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�¥¸¶ ²Ó±μ …. ‚. ¨ ¤·. P11-2008-51
� ¡¨ËÊ·± Í¨ÖÌ ¢ μ¤´μ°  ¸É·μË¨§¨Î¥¸±μ° ³μ¤¥²¨ ¢· Ð ÕÐ¨Ì¸Ö
´ ³ £´¨Î¥´´ÒÌ ¶μ²¨É·μ¶ ¸ ³ ²Ò³ ¨´¤¥±¸μ³

„²Ö ¡Ò¸É·μ¢· Ð ÕÐ¥°¸Ö £· ¢¨É¨·ÊÕÐ¥° ´ ³ £´¨Î¥´´μ° ¶μ²¨É·μ¶Ò ¸ ³ ²Ò³ ¨´-
¤¥±¸μ³ n ¢ ²¨´¥°´μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ n ´ °¤¥´μ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö £¨¤·μ¸É É¨Î¥¸±μ£μ
· ¢´μ¢¥¸¨Ö. „μ± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ É ±¨Ì ±μ´Ë¨£Ê· Í¨° ¢ ¨´É¥·¢ ²¥
§´ Î¥´¨° ¨´¤¥±¸  0 � n � 0,1161, ¢ ±μÉμ·ÒÌ μÉ¢¥É¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö,  ¸¨³³¥É·¨Î´Ò¥ μÉ-
´μ¸¨É¥²Ó´μ μ¸¨ ¢· Ð¥´¨Ö. � °¤¥´   ´ ²¨É¨Î¥¸± Ö § ¢¨¸¨³μ¸ÉÓ ¶ · ³¥É·   ¸¨³³¥É·¨¨
X μÉ §´ Î¥´¨° ¶ · ³¥É·μ¢ ¡Ò¸É·μÉÒ ¢· Ð¥´¨Ö ε, ¨´¤¥±¸  n, ¢¥²¨Î¨´Ò ³ £´¨É´ÒÌ ´ -
ÉÖ¦¥´¨° ηm. � ¸¸³μÉ·¥´ ¢μ¶·μ¸ μ ¸¤¢¨£¥ ÉμÎ¥± ¡¨ËÊ·± Í¨¨, ¢Ò§¢ ´´μ³ ³ £´¨É´Ò³¨
´ ÉÖ¦¥´¨Ö³¨. ˆ¸¸²¥¤μ¢ ´  § ¢¨¸¨³μ¸ÉÓ Ê¸±μ·¥´¨Ö ¸¢μ¡μ¤´μ£μ ¶ ¤¥´¨Ö ´  Ô±¢ Éμ·¥ ±μ´-
Ë¨£Ê· Í¨¨ geq μÉ ¶ · ³¥É·μ¢ ε ¨ n. ‚¶¥·¢Ò¥ ¶μ± § ´μ, ÎÉμ ¸¥·¨Ö ¢· Ð ÕÐ¨Ì¸Ö ¶μ-
²¨É·μ¶, ¨³¥ÕÐ¨Ì ÉμÎ±¨ ¡¨ËÊ·± Í¨¨, μ¡·Ò¢ ¥É¸Ö ¶·¨ nk = 0,1161, ´ ³´μ£μ · ´ÓÏ¥
¨§¢¥¸É´ÒÌ ¨§ ²¨É¥· ÉÊ·Ò §´ Î¥´¨° nk = 0,83 ¨ nk = 0,808. �μ± § ´μ, ÎÉμ ÔÉμÉ ÔËË¥±É
μ¡ÑÖ¸´Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´μ ´¥²¨´¥°´μ° § ¢¨¸¨³μ¸ÉÓÕ geq μÉ n ¨ ¸¢Ö§ ´ ¸ ¡Ò¸É·Ò³ ·μ¸Éμ³
Ô±¢ Éμ·¨ ²Ó´μ£μ · ¤¨Ê¸  req ¶·¨ Ê¢¥²¨Î¥´¨¨ ¨´¤¥±¸  ¶μ²¨É·μ¶Ò n.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2008

Bespalko E.V. et al. P11-2008-51
Bifurcations in One Astrophysical Model of Rotating Magnetized
Politropics with a Small Index

A solution of the equation of hydrostatical equilibrium was obtained for rapidly rotating
gravitating magnetized polytropic with a small index n in linear approach by n. An existence
of bifurcation points of this conˇguration in the interval 0 � n � 0.1161 was proved, in
which solutions asymmetric about the axis of rotation branch off. The analytic dependence of
a parameter of asymmetry X on parameter values of velocity of rotation ε, index n, values
of magnetic tension ηm was found. The problem of shift of bifurcation points induced by
magnetic tension was considered. The dependence of acceleration of gravity at equator of
conˇguration geq on parameters ε and n was investigated. For the ˇrst time it was proved that
a series of rotating polytropes having bifurcation points breaks at nk = 0.1161, much earlier
than the values speciˇed in [6, 7]: nk = 0.83 and nk = 0.808. It was shown that this effect
was due to the essentially nonlinear dependence of geq on n and connected with the rapidly
growing equatorial radius req according to the increase of the polytropic index n.

The investigation has been performed at the Laboratory of Information Technologies,
JINR.
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� ¨¡μ²¥¥ ¨§ÊÎ¥´Ò  ´ ²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨°, μ¶¨¸Ò¢ ÕÐ¨Ì ´ÓÕ-
Éμ´μ¢¸±¨¥ ±μ´Ë¨£Ê· Í¨¨ μ¤´μ·μ¤´μ° ´¥¸¦¨³ ¥³μ° ¢· Ð ÕÐ¥°¸Ö £· ¢¨É¨·Ê-
ÕÐ¥° ¦¨¤±μ¸É¨ [1Ä3]. ’μÎ´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¨³¥ÕÉ¸Ö Éμ²Ó±μ ¤²Ö
Ô²²¨¶¸μ¨¤ ²Ó´ÒÌ Ë¨£Ê· · ¢´μ¢¥¸¨Ö. �·¨ ¨¸¸²¥¤μ¢ ´¨¨ ¢· Ð ÕÐ¨Ì¸Ö £· ¢¨-
É¨·ÊÕÐ¨Ì ±μ´Ë¨£Ê· Í¨° μ¤´¨³ ¨§ μ¸´μ¢´ÒÌ Ö¢²Ö¥É¸Ö ¢μ¶·μ¸ μ¡ μÉ¢¥É¢²¥´¨¨
 ¸¨³³¥É·¨Î´ÒÌ μÉ´μ¸¨É¥²Ó´μ μ¸¨ ¢· Ð¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨°, μ¶¨¸Ò¢ Õ-
Ð¨Ì ÔÉ¨ ±μ´Ë¨£Ê· Í¨¨. �μ·Ö¤μ±  ¸¨³³¥É·¨¨ · ¸¶·¥¤¥²¥´¨Ö ¢¥Ð¥¸É¢  μÉ´μ-
¸¨É¥²Ó´μ μ¸¨ ¢· Ð¥´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ¶ · ³¥É·μ³ X . ‚ ± Î¥¸É¢¥ ÔÉμ£μ ¶ · -
³¥É·  μ¡ÒÎ´μ ¢Ò¡¨· ¥É¸Ö ¨²¨ X = 1

2 (ρ̃200 − ρ̃020) ¨²¨ X = 1
2 (p200 − p020).

‚¥²¨Î¨´Ò ρ̃abc ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö μÉ´μ¸¨É¥²Ó-
´μ° ¶²μÉ´μ¸É¨ ±μ´Ë¨£Ê· Í¨¨ ρ̃ = ρ

ρ0
(ρ Å ¶²μÉ´μ¸ÉÓ, ρ0 Å §´ Î¥´¨¥ ¶²μÉ-

´μ¸É¨ ¢ Í¥´É·¥ ±μ´Ë¨£Ê· Í¨¨) ¶μ ¸É¥¶¥´Ö³ ±μμ·¤¨´ É x1 = x
a1

, x2 = y
a1

,
x3 = z

a3
(a1, a3 Å ¶μ²Êμ¸¨ ¸Ë¥·μ¨¤ ,  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ ¶μ¢¥·Ì´μ¸ÉÓ ±μ´-

Ë¨£Ê· Í¨¨),   ¢¥²¨Î¨´Ò pabc Å ¸μμÉ¢¥É¸É¢¥´´μ ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö
μÉ´μ¸¨É¥²Ó´μ£μ ¤ ¢²¥´¨Ö p = P

P0
(P Å ¤ ¢²¥´¨¥, P0 Å ¤ ¢²¥´¨¥ ¢ Í¥´É·¥

±μ´Ë¨£Ê· Í¨¨). Šμ´±·¥É´Ò° ¢Ò¡μ· X § ¢¨¸¨É μÉ ¸¢μ°¸É¢ ±μ´Ë¨£Ê· Í¨¨,  
¨³¥´´μ, ´ ¸±μ²Ó±μ ¡²¨§±  μ´  ± ´¥¸¦¨³ ¥³μ° ¨²¨ ¸ÊÐ¥¸É¢¥´´  ¥¥ ¸¦¨³ -
¥³μ¸ÉÓ. „²Ö ´¥¸¦¨³ ¥³μ° μ¤´μ·μ¤´μ° £· ¢¨É¨·ÊÕÐ¥° ¦¨¤±μ¸É¨ ¶ · ³¥É·
 ¸¨³³¥É·¨¨ X ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ±μÔËË¨Í¨¥´ÉÒ pabc,   ¤²Ö ¸¦¨³ ¥³μ£μ ¸²Ê-
Î Ö Å Î¥·¥§ ±μÔËË¨Í¨¥´ÉÒ ρ̃abc.

