
P11-2008-170

ˆ.‚.�³¨·Ì ´μ¢, ˆ. ‚.�Ê§Ò´¨´, ’. �.�Ê§Ò´¨´ ,
‡. �.˜ ·¨¶μ¢

Œ�’…Œ�’ˆ—…‘Š�… Œ�„…‹ˆ��‚��ˆ…
’…�‹�‚›• ���–…‘‘�‚ ‚ Œ�’…�ˆ�‹�•
��ˆ ��‹“—…�ˆˆ ’Ÿ†…‹›Œˆ ˆ���Œˆ
‚›‘�Šˆ• 	�…�ƒˆ‰

� ¶· ¢²¥´μ ¢ ¦Ê·´ ² ®‚¥¸É´¨± ’¢¥·¸±μ£μ £μ¸Ê¤ ·¸É¢¥´´μ£μ
Ê´¨¢¥·¸¨É¥É ¯



�³¨·Ì ´μ¢ ˆ. ‚. ¨ ¤·. P11-2008-170
Œ É¥³ É¨Î¥¸±μ¥ ³μ¤¥²¨·μ¢ ´¨¥ É¥¶²μ¢ÒÌ ¶·μÍ¥¸¸μ¢
¢ ³ É¥·¨ ² Ì ¶·¨ μ¡²ÊÎ¥´¨¨ ÉÖ¦¥²Ò³¨ ¨μ´ ³¨ ¢Ò¸μ±¨Ì Ô´¥·£¨°

�·¥¤¸É ¢²¥´ μ¤¨´ ¨§ ³¥Éμ¤μ¢ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ³ É¥³ É¨Î¥¸±μ°
Ë¨§¨±¨ Å ±μ´¥Î´μ-· §´μ¸É´Ò° ³¥Éμ¤ ¨ ¥£μ ¶·¨³¥´¥´¨¥ ¤²Ö Ê· ¢´¥´¨° ³μ¤¥²¨
É¥·³¨Î¥¸±μ£μ ¶¨± . ‚Ò¶μ²´¥´ Î¨¸²¥´´Ò°  ´ ²¨§ ¸Ìμ¤¨³μ¸É¨ Ö¢´μ° ±μ´¥Î´μ-
· §´μ¸É´μ° ¸Ì¥³Ò ¢ÒÎ¨¸²¥´¨° ¨ ³¥Éμ¤  ¶¥·¥³¥´´ÒÌ ´ ¶· ¢²¥´¨°, É ±¦¥ ¨¸¸²¥-
¤μ¢ ´Ò ÔËË¥±É¨¢´μ¸ÉÓ ¨ ´¥¤μ¸É É±¨ ¤ ´´ÒÌ ¸Ì¥³. �·¥¤¸É ¢²¥´Ò ¶μ²ÊÎ¥´´Ò¥
·¥§Ê²ÓÉ ÉÒ ¨¸¸²¥¤μ¢ ´¨Ö É¥¶²μ¢ÒÌ ¶·μÍ¥¸¸μ¢ ¢ ´¨±¥²¥ ¶·¨ μ¡²ÊÎ¥´¨¨ ¨μ´ ³¨
Ê· ´  ¸ Ô´¥·£¨¥° 700 ŒÔ‚ ¸ ÊÎ¥Éμ³ ¶μÉ¥·¨ Ô´¥·£¨¨ ´  Ëμ´μ´´Ò¥ ±μ²¥¡ ´¨Ö.
�Í¥´¥´Ò · §³¥·Ò μ¡² ¸É¥° ¢ ³¨Ï¥´¨, £¤¥ É¥³¶¥· ÉÊ·  ¶·¥¢ÒÏ ¥É É¥³¶¥· ÉÊ·Ê
¶² ¢²¥´¨Ö ³ É¥·¨ ²  ³¨Ï¥´¨ ¨ ³μ£ÊÉ ¶·μ¨¸Ìμ¤¨ÉÓ Ë §μ¢Ò¥ ¶¥·¥Ìμ¤Ò. ‘¤¥² ´
¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ¸ ³μ¤¥²ÓÕ, ´¥ ÊÎ¨ÉÒ¢ ÕÐ¥° Ô´¥·£¥É¨Î¥¸±¨¥ ¶μÉ¥·¨ ÉÖ¦¥-
²μ£μ ¨μ´  ´  Ëμ´μ´´Ò¥ ±μ²¥¡ ´¨Ö.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2008

