Ö ¸ ¢μ§· ¸É ´¨¥³ ¶μ·Ö¤± 
k-jet, ´ Ìμ¤ÖÉ¸Ö ¶· ¢¨²Ó´ Ö μ±·Ê¦´μ¸ÉÓ (´  ¶²μ¸±μ¸É¨) ¨ ¢¨´Éμ¢ Ö ²¨´¨Ö ´ 
Í¨²¨´¤·¥ (¢ ¶·μ¸É· ´¸É¢¥). �¤´ ±μ ¤²Ö ¨Ì ¨¤¥´É¨Ë¨± Í¨¨ ¨³¥ÕÉ¸Ö ¤·Ê£¨¥
³¥Éμ¤Ò, ¢ Î ¸É´μ¸É¨, μ¸´μ¢ ´´Ò¥ ´  ³¥Éμ¤ Ì £¥μ³¥É·¨Î¥¸±μ° ±μ··¥²ÖÍ¨¨.

Š ¸μ¦ ²¥´¨Õ, μ¡¸Ê¦¤ ¥³ Ö ³¥Éμ¤μ²μ£¨Ö μ¡² ¤ ¥É ¨ ´¥¤μ¸É É± ³¨, ¸·¥¤¨
±μÉμ·ÒÌ ´¥μ¡Ìμ¤¨³μ μÉ³¥É¨ÉÓ ¸²μ¦´μ¸É¨ ¢ÒÎ¨¸²¥´¨Ö ¶·μ¨§¢μ¤´ÒÌ ¢Ò¸μ±¨Ì
¶μ·Ö¤±μ¢ ¨ ´¥Ê¸Éμ°Î¨¢μ¸ÉÓ ¨Ì ¶μ¢¥¤¥´¨Ö. „²Ö Ê¸É· ´¥´¨Ö ÔÉμ£μ ´ ³¨ ¡Ò² 
¨¸¶μ²Ó§μ¢ ´  ¨´É¥·¶μ²ÖÍ¨Ö ´  μ¸´μ¢¥ ³¥Éμ¤  ƒ Ê¸¸ .

‡�Š‹�—…�ˆ…

�·¥¤²μ¦¥´´ Ö ³¥Éμ¤μ²μ£¨Ö μ¡² ¤ ¥É Ï¨·μ±¨³ ¸¶¥±É·μ³ ¶·¨³¥´¨³μ¸É¨.
�´  ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´  ¶·¨  ´ ²¨§¥ É·¥±μ¢ § ·Ö¦¥´´ÒÌ Î ¸É¨Í, ¨¤¥´-
É¨Ë¨± Í¨¨ Ëμ·³Ò ¸¨£´ ²μ¢, · ¸¶μ§´ ¢ ´¨Ö Ë· £³¥´Éμ¢ £· Ë¨Î¥¸±¨Ì ¨§μ-
¡· ¦¥´¨° (±μ£¤  ÊÉ· Î¥´  Í¥²μ¸É´μ¸ÉÓ Ëμ·³Ò ±μ´ÉÊ· ) ¨ ¢μ ³´μ£¨Ì ¤·Ê£¨Ì
μ¡² ¸ÉÖÌ ´ Ê±¨ ¨ É¥Ì´¨±¨. �·¥¨³ÊÐ¥¸É¢μ³ ÔÉμ£μ ¶μ¤Ìμ¤  Ö¢²Ö¥É¸Ö ¨´¢ ·¨-
 ´É´μ¸ÉÓ ±  ËË¨´´Ò³ ¶·¥μ¡· §μ¢ ´¨Ö³ ¨ ¶·μ¸ÉμÉ  ¢ÒÎ¨¸²¥´¨° ³¥É·¨±¨, ÎÉμ
¶μ§¢μ²Ö¥É ¨¸¶μ²Ó§μ¢ ÉÓ ¥£μ ¢ ·¥¦¨³¥ ·¥ ²Ó´μ£μ ¢·¥³¥´¨.

