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�³¨·Ì ´μ¢ ˆ. ‚. ¨ ¤·. P11-2008-169
—¨¸²¥´´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ¤¨´ ³¨±¨ ¶μ²Ö·μ´´ÒÌ ¸μ¸ÉμÖ´¨°

ˆ¸¸²¥¤μ¢ ´  Î¨¸²¥´´ Ö ¸Ì¥³  ¤²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, μ¶¨¸Ò¢ ÕÐ¥° Ô¢μ²ÕÍ¨Õ ¶μ²Ö·μ´  ¢ μ¤´μ·μ¤´μ° ¸·¥¤¥.
‚Ò¶μ²´¥´  ´ ²¨§ ÉμÎ´μ¸É¨ ¸Ì¥³Ò ¢ÒÎ¨¸²¥´¨°. �μ ·¥§Ê²ÓÉ É ³ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ
Ô±¸¶¥·¨³¥´Éμ¢ ¸¤¥² ´ ¢Ò¢μ¤, ÎÉμ ¥¸²¨ ¢ ´ Î ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨ ¶μ²Ö·μ´ ´ -
Ìμ¤¨²¸Ö ¢ ±μ´±·¥É´μ³ ¸μ¸ÉμÖ´¨¨ (μ¸´μ¢´μ³ ¨ ¢μ§¡Ê¦¤¥´´μ³), Éμ μ´ ¸μÌ· ´Ö¥É¸Ö
¢ ÔÉμ³ ¸μ¸ÉμÖ´¨¨ ´¥§ ¢¨¸¨³μ μÉ ´ ²¨Î¨Ö ¨²¨ μÉ¸ÊÉ¸É¢¨Ö § ÉÊÌ ´¨Ö ¢ ¸¨¸É¥³¥.
�μ± § ´μ, ÎÉμ ´ Î ²Ó´Ò¥ · ¸¶·¥¤¥²¥´¨Ö § ·Ö¤ , § ¤ ´´Ò¥ ¸Ê¶¥·¶μ§¨Í¨Ö³¨ ¶·¨
´ ²¨Î¨¨ ¢ ¸¨¸É¥³¥ § ÉÊÌ ´¨Ö, ¸ É¥Î¥´¨¥³ ¢·¥³¥´¨ Ô¢μ²ÕÍ¨μ´¨·ÊÕÉ ¢ μ¸´μ¢´μ¥
¸μ¸ÉμÖ´¨¥. �·¨ μÉ¸ÊÉ¸É¢¨¨ ¢ ¸¨¸É¥³¥ § ÉÊÌ ´¨Ö Ô¢μ²ÕÍ¨Ö ¢ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥
´¥ ´ ¡²Õ¤ ¥É¸Ö.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2008

Amirkhanov I. V. et al. P11-2008-169
Numeric Study of the Dynamics of Polaron State

A numerical scheme for solving a system of the nonlinear differential equations
describing the evolution of the polaron in a homogeneous environment has been
investigated. An accuracy of the computational scheme is analyzed. The obtained
results allow us to conclude that if in an initial state the polaron was in a particular
state (basic or excited one), it remains in this state irrespective of the presence or
absence of damping in the system. It is shown that the initial charge distributions
given by some superpositions at presence in the system of damping eventually evolve
to a basic state. No evolution to a basic state is observed at the absence of damping
in the system.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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Œμ¤¥²¨·μ¢ ´¨¥ ·Ö¤  Ë¨§¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ¢ ¢ ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥-
¤ Ì ¶·μ¢μ¤¨É¸Ö ¢ É¥·³¨´ Ì  ¢Éμ²μ± ²¨§μ¢ ´´ÒÌ ¸μ¸ÉμÖ´¨°. ‘·¥¤¨ · §²¨Î´ÒÌ
Ö¢²¥´¨°  ¢Éμ²μ± ²¨§ Í¨¨ ±¢ §¨Î ¸É¨Í (Ô±¸¨Éμ´μ¢ ¨²¨ Ô²¥±É·μ´μ¢) ¢ ±·¨¸É ²-
² Ì μ¸μ¡μ¥ ³¥¸Éμ § ´¨³ ¥É  ¢Éμ²μ± ²¨§ Í¨Ö Ô²¥±É·μ´μ¢ ¢ ¨μ´´ÒÌ ±·¨¸É ²² Ì.
’ ±μ¥  ¢Éμ²μ± ²¨§μ¢ ´´μ¥ ¸μ¸ÉμÖ´¨¥ ¡Ò²μ ´ §¢ ´μ ¶μ²Ö·μ´μ³.