Amirkhanov I. V. et al. P11-2008-170
Mathematical Modelling of Thermal Processes in Materials
at Irradiation by Heavy Ions of High Energies

In the work one of the methods of numerical solution of the equations of mathe-
matical physics Å the ˇnite-difference method and its application for the equations
of thermal spike model has been presented. The numerical analysis of convergence
of an explicit ˇnite-difference computational scheme and alternating direction method
is carried out, and also the efˇciency and deˇciencies of these schemes are explored.
The obtained results of investigation of thermal processes in nickel at irradiation by
uranium ions of the energy 700 MeV with consideration of power losses by phonon
oscillations are represented. The sizes of areas in the target, where temperature
exceeds the melting point of a material of the target and phase changes can take
place, are estimated. A comparative analysis with the model that does not take into
account the energy losses of a heavy ion by phonon oscillations is made.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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‚ ¶μ¸²¥¤´¨¥ £μ¤Ò ¸ ¢μ§· ¸É ÕÐ¨³ ¨´É¥·¥¸μ³ ¶·μ¢μ¤ÖÉ¸Ö Ô±¸¶¥·¨³¥´-
É ²Ó´Ò¥ ¨¸¸²¥¤μ¢ ´¨Ö ¢μ§¤¥°¸É¢¨° ÉÖ¦¥²ÒÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ´  ³ É¥·¨-
 ²Ò. Š É ±¨³ ¨¸¸²¥¤μ¢ ´¨Ö³ μÉ´μ¸¨É¸Ö, ¢ Î ¸É´μ¸É¨, ¨§ÊÎ¥´¨¥ μ¸μ¡¥´´μ¸É¥°
· ¤¨ Í¨μ´´μ£μ · ¸¶Ò²¥´¨Ö ¨ ¨§³¥´¥´¨Ö ³¥Ì ´¨Î¥¸±¨Ì ¸¢μ°¸É¢ ³ É¥·¨ ²μ¢
¶·¨ μ¡²ÊÎ¥´¨¨ ¨Ì ÉÖ¦¥²Ò³¨ ¨μ´ ³¨ ¢Ò¸μ±¨Ì Ô´¥·£¨°. �¤´  ¨§ ³μ¤¥²¥°, μ¶¨-
¸Ò¢ ÕÐ Ö É¥¶²μ¢Ò¥ ¶·μÍ¥¸¸Ò ¶·¨ ¢μ§¤¥°¸É¢¨¨ ÉÖ¦¥²ÒÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í
´  ³ É¥·¨ ²Ò, Å ÔÉμ ³μ¤¥²Ó É¥·³¨Î¥¸±μ£μ ¶¨±  Å ¸¨¸É¥³  Ê· ¢´¥´¨° É¥¶²μ-
¶·μ¢μ¤´μ¸É¨ ¤²Ö Ô²¥±É·μ´´μ£μ £ §  ¨ ·¥Ï¥É±¨ [1Ä5].

�·¨ ¶·μÌμ¦¤¥´¨¨ ÉÖ¦¥²ÒÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í Î¥·¥§ ¢¥Ð¥¸É¢μ É¥·Ö¥³ Ö
Î ¸É¨Í¥° Ô´¥·£¨Ö ¢ μ¸´μ¢´μ³ · ¸Ìμ¤Ê¥É¸Ö ¶·¨ ´¥¶μ¸·¥¤¸É¢¥´´μ³ ¢§ ¨³μ¤¥°-
¸É¢¨¨ ¸ ¨μ´ ³¨ ·¥Ï¥É±¨ (Ö¤¥·´Ò¥ ¸Éμ²±´μ¢¥´¨Ö) ¨ ¶ÊÉ¥³ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸
Ô²¥±É·μ´ ³¨ (¨μ´¨§ Í¨Ö, ¶μ²Ö·¨§ Í¨Ö). �·¨ ÔÉμ³ ´  ¢§ ¨³μ¤¥°¸É¢¨¥ ¸ Ô²¥±-
É·μ´ ³¨ · ¸Ìμ¤Ê¥É¸Ö ¡μ²ÓÏ Ö Î ¸ÉÓ Ô´¥·£¨¨ Î ¸É¨Í (∼ 90 % ¨ ¡μ²¥¥).