�·¨³¥´¥´¨¥ ¤²Ö ¨¤¥´É¨Ë¨± Í¨¨ ±·¨¢ÒÌ k-jet-³¥Éμ¤μ²μ£¨¨ ¤ ¥É ¢μ§³μ¦-
´μ¸ÉÓ ¶·¥¤¸É ¢²¥´¨Ö ¨ · ¸¶μ§´ ¢ ´¨Ö ± ± ¶²μ¸±¨Ì ±·¨¢ÒÌ, É ± ¨ ±·¨¢ÒÌ ¢
n-³¥·´μ³ ¶·μ¸É· ´¸É¢¥. 	Éμ ¤¥² ¥É ¥¥ ¥Ð¥ ¡μ²¥¥  ±ÉÊ ²Ó´μ° ¨ ¶¥·¸¶¥±É¨¢´μ°
¢ ´ ÊÎ´μ³ ¨ É¥Ì´¨Î¥¸±μ³  ¸¶¥±É Ì.

∗’. ¥. ÉμÎ¥±, ¢ ±μÉμ·ÒÌ §´ Î¥´¨Ö  ¡¸Í¨¸¸ k-jet-´Ê²¥° ´¥ ¸μ¢¶ ¤ ÕÉ.

14



��ˆ‹�†…�ˆ…

Œ´μ£¨¥ É¥§¨¸Ò, ´  ±μÉμ·Ò¥ μ¶¨· ¥É¸Ö ´ ¸ÉμÖÐ Ö · ¡μÉ , ¡Ò²¨ μ¶Ê¡²¨-
±μ¢ ´Ò ¢ 30-¥ £μ¤Ò XX ¢¥± . ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ μ´¨ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ³μ£ÊÉ
¡ÒÉÓ ´¥¤μ¸ÉÊ¶´Ò. � ¶μ³´¨³ ´¥±μÉμ·Ò¥ ¶μ´ÖÉ¨Ö É¥μ·¨¨ ±·¨¢ÒÌ, ÎÉμ¡Ò ¤ ²¥¥
¸¢μ¡μ¤´μ ¨Ì ¨¸¶μ²Ó§μ¢ ÉÓ [10].

�Ê¸ÉÓ ±·¨¢ Ö § ¤ ´  ¢¥±Éμ·´μ° ËÊ´±Í¨¥° r(t) =

∥∥∥∥∥∥∥∥
x1(t)
x2(t)
. . .
xn(t)

∥∥∥∥∥∥∥∥
.

�Ê¸ÉÓ ±·¨¢ Ö § ¤ ´  ËÊ´±Í¨Ö³¨ ϕ(t) ¨ ψ(t)  ·£Ê³¥´É  t, ±μÉμ·Ò¥ ´¥-
¶·¥·Ò¢´Ò ´  μÉ·¥§±¥ t ∈ [a, b]. � ¸¸³μÉ·¨³ ³´μ¦¥¸É¢μ L ÉμÎ¥± ¶²μ¸±μ¸É¨
M(x, y), ±μμ·¤¨´ ÉÒ x, y ±μÉμ·ÒÌ μ¶·¥¤¥²ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö³¨

x = ϕ(t), y = ψ(t), a � t � b. (¶.1)

�¶·¥¤¥²¥´¨¥ ¶.1. Œ´μ¦¥¸É¢μ L ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¶·μ¸Éμ° ¶²μ¸±μ° ±·¨-
¢μ° ¨²¨ ±·¨¢μ° †μ·¤ ´ , ¥¸²¨ · §²¨Î´Ò³ §´ Î¥´¨Ö³ ¶ · ³¥É·  t ∈ [a, b]
μÉ¢¥Î ÕÉ · §²¨Î´Ò¥ ÉμÎ±¨ ÔÉμ£μ ³´μ¦¥¸É¢ .