ˆ¤¥Ö  ¢Éμ²μ± ²¨§ Í¨¨ Ô²¥±É·μ´  ¢ ¨¤¥ ²Ó´μ³ ¨μ´´μ³ ±·¨¸É ²²¥ ¢¶¥·¢Ò¥
¡Ò²  ¢Ò¸± § ´  ‹. „. ‹ ´¤ Ê, § É¥³ · §· ¡ ÉÒ¢ ² ¸Ó ‘.ˆ.�¥± ·μ³, ‘.‚. ’Ö-
¡²¨±μ¢Ò³, ƒ.”·μ²¨Ìμ³ ¨ ¤·. (¸³. [1,2] ¨ Í¨É¨·Ê¥³ÊÕ É ³ ²¨É¥· ÉÊ·Ê). �¢Éμ-
²μ± ²¨§ Í¨Ö ¶μ²Ö·μ´  μ¡Ê¸²μ¢²¥´  ±Ê²μ´μ¢¸±¨³ ¢§ ¨³μ¤¥°¸É¢¨¥³ Ô²¥±É·μ´ 
¸ ¢¥±Éμ·´Ò³ ¶μ²¥³ ¶μ²Ö·¨§ Í¨¨, ¢μ§´¨± ÕÐ¨³ ¢ ±·¨¸É ²²¥ ¶μ¤ ¢²¨Ö´¨¥³
Éμ£μ ¦¥ Ô²¥±É·μ´ . ’ ± Ö ²μ± ²Ó´ Ö ¶μ²Ö·¨§ Í¨Ö Ô±¢¨¢ ²¥´É´  ¶μÉ¥´Í¨ ²Ó-
´μ° Ö³¥ ¤²Ö Ô²¥±É·μ´ , ¢ ±μÉμ·μ° μ´ ´ Ìμ¤¨É¸Ö ¢ μ¸´μ¢´μ³ ²¨¡μ ¢ μ¤´μ³
¨§ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° ¸ ¤¨¸±·¥É´μ° Ô´¥·£¨¥° ¨ ¸¢μ¨³ ¸·¥¤´¨³ ¶μ²¥³
¶μ¤¤¥·¦¨¢ ¥É ¶μ²Ö·¨§ Í¨Õ ±·¨¸É ²²¨Î¥¸±μ° ·¥Ï¥É±¨. �Éμ  ¢Éμ²μ± ²¨§μ¢ ´-
´μ¥ ¸μ¸ÉμÖ´¨¥ Ö¢²Ö¥É¸Ö É·¥Ì³¥·´Ò³ ´¥Éμ¶μ²μ£¨Î¥¸±¨³ ¸μ²¨Éμ´μ³ ¢ ¨μ´´ÒÌ
±·¨¸É ²² Ì. ˆ¸¸²¥¤μ¢ ´¨¥ É ±¨Ì ¸É·Ê±ÉÊ· (¢ Éμ³ Î¨¸²¥ ¨§ÊÎ¥´¨¥ ¨Ì Ô¢μ²Õ-
Í¨¨ ¨ Ê¸Éμ°Î¨¢μ¸É¨)  ±ÉÊ ²Ó´μ ¤²Ö ¢ÒÖ¸´¥´¨Ö μ¡Ð¨Ì Ê¸²μ¢¨° μ¡· §μ¢ ´¨Ö
´¥Éμ¶μ²μ£¨Î¥¸±¨Ì ¸μ²¨Éμ´μ¢ ¢ É·¥Ì³¥·´ÒÌ ¸¨¸É¥³ Ì. Š·μ³¥ Éμ£μ, ¨§ÊÎ¥´¨¥
¤¨´ ³¨±¨ ¶μ²Ö·μ´  ¶·¥¤¸É ¢²Ö¥É ´¥¸μ³´¥´´Ò° ¨´É¥·¥¸ ¤²Ö ¶μ´¨³ ´¨Ö ³¥Ì -
´¨§³μ¢ ¶¥·¥´μ¸  § ·Ö¤  ¨ Ô´¥·£¨¨ ¢ · §²¨Î´ÒÌ Ë¨§¨Î¥¸±¨Ì, Ì¨³¨Î¥¸±¨Ì ¨
¡¨μ²μ£¨Î¥¸±¨Ì ¸¨¸É¥³ Ì [3,4].