Šμ³¶ÓÕÉ¥·´ Ö ¶·μ£· ³³  SRIM-2003 [6] ¶μ§¢μ²Ö¥É ¢ÒÎ¨¸²ÖÉÓ ¶μÉ¥·¨
Ô´¥·£¨¨ ÉÖ¦¥²ÒÌ ¨μ´μ¢, ±μÉμ·Ò¥ § É· Î¨¢ ÕÉ¸Ö ´  μ¸´μ¢´Ò¥ ¶·μÍ¥¸¸Ò, ¢Ò§Ò-
¢ ¥³Ò¥ ÉÖ¦¥²Ò³ ¨μ´μ³ ¶·¨ ¥£μ ¶·μÌμ¦¤¥´¨¨ Î¥·¥§ ±μ´¤¥´¸¨·μ¢ ´´Ò¥ ¸·¥¤Ò,
  ¨³¥´´μ:

1) ´  ´¥Ê¶·Ê£¨¥ ¶·μÍ¥¸¸Ò ¶μÉ¥·¨ Ô´¥·£¨¨: Sinel(Z) ≡
(
−∂E

∂Z
(Z)

)
inel

;

2) ´  ¶μÉ¥·¨ Ô´¥·£¨¨ ¢ ¢¨¤¥ Ëμ´μ´´ÒÌ ¢μ§¡Ê¦¤¥´¨°: Sphonon(Z) ≡(
−∂E

∂Z
(Z)

)
phonon

.

�·¨ μ¡²ÊÎ¥´¨¨ ´¨±¥²Ö ¨μ´ ³¨ Ê· ´  ¸ Ô´¥·£¨¥° 700 ŒÔ‚ ¶μÉ¥·¨ Ô´¥·£¨¨
¸²¥¤ÊÕÐ¨¥ (SRIM-2003 [6]):

Einel =

Zmax∫
0

Sinel(Z)dz ≈ 690 ŒÔ‚ (98,48 %),

Ephonon =

Zmax∫
0

Sphonon(Z)dz ≈ 10 ŒÔ‚ (1,52 %).

�¤´¨³ ¨§ ÔËË¥±É¨¢´ÒÌ Î¨¸²¥´´ÒÌ ³¥Éμ¤μ¢ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ³ É¥³ -
É¨Î¥¸±μ° Ë¨§¨±¨, ¢μ§´¨± ÕÐ¨Ì ¤²Ö Ê± § ´´ÒÌ ¢ÒÏ¥ § ¤ Î, Ö¢²ÖÕÉ¸Ö ±μ´¥Î´μ-
· §´μ¸É´Ò¥ ³¥Éμ¤Ò [7Ä10].
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‚ [2] ¶·¨³¥´¥´  ³μ¤¥²Ó É¥·³¨Î¥¸±μ£μ ¶¨±  ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö É¥¶²μ¢ÒÌ
¶·μÍ¥¸¸μ¢ ¢ ´¨±¥²¥ ¶·¨ μ¡²ÊÎ¥´¨¨ ¨μ´ ³¨ Ê· ´  ¢Ò¸μ±¨Ì Ô´¥·£¨° ¡¥§ ÊÎ¥É 
Ô´¥·£¥É¨Î¥¸±¨Ì ¶μÉ¥·Ó ´  ¢μ§¡Ê¦¤¥´¨¥ Ëμ´μ´´ÒÌ ±μ²¥¡ ´¨°.

–¥²ÓÕ ´ ¸ÉμÖÐ¥° · ¡μÉÒ Ö¢²Ö¥É¸Ö:
 ) ¨¸¸²¥¤μ¢ ´¨¥ ¸Ìμ¤¨³μ¸É¨ ¨ ÔËË¥±É¨¢´μ¸É¨ ±μ´¥Î´μ-· §´μ¸É´ÒÌ ¸Ì¥³

¤²Ö Ê· ¢´¥´¨° ³μ¤¥²¨ É¥·³¨Î¥¸±μ£μ ¶¨± ;
¡) ¶·¨³¥´¥´¨¥ ³μ¤¥²¨ É¥·³¨Î¥¸±μ£μ ¶¨±  ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö É¥¶²μ¢ÒÌ

¶·μÍ¥¸¸μ¢ ¢ ´¨±¥²¥ ¸ ¶μ¸ÉμÖ´´Ò³¨ É¥¶²μË¨§¨Î¥¸±¨³¨ ¶ · ³¥É· ³¨ ¶·¨ μ¡-
²ÊÎ¥´¨¨ ¨μ´ ³¨ Ê· ´  ¸ Ô´¥·£¨¥° 700 ŒÔ‚ ¸ ÊÎ¥Éμ³ ¶μÉ¥·¨ Ô´¥·£¨¨ ´  Ëμ-
´μ´´Ò¥ ±μ²¥¡ ´¨Ö.