’μÎ±¨ M(x, y), ±μμ·¤¨´ ÉÒ ±μÉμ·ÒÌ μ¶·¥¤¥²ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö³¨ (¶.1),
´ §Ò¢ ÕÉ¸Ö ÉμÎ± ³¨ ±·¨¢μ° L. ’μÎ±¨ A ¨ B, μÉ¢¥Î ÕÐ¨¥ £· ´¨Î´Ò³ §´ Î¥-
´¨Ö³ a ¨ b  ·£Ê³¥´É  t, ´ §Ò¢ ÕÉ¸Ö £· ´¨Î´Ò³¨ ÉμÎ± ³¨ ±·¨¢μ° L.

�¡μ§´ Î¨³ Î¥·¥§ M0 ÉμÎ±Ê ±·¨¢μ° L, μÉ¢¥Î ÕÐÊÕ §´ Î¥´¨Õ t0 ¶ · -
³¥É· ,   Î¥·¥§ M ÉμÎ±Ê ±·¨¢μ° L, μÉ¢¥Î ÕÐÊÕ §´ Î¥´¨Õ ¶ · ³¥É·  t ¨§
´¥±μÉμ·μ° μ±·¥¸É´μ¸É¨ §´ Î¥´¨Ö t0, É ± ÎÉμ M → M0 ¶·¨ t → t0. �·Ö³ Ö
M0t ´ §Ò¢ ¥É¸Ö ± ¸ É¥²Ó´μ° ± ±·¨¢μ° L ¢ ÉμÎ±¥ M0, ¥¸²¨ ¶·¨ M → M0

³¥´ÓÏ¨° Ê£μ² ³¥¦¤Ê ÔÉμ° ¶·Ö³μ° ¨ ¶¥·¥³¥´´μ° ¶·Ö³μ° M0M ¸É·¥³¨²¸Ö ±
0.

Š·¨¢ Ö L ´ §Ò¢ ¥É¸Ö £² ¤±μ° ¢ ÉμÎ±¥ M0, ¥¸²¨ ¢ ÔÉμ° ÉμÎ±¥ ¸ÊÐ¥¸É¢Ê¥É
± ¸ É¥²Ó´ Ö ± ±·¨¢μ° L ¨ ´¥±μÉμ· Ö μ±·¥¸É´μ¸ÉÓ ÉμÎ±¨ M0 ´  ±·¨¢μ° L
μ¤´μ§´ Î´μ ¶·μ¥±É¨·Ê¥É¸Ö ´  ÔÉÊ ± ¸ É¥²Ó´ÊÕ. Š·¨¢ Ö ´ §Ò¢ ¥É¸Ö £² ¤±μ°,
¥¸²¨ μ´  Ö¢²Ö¥É¸Ö £² ¤±μ° ¢ ± ¦¤μ° ÉμÎ±¥ ¥¥ μ¶·¥¤¥²¥´¨Ö ¨ ± ¸ É¥²Ó´Ò¥ ¢
ÉμÎ± Ì ±·¨¢μ° L ¨§³¥´ÖÕÉ¸Ö ´¥¶·¥·Ò¢´μ.

�μ´ÖÉ¨¥ ¶·μ¸É· ´¸É¢¥´´μ° É·¥Ì³¥·´μ° ¨ n-³¥·´μ° ±·¨¢μ° ¢ ¶·μ¸É· ´-
¸É¢¥ En ¢¢μ¤¨É¸Ö ¢ ¶μ²´μ°  ´ ²μ£¨¨ ¸ ¶μ´ÖÉ¨¥³ ¶²μ¸±μ° ±·¨¢μ°. ’¥¶¥·Ó
¶·μ¸É· ´¸É¢¥´´ Ö ±·¨¢ Ö L § ¤ ´  ¶ · ³¥É·¨Î¥¸±¨ ¸²¥¤ÊÕÐ¨³¨ Ê· ¢´¥´¨Ö³¨

x1 = ϕ1(t), . . . , xn = ϕn(t), t ∈ [a, b] (¶.2)

(ËÊ´±Í¨¨ ϕ1(t), . . . , ϕn(t) ´¥¶·¥·Ò¢´Ò ´  ³´μ¦¥¸É¢¥ [a, b]).
’¥μ·¥³  ¶.1 �Ê¸ÉÓ ³´μ£μ³¥·´ Ö ±·¨¢ Ö L § ¤ ´  ¢¥±Éμ·´μ° ËÊ´±Í¨¥°

r(t) =

∥∥∥∥∥∥
ϕ1(t)
. . .