Œμ¤¥²Ó Ô¢μ²ÕÍ¨¨ ¶·μ¨§¢μ²Ó´μ£μ ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö ¶μ²Ö·μ´  μ¶¨-
¸Ò¢ ¥É¸Ö ¸¨¸É¥³μ° ¸¢Ö§ ´´ÒÌ ±¢ ´Éμ¢μ-±² ¸¸¨Î¥¸±¨Ì ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥-
´¨° [5, 6]. �Éμ ¸¨¸É¥³  ´¥²¨´¥°´ÒÌ ¨´É¥£·μ-¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°,
μ¡Ð¨³¨ Ì · ±É¥·¨¸É¨± ³¨ ±μÉμ·μ° Ö¢²ÖÕÉ¸Ö ³´μ£μ¶ · ³¥É·¨Î´μ¸ÉÓ (Ë¨§¨-
Î¥¸±¨¥ ¶ · ³¥É·Ò § ¤ Î¨: v Å ¸±μ·μ¸ÉÓ ¶μ²Ö·μ´ , Ω Å Î ¸ÉμÉ  μ¶É¨Î¥¸±¨Ì
±μ²¥¡ ´¨° ¨μ´μ¢, γ Å ¶ · ³¥É· É·¥´¨Ö, m∗ Å ³ ¸¸  ¶μ²Ö·μ´  ¨ É. ¤.) ¨ ³´μ-
£μ³¥·´μ¸ÉÓ ±μ´Ë¨£Ê· Í¨μ´´μ£μ ¶·μ¸É· ´¸É¢ . ‘É Í¨μ´ ·´Ò¥ ·¥Ï¥´¨Ö ÔÉμ°
¸¨¸É¥³Ò ¨¸¸²¥¤μ¢ ´Ò ³´μ£¨³¨  ¢Éμ· ³¨ (¸³., ¢ Î ¸É´μ¸É¨, [7] ¨ Í¨É¨·Ê¥³ÊÕ
É ³ ²¨É¥· ÉÊ·Ê).
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�¸´μ¢´μ° § ¤ Î¥° ´ Ï¥£μ ¨¸¸²¥¤μ¢ ´¨Ö Ö¢²Ö¥É¸Ö ¨§ÊÎ¥´¨¥ ¢·¥³¥´´μ° Ô¢μ-
²ÕÍ¨¨ · §²¨Î´ÒÌ ´ Î ²Ó´ÒÌ ¸μ¸ÉμÖ´¨° ¶μ²Ö·μ´  ¢ μÉ¸ÊÉ¸É¢¨¥ ¨ ¶·¨ ´ ²¨Î¨¨
É·¥´¨Ö. ‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ³Ò μ£· ´¨Î¨¢ ¥³¸Ö ¸²ÊÎ ¥³ ´¥¶μ¤¢¨¦´μ£μ ¶μ-
²Ö·μ´  (v = 0). ‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥É ¨¸¸²¥¤μ¢ ÉÓ¸Ö ¸²ÊÎ °, ±μ£¤  ¶μ²Ö·μ´
¤¢¨¦¥É¸Ö ¸ μ¶·¥¤¥²¥´´μ° ¸±μ·μ¸ÉÓÕ (v �= 0).

�μ¸±μ²Ó±Ê ¶·μ¢¥¤¥´¨¥ ´ ÉÊ·´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¢ ÔÉμ° μ¡² ¸É¨ ¸μ¶·Ö-
¦¥´μ ¸ ¡μ²ÓÏ¨³¨ É·Ê¤´μ¸ÉÖ³¨,   ¢ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ É¥Ì´¨Î¥¸±¨ ¶·μ¸Éμ
´¥¢μ§³μ¦´μ, μ¸μ¡¥´´μ ¢ ¦´ÊÕ ·μ²Ó ¶·¨μ¡·¥É ¥É ¶·μ¢¥¤¥´¨¥ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ
Ô±¸¶¥·¨³¥´Éμ¢. �·¨ ÔÉμ³ ¨¸¸²¥¤μ¢ ÉÓ Ô¢μ²ÕÍ¨Õ ´ Î ²Ó´ÒÌ ¸μ¸ÉμÖ´¨° ´Ê¦´μ
¢ ¶·μ³¥¦ÊÉ±¥ 0 < t < T , £¤¥ ¶ · ³¥É· T ¨§ Ë¨§¨Î¥¸±¨Ì ¸μμ¡· ¦¥´¨° ¤μ²¦¥´
¡ÒÉÓ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ° ¢¥²¨Î¨´μ°. �Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¶·¥¤ÑÖ¢²Ö¥É μ¸μ¡Ò¥
É·¥¡μ¢ ´¨Ö ± ³¥Éμ¤ ³ Î¨¸²¥´´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö ¨¸Ìμ¤´μ° ¸¨¸É¥³Ò, £ · ´É¨-
·ÊÕÐ¨³ ÉμÎ´μ¸É´Ò¥ Ì · ±É¥·¨¸É¨±¨ ·¥Ï¥´¨Ö ¢ ¶·μ³¥¦ÊÉ±¥ 0 < t < T .

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¨¸¸²¥¤Ê¥É¸Ö Î¨¸²¥´´ Ö ¸Ì¥³  ¤²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò
´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, μ¶¨¸Ò¢ ÕÐ¥° Ô¢μ²ÕÍ¨Õ ¶μ²Ö-
·μ´  ¢ μ¤´μ·μ¤´μ° ¸·¥¤¥, ¨ ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ ³μ¤¥²¨·μ-
¢ ´¨Ö ¤²Ö ±μ´±·¥É´μ£μ ´ ¡μ·  §´ Î¥´¨° Ë¨§¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ ³μ¤¥²¨.

