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�³¨·Ì ´μ¢ ˆ. ‚. ¨ ¤·. P11-2007-148
�¥Ï¥´¨¥ ±· ¥¢ÒÌ § ¤ Î ¤²Ö ¸¨´£Ê²Ö·´μ-¢μ§³ÊÐ¥´´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Ò¸μ±μ£μ ¶μ·Ö¤± 

ˆ¸¸²¥¤μ¢ ´Ò ¤¢¥ ±· ¥¢Ò¥ § ¤ Î¨ ¸¨´£Ê²Ö·´μ-¢μ§³ÊÐ¥´´μ£μ Ê· ¢´¥´¨Ö 4-£μ ¶μ·Ö¤± 
¸ ³ ²Ò³ ¶ · ³¥É·μ³ ε ¶·¨ ¸É ·Ï¨Ì ¶·μ¨§¢μ¤´ÒÌ ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¨ μ¸Í¨²²ÖÉμ·´μ£μ
¶μÉ¥´Í¨ ²μ¢. �μ± § ´μ, ÎÉμ ¶·¨ Ê³¥´ÓÏ¥´¨¨ §´ Î¥´¨Ö ³ ²μ£μ ¶ · ³¥É·  ε ¸μ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö μ¡¥¨Ì ±· ¥¢ÒÌ § ¤ Î ¸É·¥³ÖÉ¸Ö ± ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ Ê· ¢´¥´¨Ö ˜·¥¤¨´-
£¥· . �¤´ ±μ ¶·μ¨§¢μ¤´Ò¥ μÉ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ¶¥·¢μ° ±· ¥¢μ° § ¤ Î¨ ¢ μÉ²¨Î¨¥
μÉ ¢Éμ·μ° ±· ¥¢μ° § ¤ Î¨ ¨³¥ÕÉ ¢ μ±·¥¸É´μ¸É¨ ÉμÎ±¨ r = 0 (r Å  ·£Ê³¥´É ¸μ¡¸É¢¥´-
´ÒÌ ËÊ´±Í¨°) ¶μ£· ´¨Î´Ò¥ ¸²μ¨ ¨ ´¥ ¸Ìμ¤ÖÉ¸Ö ± ¶·μ¨§¢μ¤´Ò³ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . �·¨ Ê¢¥²¨Î¥´¨¨ ¶ · ³¥É·  ε μÉ ³ ²ÒÌ ¤μ ±μ´¥Î´ÒÌ ¢¥²¨Î¨´
¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ μ¡¥¨Ì ±· ¥¢ÒÌ § ¤ Î · ¸Ï¨·ÖÕÉ¸Ö ¢ ¸Éμ·μ´Ê Ê¢¥²¨Î¥´¨Ö r. �·¨
ÔÉμ³ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¨ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¶¥·¢μ° ±· ¥¢μ° § ¤ Î¨ ¸¨²Ó´¥¥ ¨§-
³¥´ÖÕÉ¸Ö ¶μ ¸· ¢´¥´¨Õ ¸ ¨Ì §´ Î¥´¨Ö³¨ ¤²Ö ¢Éμ·μ° ±· ¥¢μ° § ¤ Î¨. ‘¢μ°¸É¢μ Ô±¢¨¤¨-
¸É ´É´μ¸É¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ μ¸Í¨²²ÖÉμ·´Ò³ ¶μÉ¥´Í¨ ²μ³
¤²Ö Ê· ¢´¥´¨Ö 4-£μ ¶μ·Ö¤±  ´¥ ¸μÌ· ´Ö¥É¸Ö.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2007

Amirkhanov I. V. et al. P11-2007-148
Solution of Boundary-Value Problems for Singular Perturbed
Differential Equations of High Order