„²Ö ´¥¸¦¨³ ¥³ÒÌ ±μ´Ë¨£Ê· Í¨° ¶·¨ §´ Î¥´¨ÖÌ ¶ · ³¥É·  ε = ω2

4πGρ0
(ω Å Ê£²μ¢ Ö ¸±μ·μ¸ÉÓ ¢· Ð¥´¨Ö, G Å £· ¢¨É Í¨μ´´ Ö ¶μ¸ÉμÖ´´ Ö), ³¥´Ó-
Ï¨Ì 0,09356, μ¤´μ·μ¤´Ò¥ ´¥¸¦¨³ ¥³Ò¥ £· ¢¨É¨·ÊÕÐ¨¥ ±μ´Ë¨£Ê· Í¨¨ ¨³¥ÕÉ
Ëμ·³Ê ¸Ë¥·μ¨¤  Œ ±²μ·¥´  X = 0,   ¶·¨ ¤μ¸É¨¦¥´¨¨ ÔÉμ£μ §´ Î¥´¨Ö Ê¦¥
¢μ§³μ¦´Ò É·¥Ìμ¸´Ò¥ Ô²²¨¶¸μ¨¤Ò Ÿ±μ¡¨ X �= 0.

‘²ÊÎ ° ´¥¸¦¨³ ¥³ÒÌ μ¤´μ·μ¤´ÒÌ ±μ´Ë¨£Ê· Í¨° ¢ ¶·¨·μ¤¥ ´¥ ³μ¦¥É
¡ÒÉÓ ·¥ ²¨§μ¢ ´, ¶μÔÉμ³Ê ¡μ²ÓÏμ° ¨´É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É ¨¸¸²¥¤μ¢ ´¨¥ ¡μ²¥¥
·¥ ²¨¸É¨Î¥¸±¨Ì ±μ´Ë¨£Ê· Í¨° ¸ Ê· ¢´¥´¨Ö³¨ ¸μ¸ÉμÖ´¨Ö ¢¥Ð¥¸É¢  ¸μ ¸² ¡μ°
¸¦¨³ ¥³μ¸ÉÓÕ. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ÔÉμÉ ¢μ¶·μ¸ ¶· ±É¨Î¥¸±¨ ´¥ ¨¸¸²¥¤μ¢ ´ ¨§-
§  ¡μ²ÓÏμ° ¸²μ¦´μ¸É¨ ³ É¥³ É¨Î¥¸±¨Ì ¢ÒÎ¨¸²¥´¨°. �μ¢Ò¥ ¢μ§³μ¦´μ¸É¨ ¤¥-
³μ´¸É·¨·Ê¥É ·¥Ï¥´¨¥ ¤ ´´μ° § ¤ Î¨ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸¨³¢μ²Ó´μ-Î¨¸²¥´´ÒÌ
±μ³¶ÓÕÉ¥·´ÒÌ ³¥Éμ¤μ¢ [4,5].
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„²Ö ¶·μ¸ÉμÉÒ ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ¢¥Ð¥¸É¢ 
¨³¥¥É ¢¨¤ ¶μ²¨É·μ¶Ò:

P = Kρ1+ 1
n , (1)

£¤¥ K Å · §³¥·´ Ö ±μ´¸É ´É , n Å ¨´¤¥±¸ ¶μ²¨É·μ¶Ò.
‚ ¸²ÊÎ ¥ ¸² ¡μ° ¸¦¨³ ¥³μ¸É¨ ³Ò ¨³¥¥³ n � 1, É ± ± ± ¶·¨ n = 0

ρ =
(

P
K

) n
1+n = ρ0. �μ¸±μ²Ó±Ê ¶μ± § É¥²Ó ¸É¥¶¥´¨ 1+n

n ¢ (1) ¨§³¥´Ö¥É¸Ö μÉ
¡¥¸±μ´¥Î´μ¸É¨ (n = 0) ¤μ ¡μ²ÓÏμ£μ, ´μ ±μ´¥Î´μ£μ §´ Î¥´¨Ö ∼ 1

n (n �= 0,
n � 1), Éμ § ¢¨¸¨³μ¸ÉÓ P μÉ ρ ¢ ÔÉμ³ ¨´É¥·¢ ²¥ §´ Î¥´¨° n ¸ÊÐ¥¸É¢¥´´μ
´¥²¨´¥°´ Ö ¨ ³μ¦´μ μ¦¨¤ ÉÓ ¸¨²Ó´μ° § ¢¨¸¨³μ¸É¨ ¶ · ³¥É·μ¢ ¡Ò¸É·μ¢· -
Ð ÕÐ¥°¸Ö £· ¢¨É¨·ÊÕÐ¥° ±μ´Ë¨£Ê· Í¨¨ μÉ ¨´¤¥±¸  ¶μ²¨É·μ¶Ò n ¤²Ö ¥£μ
³ ²ÒÌ §´ Î¥´¨°.

� ¨¡μ²¥¥ §´ Î¨É¥²Ó´Ò³¨ ¨¸¸²¥¤μ¢ ´¨Ö³¨ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ X �= 0 ¢· -
Ð ÕÐ¨Ì¸Ö ´ÓÕÉμ´μ¢¸±¨Ì ¶μ²¨É·μ¶ Ö¢²ÖÕÉ¸Ö · ¡μÉÒ „¦¨´¸  ¨ „¦¥°³¸  [6,7].
‚ ´¨Ì ¶·μ¢¥¤¥´Ò μÍ¥´±¨ ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö ¨´¤¥±¸  ¶μ²¨É·μ¶Ò nk,
n < nk, ¢ÒÏ¥ ±μÉμ·μ£μ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ´¥É. „¦¨´¸ ¶·¨¢μ¤¨É μÍ¥´±Ê
nk = 0,83,   „¦¥°³¸ Å nk = 0,808. ”¨§¨Î¥¸± Ö ¶·¨Î¨´  ÔÉμ£μ Ö¢²¥´¨Ö Å
¨¸É¥Î¥´¨¥ ¢¥Ð¥¸É¢  ¸ Ô±¢ Éμ·  ±μ´Ë¨£Ê· Í¨¨, ¢μ§´¨± ÕÐ¥£μ ¶·¨ Éμ° ¡Ò-
¸É·μÉ¥ ¢· Ð¥´¨Ö ε (¸¶²Õ¸´ÊÉμ¸É¨) ±μ´Ë¨£Ê· Í¨¨, ±μÉμ· Ö ´¥μ¡Ìμ¤¨³  ¤²Ö
¤μ¸É¨¦¥´¨Ö ÉμÎ±¨ ¡¨ËÊ·± Í¨¨. “¸±μ·¥´¨¥ ¸¢μ¡μ¤´μ£μ ¶ ¤¥´¨Ö ´  Ô±¢ Éμ·¥
geq ¶·¨ n = nk · ¢´μ ´Ê²Õ. �·¨ ¡μ²ÓÏ¥³ §´ Î¥´¨¨ ε ¨³¥¥³ geq < 0, ¢ ÔÉμ³
¸²ÊÎ ¥ ¸ Ô±¢ Éμ·  ±μ´Ë¨£Ê· Í¨¨ ¢μ§´¨± ¥É ¨¸É¥Î¥´¨¥ ¢¥Ð¥¸É¢  ¨ ¸É Í¨μ´ ·-
´ Ö ±μ´Ë¨£Ê· Í¨Ö ´¥¢μ§³μ¦´ .

�¤´  ¨§ Í¥²¥° ´ Ï¥° · ¡μÉÒ Å ¶μ± § ÉÓ, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É §´ Î¥´¨¥ n =
nk, §´ Î¨É¥²Ó´μ ³¥´ÓÏ¥¥ 0,808, ¢ ±μÉμ·μ³ geq = 0.

1. �‘��‚�›… “��‚�…�ˆŸ ˆ ��‘’���‚Š� ‡�„�—ˆ

‚ μ¸´μ¢Ê · §¢¨¢ ¥³μ° ´ ³¨ ³ É¥³ É¨Î¥¸±μ° ³μ¤¥²¨ ¢· Ð ÕÐ¨Ì¸Ö ´ ³ £-
´¨Î¥´´ÒÌ ¶μ²¨É·μ¶ ¶μ²μ¦¨³ Ê· ¢´¥´¨¥ [4,5]

1
2πa2

1

∫
D

ρ̃(r′)
(

1
r′

− 1
|r − r′|

)
dV ′ − K0

1∫
p(r)

dp

ρ̃(p)
− ε

r2
⊥

a2
1

= Π(m)(r), (2)

£¤¥ Π(m) Å ¢±² ¤ ³ £´¨É´ÒÌ ´ ÉÖ¦¥´¨°; x1 = x
a1

, x2 = y
a1

, x3 = x
a3

; a1,
a3 Å ¶μ²Êμ¸¨ ¸Ë¥·μ¨¤ ,  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ ¶μ¢¥·Ì´μ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨;
ρ̃ = ρ

ρ0
, ρ Å ¶²μÉ´μ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨, ρ0 Å ¶²μÉ´μ¸ÉÓ ¢ Í¥´É·¥ ±μ´Ë¨£Ê-

· Í¨¨; p = P
P0

Å μÉ´μÏ¥´¨¥ ¤ ¢²¥´¨Ö ± Í¥´É· ²Ó´μ³Ê §´ Î¥´¨Õ ¤ ¢²¥´¨Ö;

ρ̃(p) = p−1(ρ̃) Å ËÊ´±Í¨Ö, μ¡· É´ Ö ± ËÊ´±Í¨¨ p = p(ρ̃); K0 = P0
2πGρ2

0a2
1
;

r⊥ = x1e1 + x2e2; D Å μ¡² ¸ÉÓ R3, ¢ ±μÉμ·μ° ρ̃ � 0.