��‘’���‚Š� ‡�„�—ˆ

‚ · ¡μÉ¥ [5] ¶·¥¤²μ¦¥´  ¸¨¸É¥³  ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¤²Ö μ¶¨¸ ´¨Ö
Ô¢μ²ÕÍ¨¨ ¶μ²Ö·μ´ . ‚ Î ¸É´μ³ ¸²ÊÎ ¥ ¤²Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ ´¥¶μ-
¤¢¨¦´μ£μ ¶μ²Ö·μ´  ¸ ÊÎ¥Éμ³ É·¥´¨Ö [6] ÔÉ  ¸¨¸É¥³  § ¶¨¸Ò¢ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³
¢¨¤¥: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
i2m̄

∂

∂t
+

∂2

∂x2
+ 2m̄

ϕ

x

]
ψ = 0,

∂2ϕ

∂x2
= Θ,

[
∂2

∂t2
+ γ

∂

∂t
+ ω2

]
Θ = −ω2

ε̃

|ψ|2

x
,

(1)

£¤¥ ψ Å ¢μ²´μ¢ Ö ËÊ´±Í¨Ö; ϕ Å ¶μÉ¥´Í¨ ²; Θ, m̄, γ, ω, ε̃ Å ¡¥§· §³¥·-
´Ò¥ ¶ · ³¥É·Ò ³μ¤¥²¨. ‘¨¸É¥³  (1) ¤μ¶μ²´Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ ´ Î ²Ó´Ò³¨ ¨
£· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨:

ψ(x, t)|t=0 = Ψk(cosλkτ + i sin λkτ),

Θ(x, t)|t=0 = −1
ε̃

Ψ2
n

x
,

∂

∂t
Θ(x, t)

∣∣∣∣
t=0

= 0,

ϕ(0) = 0, ϕ′(∞) = 0.

(2)

2



�¨¸. 1. ‘μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¸¨¸É¥³Ò (3)

‡¤¥¸Ó λk ¨ Ψk Å ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥° ¸É Í¨μ´ ·´μ° § ¤ Î¨⎧⎪⎪⎪⎨

⎪⎪⎪⎩

[
d2

dx2
− 2m̄λ + 2m̄

Φ(x)
x

]
Ψ(x) = 0,

d2

dx2
Φ(x) = −1

ε̃

Ψ2(x)
x

, 0 � x � ∞,

(3)

¸ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¨ ¸ Ê¸²μ¢¨¥³ ´μ·³¨·μ¢±¨

{
Ψ(0) = 0, Φ(0) = 0,
Ψ(∞) = 0, Φ′(∞) = 0,

∞∫
0

Ψ2(x)dx = 1. (4)

�¥Ï Ö ¸¨¸É¥³Ê (3), (4) ³¥Éμ¤μ³ ��Œ� [7], ´ Ìμ¤¨³ ·¥Ï¥´¨Ö {Ψk, λk},
£¤¥ k = 0, 1, 2, . . .; {Ψ0, λ0} Å ¸μ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö ¨ ¸μ¡¸É¢¥´´μ¥ §´ Î¥-
´¨¥ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö (¡¥§Ê§²μ¢μ£μ ·¥Ï¥´¨Ö); {Ψ1, λ1} Å ¸μ¡¸É¢¥´´ Ö
ËÊ´±Í¨Ö ¨ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ ¶¥·¢μ£μ ¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨Ö ¨ É. ¤. � 
·¨¸. 1 ¶μ± § ´Ò ¶¥·¢Ò¥ É·¨ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¸¨¸É¥³Ò (3), (4). ‘μμÉ-
¢¥É¸É¢ÊÕÐ¨¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö · ¢´Ò λ0 ≈ −0,16277, λ1 ≈ −0,0308,
λ2 ≈ −0,0125 (m̄ = 1, ε̃ = 1).

Œ…’�„ —ˆ‘‹…���ƒ� �…˜…�ˆŸ

‚¢¥¤¥³ · ¢´μ³¥·´ÊÕ ¸¥É±Ê ¶μ ¶¥·¥³¥´´Ò³ x, t ¢ ¸¨¸É¥³¥ (1), É. ¥. ¶μ-
²μ¦¨³ {xm = mhx (m = 0, 1, . . . , l), tn = nht (n = 0, 1, . . .)}; hx, ht Å ¸μμÉ-
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¢¥É¸É¢¥´´μ Ï £¨ ¶μ ¶¥·¥³¥´´Ò³ x ¨ t. „²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (1) ¸ ´ Î ²Ó-
´Ò³¨ ¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ (2) ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸²¥¤ÊÕÐÊÕ ´¥Ö¢´ÊÕ
±μ´¥Î´μ-· §´μ¸É´ÊÕ ¸Ì¥³Ê ¶μ·Ö¤±   ¶¶·μ±¸¨³ Í¨¨ O(ht + h2

x) [8]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψn+1
m − ψn

m

ht
= i

{
σ

[
ψn+1

m+1 − 2ψn+1
m + ψn+1

m−1

2m̄h2
x

+
ϕn+1

m

mhx
ψn+1

m

]
+

+(1 − σ)
[
ψn

m+1 − 2ψn
m + ψn

m−1

2m̄h2
x

+
ϕn

m

mhx
ψn

m

]}
,

ϕn+1
m+1 − 2ϕn+1

m + ϕn+1
m−1

h2
x

= Θn+1
m ,

Θn+1
m − 2Θn

m + Θn−1
m

h2
t

+ γ
Θn+1

m − Θn
m

ht
+ ω2Θn+1

m = −ω2

ε̃

|ψn
m|2

mhx
,

ψ0
m = Ψk(cosλkτ + i sinλkτ); Θ−1

m = −1
ε̃

∣∣ψ0
m

∣∣2
mhx

;