Two boundary-value problems of the singular perturbed equation of the 4th order with
small parameter ε at higher derivative are investigated for the Coulomb and oscillator po-
tentials. It is shown that at diminution of a small parameter value ε eigenvalues of both
boundary-value problems converge to eigenvalues of the Schrödinger equation. However
derivatives from eigenfunctions of the ˇrst boundary-value problem, as opposed to the second
boundary-value problem in a vicinity of a boundary r = 0 (r Å argument of eigenfunction)
have boundary layers and do not converge to derivatives of eigenfunctions of the Schrödinger
equation. At increasing of parameter ε from small up to ˇnal quantities the eigenfunctions of
both boundary problems are expanding to the side of increasing of r. Thus, eigenfunctions
and eigenvalues of the ˇrst boundary-value problem are changing grossly in comparison with
their values for the second boundary-value problem. The equidistance property of eigenvalues
of the Schrödinger equation with the oscillator potential does not hold true for the equation
of the 4th order.

The investigation has been performed at the Laboratory of Information Technologies,
JINR.

Communication of the Joint Institute for Nuclear Research. Dubna, 2007
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‚ ¤ ´´μ° · ¡μÉ¥, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì ¨¸¸²¥¤μ¢ ´¨ÖÌ [1Ä8], · ¸¸³ É·¨¢ -
¥É¸Ö ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ [1] ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³
¶·μ¸É· ´¸É¢¥. ‚ Î ¸É´μ¸É¨, ¤²Ö ¸²ÊÎ Ö S-¢μ²´Ò (l = 0) ¨¸Ìμ¤´μ¥ Ê· ¢´¥´¨¥
¨³¥¥É ¢¨¤

[E − H − V (r)] ψ = 0,

£¤¥

E =
2
ε2

[√
1 + ε2q2 − 1

]
, H =

2
ε2

[
ch

(
iε

d

dr

)
− 1

]
,

H Å ·¥²ÖÉ¨¢¨¸É¸±¨° £ ³¨²ÓÉμ´¨ ´; V Å ±¢ §¨¶μÉ¥´Í¨ ²; ε Å ³ ²Ò° ¶ · -
³¥É·. � §² £ Ö μ¶¥· Éμ· ch (iε d/dr) ¢ ·Ö¤, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó-
´μ¥ Ê· ¢´¥´¨¥ ¡¥¸±μ´¥Î´μ£μ ¶μ·Ö¤± . �·¨ ε → 0 ÔÉμ Ê· ¢´¥´¨¥ ¶¥·¥Ìμ¤¨É ¢
´¥·¥²ÖÉ¨¢¨¸É¸±μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· .

…¸²¨ ¢ · §²μ¦¥´¨¨ μÉ¡·μ¸¨ÉÓ Î²¥´Ò ¢Ò¸Ï¨Ì ¶μ·Ö¤±μ¢, Éμ ¶μ²ÊÎ¨³ μ¡Ò±-
´μ¢¥´´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ±μ´¥Î´μ£μ ¶μ·Ö¤± :

[
E +

d2

dr2
− 2ε2

4!
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dr4
+

2ε4

6!
d6

dr6
− · · ·+

+
2(−1)m−1ε2(m−1)

(2m)!
d2m

dr2m
− V (r)

]
ψ(r) = 0, (1)

£¤¥ 2m Å ¶μ·Ö¤μ± Ê· ¢´¥´¨° (m = 2, 3, 4, . . . , M ).
�¤´μ° ¨§ ¢ ¦´ÒÌ μ¸μ¡¥´´μ¸É¥° Ê· ¢´¥´¨° (1) Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ³ ²μ£μ

¶ · ³¥É·  ¶·¨ ¸É ·Ï¨Ì ¶·μ¨§¢μ¤´ÒÌ. ’ ±¨¥ Ê· ¢´¥´¨Ö ´μ¸ÖÉ ´ §¢ ´¨¥
¸¨´£Ê²Ö·´μ-¢μ§³ÊÐ¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨¨°.