2



� · ³¥É· K0 Ö¢²Ö¥É¸Ö ¢ ¦´μ° Ì · ±É¥·¨¸É¨±μ° ±μ´Ë¨£Ê· Í¨¨ ¨ ¶μ ¶μ-
·Ö¤±Ê ¢¥²¨Î¨´Ò · ¢¥´ μÉ´μÏ¥´¨Õ ¤ ¢²¥´¨Ö ± ¶²μÉ´μ¸É¨ £· ¢¨É Í¨μ´´μ°
Ô´¥·£¨¨ ¢ ¥¥ Í¥´É·¥.

„²Ö ¶μ²¨É·μ¶Ò ¨³¥¥³ p = ρ̃1+ 1
n . �É¸Õ¤  ¸²¥¤Ê¥É Ê· ¢´¥´¨¥ ±μ´Ë¨£Ê· -

Í¨¨

1
2πa2

1

∫
D

ρ̃(r′)
(

1
r′

− 1
|r − r′|

)
dV ′ + K0(1 + n)

(
ρ̃

1
n (r) − 1

)
−

− ε
r2
⊥

a2
1

= Π(m)(r). (3)

‘¤¥² ¥³ § ³¥´Ê Θ(r) = ρ̃
1
n (r), ρ̃(r) = Θn(r). ƒ· ´¨Í  ±μ´Ë¨£Ê· Í¨¨ δD

μ¶·¥¤¥²Ö¥É¸Ö É¥¶¥·Ó Ê· ¢´¥´¨¥³ Θ(r) = 0.
�·¨ ³ ²ÒÌ n  ¶¶·μ±¸¨³¨·Ê¥³ ρ̃ ¢ ¶·μ¸É· ´¸É¢¥ ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³ÒÌ

ËÊ´±Í¨° ¢Ò· ¦¥´¨¥³

ρ̃ = Θn ≈ 1 + n

(
(Θ − 1) − 65

36
(Θ − 1)2

)
, (4)

ÊÎ¨ÉÒ¢ Ö Éμ²Ó±μ ²¨´¥°´Ò¥ ¶μ n Î²¥´Ò. ’μÎ´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨¨ ¢ L2 ¶·¨
n = 0,1 ¸μ¸É ¢²Ö¥É 3,31 · 10−2.

�¥Ï¨³ Ê· ¢´¥´¨¥ (3) ¶·¨ n = 0. � ¸ ¡Ê¤ÊÉ ¨´É¥·¥¸μ¢ ÉÓ ¢ ¤ ´´μ³ ¸²ÊÎ ¥
Ô²²¨¶¸μ¨¤ ²Ó´Ò¥ ±μ´Ë¨£Ê· Í¨¨. ‚ ÔÉμ³ ¸²ÊÎ ¥

Θ(n = 0, r) = Θ0(r) = 1 − x2
1 − x2

2 − x2
3 − X(x2

1 − x2
2), (5)

δD0 ¨³¥¥É ¢¨¤ Ô²²¨¶¸μ¨¤  x2
1 + x2

2 + x2
3 + X(x2

1 − x2
2) = 1. „²Ö Ô²²¨¶¸μ¨¤ 

Œ ±²μ·¥´  X = 0,   ¤²Ö Ô²²¨¶¸μ¨¤  Ÿ±μ¡¨ X �= 0.
…¸²¨ n �= 0, Éμ ´ °É¨ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (3) ¸É ´μ¢¨É¸Ö ¸ÊÐ¥¸É¢¥´´μ

¸²μ¦´¥¥. �μÔÉμ³Ê ³Ò ¡Ê¤¥³ ¨¸± ÉÓ ÔÉμ ·¥Ï¥´¨¥ ¤²Ö ³ ²ÒÌ §´ Î¥´¨° n ¢
²¨´¥°´μ³ ¶μ n ¶·¨¡²¨¦¥´¨¨, μÉ¡· ¸Ò¢ Ö Î²¥´Ò ¶μ·Ö¤±  n2 ¨ ¢ÒÏ¥. „ ´´Ò°
¶μ¤Ìμ¤ ¢¶μ²´¥ ¶·¨³¥´¨³ ¤²Ö §´ Î¥´¨° n, ³¥´ÓÏ¨Ì ¨²¨ ¶μ·Ö¤±  0,1, É ± ± ±
μÉ¡· ¸Ò¢ ¥³Ò¥ Î²¥´Ò ¨³¥ÕÉ ¶μ·Ö¤μ± ´¥ ¡μ²¥¥ 10−2.

‚ ²¨´¥°´μ³ ¶μ n ¶·¨¡²¨¦¥´¨¨ Θ(r) § ¶¨Ï¥³ ¢ ¢¨¤¥

Θ(r) = Θ0(r) + n

i+j+k=6∑
i+j+k=4

Zijkxi
1x

j
2x

k
3 . (6)

‚Ò· ¦¥´¨¥ (6) ¶·¥¤¸É ¢²Ö¥É ³´μ£μÎ²¥´ Ï¥¸Éμ° ¸É¥¶¥´¨ ¶μ ±μμ·¤¨´ É ³ x1,
x2, x3.

�¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö D ¢ (3) Éμ£¤  ¨³¥¥É ¢¨¤

Θ0(r) + n

i+j+k=6∑
i+j+k=4

Zijkxi
1x

j
2x

k
3 � 0. (7)

3



�μ¤¸É ¢²ÖÖ (4)Ä(7) ¢ (3) ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ¢· Ð ÕÐ¥°¸Ö ´ ³ £´¨Î¥´-
´μ° ¶μ²¨É·μ¶Ò ¤²Ö ³ ²ÒÌ §´ Î¥´¨° ¥¥ ¨´¤¥±¸  ¢ ²¨´¥°´μ³ ¶μ n ¶·¨¡²¨¦¥-
´¨¨:

1
2πa2

1

∫
D

(
1
r′

− 1
|r − r′|

)
dV ′ +

n

2πa2
1

∫
D

(
(Θ0 − 1) − 65

36
(Θ0 − 1)2

)
×

×
(

1
r′

− 1
|r − r′|

)
dV ′ + K0(1 + n) (Θ − 1) − ε

r2
⊥

a2
1

= Π(m)(r). (8)

…¸²¨ ¶¥·¥°É¨ ± ¶·¥¤¥²Ê n → 0, Éμ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ £¨¤·μ¸É É¨Î¥¸±μ£μ
· ¢´μ¢¥¸¨Ö ¢· Ð ÕÐ¥°¸Ö μ¤´μ·μ¤´μ° ´ÓÕÉμ´μ¢¸±μ° ´ ³ £´¨Î¥´´μ° ±μ´Ë¨-
£Ê· Í¨¨.

ŠμÔËË¨Í¨¥´ÉÒ Zijk, μ¶·¥¤¥²ÖÕÐ¨¥ ¸É·Ê±ÉÊ·Ê ±μ´Ë¨£Ê· Í¨¨, · §μ¡Ó¥³
´  ¸¨³³¥É·¨Î´Ò¥ Z(ij)k ¨  ´É¨¸¨³³¥É·¨Î´Ò¥ Z[ij]k Î ¸É¨ μÉ´μ¸¨É¥²Ó´μ μ¸¨
¢· Ð¥´¨Ö ¨ ¡Ê¤¥³ ¨¸± ÉÓ ¨Ì ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ¸É¥¶¥´Ö³ ¶ · ³¥É·   ¸¨³-
³¥É·¨¨ X :

Zijk =

(
i + j

2

)
!(

i

2

)
!
(

j

2

)
!
Zi+j,k + Z[ij]kX. (9)

‡¤¥¸Ó ¨ ¤ ²¥¥ i, j, k Ö¢²ÖÕÉ¸Ö Î¥É´Ò³¨ ¨ ¶·¨ X = 0 ±μ´Ë¨£Ê· Í¨Ö
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ë¨£Ê·Ê ¢· Ð¥´¨Ö.

‡´ Î¥´¨¥ ´ ¶·Ö¦¥´´μ¸É¨ ³ £´¨É´ÒÌ ¶μ²¥° ¶Ê²Ó¸ ·μ¢ ¡Ò²μ μÍ¥´¥´μ ¨§
´ ¡²Õ¤¥´¨° §  ·¥´É£¥´μ¢¸±¨³¨ ¶Ê²Ó¸ · ³¨ ¢ ¤¢μ°´ÒÌ ¸¨¸É¥³ Ì. ˆ³¥¥É ³¥¸Éμ
μÍ¥´±  B0 ≈ (1,2 − 5) · 1012 ƒ¸ [8]. ‚¥²¨Î¨´  ³ £´¨É´ÒÌ ´ ÉÖ¦¥´¨° μ¶·¥¤¥-

²Ö¥É¸Ö ¡¥§· §³¥·´Ò³ ¶ · ³¥É·μ³ ηm = kB2
0 sin2 α

16π2Gρ2
0a2

1
(k Å ¶μ± § É¥²Ó ¸±μ·μ¸É¨

Ê¡Ò¢ ´¨Ö ³ £´¨É´μ£μ ¶μ²Ö ¶·¨ Ê¤ ²¥´¨¨ μÉ ³ £´¨É´μ° μ¸¨, α Å Ê£μ² ´ ±²μ´ 
³ £´¨É´μ° μ¸¨ ± μ¸¨ ¢· Ð¥´¨Ö). ‚ ÔÉμ³ ¸²ÊÎ ¥ |Πm| ∼ ηm ∼ 10−12 − 10−9

¶·¨ ρ0 = 4 · 1014 £/¸³3. �μÔÉμ³Ê Πm ¨³¥¥É ¸³Ò¸² ÊÎ¨ÉÒ¢ ÉÓ Éμ²Ó±μ ¶·¨
´ Ìμ¦¤¥´¨¨  ¸¨³³¥É·¨Î´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ Z[ij]k .