1. ��‘’���‚Š� ‡�„�—ˆ

‘ ÊÎ¥Éμ³  ±¸¨ ²Ó´μ° ¸¨³³¥É·¨¨ ¸¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö μ¶·¥¤¥²¥´¨Ö ·¥-
Ï¥ÉμÎ´μ° ¨ Ô²¥±É·μ´´μ° É¥³¶¥· ÉÊ· ¢ Í¨²¨´¤·¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É
³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¢¨¤¥ [2]

Ce(Te)
∂Te

∂t
=

1
r

∂

∂r

(
rλ⊥

e (Te)
∂Te

∂r

)
+

∂

∂z

(
λ‖

e(Te)
∂Te

∂z

)
−

− g(Te,i)(Te − Ti) + Ae(r, z, t), (1)

Ci(Ti)
∂Ti

∂t
=

1
r

∂

∂r

(
rλ⊥

i (Ti)
∂Ti

∂r

)
+

∂

∂z

(
λ
‖
i (Ti)

∂Ti

∂z

)
+

+ g(Te,i)(Te − Ti) + Ai(r, z, t). (2)

�¸Ó z ´ ¶· ¢²¥´  ¶¥·¶¥´¤¨±Ê²Ö·´μ μ¡²ÊÎ ¥³μ° ¶μ¢¥·Ì´μ¸É¨ ³¨Ï¥´¨,
É. ¥. ¶μ ´ ¶· ¢²¥´¨Õ ¤¢¨¦¥´¨Ö ÉÖ¦¥²μ£μ ¨μ´ . �·μ¨§¢μ¤´ Ö ¶μ Ê£²Ê μÉ¸ÊÉ-
¸É¢Ê¥É ¢¢¨¤Ê Í¨²¨´¤·¨Î¥¸±μ° ¸¨³³¥É·¨¨ Ê¤¥²Ó´ÒÌ ¨μ´¨§ Í¨μ´´ÒÌ ¶μÉ¥·Ó
ÉÖ¦¥²μ£μ ¨μ´ . ‡¤¥¸Ó Te(r, z, t) ¨ Ti(r, z, t) Å É¥³¶¥· ÉÊ·Ò Ô²¥±É·μ´μ¢ ¨

·¥Ï¥É±¨; Ce(Te), Ci(Ti) ¨ λe(Te), λ
‖,⊥
i (Ti) Å ¸μμÉ¢¥É¸É¢¥´´μ Ê¤¥²Ó´Ò¥ É¥-

¶²μ¥³±μ¸É¨ ¨ É¥¶²μ¶·μ¢μ¤´μ¸É¨ Ô²¥±É·μ´μ¢ ¨ ·¥Ï¥É±¨, § ¢¨¸ÖÐ¨¥ μÉ É¥³¶¥-
· ÉÊ·Ò. ‘¨³¢μ²Ò ®⊥¯ ¨ ®‖¯ μ§´ Î ÕÉ, ÎÉμ É¥¶²μ¶·μ¢μ¤´μ¸ÉÓ ¤²Ö ³μ´μ±·¨-
¸É ²²μ¢ ¨´μ£¤  § ¢¨¸¨É μÉ ´ ¶· ¢²¥´¨Ö, ¨ μ´¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ´ ¶· ¢²¥´¨Ö³
¢¤μ²Ó ¨ ¶¥·¶¥´¤¨±Ê²Ö·´μ ¶μ¢¥·Ì´μ¸É¨. g Å ±μÔËË¨Í¨¥´É, Ì · ±É¥·¨§ÊÕÐ¨°
¢§ ¨³μ¤¥°¸É¢¨¥ Ô²¥±É·μ´´μ° ¶μ¤¸¨¸É¥³Ò ¸ ·¥Ï¥É±μ° (¢ μ¡Ð¥³ ¸²ÊÎ ¥ § ¢¨-
¸ÖÐ¨° μÉ É¥³¶¥· ÉÊ·Ò Ô²¥±É·μ´´μ£μ £ § ). Ae(r, z, t) ¨ Ai(r, z, t) Å ¨¸ÉμÎ´¨±
Ô´¥·£¨¨, ¢´μ¸¨³Ò° ´ ²¥É ÕÐ¨³ ¨μ´μ³ Ê· ´  ¢ Ô²¥±É·μ´´ÊÕ ¨ ·¥Ï¥ÉμÎ´ÊÕ
¶μ¤¸¨¸É¥³Ò ¸μμÉ¢¥É¸É¢¥´´μ, ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤ [11]:

Ae(r, z, t) ≡ beSinel0 exp
[
− (t − te0)2

2σ2
et

]
exp

(
− r

re0

)
μe(z),

2



�¨¸. 1. ‡ ¢¨¸¨³μ¸ÉÓ Ê¤¥²Ó´ÒÌ ¨μ´¨§ Í¨μ´´ÒÌ ¶μÉ¥·Ó Ô´¥·£¨¨ Sinel(z) ¨ ¶μÉ¥·¨ Ô´¥·-
£¨¨ ´  ¢μ§¡Ê¦¤¥´¨¥ Ëμ´μ´´ÒÌ ±μ²¥¡ ´¨° Sphonon(z) ¨μ´μ¢ Ê· ´  ¸ Ô´¥·£¨¥° 700 ŒÔ‚
μÉ £²Ê¡¨´Ò ¢ ´¨±¥²¥ (¶·μ£· ³³  SRIM-2003 [6])

Ai(r, z, t) = biSphonon0 exp
[
− (t − ti0)2

2σ2
it

]
exp

(
− r

ri0

)
μi(z).

‡¤¥¸Ó Sinel(z) = Sinel0μe(z) ¨ Sphonon(z) = Sphonon0μi(z) Å Ô´¥·£¥É¨Î¥¸±¨¥
¶μÉ¥·¨ ÉÖ¦¥²μ£μ ¨μ´  ´  ¨μ´¨§ Í¨Õ ¨ ´  ¢μ§¡Ê¦¤¥´¨¥ Ëμ´μ´´ÒÌ ±μ²¥¡ ´¨°
(·¨¸. 1). ‚·¥³Ö ¤μ¸É¨¦¥´¨Ö Ô²¥±É·μ´ ³¨ · ¢´μ¢¥¸´μ£μ · ¸¶·¥¤¥²¥´¨Ö (É. ¥.
¢·¥³Ö ¸¢μ¡μ¤´μ£μ ¶·μ¡¥£  δ-Ô²¥±É·μ´μ¢ ¸μ ¸·¥¤´¥° Ô´¥·£¨¥° εe) te,i,0 ≈ (1 −
5) · 10−15 c, ¶μ²ÊÏ¨·¨´  · ¸¶·¥¤¥²¥´¨Ö ¶μ ¢·¥³¥´¨ t ¶·¨´ÖÉ  · ¢´μ° σe,i,t =
te,i,0 [11]. ‘±μ·μ¸ÉÓ Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ ¸¶ ¤  [12], ¨²¨ ¶·μ¸É· ´¸É¢¥´´ Ö
Ï¨·¨´  ¢Ò¸μ±μ¢μ§¡Ê¦¤¥´´μ° μ¡² ¸É¨ [13], r0 � 2, 5 ´³ (¸μ£² ¸´μ ¤ ´´Ò³
· ¡μÉÒ [12]) ¨ r0 ≈ 1 ´³ (¸³. [14]).

�μ·³¨·ÊÕÐ¨° ³´μ¦¨É¥²Ó be,i μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨

∞∫
0

dt

rm∫
0

2πrAe,i(r, z, t)dr = Sinel,phonon(z) = Sinel,phonon(0)μe,i(z);

§¤¥¸Ó rm Å ³ ±¸¨³ ²Ó´Ò° ¶·μ¡¥£ δ-Ô²¥±É·μ´μ¢, § ¢¨¸ÖÐ¨° μÉ ³ ±¸¨³ ²Ó´μ°
Ô´¥·£¨¨ εe, ¶¥·¥¤ ¢ ¥³μ° μÉ¤¥²Ó´μ³Ê Ô²¥±É·μ´Ê [13,14].