‚ ¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ Ì [7, 8]  ´ ²¨É¨Î¥¸±¨³ ¨  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ³¥Éμ-
¤ ³¨ ¶·μ¢μ¤¨²¨¸Ó ¨¸¸²¥¤μ¢ ´¨Ö · §²¨Î´ÒÌ ±· ¥¢ÒÌ § ¤ Î ¤²Ö Ê· ¢´¥´¨° 4-£μ
¨ 6-£μ ¶μ·Ö¤±μ¢ ¤²Ö ¶·Ö³μÊ£μ²Ó´μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò c £²Ê¡¨´μ° V0 ¨ Ï¨-
·¨´μ° r0:

V (r) =
{

−V0, r � r0,
0, r > r0.

(2)

1



‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ Î¨¸²¥´´μ ¨¸¸²¥¤Ê¥É¸Ö Ê· ¢´¥´¨¥ 4-£μ ¶μ·Ö¤±  ¤²Ö
±Ê²μ´μ¢¸±μ£μ ¨ μÍ¨²²ÖÉμ·´μ£μ ¶μÉ¥´Í¨ ²μ¢:

V (r) = −2
r
; (3)

V (r) = r2. (4)

Š��…‚›… ‡�„�—ˆ „‹Ÿ “��‚�…�ˆŸ 4-ƒ� ���Ÿ„Š�

� ¸¸³μÉ·¨³ Ê· ¢´¥´¨¥ (1) ¶·¨ m = 2

−μ2 d4ψ

dr4
+

d2ψ

dr2
+ [2Ē − V (r)]ψ(r) = 0; μ2 =

ε2

12
, 2Ē = −E, (5)

¸μ ¸²¥¤ÊÕÐ¨³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨:

ψ(0) = 0;
dψ(0)

dr
= 0; ψ|r=r0 = 0, (6)

ψ(0) = 0;
d2ψ(0)

dr2
= 0; ψ|r=r0 = 0. (7)

“· ¢´¥´¨¥ (5) ¸ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ (6) ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¶¥·¢μ° ±· ¥-
¢μ° § ¤ Î¥°,   ¸ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ (7) Å ¢Éμ·μ° ±· ¥¢μ° § ¤ Î¥°.

�·¨ Î¨¸²¥´´μ³ ·¥Ï¥´¨¨ ±· ¥¢ÒÌ § ¤ Î ¶¥·¥¶¨Ï¥³ Ê· ¢´¥´¨¥ (5) ¢ ¢¨¤¥
¸¨¸É¥³Ò ¤¢ÊÌ Ê· ¢´¥´¨° 2-£μ ¶μ·Ö¤±  ¨ ¨¸¶μ²Ó§Ê¥³ ´¥¶·¥·Ò¢´Ò°  ´ ²μ£ ³¥-
Éμ¤  �ÓÕÉμ´  (��Œ�) [9,10] ¨ ¸¶² °´-±μ²²μ± Í¨μ´´ÊÕ ¸Ì¥³Ê [11,12]. �·¨
¨¸¶μ²Ó§μ¢ ´¨¨ ��Œ� (¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  ε) ¢ ± Î¥¸É¢¥ ´ Î ²Ó-
´μ£μ ¶·¨¡²¨¦¥´¨Ö ¡¥·¥É¸Ö ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· ,   ¶μÉμ³ ´ °¤¥´-
´Ò¥ ·¥Ï¥´¨Ö ¡Ê¤ÊÉ ¸²Ê¦¨ÉÓ ´ Î ²Ó´Ò³ ¶·¨¡²¨¦¥´¨¥³ ¤²Ö ¸²¥¤ÊÕÐ¨Ì §´ Î¥-
´¨° ¶ · ³¥É·  ε, É. ¥. ¤ ²ÓÏ¥ ·¥Ï¥´¨Ö ±· ¥¢ÒÌ § ¤ Î μ¶·¥¤¥²ÖÕÉ¸Ö ³¥Éμ¤μ³
¶·μ¤μ²¦¥´¨Ö ¶μ ¶ · ³¥É·Ê.