�´ ²¨É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥ Π(m) ¢Ò¡¥·¥³ ¢ ¢¨¤¥

Π(m) = ηm(x2
1 − x2

2). (10)

ˆ¸¶μ²Ó§ÊÖ · §· ¡μÉ ´´Ò° ¢ [4] ³¥Éμ¤ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (8) ¢ ¢¨¤¥ · §-
²μ¦¥´¨Ö ¶μ ¸É¥¶¥´Ö³ ³ ²μ£μ ¶ · ³¥É·  X ´  μ¸´μ¢¥ ±μ³¶²¥±¸  ¸¨³¢μ²Ó´μ-
Î¨¸²¥´´ÒÌ ¶·μ£· ³³, ³Ò ¶μ²ÊÎ ¥³ ±Ê¡¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ¤²Ö ¶ · ³¥É·   ¸¨³-
³¥É·¨¨ X :

A(e, n)X + B(e, n)X3 = ηm, (11)

£¤¥ e = a3
a1

Å ¶ · ³¥É· ¸¶²Õ¸´ÊÉμ¸É¨ ¶μ¢¥·Ì´μ¸É¨ ±μ´Ë¨£Ê· Í¨¨ ¢¤μ²Ó μ¸¨
¢· Ð¥´¨Ö.
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2. �…‡“‹œ’�’› —ˆ‘‹…��›• ��‘—…’�‚ ����Œ…’��‚ Œ�„…‹ˆ

� ¸¸Î¨É ´´Ò¥ ¢ ¶·¨¡²¨¦¥´¨¨ X = 0 ËÊ´±Í¨¨ K0(e) ¨ ε(e) ¶·¨ 0 �
n � 0,12 ¶·¥¤¸É ¢¨³ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥: K0(e) = K00(e) − nK01(e), ε(e) =
ε0(e)−nε1(e). ƒ· Ë¨±¨ ËÊ´±Í¨° K00(e), K01(e) ¶·¨¢μ¤ÖÉ¸Ö ´  ·¨¸. 1,   ε0(e)
¨ ε1(e) ´  ·¨¸. 2.

�¨¸. 1. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨° K00 (±·¨-
¢ Ö 1) ¨ K01 (±·¨¢ Ö 2) μÉ ¶ · ³¥É·  e

�¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨° ε0 (±·¨-
¢ Ö 1) ¨ ε1 (±·¨¢ Ö 2) μÉ ¶ · ³¥É·  e

Œμ¦´μ μÉ³¥É¨ÉÓ ¡²¨§±ÊÕ ± ²¨´¥°´μ° § ¢¨¸¨³μ¸ÉÓ K0 μÉ e, ¶·¨Î¥³ ¸
·μ¸Éμ³ n ²¨´¨¨ £· Ë¨±μ¢ μ¶Ê¸± ÕÉ¸Ö,   Ê£μ² ´ ±²μ´  Ê¡Ò¢ ¥É. ‘μ¢¸¥³ ¨´ Ö
§ ¢¨¸¨³μ¸ÉÓ ε μÉ e. ‘ Ê³¥´ÓÏ¥´¨¥³ e ¢¥²¨Î¨´  ε · ¸É¥É, ¤μ¸É¨£ ¥É ³ ±-
¸¨³Ê³ ,   § É¥³ Ê¡Ò¢ ¥É. �·¨Î¥³ ÉμÎ±  ³ ±¸¨³Ê³  ¸³¥Ð ¥É¸Ö ¢ ¸Éμ·μ´Ê
¡μ²ÓÏ¨Ì §´ Î¥´¨° e, μ¤´μ¢·¥³¥´´μ μ¶Ê¸± Ö¸Ó ¸ ·μ¸Éμ³ n. ’ ±μ° Ì · ±É¥·
§ ¢¨¸¨³μ¸É¨ ε(e) ± Î¥¸É¢¥´´μ ¶μ³μ£ ¥É ¶μ´ÖÉÓ Ì · ±É¥· £· Ë¨±  εk(ek(n), n)
¢ ¤ ²Ó´¥°Ï¥³.

‚ μ¡² ¸É¨ §´ Î¥´¨° 0,35 � e � 1, 0 � n � 0,12 ËÊ´±Í¨¨ K00(e), K01(e)
³μ£ÊÉ ¡ÒÉÓ  ¶¶·μ±¸¨³¨·μ¢ ´Ò ³´μ£μÎ²¥´ ³¨

K00(e) = −0,01486 + 0,1385e + 0,4524e2 − 0,3281e3 + 0,08547e4,

K01(e) = −0,01724 + 0,09738e + 0,3190e2 − 0,09499e3 − 0,001115e4
(12)

¸ ÉμÎ´μ¸ÉÓÕ ∼ 10−5 ¢ C-³¥É·¨±¥. ”Ê´±Í¨¨ ε0(e) ¨ ε1(e) c ÉμÎ´μ¸ÉÓÕ ∼ 10−4

¢ C-³¥É·¨±¥ ¡Ò²¨  ¶¶·μ±¸¨³¨·μ¢ ´Ò ³´μ£μÎ²¥´ ³¨

ε0(e) = 0,02649 + 0,5423e− 1,0547e2 + 0,6443e3 − 0,1583e4,

ε1(e) = 0,2769 − 0,8872e + 1,4692e2 − 1,2548e3 + 0,3959e4.
(13)

5



�¨¸. 3. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨° A0 (±·¨-
¢ Ö 1) ¨ A1 (±·¨¢ Ö 2) μÉ ¶ · ³¥É·  e

�´ ²μ£¨Î´μ ¶·¥¤¸É ¢¨³ A(e, n) ¢
¢¨¤¥ A(e, n) = A0(e) + 10nA1(e). ƒ· -
Ë¨±¨ ËÊ´±Í¨° A0(e) ¨ A1(e) ¶·¨¢μ¤ÖÉ¸Ö
´  ·¨¸. 3.

‘¥³¥°¸É¢μ ±·¨¢ÒÌ A(e, n = const),
0 � n � 0,12 ¶¥·¥¸¥± ¥É μ¸Ó  ¡¸Í¨¸¸ ¢
¨´É¥·¢ ²¥ §´ Î¥´¨° 0,3861 � e � 0,5827
¨ μ¶·¥¤¥²Ö¥É ³´μ¦¥¸É¢μ ±·¨É¨Î¥¸±¨Ì Éμ-
Î¥± ek(n), ¢ ±μÉμ·ÒÌ A(ek(n), n) = 0.
‡ ³¥É¨³, ÎÉμ A1 > 0 ¨ ¶μÔÉμ³Ê ¸ ·μ-
¸Éμ³ n §´ Î¥´¨Ö ek(n) Ê³¥´ÓÏ ÕÉ¸Ö, É. ¥.
¸¶²Õ¸´ÊÉμ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨ ¢ ek Ê¢¥²¨-
Î¨¢ ¥É¸Ö. 
ÉμÉ ÔËË¥±É, ± ± ¡Ê¤¥É ¶μ-

± § ´μ ¢ ¤ ²Ó´¥°Ï¥³, ¶·¨¢μ¤¨É ± ¸ÊÐ¥¸É¢μ¢ ´¨Õ ¶·¥¤¥²Ó´μ£μ §´ Î¥´¨Ö nk,
¢ÒÏ¥ ±μÉμ·μ£μ ¸É ¡¨²Ó´ÒÌ ¢· Ð ÕÐ¨Ì¸Ö ¶μ²¨É·μ¶ ¸ ³ ²Ò³ ¨´¤¥±¸μ³, ¤²Ö
±μÉμ·ÒÌ A(e, n) = 0, ´¥ ¸ÊÐ¥¸É¢Ê¥É.

‚ μ¡² ¸É¨ §´ Î¥´¨° 0,35 � e � 1, 0 � n � 0,12 ËÊ´±Í¨¨ A0(e), A1(e)
³μ£ÊÉ ¡ÒÉÓ  ¶¶·μ±¸¨³¨·μ¢ ´Ò ¸ ÉμÎ´μ¸ÉÓÕ ∼ 10−4 ¢ C-³¥É·¨±¥ ³´μ£μÎ²¥-
´ ³¨

A0(e) = −0,02531− 0,3431e + 0,9888e2 − 0,6587e3 + 0,1716e4,

A1(e) = 0,1274− 0,4743e + 0,8991e2 − 0,7878e3 + 0,2563e4.
(14)

�¨¸. 4. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ ek μÉ
¨´¤¥±¸  ¶μ²¨É·μ¶Ò n

�¨¸. 5. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ εk μÉ
¨´¤¥±¸  ¶μ²¨É·μ¶Ò n

ƒ· Ë¨±¨ ËÊ´±Í¨° ek(n) ¨ εk(n) ¶·¨¢¥¤¥´Ò ´  ·¨¸. 4 ¨ 5.
ˆ§ £· Ë¨±  ´  ·¨¸. 4 ¸²¥¤Ê¥É ¡Ò¸É·Ò° ·μ¸É ¸¶²Õ¸´ÊÉμ¸É¨ ¶μ²¨É·μ¶Ò