Θ0
m = Θ−1

m ; ϕn
0 = 0; ϕn

l = ϕn
l−1;

m = 1, 2, . . . , l; n = 0, 1, 2, . . . ,

(5)

£¤¥ Ψk, λk Å ¸μμÉ¢¥É¸É¢¥´´μ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¨ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
¸É Í¨μ´ ·´μ° § ¤ Î¨ (3), (4), σ = 0,5.

„²Ö ·¥Ï¥´¨Ö § ¤ Î¨ (1), (2) ¶μ ¸Ì¥³¥ (5) ´  ± ¦¤μ³ ¸²μ¥ c ´μ³¥·μ³ n
¨¸¶μ²Ó§μ¢ ´ ¸²¥¤ÊÕÐ¨°  ²£μ·¨É³.

1. �¥Ï ¥É¸Ö É·¥ÉÓ¥ Ê· ¢´¥´¨¥ ¶·¨ ¨§¢¥¸É´μ³ ψn μÉ´μ¸¨É¥²Ó´μ Θn+1.

2. �¥Ï ¥É¸Ö ¢Éμ·μ¥ Ê· ¢´¥´¨¥ ¤²Ö ´ °¤¥´´μ£μ Θn+1, μ¶·¥¤¥²Ö¥É¸Ö ϕn+1.

3. �¥Ï ¥É¸Ö ¶¥·¢μ¥ Ê· ¢´¥´¨¥ ¨ ¢ÒÎ¨¸²Ö¥É¸Ö ψn+1 ´  ¸²¥¤ÊÕÐ¥³ ¢·¥³¥´-
´μ³ ¸²μ¥.

4. �μ¢Éμ·Ö¥É¸Ö ¢¥¸Ó  ²£μ·¨É³.

���‚…�Š� —ˆ‘‹…���‰ ‘•…Œ›

’¥¸É¨·μ¢ ´¨¥ ¢ÒÎ¨¸²¨É¥²Ó´μ° ¸Ì¥³Ò (5) ¶·μ¢μ¤¨²μ¸Ó ¸ ¶μ³μÐÓÕ ³μ-
¤¥²Ó´ÒÌ · ¸Î¥Éμ¢ ¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ ±Ê²μ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³,
±μÉμ·μ¥ ¸μ¢¶ ¤ ¥É ¸ ¶¥·¢Ò³ Ê· ¢´¥´¨¥³ ¸¨¸É¥³Ò (1) ¶·¨ ϕ = 1. �ÉμÉ ¶μ¤-
Ìμ¤ μ¡Ê¸²μ¢²¥´ É¥³, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ³μ¦´μ
´ ¶¨¸ ÉÓ ÉμÎ´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ¨ ¶·μ¢¥¸É¨ ¨Ì ¸· ¢´¨É¥²Ó´Ò°  ´ -
²¨§ ¸ Î¨¸²¥´´Ò³¨ ·¥§Ê²ÓÉ É ³¨. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, Ë¨§¨Î¥¸± Ö ¶μ¸É ´μ¢± 

4



�¨¸. 2. �¥§Ê²ÓÉ ÉÒ ¸· ¢´¨É¥²Ó´μ£μ  ´ ²¨§  Î¨¸²¥´´μ£μ ¨ ÉμÎ´μ£μ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥·  ¸ ±Ê²μ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³:  ) ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö; ¡) ¤²Ö ¶¥·¢μ£μ
¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨Ö

§ ¤ Î¨ É·¥¡Ê¥É ·¥Ï ÉÓ ¸¨¸É¥³Ê (1) ¤²Ö ¡¥§· §³¥·´ÒÌ §´ Î¥´¨° t ¨§ ¨´É¥·¢ ² 
0 < t < 105, É. ¥. ÊÎ¥É ´ ±μ¶²¥´¨Ö μÏ¨¡μ± ¸ ¢μ§· ¸É ´¨¥³ t É ±¦¥ ¨£· ¥É
´¥³ ²μ¢ ¦´ÊÕ ·μ²Ó. �μ ·¥§Ê²ÓÉ É ³ ¶·μ¢¥¤¥´´μ£μ ¸· ¢´¨É¥²Ó´μ£μ  ´ ²¨§ 
Î¨¸²¥´´ÒÌ ¨ ÉμÎ´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢Ò¡¨· ²¨¸Ó §´ Î¥´¨Ö
Ï £μ¢ ¸¥É±¨ hx = 0,01 ¨ ht = 0,001. �·¨ É ±μ³ ¢Ò¡μ·¥ Ï £μ¢ ¸¥É±¨ ³ ±-
¸¨³ ²Ó´ Ö  ¡¸μ²ÕÉ´ Ö · §´μ¸ÉÓ  ´ ²¨É¨Î¥¸±μ£μ ¨ Î¨¸²¥´´μ£μ ·¥Ï¥´¨° ´¥
¶·¥¢ÒÏ ¥É §´ Î¥´¨Ö 2 · 10−4 ¤²Ö 0 < t < 105 (·¨¸. 2).

„²Ö ¶·μ¢¥·±¨ ÉμÎ´μ¸É¨ ¸Ì¥³Ò (5) ¶·μ¢μ¤¨²¸Ö É ±¦¥ Î¨¸²¥´´Ò° Ô±¸¶¥·¨-
³¥´É ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ Ï £¥ ht ¨ ´  ¸£ÊÐ ÕÐ¥°¸Ö ¸¥É±¥ ¶μ x, É. ¥. ¤²Ö hx,
hx/2, hx/4 (¢ ± Î¥¸É¢¥ ´ Î ²Ó´μ£μ Ê¸²μ¢¨Ö ¢Ò¡¨· ² ¸Ó ¸Ê³³  ´Ê²¥¢μ£μ ¸μ¸Éμ-
Ö´¨Ö ¨ ¶¥·¢μ£μ ¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨°). �μ²ÊÎ¥´Ò ¸²¥¤ÊÕÐ¨¥ ·¥§Ê²ÓÉ ÉÒ:

max
0�t�100

∣∣∣∣ ψhx(20, t)− ψhx/2(20, t)
(ψhx(20, t) + ψhx/2(20, t))/2

∣∣∣∣ ≈ 1,8 · 10−5 ¶·¨ t = 99,947,

max
0�t�100

∣∣∣∣ ψhx/2(20, t) − ψhx/4(20, t)
(ψhx/2(20, t) + ψhx/4(20, t))/2

∣∣∣∣ ≈ 6,02 · 10−6 ¶·¨ t = 99,594.

Š ± ¢¨¤´μ, ´ °¤¥´´Ò¥ μÉ´μ¸¨É¥²Ó´Ò¥ · §´μ¸É¨ ´  ¸£ÊÐ ÕÐ¥°¸Ö ¸¥É±¥
Ê³¥´ÓÏ ÕÉ¸Ö.

��‘“†„…�ˆ… ��‹“—…��›• �…‡“‹œ’�’�‚

‚ ¤ ´´μ° · ¡μÉ¥ ¶·¨¢μ¤ÖÉ¸Ö ¶¥·¢Ò¥ ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¤¨-
´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¶μ²Ö·μ´  (1), (2). „²Ö ¢¨§Ê ²¨§ Í¨¨ Î¨¸²¥´´ÒÌ ·¥-
§Ê²ÓÉ Éμ¢ ³Ò ¢ÒÎ¨¸²Ö²¨ ¢¥²¨Î¨´Ê W (t) ¶μ Ëμ·³Ê²¥

W (t) =
1

2m̄

∫ ∣∣∣∣∂ψ(x, t)
∂x

∣∣∣∣
2

dx −
∫

ϕ(x, t) |ψ(x, t)|2

x
dx. (6)
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�¨¸. 3. �¢μ²ÕÍ¨Ö ¶μ²Ö·μ´  ( ) ¨§ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö § ¤ Î¨ (3), (4) ¨ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ Ö Ô´¥·£¨Ö Ô²¥±É·μ´  W (t) ¶·¨ §´ Î¥´¨ÖÌ γ = 0 ¨ γ = 4 (¡)

�¨¸. 4. �¢μ²ÕÍ¨Ö ¶μ²Ö·μ´  ¨§ ¸μ¸ÉμÖ´¨Ö (7) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö Ô´¥·£¨Ö Ô²¥±É·μ´ 
W (t) ¶·¨ ±μÔËË¨Í¨¥´É Ì É·¥´¨Ö γ = 4 ( , ¡) ¨ γ = 0 (¢, £)

�É³¥É¨³, ÎÉμ, ¶μ¸±μ²Ó±Ê · ¸Î¥ÉÒ ¢¥²¨¸Ó ¢ ¡¥§· §³¥·´ÒÌ ¥¤¨´¨Í Ì, Ô´¥·-
£¨Ö W (t) É ±¦¥ Ö¢²Ö¥É¸Ö ¡¥§· §³¥·´μ° ¢¥²¨Î¨´μ°.
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�¨¸. 5. �¢μ²ÕÍ¨Ö ¶μ²Ö·μ´  ¨§ ¸μ¸ÉμÖ´¨Ö (8) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö Ô´¥·£¨Ö Ô²¥±É·μ´ 
W (t) ¶·¨ ±μÔËË¨Í¨¥´É Ì É·¥´¨Ö γ = 4 ( , ¡) ¨ γ = 0 (¢, £)