�·¨ ·¥Ï¥´¨¨ ±· ¥¢ÒÌ § ¤ Î ¤²Ö ¸¨´£Ê²Ö·´μ-¢μ§³ÊÐ¥´´ÒÌ ¤¨ËË¥·¥´Í¨-
 ²Ó´ÒÌ Ê· ¢´¥´¨°, ± ± ¶· ¢¨²μ, Î ¸Éμ ¶μÖ¢²Ö¥É¸Ö μ¡² ¸ÉÓ, £¤¥ ·¥Ï¥´¨Ö § ¤ Î¨
¨ (¨²¨) ¨Ì ¶·μ¨§¢μ¤´Ò¥ ·¥§±μ ³¥´ÖÕÉ¸Ö ¶·¨ Ê³¥´ÓÏ¥´¨¨ ³ ²μ£μ ¶ · ³¥É· 
(¢μ§´¨± ÕÉ ¶μ£· ´¨Î´Ò¥ ¸²μ¨). �μÔÉμ³Ê ¶μÖ¢²Ö¥É¸Ö ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¢Ò¡μ· 
μ¶É¨³ ²Ó´μ£μ Ï £  ¨´É¥£·¨·μ¢ ´¨Ö h μÉ ³ ²μ£μ ¶ · ³¥É·  ε. „²Ö ÔÉμ° Í¥²¨
¢Ò¡· ²¨ ¸²¥¤ÊÕÐ¨¥ ³μ¤¥²Ó´Ò¥ ±· ¥¢Ò¥ § ¤ Î¨, ±μÉμ·Ò¥ ¨³¥ÕÉ ÉμÎ´Ò¥  ´ -
²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö:

εu′′(x) − u(x) = cos2 πx + 2επ2 cos 2πx; u(0) = u(1) = 0; (8)

εu(IV)(x)−u′′(x) = 1; u(0) = 1; u′(0) = −γ; u(1) = 0, 5; u′(1) = γ−1, (9)
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γ =
1√
ε

1 − e−1/
√

ε

1 + e−1/
√

ε
;

u(x) =
e−x/

√
ε + e(x−1)/

√
ε

1 + e−1/
√

ε
− cos2 πx;

u(x) =
e−x/

√
ε + e(x−1)/

√
ε

1 + e−1/
√

ε
− x2

2
.

�  ·¨¸. 1 ¶·¨¢¥¤¥´Ò ·¥Ï¥´¨Ö ±· ¥¢ÒÌ § ¤ Î (8), (9) ¶·¨ · §´ÒÌ §´ Î¥-
´¨ÖÌ ε. Š ± ¢¨¤´μ, ¶·¨ Ê³¥´ÓÏ¥´¨¨ §´ Î¥´¨Ö ¶ · ³¥É·  ε ·¥Ï¥´¨Ö μ¡¥¨Ì
³μ¤¥²Ó´ÒÌ ±· ¥¢ÒÌ § ¤ Î ¢ μ±·¥¸É´μ¸É¨ £· ´¨Í x = 0 ¨ x = 1 ´ Î¨´ ÕÉ ·¥§±μ

�¨¸. 1. �¥Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨ (8) (a) ¨ ±· ¥¢μ° § ¤ Î¨ (9) (¡) ¤²Ö · §´ÒÌ §´ Î¥´¨°
³ ²μ£μ ¶ · ³¥É·  ε (ε1 = 10−1; ε2 = 10−2; ε3 = 10−3; ε4 = 10−4)

Œ ±¸¨³ ²Ó´Ò¥ · §´μ¸É¨ ÉμÎ´ÒÌ ·¥Ï¥´¨° μÉ Î¨¸²¥´´ÒÌ ·¥Ï¥´¨° ±· ¥¢ÒÌ
§ ¤ Î (8), (9) ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¶ ·³¥É·  ε