¢ ±·¨É¨Î¥¸±¨Ì ÉμÎ± Ì, ¸μμÉ¢¥É¸É¢¥´´μ Ê¡Ò¢ ´¨¥ ek μÉ 0,5827 ¤μ 0,3861, ¶·¨
¨§³¥´¥´¨¨ n ¢ ¤μ¸É ÉμÎ´μ Ê§±μ³ ¨´É¥·¢ ²¥ 0 � n � 0,12. ‚ Éμ³ ¦¥ ¤¨ ¶ §μ´¥
§´ Î¥´¨° n ¶ · ³¥É· ¡Ò¸É·μÉÒ ¢· Ð¥´¨Ö ¢ ±·¨É¨Î¥¸±¨Ì ÉμÎ± Ì εk ¸´ Î ² 
¡Ò¸É·μ · ¸É¥É ¤μ §´ Î¥´¨Ö 0,1023 ¢ ÉμÎ±¥ ³ ±¸¨³Ê³  n = 0,1042,   § É¥³
´ Î¨´ ¥É Ê¡Ò¢ ÉÓ.
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”Ê´±Í¨¨ K00(e), K01(e), ε0(e), ε1(e), A0(e) ¨ A1(e) ¡Ò²¨  ¶¶·μ±¸¨-
³¨·μ¢ ´Ò ´ °¤¥´´Ò³¨ ¢ÒÏ¥ ³´μ£μÎ²¥´ ³¨ ¢ ¸¨¸É¥³¥ ¸¨³¢μ²Ó´μ° ³ É¥³ -
É¨±¨ MAPLE ¶μ ³¥Éμ¤Ê ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢ (¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ËÊ´±Í¨¨
LeastSquares),   ¶μ£·¥Ï´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨¨ μÍ¥´¨¢ ² ¸Ó ± ± ³ ±¸¨³Ê³
³μ¤Ê²Ö Ê±²μ´¥´¨Ö ¶μ²ÊÎ¥´´ÒÌ Î¨¸²¥´´ÒÌ §´ Î¥´¨° ÔÉ¨Ì ¢¥²¨Î¨´ μÉ §´ Î¥-
´¨°  ¶¶·μ±¸¨³¨·ÊÕÐ¨Ì ¨Ì ³´μ£μÎ²¥´μ¢ (12)Ä(14), É. ¥. ¢ C-³¥É·¨±¥.

3. Š�ˆ’…�ˆ‰ „‹Ÿ Š�ˆ’ˆ—…‘Šˆ• ’�—…Š
ˆ ’�—…Š �ˆ”“�Š�–ˆˆ

�¤´¨³ ¨§ Ê¸²μ¢¨° ¸ÊÐ¥¸É¢μ¢ ´¨Ö · ¢´μ¢¥¸´ÒÌ ±μ´Ë¨£Ê· Í¨° Ö¢²Ö¥É¸Ö
¶μ²μ¦¨É¥²Ó´μ¸ÉÓ · ¤¨ ²Ó´μ° ±μ³¶μ´¥´ÉÒ Ê¸±μ·¥´¨Ö ¸¢μ¡μ¤´μ£μ ¶ ¤¥´¨Ö ´ 
Ô±¢ Éμ·¥ geq > 0, ¢¢¥¤¥´´μ¥ „¦¨´¸μ³ [6]. ‚ ¶²μ¸±μ¸É¨ Ô±¢ Éμ·  ¨³¥¥³

g(r, x3 = 0) =
∂Φ(r, x3 = 0)

∂r
− 2εr, (15)

£¤¥ r =
√

x2
1 + x2

2, Φ = − 1
2πa2

1

∫
D

ρ̃(r′)
|r−r′|dV ′ Å £· ¢¨É Í¨μ´´Ò° ¶μÉ¥´Í¨ ².

�  Ô±¢ Éμ·¥ ±μ´Ë¨£Ê· Í¨¨ r = req ¶μ²ÊÎ¨³ Θ(req, x3 = 0) = 0. ’μ£¤ 

geq = g(req, x3 = 0) =
∂Φ(req, x3 = 0)

∂req
− 2εreq. (16)

ˆ§ Ê· ¢´¥´¨Ö £¨¤·μ¸É É¨Î¥¸±μ£μ · ¢´μ¢¥¸¨Ö (3) ¸²¥¤Ê¥É ¡μ²¥¥ ¶·μ¸Éμ¥ ¶·¥¤-
¸É ¢²¥´¨¥ geq:

geq = −K0(e, n)(1 + n)
∂Θ(req, x3 = 0)

∂req
=

= 2K0(e, n)(1 + n)req(1 + 2nZ40(e, n)r2
eq + 3nZ60(e, n)r4

eq). (16a)

”μ·³Ê²  (16a) Ê± §Ò¢ ¥É ´  ¸ÊÐ¥¸É¢¥´´μ ´¥²¨´¥°´ÊÕ § ¢¨¸¨³μ¸ÉÓ geq μÉ req.
ˆ§ (16a) ¸²¥¤Ê¥É, ÎÉμ ¤²Ö · ¢´μ¢¥¸´ÒÌ ±μ´Ë¨£Ê· Í¨° ¤μ²¦´μ ¢Ò¶μ²´ÖÉÓ¸Ö

Ê¸²μ¢¨¥ δΘ(req, x3 = 0)/δreq = 0. �Î¥¢¨¤´μ, ÎÉμ Ê¸²μ¢¨¥ ¢¸¥£¤  ¡Ê¤¥É ¢Ò-
¶μ²´ÖÉÓ¸Ö, ¥¸²¨ Ê· ¢´¥´¨¥ Θ(req, x3 = 0) = 0 ¨³¥¥É ¢¥Ð¥¸É¢¥´´Ò° ±μ·¥´Ó
req > 0, ¶μ¸±μ²Ó±Ê Θ(r < req, x3 = 0) > 0. �É¸Õ¤  ¢ÒÉ¥± ¥É μÉ·¨Í É¥²Ó´μ¸ÉÓ
¶·μ¨§¢μ¤´μ° ËÊ´±Í¨¨ Θ ¶μ r ¢ ÉμÎ±¥ Ô±¢ Éμ· ,   ¸²¥¤μ¢ É¥²Ó´μ, ¶μ²μ¦¨É¥²Ó-
´μ¸ÉÓ geq.

�μÔÉμ³Ê ³Ò ¶·¥¤² £ ¥³ ´ ·Ö¤Ê ¸ Ê¸²μ¢¨¥³ geq > 0 ¨¸¶μ²Ó§μ¢ ÉÓ É ±¦¥
¶·μ¸Éμ¥, ´¥ ¸¢Ö§ ´´μ¥ ¸ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥³ ¶μ r Ê¸²μ¢¨¥

Θ(req > 0, x3 = 0) = 0. (16¡)

ˆ§ (16¡) ¢¨¤´μ, ÎÉμ ¶·¨ nZ40 = nZ60 = 0, É. ¥. ¤²Ö ¸É·μ£μ Ô²²¨¶¸μ¨-
¤ ²Ó´ÒÌ ±μ´Ë¨£Ê· Í¨°, ¢¸¥£¤  ¨³¥¥É ³¥¸Éμ Ê¸²μ¢¨¥ geq > 0. �·¨ n = 0 ÔÉμ
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Ê¸²μ¢¨¥ ¢Ò¶μ²´Ö¥É¸Ö. „²Ö ¸¦¨³ ¥³ÒÌ ±μ´Ë¨£Ê· Í¨° n �= 0 ¢¸¥£¤  nZ40 < 0,
É ± ± ± £· ¢¨É Í¨μ´´Ò° ¶μÉ¥´Í¨ ² Φ · ¸É¥É ³¥¤²¥´´¥¥ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸ ·μ¸Éμ³
r, Î¥³ ¶·¨ n = 0. ˆ³¥´´μ Ê¸²μ¦´¥´¨¥  ´ ²¨É¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò ±μ´Ë¨£Ê-
· Í¨¨ ¢¡²¨§¨ Ô±¢ Éμ·  ¶μ ¸· ¢´¥´¨Õ ¸ Ô²²¨¶¸μ¨¤ ²Ó´μ° Ö¢²Ö¥É¸Ö ¶·¨Î¨´μ°,
¶·¨¢μ¤ÖÐ¥° ¶·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ±μÔËË¨Í¨¥´É  |nZ40| ± ´ -
·ÊÏ¥´¨Õ Ê¸²μ¢¨Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö · ¢´μ¢¥¸´μ° ±μ´Ë¨£Ê· Í¨¨ geq > 0. ‚ ¸¢Ö§¨
¸ ÔÉ¨³ ¢μ§´¨± ¥É ¸μ³´¥´¨¥ ¢ ±μ··¥±É´μ¸É¨ ¨¸¶μ²Ó§μ¢ ´¨Ö „¦¥°³¸μ³ [7] Ô²-
²¨¶¸μ¨¤  ¢ ± Î¥¸É¢¥ £· ´¨Î´μ£μ Ê¸²μ¢¨Ö ¶μ²¨É·μ¶´μ° ±μ´Ë¨£Ê· Í¨¨, É ± ± ±
¤²Ö Ô²²¨¶¸μ¨¤μ¢ geq > 0 ¤²Ö ²Õ¡ÒÌ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¸¶²Õ¸´ÊÉμ¸É¨ e ¨
¨´¤¥±¸  ¶μ²¨É·μ¶Ò n.

ˆ§ ¢ÒÏ¥¨§²μ¦¥´´μ£μ ¸²¥¤Ê¥É ±·¨É¥·¨° ¤²Ö ±·¨É¨Î¥¸±¨Ì ÉμÎ¥± · ¢´μ¢¥¸-
´ÒÌ ±μ´Ë¨£Ê· Í¨°:

A(ek, n) = 0, geq(ek, n) > 0 (Θ(req > 0, x3 = 0) = 0). (17)

�¨¸. 6. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ αk μÉ ¨´-
¤¥±¸  ¶μ²¨É·μ¶Ò n

�¸É ´μ¢¨³¸Ö ¶μ¤·μ¡´¥¥ ´  ¨¸-
¸²¥¤μ¢ ´¨¨ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö (11)
¢¡²¨§¨ ±·¨É¨Î¥¸±¨Ì ÉμÎ¥± ek(n). ‚¡²¨-
§¨ ±·¨É¨Î¥¸±μ° ÉμÎ±¨ · §²μ¦¨³ A(e, n)
¢ ·Ö¤ ¶μ ¸É¥¶¥´Ö³ (e−ek) ¸ Ê¤¥·¦ ´¨¥³
²¨´¥°´μ£μ Î²¥´ :

A(e, n) = αk(n)(e − ek(n)). (18)

ƒ· Ë¨± § ¢¨¸¨³μ¸É¨ αk μÉ n ¶·¨¢¥¤¥´
´  ·¨¸. 6.