ϕn(t)

∥∥∥∥∥∥, ¨³¥ÕÐ¥° ¢ ´¥±μÉμ·μ° μ±·¥¸É´μ¸É¨ ÉμÎ±¨ t0 ∈ [a, b] ´¥¶·¥-
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·Ò¢´ÊÕ ¶·μ¨§¢μ¤´ÊÕ r ′(t0) �= 0, Éμ£¤  ±·¨¢ Ö L ´ §Ò¢ ¥É¸Ö £² ¤±μ° ±·¨¢μ°
¢ ÉμÎ±¥ M0, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° §´ Î¥´¨Õ t0.

’¥μ·¥³  ¶.2 (¤μ¸É ÉμÎ´Ò¥ Ê¸²μ¢¨Ö £² ¤±μ¸É¨ ±·¨¢μ°). �Ê¸ÉÓ ±·¨¢ Ö L § -
¤ ´  ¢¥±Éμ·´μ° ËÊ´±Í¨¥° r(t), t ∈ [a, b], ¨³¥ÕÐ¥° ´¥¶·¥·Ò¢´ÊÕ ¶·μ¨§¢μ¤´ÊÕ
r ′(t). …¸²¨ r′(t) �= 0 ¤²Ö ²Õ¡μ£μ t ∈ [a, b], Éμ ±·¨¢ Ö L £² ¤± Ö.

…¸²¨ ϕ(t), ψ(t) ¨ χ(t) Å- ±μμ·¤¨´ ÉÒ É·¥Ì³¥·´μ° ¢¥±Éμ·´μ° ËÊ´±-
Í¨¨ r(t), Éμ ¶·μ¨§¢μ¤´Ò¥ m-£μ ¶μ·Ö¤±  § ¶¨¸Ò¢ ÕÉ¸Ö r(m)(t) = ϕ(n)(t)i +
ψ(n)(t)j + χ(n)(t)k.

…¸²¨ Ê ¢¥±Éμ·´μ° ËÊ´±Í¨¨ r(t) ¸ÊÐ¥¸É¢ÊÕÉ ¨ ´¥¶·¥·Ò¢´Ò ¢¸¥ ¶·μ¨§¢μ¤-
´Ò¥ ¤μ ¶μ·Ö¤±  m ¢±²ÕÎ¨É¥²Ó´μ, Éμ § ¶¨¸Ò¢ ÕÉ r(t) ∈ Cm.

�¶·¥¤¥²¥´¨¥ ¶.2. �Ê¸ÉÓ £² ¤± Ö ±·¨¢ Ö L § ¤ ´  ¢¥±Éμ·´μ° ËÊ´±Í¨¥°
r(t). …¸²¨ r(t) ∈ Cm, m � 2, Éμ ±·¨¢ Ö L ´ §Ò¢ ¥É¸Ö ·¥£Ê²Ö·´μ° ±·¨¢μ°
±² ¸¸  Cm.

�Ê¸ÉÓ L ¶·μ¸É Ö ¶²μ¸± Ö ±·¨¢ Ö, r = r(t), a � t � b, ¥¥ · ¤¨Ê¸-¢¥±Éμ·.
� §μ¡Ó¥³ μÉ·¥§μ± [a, b] ´  Î ¸É¨ ÉμÎ± ³¨ a = t0 < t1 < . . . < tn−1 < tn = b.