Š· ¥¢ Ö § ¤ Î  ε max|ycal − yan| xmax

0,1 1,294020446351851 · 10−12 0,50700

(8) 0,01 1,139518167325715 · 10−12 0,53200

0,001 8,461442657647922 · 10−11 0,03200

0,0001 8,521920058512933 · 10−9 0,01000

0,1 3,089750677531811 · 10−13 0,64400

(9) 0,01 1,107437752612128 · 10−11 0,52200

0,001 1,157253542993786 · 10−9 0,48100

0,0001 1,156122617293476 · 10−7 0,20400
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³¥´ÖÉÓ¸Ö, É. ¥. ÔÉ¨ § ¤ Î¨ ¨³¥ÕÉ ·¥Ï¥´¨Ö ¸ ¶μ£· ´¨Î´Ò³¨ ¸²μÖ³¨. ‚ É ¡²¨Í¥
¶·¨¢¥¤¥´Ò ³ ±¸¨³ ²Ó´Ò¥ · §´μ¸É¨ Î¨¸²¥´´ÒÌ ·¥Ï¥´¨° ±· ¥¢ÒÌ § ¤ Î (8) ¨
(9) μÉ ¨Ì ÉμÎ´ÒÌ  ´ ²¨É¨Î¥¸±¨Ì ·¥Ï¥´¨°.

ˆ§ Î¨¸²¥´´ÒÌ μ¶ÒÉμ¢ ¸²¥¤Ê¥É, ÎÉμ ËÊ´±Í¨Ö ·¥§±μ ³¥´Ö¥É¸Ö ¢ ¨´É¥·¢ ²¥
0 � x � √

ε (¶μ£· ´¨Î´Ò° ¸²μ° ¢ μ±·¥¸É´μ¸É¨ x = 0), ¶μÔÉμ³Ê ¶·¨ ¢Ò¡μ·¥
Ï £  ¨´É¥£·¨·μ¢ ´¨Ö h ´¥μ¡Ìμ¤¨³μ ¢Ò¶μ²´¥´¨¥ Ê¸²μ¢¨Ö h �

√
ε. ‚ ¤ ²Ó´¥°-

Ï¥³ ¶·¨ ¨¸¸²¥¤μ¢ ´¨¨ ±· ¥¢ÒÌ § ¤ Î ¤²Ö Ê· ¢´¥´¨Ö 4-£μ ¶μ·Ö¤±  ÊÎ¨ÉÒ¢ ¥³
ÔÉμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ.

��‘“†„…�ˆ… ��‹“—…��›• �…‡“‹œ’�’�‚

�  ·¨¸. 2 ¶μ± § ´Ò ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¡¥§ Ê§²μ¢, ¸ μ¤´¨³, ¤¢Ê³Ö ¨
É·¥³Ö Ê§² ³¨ ¶¥·¢μ° (¸²¥¢ ) ¨ ¢Éμ·μ° (¸¶· ¢ ) ±· ¥¢ÒÌ § ¤ Î ¤²Ö μ¸Í¨²²Ö-
Éμ·´μ£μ ¶μÉ¥´Í¨ ²  ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  ε. �´ ²μ£¨Î´Ò¥ ±·¨¢Ò¥
¶·¨¢¥¤¥´Ò ´  ·¨¸. 3 ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ² . ‚¨¤´μ, ÎÉμ ¸ ·μ¸Éμ³ ε ·¥-
Ï¥´¨Ö μ¡¥¨Ì ±· ¥¢ÒÌ § ¤ Î · ¸Ï¨·ÖÕÉ¸Ö ¢ ¸Éμ·μ´Ê Ê¢¥²¨Î¥´¨Ö r. �·¨ Ê³¥´Ó-
Ï¥´¨¨ ¶ · ³¥É·  ε ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö μ¡¥¨Ì ±· ¥¢ÒÌ § ¤ Î ¸É·¥³ÖÉ¸Ö ±
¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .

�  ·¨¸. 4, 5 ¶·¨¢¥¤¥´  ¤¨´ ³¨±  ¨§³¥´¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¶¥·¢μ°
¨ ¢Éμ·μ° ±· ¥¢ÒÌ § ¤ Î ¤²Ö μ¸Í¨²²ÖÉμ·´μ£μ ¨ ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²μ¢ ¶·¨
¨§³¥´¥´¨¨ μ μÉ ´Ê²Ö ¤μ ¥¤¨´¨ÍÒ. „²Ö μ¡μ¨Ì ¶μÉ¥´Í¨ ²μ¢ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥-
´¨Ö ¶¥·¢μ° ±· ¥¢μ° § ¤ Î¨ ¸¨²Ó´¥¥ ³¥´ÖÕÉ¸Ö ¶μ ¸· ¢´¥´¨Õ ¸ ¨Ì §´ Î¥´¨Ö³¨
¤²Ö ¢Éμ·μ° ±· ¥¢μ° § ¤ Î¨. �±¢¨¤¨¸É ´É´μ¸ÉÓ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° Ê· ¢´¥-
´¨Ö ˜·¥¤¨´£¥·  ¤²Ö μ¸Í¨²²ÖÉμ·´μ£μ ¶μÉ¥´Í¨ ²  ¶·¨ ¶¥·¥Ìμ¤¥ ¢ Ê· ¢´¥´¨¥
4-£μ ¶μ·Ö¤±  ¤²Ö μ¡¥¨Ì ±· ¥¢ÒÌ § ¤ Î ´¥ ¸μÌ· ´Ö¥É¸Ö.

�  ·¨¸. 6 ¨§μ¡· ¦¥´μ ¶μ¢¥¤¥´¨¥ ¡¥§Ê§²μ¢ÒÌ ·¥Ï¥´¨° ¨ ¨Ì ¶·μ¨§¢μ¤´ÒÌ
¢ μ±·¥¸É´μ¸É¨ £· ´¨ÍÒ r = 0, ¶¥·¢μ° ¨ ¢Éμ·μ° ±· ¥¢ÒÌ § ¤ Î ¤²Ö μ¸Í¨²²Ö-
Éμ·´μ£μ ¶μÉ¥´Í¨ ²  ¶·¨ Ê³¥´ÓÏ¥´¨¨ ¶ · ³¥É·  ε. ‚¨¤´μ, ÎÉμ ¶¥·¢ Ö ±· ¥¢ Ö
§ ¤ Î  ¨³¥¥É ¶μ£· ´¨Î´Ò° ¸²μ° ´  £· ´¨Í¥ r = 0 ¤²Ö ¶·μ¨§¢μ¤´ÒÌ,   ¤²Ö
¢Éμ·μ° ±· ¥¢μ° § ¤ Î¨ ¶·μ¨§¢μ¤´Ò¥ ´¥ ¨³¥ÕÉ ¶μ£· ´¨Î´ÒÌ ¸²μ¥¢.

‡�Š‹	—…�ˆ…

‚ · ¡μÉ¥ Î¨¸²¥´´μ ´ °¤¥´Ò ·¥Ï¥´¨Ö ±· ¥¢ÒÌ § ¤ Î ¤²Ö Ê· ¢´¥´¨Ö
4-£μ ¶μ·Ö¤±  ¤²Ö ¤¢ÊÌ É¨¶μ¢ ¶μÉ¥´Í¨ ² . �¥§Ê²ÓÉ ÉÒ ¨¸¸²¥¤μ¢ ´¨Ö ¶μ§¢μ²ÖÕÉ
¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¨¥ ¢Ò¢μ¤Ò.