�  ·¨¸. 3 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ¶μ²Ö·μ´  ¢ ¸²ÊÎ ¥, ±μ£¤  ¢ ± Î¥¸É¢¥ ´ -
Î ²Ó´μ£μ Ê¸²μ¢¨Ö (2) ¡Ò²μ ¢§ÖÉμ ¡¥§Ê§²μ¢μ¥ ·¥Ï¥´¨¥ {Ψ0, λ0} ¸É Í¨μ´ ·´μ°
§ ¤ Î¨ (3), (4). Š ± ¢¨¤´μ ¨§ ·¨¸Ê´± , Ëμ·³  ¶μ²Ö·μ´  ¸μ ¢·¥³¥´¥³ ´¥ ³¥-
´Ö¥É¸Ö. ’ ±¨¥ ¦¥ ·¥§Ê²ÓÉ ÉÒ ¡Ò²¨ ¶μ²ÊÎ¥´Ò, ±μ£¤  ¢ ± Î¥¸É¢¥ ´ Î ²Ó´ÒÌ
Ê¸²μ¢¨° ¤²Ö (1) ¡Ò²¨ ¢§ÖÉÒ ·¥Ï¥´¨Ö (3), (4) ¤²Ö ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ¢μ§¡Ê-
¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨°. �¡μ¡Ð¨¢ ÔÉμ, ³μ¦´μ ¸± § ÉÓ, ÎÉμ ¥¸²¨ ¢ (2) ¶μ¸É ¢¨ÉÓ
·¥Ï¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸É Í¨μ´ ·´μ° § ¤ Î¨ (μ¸´μ¢´μ° ¨²¨ ¢μ§¡Ê¦¤¥´-
´μ°), Éμ ¤²Ö §´ Î¥´¨° t < 105 ¤ ´´μ¥ ¸μ¸ÉμÖ´¨¥ Ö¢²Ö¥É¸Ö ¶·¨ k = 0, 1, 2
Ê¸Éμ°Î¨¢Ò³.

�  ·¨¸. 4 ¶μ± § ´  Ô¢μ²ÕÍ¨Ö ¶μ²Ö·μ´  ¢ ¸²ÊÎ ¥, ±μ£¤  ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö
¢Ò¡¨· ²¨¸Ó ¢ ¢¨¤¥ ±μ³¡¨´ Í¨¨ ¤¢ÊÌ ¸μ¸ÉμÖ´¨°

Ψ(x, t)|t=0 = N

[
Ψ0 exp

(
iπ

λ0

4

)
+ Ψ1 exp

(
iπ

λ1

4

)]
, (7)

£¤¥ N Å ´μ·³¨·μ¢μÎ´ Ö ±μ´¸É ´É ; Ψ0 Å ¢μ²´μ¢ Ö ËÊ´±Í¨Ö μ¸´μ¢´μ£μ ¸μ-
¸ÉμÖ´¨Ö; Ψ1 Å ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¶¥·¢μ£μ ¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¨ §´ -
Î¥´¨ÖÌ ¶ · ³¥É·μ¢ m̄ = 1, ω = 1, ε̃ = 1, γ = 0 ¨ 4. ˆ§ ·¨¸. 4 ¸²¥¤Ê¥É, ÎÉμ
´ Î ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ § ·Ö¤ , § ¤ ´´μ¥ ¸Ê¶¥·¶μ§¨Í¨¥° (7), ¸ É¥Î¥´¨¥³ ¢·¥-
³¥´¨ Ô¢μ²ÕÍ¨μ´¨·Ê¥É ¢ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥. �ÉμÉ ¢Ò¢μ¤ Ö¢²Ö¥É¸Ö μ¡Ð¨³ ¶·¨
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�¨¸. 6. �¢μ²ÕÍ¨Ö ¶μ²Ö·μ´  ¨§ ¸μ¸ÉμÖ´¨Ö (9) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö Ô´¥·£¨Ö Ô²¥±É·μ´ 
W (t) ¶·¨ ±μÔËË¨Í¨¥´É Ì É·¥´¨Ö γ = 4 ( , ¡) ¨ γ = 0 (¢, £)

´ ²¨Î¨¨ ¢ ¸¨¸É¥³¥ § ÉÊÌ ´¨Ö (γ �= 0). �·¨ γ = 0 Î¨¸²¥´´Ò¥ ¨¸¸²¥¤μ¢ ´¨Ö
¶μ± §Ò¢ ÕÉ, ÎÉμ ¢ ¶·μ³¥¦ÊÉ±¥ ¢·¥³¥´¨ 0 < t < 105 Ô¢μ²ÕÍ¨Ö ¢ μ¸´μ¢´μ¥
²¨¡μ ¢μ§¡Ê¦¤¥´´μ¥ ¸μ¸ÉμÖ´¨¥ ´¥ ´ ¡²Õ¤ ¥É¸Ö.