�É³¥É¨³ ´  ±·¨¢μ° L ÉμÎ±¨ Mi, μÉ¢¥Î ÕÐ¨¥ §´ Î¥´¨Ö³ ti, ¨ ¶μ¸É·μ¨³
²μ³ ´ÊÕ M0, M1, . . . , Mn−1, Mn, ¢¶¨¸ ´´ÊÕ ¢ ±·¨¢ÊÕ L. Š·¨¢ Ö L ´ §Ò¢ -
¥É¸Ö ¸¶·Ö³²Ö¥³μ°, ¥¸²¨ ³´μ¦¥¸É¢μ ¤²¨´ ¢¸¥¢μ§³μ¦´ÒÌ ²μ³ ´ÒÌ, ¢¶¨¸ ´´ÒÌ
¢ ¶·μ¸ÉÊÕ ±·¨¢ÊÕ L Ê± § ´´Ò³ ¢ÒÏ¥ ¸¶μ¸μ¡μ³, μ£· ´¨Î¥´μ. ’μÎ´ Ö ¢¥·Ì´ÖÖ
£· ´Ó ÔÉμ£μ ³´μ¦¥¸É¢  ´ §Ò¢ ¥É¸Ö ¤²¨´μ° ¤Ê£¨ ±·¨¢μ° L, ¨²¨ ¶·μ¸Éμ ¤²¨´μ°
±·¨¢μ° L.

…¸²¨ ¶·μ¸É Ö ±·¨¢ Ö L · §¡¨É  ÉμÎ±μ° N ´  ¸¶·Ö³²Ö¥³Ò¥ Î ¸É¨ L′ ¨ L′′,
Éμ ±·¨¢ Ö L ¸¶·Ö³²Ö¥³ ,   ¤²Ö ¤²¨´ S(L′), S(L′′), S(L) ¤Ê£ ±·¨¢ÒÌ L, L′, L′′

¢Ò¶μ²´Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥ S(L′) + S(L′′) = S(L).
�Ê¸ÉÓ A ¨ B Å £· ´¨Î´Ò¥ ÉμÎ±¨ ¸¶·Ö³²Ö¥³μ° ±·¨¢μ° L,   M Å ÉμÎ± 

±·¨¢μ°, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ´¥±μÉμ·μ³Ê §´ Î¥´¨Õ t ∈ [a, b]. �¡μ§´ Î¨³ Î¥·¥§
s(t) ¤²¨´Ê ¤Ê£¨ ±·¨¢μ°. ”Ê´±Í¨Ö s(t) ¸É·μ£μ ³μ´μÉμ´´  ¨ ´¥¶·¥·Ò¢´  ´ 
μÉ·¥§±¥ [a, b],   É ±¦¥ ¶μ²μ¦¨É¥²Ó´  ¶·¨ t > a.

�Ê¸ÉÓ S Å ¤²¨´  ±·¨¢μ° L. ‚¸²¥¤¸É¢¨¥ Éμ£μ, ÎÉμ ËÊ´±Í¨Ö s = s(t)
´  μÉ·¥§±¥ [a, b] ´¥¶·¥·Ò¢´  ¨ ¸É·μ£μ ¢μ§· ¸É ¥É μÉ 0 ¤μ S ´  ¸¥£³¥´É¥
[0, S], ¸ÊÐ¥¸É¢Ê¥É ¸É·μ£μ ¢μ§· ¸É ÕÐ Ö ¨ ´¥¶·¥·Ò¢´ Ö ËÊ´±Í¨Ö t = t(s). 	Éμ
μ§´ Î ¥É, ÎÉμ ¶ · ³¥É· t ´  ¸¶·Ö³²Ö¥³μ° ±·¨¢μ° ¥¸ÉÓ ¸É·μ£μ ³μ´μÉμ´´ Ö
¨ ´¥¶·¥·Ò¢´ Ö ËÊ´±Í¨Ö ¤²¨´Ò ¤Ê£¨ s. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ´  ¸¶·Ö³²Ö¥-
³μ° ¶·μ¸Éμ° ±·¨¢μ° ¢ ± Î¥¸É¢¥ ¶ · ³¥É·  ³μ¦¥É ¡ÒÉÓ ¢Ò¡· ´  ¤²¨´  ¤Ê£¨
s. ’ ± Ö ¶ · ³¥É·¨§ Í¨Ö ¸¶·Ö³²Ö¥³μ° ±·¨¢μ° ´ §Ò¢ ¥É¸Ö ´ ÉÊ· ²Ó´μ° ¨²¨
¥¸É¥¸É¢¥´´μ°,   ¶¥·¨³¥É· S (¤²¨´  ¤Ê£¨) Å ´ ÉÊ· ²Ó´Ò³ ¶ · ³¥É·μ³.