ŠμÔËË¨Í¨¥´É B(e, n) ¶·¨ X3

¢ (11) ´Ê¦´μ §´ ÉÓ ¢¡²¨§¨ ±·¨¢μ°
A(e, n) = 0, ±μÉμ· Ö μ¶·¥¤¥²Ö¥É ³´μ-

¦¥¸É¢μ ±·¨É¨Î¥¸±¨Ì ÉμÎ¥± ek(n). �μÔÉμ³Ê ³Ò ¶μ²μ¦¨³

B(e, n) = B(ek(n), n) ≈ Bk(ek(n), n) =
Bk(ek(n = 0), n = 0) = B0k = −0,01522. (19)

ˆ¸¶μ²Ó§ÊÖ (18) ¨ (19), Ëμ·³Ê²¥ (11) ³μ¦´μ ¶·¨¤ ÉÓ ¢¨¤

X(αk(e − ek(n)) + B0kX2) = ηm. (20)

‘¤¥² ¥³ § ³¥´Ê X = Xkξ, Xk =
(

ηm

B0k

) 1
3
. ’μ£¤  (20) ¶·¨³¥É ¢¨¤

ξ2 − 1
ξ

= λ, (21)

£¤¥ λ = −αk(n)(e−ek(n))

B
1
3
0kη

2
3
m

.
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�¨¸. 7. ƒ· Ë¨± ËÊ´±Í¨¨ f(ξ). ’μÎ± ³¨ ´ 
£· Ë¨±¥ μÉ³¥Î¥´Ò ±μ·´¨ Ê· ¢´¥´¨Ö (21)

�É³¥É¨³, ÎÉμ λ = 0 ¢ ±·¨É¨Î¥-
¸±μ° ÉμÎ±¥ e = ek ¨ Ê· ¢´¥´¨¥ (21)
¨³¥¥É μ¤¨´ ¢¥Ð¥¸É¢¥´´Ò° ±μ·¥´Ó
ξ = 1. „¢  ¤·Ê£¨Ì ±μ·´Ö ¡Ê¤ÊÉ ±μ³-
¶²¥±¸´Ò³¨. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ
±·¨É¨Î¥¸± Ö ÉμÎ±  ´¥ Ö¢²Ö¥É¸Ö ÉμÎ-
±μ° ¡¨ËÊ·± Í¨¨. �´  ¡Ê¤¥É É ±μ-
¢μ° Éμ²Ó±μ ¶·¨ ηm = 0, É. ¥. ¢ μÉ-
¸ÊÉ¸É¢¨¥ ³ £´¨É´ÒÌ ´ ÉÖ¦¥´¨°.

—Éμ¡Ò ´ £²Ö¤´μ ¶·¥¤¸É ¢¨ÉÓ
¸¨ÉÊ Í¨Õ, ¶μ¸É·μ¨³ £· Ë¨± ²¥¢μ°
Î ¸É¨ Ê· ¢´¥´¨Ö (21) f(ξ) = ξ2− 1

ξ ,
±μÉμ·Ò° ¶·¨¢μ¤¨É¸Ö ´  ·¨¸. 7.

ˆ§ ÔÉμ£μ ·¨¸Ê´±  ¢¨¤´μ, ÎÉμ
ÉμÎ±μ° ¡¨ËÊ·± Í¨¨ Ö¢²Ö¥É¸Ö ÉμÎ± 

λb(eb(n), n) = 3

√
27
4 ¨²¨ eb = ek − 3

√
27
4

B
1
3
0kη

2
3
m

αk(n) , É. ¥. ¨³¥¥É ³¥¸Éμ ¸¤¢¨£ ÉμÎ±¨

¡¨ËÊ·± Í¨¨ μÉ ±·¨É¨Î¥¸±μ° ÉμÎ±¨. ‚¥²¨Î¨´  ¸¤¢¨£  ¶μ ¶ · ³¥É·Ê e ²¥£±μ
μÍ¥´¨¢ ¥É¸Ö:

Δe = eb − ek = − 3

√
27
4

B
1
3
0kη

2
3
m

αk(n)
. (22)

� ³ Ê¤ ²μ¸Ó ´ °É¨  ´ ²¨É¨Î¥¸±¨° ¢¨¤ ¢¥Ð¥¸É¢¥´´ÒÌ ±μ·´¥° Ê· ¢´¥-
´¨Ö (21).

�·¨ λ < 0 (e > ek) ¡Ê¤¥É μ¤¨´ ¢¥Ð¥¸É¢¥´´Ò° ±μ·¥´Ó Ê· ¢´¥´¨Ö (21):

ξ1 = 2

√
−λ

3
sh

(
1
3

ln

(√
− 27

4λ3
+

√
1 − 27

4λ3

))
. (23)

‚ ¸²ÊÎ ¥ 0 < λ < 3

√
27
4 (e < ek) Éμ¦¥ ¡Ê¤¥É μ¤¨´ ¢¥Ð¥¸É¢¥´´Ò° ±μ·¥´Ó

Ê· ¢´¥´¨Ö (19):

ξ1 = 2

√
λ

3
ch

(
1
3

ln

(√
27
4λ3

+

√
27
4λ3

− 1

))
. (24)

…¸²¨ λ > 3

√
27
4 (e < ek), Éμ ¡Ê¤ÊÉ É·¨ ¢¥Ð¥¸É¢¥´´ÒÌ ±μ·´Ö Ê· ¢´¥-

´¨Ö (19):

ξ1,2,3 = 2

√
λ

3
cos (3d1,2,3) cos

(
1
3
arccos

√
27
4λ3

+ d1,2,3

)
, (25)

d1 = 0, d2 = −π

3
, d3 =

π

3
.
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�¨¸. 8. ‡ ¢¨¸¨³μ¸ÉÓ ±μ·´¥° ξ Ê· ¢´¥-
´¨Ö (21) μÉ ¶ · ³¥É·  λ

ˆ§ (25) ¸²¥¤Ê¥É, ÎÉμ ÉμÎ±μ° ¡¨ËÊ·-
± Í¨¨ ¡Ê¤¥É ÉμÎ±  λ = λb(eb(n), n) =
3

√
27
4 . �¥μ¡Ìμ¤¨³μ μÉ³¥É¨ÉÓ ¶·¨´Í¨¶¨-

 ²Ó´μ · §´Ò° Ì · ±É¥· ¶μ¢¥¤¥´¨Ö X ¶·¨
ηm = 0 ¨ ηm �= 0 ¨¸Ìμ¤Ö ¨§ ¶·μ¢¥¤¥´-
´μ£μ ´ ³¨ ¨¸¸²¥¤μ¢ ´¨Ö.

‡ ¢¨¸¨³μ¸ÉÓ ±μ·´¥° ξ Ê· ¢´¥-
´¨Ö (21) μÉ ¶ · ³¥É·  λ ¶·¥¤¸É ¢²¥´ 
´  ·¨¸. 8.

ˆ§ ÔÉμ£μ ·¨¸Ê´±  ¢¨¤´μ, ÎÉμ ÉμÎ± 
λb(eb(n), n) ¤¥°¸É¢¨É¥²Ó´μ Ö¢²Ö¥É¸Ö ÉμÎ-
±μ° ¡¨ËÊ·± Í¨¨, ¢ ±μÉμ·μ° μÉ¢¥É¢²Ö-
ÕÉ¸Ö É·¨ ¢¥Ð¥¸É¢¥´´ÒÌ ·¥Ï¥´¨Ö. �·¨-

¢¥¤¥³  ¸¨³¶ÉμÉ¨±¨ ±μ·´¥° ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ λ, |λ| � 1. ˆ§ (23), (25)
¨³¥¥³ ξ1,2 ≈ ±

√
λ ¶·¨ λ � 1,   ξ1,3 ≈ 1

λ ¶·¨ |λ| � 1.
�¨¸. 8 É ±¦¥ ¶μ± §Ò¢ ¥É, ÎÉμ ¢¥É¢¨ ·¥Ï¥´¨Ö ξ1 ¨ ξ2,3 ´¥ ¨³¥ÕÉ ÉμÎ¥±

¶¥·¥¸¥Î¥´¨Ö ¶·¨ ηm �= 0. 
Éμ μ§´ Î ¥É ¢μ§³μ¦´μ¸ÉÓ ¶¥·¥Ìμ¤  ¸ ¢¥É¢¨ ξ1 ´ 
¢¥É¢¨ ξ2,3 Éμ²Ó±μ ¸± Î±μ³.

4. Š�ˆ’ˆ—…‘Šˆ… ����Œ…’�› Š��”ˆƒ“��–ˆˆ

„ ²¥¥ ¡μ²¥¥ ¶μ¤·μ¡´μ ¨¸¸²¥¤Ê¥³ ¢Éμ·μ¥ Ê¸²μ¢¨¥ geq(ek, n) > 0 ¢ (17),
´  ±μÉμ·μ¥ ¸ÊÐ¥¸É¢¥´´μ¥ ¢²¨Ö´¨¥ μ± §Ò¢ ¥É Ì · ±É¥· ¶μ¢¥·Ì´μ¸É¨ Θ(r, e,
x3, n) = 0, r = r(e, x3, n). �¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ ¤²Ö · §²¨Î´ÒÌ
§´ Î¥´¨° ¶ · ³¥É·  ¸¶²Õ¸´ÊÉμ¸É¨ e ¨ ¨´¤¥±¸  ¶μ²¨É·μ¶Ò n ¶·¨¢μ¤ÖÉ¸Ö ´ 
·¨¸. 9Ä12 ¢ ¢¨¤¥ ¸¥Î¥´¨° ¶²μ¸±μ¸ÉÓÕ x2 = 0 ¶μ¢¥·Ì´μ¸É¨ ±μ´Ë¨£Ê· Í¨°.