‘¨¸É¥³  (1), (2) ·¥Ï ¥É¸Ö ¸μ ¸²¥¤ÊÕÐ¨³¨ ´ Î ²Ó´Ò³¨ ¨ £· ´¨Î´Ò³¨
Ê¸²μ¢¨Ö³¨:

Te,i(r, z, 0) = T0 = 300 K, (3)

∂Te,i(r, z, t)
∂r

∣∣∣∣
r=0

= 0,
∂Te,i(r, z, t)

∂z

∣∣∣∣
z=0

= 0,

Te,i(Rmax, z, t) = Te,i(r, Zmax, t) = T0.

(4)
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‡¤¥¸Ó ¨ ¤ ²¥¥ Rmax Å · ¤¨Ê¸ Ê¤ ²¥´¨Ö μÉ É· ¥±Éμ·¨¨ ¨μ´ ,   Zmax Å £²Ê-
¡¨´ , ¶·¥¢ÒÏ ÕÐ Ö ¤²¨´Ê ¶·μ¥±É¨¢´μ£μ ¶·μ¡¥£  ¨μ´ , ¶·¨ ±μÉμ·ÒÌ ·¥Ï¥É±Ê
³μ¦´μ ¸Î¨É ÉÓ ´¥¢μ§³ÊÐ¥´´μ°,   ¥¥ É¥³¶¥· ÉÊ·Ê ¶·¨ r > Rmax ¨ z > Zmax

· ¢´μ° T0. ’¥³ ¸ ³Ò³ ´ Î ²Ó´Ò¥ ¨ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö μ§´ Î ÕÉ, ÎÉμ ¢
´ Î ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨ Ô²¥±É·μ´´ Ö ¨ ¨μ´´ Ö ¶μ¤¸¨¸É¥³Ò ¨³¥ÕÉ É¥³¶¥-
· ÉÊ·Ê, · ¢´ÊÕ ±μ³´ É´μ°,   £· ´¨Í  z = 0 É¥¶²μ¨§μ²¨·μ¢ ´ . Š·μ³¥ Éμ£μ,
É¥³¶¥· ÉÊ·Ò Ô²¥±É·μ´´μ£μ £ §  ¨ ·¥Ï¥É±¨ ´  ¡μ²ÓÏμ³ · ¸¸ÉμÖ´¨¨ μÉ É· ¥±-
Éμ·¨¨ ¨μ´  É ±¦¥ · ¢´Ò ±μ³´ É´μ° É¥³¶¥· ÉÊ·¥.

�·¨ ·¥Ï¥´¨¨ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (1), (2) Í¥²¥¸μμ¡· §´μ ¢¢¥¸É¨ ¡¥§· §³¥·-
´Ò¥ ¶¥·¥³¥´´Ò¥,   ¨³¥´´μ: T e = Te/T0, T i = Ti/T0, r = r/Δr, z = z/Δz,
t = t/Δt, £¤¥ Δr, Δz ¨ Δt Å ¥¤¨´¨ÍÒ ¨§³¥·¥´¨Ö · ¸¸ÉμÖ´¨Ö ¨ ¢·¥³¥´¨. 	É¨
¥¤¨´¨ÍÒ ¢Ò¡· ´Ò ¢ ¢¨¤¥ Δt = α1t0 ¨ Δr = Δz = α2r0. ‡¤¥¸Ó α1, α2 Å
¶·μ¨§¢μ²Ó´Ò¥ ¡¥§· §³¥·´Ò¥ ±μ´¸É ´ÉÒ. ‡´ Î¥´¨Ö ÔÉ¨Ì ±μ´¸É ´É ¶μ²μ¦¨³
· ¢´Ò³¨: α1 = α2 = 100. ’μ£¤  ¸¨¸É¥³Ê Ê· ¢´¥´¨° (1), (2) ¢ ¸²ÊÎ ¥, ¥¸²¨ ¢

±·¨¸É ²²¥ ´¥É  ´¨§μÉ·μ¶¨¨ (É. ¥. λ
‖
i = λ⊥

i = λi), ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ (§¤¥¸Ó
¨ ¤ ²¥¥ ¢¥·Ì´¨¥ §´ Î±¨ ´ ¤ ¡¥§· §³¥·´Ò³¨ ¢¥²¨Î¨´ ³¨ μ¶ÊÐ¥´Ò)

∂Te

∂t
= ke

(
1
r

∂Te

∂r
+

∂2Te

∂r2
+

∂2Te

∂z2

)
− ge(Te − Ti) + Ae(r, z, t), (5)

∂Ti

∂t
= ki

(
1
r

∂Ti

∂r
+

∂2Ti

∂r2
+

∂2Ti

∂z2

)
+ gi(Te − Ti) + Ai(r, z, t), (6)

£¤¥ ke,i = λe,i(T0)α1t0/(Ce,i(T0)(α2t0)2), ge,i = g(T0)α1t0/Ce,i(T0).
� Î ²Ó´Ò¥ ¨ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö (3), (4) § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥

Te,i(r, z, 0) = 1, (7)

∂Te,i(r, z, t)
∂r

∣∣∣∣
r=0

= 0,
∂Te,i(r, z, t)

∂z

∣∣∣∣
z=0

= 0,

Te,i(Rmax, z, t) = Te,i(r, Zmax, t) = 1.