‡ ³¥Î ´¨¥ ¶.1. „²Ö ¸¶·Ö³²Ö¥³μ¸É¨ ¶·μ¸Éμ° ±·¨¢μ° L ´¥μ¡Ìμ¤¨³μ ¨
¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò ËÊ´±Í¨¨ ϕ1(t), . . . , ϕn(t) ¡Ò²¨ ËÊ´±Í¨Ö³¨ μ£· ´¨Î¥´´μ°
¢ ·¨ Í¨¨.

‡ ³¥Î ´¨¥ ¶.2. „²¨´  ¶ · ³¥É·¨Î¥¸±μ° ¸¶·Ö³²Ö¥³μ° ±·¨¢μ° · ¢´  ¸Ê³³¥
¤²¨´ ¥¥ ¶·μ¸ÉÒÌ ¸¥£³¥´Éμ¢.
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’¥μ·¥³  ¶.3. �Ê¸ÉÓ ¶·μ¸É Ö n-³¥·´ Ö ±·¨¢ Ö L § ¤ ´  ¢¥±Éμ·´μ° ËÊ´±-
Í¨¥° r(t), a � t � b. ’μ£¤  ¥¸²¨ ËÊ´±Í¨¨ ϕ′

k(t), k = 1, n ´¥¶·¥·Ò¢´Ò ´ 
μÉ·¥§±¥ [a, b], Éμ ±·¨¢ Ö L ¸¶·Ö³²Ö¥³  ¨ ¤²¨´  ¤Ê£¨ ³μ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´ 
¶μ Ëμ·³Ê²¥

S =

b∫
a

{ϕ′
1(t)

2 + . . . + ϕ′
n(t)2}1/2dt =

b∫
a

|r′ (t)|dt. (¶.3)

‘²¥¤¸É¢¨¥ ¶.1. …¸²¨ M Å ÉμÎ±  ±·¨¢μ° L, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö §´ Î¥´¨Õ
t, Éμ ¤²¨´  ¤Ê£¨ · ¢´ 

s(t) =

t∫
a

|r′ (τ)| dt. (¶.4)

‘²¥¤¸É¢¨¥ ¶.2. �Ê¸ÉÓ r′(t) �= �0, Éμ£¤  ¸ÊÐ¥¸É¢Ê¥É ËÊ´±Í¨Ö t(s), μ¡· É´ Ö
ËÊ´±Í¨¨ s(t) ¨ ¤¨ËË¥·¥´Í¨·Ê¥³ Ö ¸Éμ²Ó±μ ¦¥ · §, ¸±μ²Ó±μ ¨ r(t).

‘²¥¤¸É¢¨¥ ¶.3. …¸²¨ L Å ·¥£Ê²Ö·´ Ö ±·¨¢ Ö ±² ¸¸  Ck, Éμ ¶·¨ ¶¥·¥Ìμ¤¥
± ´ ÉÊ· ²Ó´μ³Ê ¶ · ³¥É·Ê s μ´  É ±¦¥ ¡Ê¤¥É ·¥£Ê²Ö·´μ° ±·¨¢μ° ±² ¸¸  Ck.

ˆ§ Ëμ·³Ê²Ò (¶.4) ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥³ ¶μ ¢¥·Ì´¥³Ê ¶·¥¤¥²Ê ¶μ²ÊÎ ¥³

s′(t) = |r′(t)| =
(
ϕ′

1(t)
2 + . . . + ϕ′

n(t)2
)1/2

.

�É¸Õ¤  ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ¤¨ËË¥·¥´Í¨ ²  ¤Ê£¨

ds = s′(t)dt =
(
dϕ2

1 + . . . + dϕ2
n

)1/2
.
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