�  ÔÉ¨Ì ·¨¸Ê´± Ì ±·¨¢Ò¥ 1 ¸μμÉ¢¥É¸É¢ÊÕÉ n = 0, ±·¨¢Ò¥ 2 Å ¤²Ö
n = 0,1161 (´¨¦¥ ¶μ± § ´μ, ÎÉμ ÔÉμ §´ Î¥´¨¥ ¨´¤¥±¸  ¶μ²¨É·μ¶Ò Ö¢²Ö¥É¸Ö
±·¨É¨Î¥¸±¨³ n = nk, ¨ ¨§²μ¦¥´ ³¥Éμ¤ ¥£μ ¢ÒÎ¨¸²¥´¨Ö). �¨¸. 9Ä12 ´ £²Ö¤´μ
¤¥³μ´¸É·¨·ÊÕÉ ¡Ò¸É·μ¥ · §¤Ê¢ ´¨¥ ±μ´Ë¨£Ê· Í¨¨ ¸ ·μ¸Éμ³ n ¢ Ô±¢ Éμ·¨ ²Ó-
´μ° ¶²μ¸±μ¸É¨ ¨ ³¥¤²¥´´μ¥ ¢¤μ²Ó μ¸¨ ¢· Ð¥´¨Ö.

ˆ§ ·¨¸. 9Ä12 ¢¨¤´μ, ÎÉμ ¢¡²¨§¨ ¶μ²Õ¸μ¢ ±μ´Ë¨£Ê· Í¨Ö ¶·¨ n = 0,1161
¡²¨§±  ± Ô²²¨¶¸μ¨¤ ²Ó´μ°,   ¢¡²¨§¨ Ô±¢ Éμ·  ¸¨²Ó´μ Ê±²μ´Ö¥É¸Ö μÉ ´¥¥ ¸
Ê³¥´ÓÏ¥´¨¥³ e ¨ ·μ¸Éμ³ ¡Ò¸É·μÉÒ ¢· Ð¥´¨Ö ε. “±²μ´¥´¨¥ μÉ Ô²²¨¶¸μ¨¤ ²Ó-
´μ¸É¨ ¢¡²¨§¨ Ô±¢ Éμ·  ¸¢Ö§ ´μ ¸ ´ ²¨Î¨¥³ ¢ Ê· ¢´¥´¨¨ ¶μ¢¥·Ì´μ¸É¨ Î²¥´μ¢
¸ nZ40 ¨ nZ60. �  ·¨¸. 12 ¶·¥¤¸É ¢²¥´μ ¸¥Î¥´¨¥ ¶μ¢¥·Ì´μ¸É¨ ¶·¥¤¥²Ó´μ°
¶μ e = 0,3861 ±μ´Ë¨£Ê· Í¨¨ (n = 0,1161). „²Ö ³¥´ÓÏ¨Ì §´ Î¥´¨° e · ¢-
´μ¢¥¸´ÒÌ ±μ´Ë¨£Ê· Í¨° Ê¦¥ ´¥ ¸ÊÐ¥¸É¢Ê¥É. �·¨ ÔÉμ³ ±μ´Ë¨£Ê· Í¨Ö ¢¡²¨§¨
Ô±¢ Éμ·  ¨³¥¥É ±²¨´μ¢¨¤´Ò° Ì · ±É¥· ¢ μÉ²¨Î¨¥ μÉ Ô²²¨¶¸μ¨¤ ²Ó´μ£μ ¤²Ö
¡μ²ÓÏ¨Ì §´ Î¥´¨° e.
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�¨¸. 9. ‘¥Î¥´¨¥ ¢¥·É¨± ²Ó´μ° ¶²μ¸-
±μ¸ÉÓÕ ¶μ¢¥·Ì´μ¸É¨ ´ °¤¥´´ÒÌ ¶μ²¨-
É·μ¶´ÒÌ ±μ´Ë¨£Ê· Í¨° ¶·¨ e = 1 ¤²Ö
¸²ÊÎ ¥¢ n = 0 (±·¨¢ Ö 1) ¨ n = 0,1161
(±·¨¢ Ö 2). �  ·¨¸Ê´±¥ x = x1, z =
1
e
x3

�¨¸. 10. ‘¥Î¥´¨¥ ¢¥·É¨± ²Ó´μ° ¶²μ¸-
±μ¸ÉÓÕ ¶μ¢¥·Ì´μ¸É¨ ´ °¤¥´´ÒÌ ¶μ-
²¨É·μ¶´ÒÌ ±μ´Ë¨£Ê· Í¨° ¶·¨ e =
0,6 ¤²Ö ¸²ÊÎ ¥¢ n = 0 (±·¨¢ Ö 1) ¨
n = 0,1161 (±·¨¢ Ö 2). �  ·¨¸Ê´±¥
x = x1, z = 1

e
x3

�¨¸. 11. ‘¥Î¥´¨¥ ¢¥·É¨± ²Ó´μ° ¶²μ¸±μ-
¸ÉÓÕ ¶μ¢¥·Ì´μ¸É¨ ´ °¤¥´´ÒÌ ¶μ²¨É·μ¶-
´ÒÌ ±μ´Ë¨£Ê· Í¨° ¶·¨ e = 0,42 ¤²Ö
¸²ÊÎ ¥¢ n = 0 (±·¨¢ Ö 1) ¨ n = 0,1161
(±·¨¢ Ö 2). �  ·¨¸Ê´±¥ x = x1, z = 1

e
x3

�¨¸. 12. ‘¥Î¥´¨¥ ¢¥·É¨± ²Ó´μ° ¶²μ¸±μ-
¸ÉÓÕ ¶μ¢¥·Ì´μ¸É¨ ´ °¤¥´´ÒÌ ¶μ²¨É·μ¶-
´ÒÌ ±μ´Ë¨£Ê· Í¨° ¶·¨ e = 0,3861 ¤²Ö
¸²ÊÎ ¥¢ n = 0 (±·¨¢ Ö 1) ¨ n = 0,1161
(±·¨¢ Ö 2). �  ·¨¸Ê´±¥ x = x1, z = 1

e
x3

‡ ¢¨¸¨³μ¸ÉÓ Ô±¢ Éμ·¨ ²Ó´μ£μ · ¤¨Ê¸  req(ek(n), n) ¢ ±·¨É¨Î¥¸±¨Ì ÉμÎ± Ì
μÉ n ¶·¨¢μ¤¨É¸Ö ´  ·¨¸. 13.

Š ± ¢¨¤´μ, ¢¡²¨§¨ §´ Î¥´¨Ö n = 0,1161 Ô±¢ Éμ·¨ ²Ó´Ò° · ¤¨Ê¸ req ¢
±·¨É¨Î¥¸±¨Ì ÉμÎ± Ì ¡Ò¸É·μ ´ Î¨´ ¥É Ê¢¥²¨Î¨¢ ÉÓ¸Ö, ¨ ÔÉμ, ¢ ¸¢μÕ μÎ¥·¥¤Ó,
¢Ò§Ò¢ ¥É ¡Ò¸É·μ¥ Ê³¥´ÓÏ¥´¨¥ geq ¢ ÔÉ¨Ì ÉμÎ± Ì.
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�¨¸. 13. ‡ ¢¨¸¨³μ¸ÉÓ req ¢ ±·¨É¨Î¥-
¸±¨Ì ÉμÎ± Ì e = ek μÉ ¶ · ³¥É·  n

�¨¸. 14. ‡ ¢¨¸¨³μ¸ÉÓ geq μÉ ¶ · ³¥-
É·  e. Š·¨¢Ò¥ 1, 2, 3, 4 ¸μμÉ¢¥É¸É¢ÊÕÉ
§´ Î¥´¨Ö³ n = 0, n = 0,04, n = 0,075,
n = 0,1161

�¨¸. 15. ‡ ¢¨¸¨³μ¸ÉÓ geq ¢ ±·¨É¨Î¥¸±¨Ì
ÉμÎ± Ì e = ek μÉ ¶ · ³¥É·  n

‚´ Î ²¥ ¨§ÊÎ¨³ ¶μ¢¥¤¥´¨¥ geq(e, n)
¢ ¨´É¥·¥¸ÊÕÐ¨Ì ´ ¸ ¨´É¥·¢ ² Ì §´ Î¥-
´¨° 0,3861 � e � 1 ¨ 0 � n � 0,12.
—¨¸²μ¢Ò¥ μÍ¥´±¨ geq(e, n) ¶·¥¤¸É ¢¨³
¢ ¢¨¤¥ ¸¥³¥°¸É¢  ±·¨¢ÒÌ geq(e, n =
const) ´  ·¨¸. 14.

�μ²ÊÎ¥´´μ¥ ¸¥³¥°¸É¢μ ±·¨¢ÒÌ
geq(e, n) ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ´ °É¨ §´ Î¥-
´¨Ö geq(ek(n), n) ¢ ±·¨É¨Î¥¸±¨Ì ÉμÎ± Ì.

É  § ¢¨¸¨³μ¸ÉÓ ¤μ²¦´  ¨³¥ÉÓ ¸ÊÐ¥-
¸É¢¥´´μ ´¥²¨´¥°´Ò° ¢¨¤, É ± ± ± n ¢Ìμ-
¤¨É ¢ geq ´¥ Éμ²Ó±μ ´¥¶μ¸·¥¤¸É¢¥´´μ, ´μ
¨ Î¥·¥§ ËÊ´±Í¨Õ ek(n), ¶·¥¤¸É ¢²¥´-
´ÊÕ ´  ·¨¸. 4.

�¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨Ö geq(ek(n), n) ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 15.
ˆ§ £· Ë¨±  geq(ek, n) ¢¨¤´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ÉμÎ±¨ n = nk, ¢ ±μÉμ·μ°

geq(ek, nk) = 0. „²Ö ÉμÎ´μ£μ ¢ÒÎ¨¸²¥´¨Ö nk ¸μ£² ¸´μ (16) ¨ (17) ´ ¤μ ·¥Ï¨ÉÓ
¸¨¸É¥³Ê Ê· ¢´¥´¨°

A(ek, nk) = 0,

1 − r2
eq − nkZ4,0(ek, nk)r4

eq − nkZ6,0(ek, nk)r6
eq = 0,

1 + 2nkZ4,0(ek, nk)r2
eq + 3nkZ6,0(ek, nk)r4

eq = 0.
(26)

C ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸μ¸É ¢²¥´´μ£μ ¢ ¸¨¸É¥³¥ MAPLE ±μ³¶²¥±¸  ¸¨³¢μ²Ó´μ-
Î¨¸²¥´´ÒÌ ¶·μ£· ³³ ¸¨¸É¥³  Ê· ¢´¥´¨° (26) ¡Ò²  ·¥Ï¥´  ³¥Éμ¤μ³ ¶μ¸²¥¤μ-
¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¶μ ¶ · ³¥É· ³ e ¨ n ¢ μ¡² ¸É¨ §´ Î¥´¨° 0 � n �
0,12, 1 � e � 0,35 ¸ ÉμÎ´μ¸ÉÓÕ ∼ 10−5 ¶μ ´¥¢Ö§±¥.
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‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¥´μ §´ Î¥´¨¥ nk = 0,1161. 
Éμ³Ê §´ Î¥´¨Õ nk ¸μμÉ-
¢¥É¸É¢ÊÕÉ ±·¨¢Ò¥ 2 ´  ·¨¸. 9Ä12 ¨ ±·¨¢ Ö 4 ´  ·¨¸. 14, ¶·¨¢¥¤¥´´Ò¥ ¢ÒÏ¥.

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¤²Ö ¶μ²¨É·μ¶ ¶¥·¢ Ö ±·¨É¨Î¥¸± Ö ÉμÎ±  nk = 0,1161,
¢ÒÏ¥ ±μÉμ·μ°  ¸¨³³¥É·¨Î´ÒÌ ·¥Ï¥´¨° ¶·¨ ηm = 0 ´¥É, ¤μ¸É¨£ ¥É¸Ö § ¤μ²£μ
¤μ §´ Î¥´¨° nk = 0,83 ¨ 0,808, Ê± § ´´ÒÌ ¢ · ¡μÉ Ì „¦¨´¸  ¨ „¦¥°³¸  [6,7].
Š ± Ê¦¥ μÉ³¥Î ²μ¸Ó ¢ [5], ¶·¨ 0,5791 � n � 0,8012 Ê¸²μ¢¨¥ (17) ¸´μ¢  ¢Ò¶μ²-
´Ö¥É¸Ö ¨ ¢μ§´¨± ¥É ¢Éμ· Ö ±·¨É¨Î¥¸± Ö ÉμÎ±  nk = 0,8012 (Ê „¦¥°³¸  0,808).

‡�Š‹�—…�ˆ…

‚ · ¡μÉ¥ ¢¶¥·¢Ò¥ ¢ ´ÓÕÉμ´μ¢¸±μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ²ÊÎ¥´μ Ê· ¢´¥´¨¥,
μ¶¨¸Ò¢ ÕÐ¥¥ ¢· Ð ÕÐ¨¥¸Ö ´ ³ £´¨Î¥´´Ò¥ ¶μ²¨É·μ¶Ò ¸ ³ ²Ò³¨ §´ Î¥´¨-
Ö³¨ ¨´¤¥±¸  n � 1 ¢ ²¨´¥°´μ³ ¶μ n ¶·¨¡²¨¦¥´¨¨, ±μÉμ·μ¥ ¢ ¶·¥¤¥²¥
n = 0 ¸μ¢¶ ¤ ¥É ¸ Ìμ·μÏμ ¨§ÊÎ¥´´Ò³ Ê· ¢´¥´¨¥³ £¨¤·μ¸É É¨Î¥¸±μ£μ · ¢´μ¢¥-
¸¨Ö μ¤´μ·μ¤´μ° ´¥¸¦¨³ ¥³μ° ¢· Ð ÕÐ¥°¸Ö £· ¢¨É¨·ÊÕÐ¥° ´ ³ £´¨Î¥´´μ°
¦¨¤±μ¸É¨.

‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ · §· ¡μÉ ´´μ£μ ¨ ·¥ ²¨§μ¢ ´´μ£μ ¢ ¸¨¸É¥³¥ ¸¨³¢μ²Ó-
´μ° ³ É¥³ É¨±¨ MAPLE ±μ³¶²¥±¸  ¸¨³¢μ²Ó´μ-Î¨¸²¥´´ÒÌ ¶·μ£· ³³ ¶μ²Ê-
Î¥´´μ¥ Ê· ¢´¥´¨¥ ¡Ò²μ ·¥Ï¥´μ ¢ μ¡² ¸É¨ §´ Î¥´¨° 0 � n � 0,1161 ³¥Éμ¤μ³
· §²μ¦¥´¨Ö ¶μ ³ ²μ³Ê ¶ · ³¥É·Ê  ¸¨³³¥É·¨¨ X . ‚ ·¥§Ê²ÓÉ É¥ ¡Ò²μ ¶μ²ÊÎ¥´μ
±Ê¡¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ¤²Ö X , ±μÔËË¨Í¨¥´ÉÒ ±μÉμ·μ£μ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨
¨´¤¥±¸  ¶μ²¨É·μ¶Ò ¨ ¶ · ³¥É·  ¡Ò¸É·μÉÒ ¢· Ð¥´¨Ö (¨²¨ ¶ · ³¥É·  ¸¶²Õ¸-
´ÊÉμ¸É¨ e). � · ³¥É·Ò ¶μ¸É·μ¥´´μ° ³ É¥³ É¨Î¥¸±μ° ³μ¤¥²¨ ´ÓÕÉμ´μ¢¸±μ°
¢· Ð ÕÐ¥°¸Ö ´ ³ £´¨Î¥´´μ° ¶μ²¨É·μ¶Ò É ±¦¥ ´ °¤¥´Ò ¢ ¢¨¤¥  ´ ²¨É¨Î¥-
¸±¨Ì ËÊ´±Í¨° μÉ n ¨ ε (¨²¨ e). �μ²ÊÎ¥´μ ³´μ¦¥¸É¢μ ±·¨É¨Î¥¸±¨Ì ÉμÎ¥±
ek(n) (εk(n)).

ˆ¸¸²¥¤μ¢ ´μ ·¥Ï¥´¨¥ ±Ê¡¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö ¤²Ö ¶ · ³¥É·   ¸¨³³¥É·¨¨.
�μ± § ´μ, ÎÉμ ¨³¥¥É ³¥¸Éμ ¸¤¢¨£ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ eb(n) μÉ ±·¨É¨Î¥¸±¨Ì
ÉμÎ¥± ek(n) ´  ¢¥²¨Î¨´Ê Δe(n), É. ¥. eb(n) = ek(n) − Δe(n).

�μ²ÊÎ¥´Ò  ´ ²¨É¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö Ê· ¢´¥´¨° ¶μ¢¥·Ì´μ¸É¥° ¢· Ð -
ÕÐ¨Ì¸Ö ¶μ²¨É·μ¶ Θ(r, e, x3, n) = 0, r = r(e, x3, n) ¤²Ö n � 1 ¡¥§ ÊÎ¥É 
 ¸¨³³¥É·¨Î´ÒÌ Î²¥´μ¢, ±μÉμ·Ò¥ ¶·¥¤¸É ¢²¥´Ò ¢ £· Ë¨Î¥¸±μ³ ¢¨¤¥ ¤²Ö · §-
²¨Î´ÒÌ §´ Î¥´¨° n ¨ e.

�·μ¢¥¤¥´´μ¥ ´ ³¨ ¨¸¸²¥¤μ¢ ´¨¥ ¢μ¶·μ¸  μ ±·¨É¨Î¥¸±¨Ì ÉμÎ± Ì ¢· Ð Õ-
Ð¨Ì¸Ö ¶μ²¨É·μ¶ ¸ ³ ²Ò³ ¨´¤¥±¸μ³ ¶μ± §Ò¢ ¥É ¸ÊÐ¥¸É¢μ¢ ´¨¥ nk = 0,1161 �
1. � ´¥¥ ¸Î¨É ²μ¸Ó μÎ¥¢¨¤´Ò³, ÎÉμ geq(ek(n), n) > 0 ¤μ §´ Î¥´¨° nk = 0,808.
‚ ¸¢Ö§¨ ¸ ÔÉ¨³ μ¡¸ÉμÖÉ¥²Ó¸É¢μ³ μÎ¥´Ó ¢ ¦´  § ¤ Î  ¶μ¨¸±  ·¥ ²¨¸É¨Î¥¸±¨Ì
Ê· ¢´¥´¨° ¸μ¸ÉμÖ´¨Ö, ¡²¨§±¨Ì ± ¶μ²¨É·μ¶¥ ¸ n � 0,1161. 
Éμ ¤μ²¦´Ò ¡ÒÉÓ
¶·¥¤¥²Ó´μ ¦¥¸É±¨¥ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö, ¡²¨§±¨¥ ± ´¥¸¦¨³ ¥³μ³Ê ¸²ÊÎ Õ.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ �””ˆ, £· ´É 06-01-00228 .
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