(8)

�¥§· §³¥·´ Ö ËÊ´±Í¨Ö Ae,i(r, z, t) μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê²μ°

Ae,i(r, z, t) = A0,e,i exp (−α2r) exp
(
−α1(t − 0,05)2/2

)
μe,i(z),

§¤¥¸Ó A0,e,i = be,iSinel0,phonon0α1t0/(Ce,i(T0)T0).
”Ê´±Í¨Ö μ(z) ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ ¶·μ£· ³³¥ SRIM-2003 ¢ ¢¨¤¥ É ¡²¨ÍÒ

(·¨¸. 1). �·¨ Î¨¸²¥´´μ³ ³μ¤¥²¨·μ¢ ´¨¨ ÔÉÊ ËÊ´±Í¨Õ ¶·¥¤¢ ·¨É¥²Ó´μ ¸£² ¦¨-
¢ ¥³ ¶μ ³¥Éμ¤Ê ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢ ¨ ¨´É¥·¶μ²¨·Ê¥³ ±Ê¡¨Î¥¸±¨³
¸¶² °´μ³.
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�·¨ ±μ³´ É´μ° É¥³¶¥· ÉÊ·¥ T0 = 300 Š É¥¶²μË¨§¨Î¥¸±¨¥ ¶ · ³¥É·Ò
´¨±¥²Ö ¸²¥¤ÊÕÐ¨¥:

Ce(T0) = 2,733 · 10−2„¦/(¸³3 · K), Ci(T0) = 3,91„¦/(¸³3 · K),

g(T0) = 4,05 · 1012 ‚É/(¸³3 · K), λe(T0) = 4,1 ‚É/(¸³ · K),

λi(T0) = 0,91 ‚É/(¸³ · K), Sinel(0) = 1,157 · 10−7 „¦/¸³,

Sphonon(0) = 1,635 · 10−10 „¦/¸³.

„²Ö ¶·¨¢¥¤¥´´ÒÌ ¢¥²¨Î¨´ ¡¥§· §³¥·´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ke, ki, ge, gi, A0,e,
A0,i, Rmax, Zmax ¶·¨´¨³ ÕÉ §´ Î¥´¨Ö ke ≈ 0,15; ki ≈ 2,33 · 10−4;
ge ≈ 14,82; gi ≈ 0,1036; A0,e ≈ 8,97 · 106; A0,i ≈ 88,51; Rmax = 0,5;
Zmax = 200.

’ ±¨³ μ¡· §μ³, ¤²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° (5), (6) ¸
´ Î ²Ó´Ò³¨ ¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ (7), (8) ¢¸¥ ¶ · ³¥É·Ò ¨§¢¥¸É´Ò.

2. Œ…’�„ —ˆ‘‹…���ƒ� �…˜…�ˆŸ

‚¢¥¤¥³ · ¢´μ³¥·´ÊÕ ¸¥É±Ê ¶μ ¶¥·¥³¥´´Ò³ ¢ Ê· ¢´¥´¨ÖÌ (5), (6), É. ¥.
¶μ²μ¦¨³

{ri = ihr(i = 0, 1, ..., n), zj = jhz(j = 0, 1, ..., m), tk = kht(k = 0, 1, ..., l),

£¤¥ hr, hz ¨ ht Å ¸μμÉ¢¥É¸É¢¥´´μ Ï £¨ ¶μ ¶¥·¥³¥´´Ò³ r, z ¨ t. ‚μ ¨§¡¥-
¦ ´¨¥ ¶ÊÉ ´¨ÍÒ ¨´¤¥±¸μ¢ É¥³¶¥· ÉÊ·Ò Ô²¥±É·μ´´μ° ¶μ¤¸¨¸É¥³Ò ¨ ·¥Ï¥É±¨
μ¡μ§´ Î¨³ T ¨ T ¸μμÉ¢¥É¸É¢¥´´μ. ’μ£¤  §´ Î¥´¨Ö ËÊ´±Í¨° T ¨ T ¢ Ê§² Ì

(ri, zj, tk) μ¡μ§´ Î¨³ ¸¨³¢μ² ³¨ T
k

i,j ¨ T k
i,j .