1. �·¨ Ê³¥´ÓÏ¥´¨¨ §´ Î¥´¨° ¶ · ³¥É·  ε ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¶¥·¢μ°
±· ¥¢μ° § ¤ Î¨ Ê· ¢´¥´¨Ö 4-£μ ¶μ·Ö¤±  ¸É·¥³ÖÉ¸Ö ± ¸μ¡¸É¢¥´´Ò³ §´ -
Î¥´¨Ö³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , μ¤´ ±μ ¶·μ¨§¢μ¤´Ò¥ μÉ ¸μ¡¸É¢¥´´ÒÌ
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�¨¸. 2. �¥Ï¥´¨Ö ¶¥·¢μ° (¸²¥¢ ) ¨ ¢Éμ·μ° (¸¶· ¢ ) ±· ¥¢ÒÌ § ¤ Î ¤²Ö μ¸Í¨²²ÖÉμ·´μ£μ
¶μÉ¥´Í¨ ²  ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  ε (ε1 = 5 · 10−4; ε2 = 0,5; ε3 = 1,5;
ε4 = 3,5)
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�¨¸. 3. �¥Ï¥´¨Ö ¶¥·¢μ° (¸²¥¢ ) ¨ ¢Éμ·μ° (¸¶· ¢ ) ±· ¥¢ÒÌ § ¤ Î ¤²Ö ±Ê²μ´μ¢¸±μ£μ
¶μÉ¥´Í¨ ²  ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  ε (ε1 = 5 · 10−4; ε2 = 0,5; ε3 = 1,5;
ε4 = 3,5)
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�¨¸. 4. ‡ ¢¨¸¨³μ¸ÉÓ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¶¥·¢μ° ( ) ¨ ¢Éμ·μ° (¡) ±· ¥¢ÒÌ § ¤ Î μÉ
¶ · ³¥É·  μ ¤²Ö μ¸Í¨²²ÖÉμ·´μ£μ ¶μÉ¥´Í¨ ² 

�¨¸. 5. ‡ ¢¨¸¨³μ¸ÉÓ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¶¥·¢μ° ( ) ¨ ¢Éμ·μ° (¡) ±· ¥¢ÒÌ § ¤ Î μÉ
¶ · ³¥É·  μ ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ² 

ËÊ´±Í¨° ¢ μ±·¥¸É´μ¸É¨ ´ Î ²  ±μμ·¤¨´ ÉÒ r = 0 ¨³¥ÕÉ ¶μ£· ´¨Î´Ò¥
¸²μ¨.

2. „²Ö ¢Éμ·μ° ±· ¥¢μ° § ¤ Î¨ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¨ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥-
´¨Ö ¸É·¥³ÖÉ¸Ö ± ·¥Ï¥´¨Ö³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .

3. �·¨ Ê¢¥²¨Î¥´¨¨ ¶ · ³¥É·  ε μÉ ³ ²ÒÌ ¤μ ±μ´¥Î´ÒÌ ¢¥²¨Î¨´ ¸μ¡¸É¢¥´-
´Ò¥ ËÊ´±Í¨¨ ±· ¥¢ÒÌ § ¤ Î · ¸Ï¨·ÖÕÉ¸Ö ¢ ¸Éμ·μ´Ê Ê¢¥²¨Î¥´¨Ö r.

4. ‘¢μ°¸É¢μ Ô±¢¨¤¨¸É ´É´μ¸É¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° Ê· ¢´¥´¨Ö ˜·¥¤¨´-
£¥·  ¸ μ¸Í¨²²ÖÉμ·´Ò³ ¶μÉ¥´Í¨ ²μ³ ¤²Ö Ê· ¢´¥´¨Ö 4-£μ ¶μ·Ö¤±  ´¥ ¸μ-
Ì· ´Ö¥É¸Ö.
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�¨¸. 6. �μ¢¥¤¥´¨¥ ¡¥§Ê§²μ¢ÒÌ ·¥Ï¥´¨° ¶¥·¢μ° (¸²¥¢ ) ¨ ¢Éμ·μ° (¸¶· ¢ ) ±· ¥¢ÒÌ § ¤ Î
¤²Ö μ¸Í¨²²ÖÉμ·´μ£μ ¶μÉ¥´Í¨ ²  ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  ε (ε1 = 2 · 10−3;
ε2 = 4 · 10−3; ε3 = 8 · 10−3; ε4 = 1,6 · 10−2)
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