�´ ²μ£¨Î´Ò¥ ¢Ò¢μ¤Ò ³μ¦´μ ¸¤¥² ÉÓ ¨§ ·¨¸. 5 ¨ 6, £¤¥ ¶μ± § ´  Ô¢μ²ÕÍ¨Ö
¶μ²Ö·μ´  ¨§ ¸μ¸ÉμÖ´¨°

Ψ(x, t)|t=0 = N

[
Ψ0 exp

(
iπ

λ0

4

)
+ Ψ2 exp

(
iπ

λ2

4

)]
, (8)

Ψ(x, t)|t=0 = N

[
Ψ1 exp

(
iπ

λ1

4

)
+ Ψ2 exp

(
iπ

λ2

4

)]
(9)

¸μμÉ¢¥É¸É¢¥´´μ.

‡�Š‹�—…�ˆ…

‚ · ¡μÉ¥ ¶·μ¢¥¤¥´μ Î¨¸²¥´´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ¤¨´ ³¨Î¥¸±μ° ³μ¤¥²¨ ¶μ²Ö-
·μ´  ´  μ¸´μ¢¥ ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° (1), (2). ‚Ò¶μ²´¥´  ´ ²¨§
ÉμÎ´μ¸É¨ ¸Ì¥³Ò ¢ÒÎ¨¸²¥´¨°. �μ ·¥§Ê²ÓÉ É ³ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢
³μ¦´μ ¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¨¥ ¢Ò¢μ¤Ò.
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1. �μ± § ´μ, ÎÉμ ¥¸²¨ ¢ ´ Î ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨ ¶μ²Ö·μ´ ´ Ìμ¤¨²¸Ö
¢ ±μ´±·¥É´μ³ ¸μ¸ÉμÖ´¨¨ (μ¸´μ¢´μ³ ¨ ¢μ§¡Ê¦¤¥´´μ³), Éμ ¤²Ö §´ Î¥´¨°
t < 105 μ´ ¸μÌ· ´Ö¥É¸Ö ¢ ÔÉμ³ ¸μ¸ÉμÖ´¨¨ ´¥§ ¢¨¸¨³μ μÉ ´ ²¨Î¨Ö ¨²¨
μÉ¸ÊÉ¸É¢¨Ö § ÉÊÌ ´¨Ö ¢ ¸¨¸É¥³¥.

2. � Î ²Ó´Ò¥ · ¸¶·¥¤¥²¥´¨Ö § ·Ö¤ , § ¤ ´´Ò¥ ¸Ê¶¥·¶μ§¨Í¨Ö³¨ (7)Ä(9), ¶·¨
´ ²¨Î¨¨ ¢ ¸¨¸É¥³¥ § ÉÊÌ ´¨Ö ¸ É¥Î¥´¨¥³ ¢·¥³¥´¨ Ô¢μ²ÕÍ¨μ´¨·ÊÕÉ ¢
μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥. �·¨ μÉ¸ÊÉ¸É¢¨¨ ¢ ¸¨¸É¥³¥ § ÉÊÌ ´¨Ö ¢ ¶·μ³¥¦ÊÉ±¥
¢·¥³¥´¨ 0 < t < 105 Ô¢μ²ÕÍ¨Ö ¢ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ ´¥ ´ ¡²Õ¤ ¥É¸Ö.

3. ‚·¥³Ö Ô¢μ²ÕÍ¨¨ ¶μ²Ö·μ´  ¢ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ ¢ ¶·¨¸ÊÉ¸É¢¨¨ É·¥´¨Ö
§ ¢¨¸¨É μÉ É¨¶  ±μ³¡¨´ Í¨¨ ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö. …¸²¨ ¤²Ö ±μ³¡¨´ -
Í¨¨ (7) ÔÉμ t ≈ 3000, Éμ ¤²Ö (8) ¨ (9) t ≈ 6000 ¨ 9000 ¸μμÉ¢¥É¸É¢¥´´μ.

�¢Éμ·Ò ´ ¤¥ÕÉ¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ · ¸¸³ É·¨¢ ¥³Ò° ¶μ¤Ìμ¤ ¤²Ö ¨¸¸²¥¤μ¢ -
´¨Ö Ï¨·μ±μ£μ ±·Ê£  ¢μ¶·μ¸μ¢ ¤¨´ ³¨±¨ Ô²¥±É·μ´´ÒÌ ¸μ¸ÉμÖ´¨° ¢ ¶μ²Ö·´ÒÌ
¸·¥¤ Ì.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �””ˆ, £· ´ÉÒ º07-07-
00313, 08-01-00800- , 06-01-00228, 07-01-00738- .
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