2.1. „¢ÊÌ¸²μ°´ Ö Ö¢´ Ö ±μ´¥Î´μ-· §´μ¸É´ Ö ¸Ì¥³ . „²Ö ·¥Ï¥´¨Ö ¸¨-
¸É¥³Ò Ê· ¢´¥´¨° (5)Ä(8) ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸²¥¤ÊÕÐÊÕ
¤¢ÊÌ¸²μ°´ÊÕ Ö¢´ÊÕ ±μ´¥Î´μ-· §´μ¸É´ÊÕ ¸Ì¥³Ê ¶μ·Ö¤±   ¶¶·μ±¸¨³ Í¨¨ O(ht+
h2

r + h2
z) (·¨¸. 2,  ) [7Ä10]:

T
k+1

i,j − T
k

i,j

ht
= ke

[
1

ihr

T
k

i+1,j − T
k

i−1,j

2hr
+

T
k

i+1,j − 2T
k

i,j + T
k

i−1,j

h2
r

+

+
T

k

i,j+1 − 2T
k

i,j + T
k

i,j−1

h2
z

]
− ge(T

k

i,j − T k
i,j) + A

k

i,j , (9)
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T k+1
i,j − T k

i,j

ht
= ki

[
1

ihr

T k
i+1,j − T k

i−1,j

2hr
+

T k
i+1,j − 2T k

i,j + T k
i−1,j

h2
r

+

+
T k

i,j+1 − 2T k
i,j + T k

i,j−1

h2
z

]
+ gi(T

k

i,j − T k
i,j) + Ak

i,j , (10)

T
0

i,j = T 0
i,j = 1, (11)

T
k

n,j = T k
n,j = 1, T

k

i,m = T k
i,m = 1,

4T
k

1,j − T
k

2,j − 3T
k

0,j

2hr
= 0,

4T
k

1,j − T
k

2,j − 3T
k

0,j

2hz
= 0,

4T k
1,j − T k

2,j − 3T k
0,j

2hr
= 0,

4T k
1,j − T k

2,j − 3T k
0,j

2hz
= 0,

i = 1, 2, ..., n, j = 1, 2, ..., m, k = 0, 1, 2, ..., l.

(12)

�·¨ ¢ÒÎ¨¸²¥´¨¨ ¶μ ¤ ´´μ° ¸Ì¥³¥ Ï £ ¶μ ¢·¥³¥´¨ ¢Ò¡¨· ¥É¸Ö ¨§ Ê¸²μ¢¨Ö
Ê¸Éμ°Î¨¢μ¸É¨ ¸Ì¥³Ò [7Ä10]

max
ke,ki

ht

(
1
h2

r

+
1
h2

z

)
� 1

2
. (13)

„ ´´ Ö ¸Ì¥³  ¶μ§¢μ²Ö¥É ´  ± ¦¤μ³ (k + 1)-³ ¢·¥³¥´´μ³ Ï £¥ ¶μ ¨§¢¥¸É-
´Ò³ §´ Î¥´¨Ö³ É¥³¶¥· ÉÊ· Ô²¥±É·μ´μ¢ ¨ ¨μ´μ¢ ´  k-³ ¢·¥³¥´´μ³ ¸²μ¥ ´ Ìμ-
¤¨ÉÓ ¨Ì §´ Î¥´¨Ö ¸´ Î ²  ¢μ ¢¸¥Ì ¢´ÊÉ·¥´´¨Ì ÉμÎ± Ì (i = 1, 2, ..., n − 1, j =
1, 2, ..., m−1),   ¶μÉμ³ ¨§ ¤¨¸±·¥É´μ° § ¶¨¸¨ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¨Ì §´ Î¥´¨Ö
¢ £· ´¨Î´ÒÌ ÉμÎ± Ì (i = 0, m; j = 0, n).

�¨¸. 2. Ÿ¢´ Ö ¸Ì¥³  ¢ÒÎ¨¸²¥´¨° ( ) ¨ ³¥Éμ¤ ¶¥·¥³¥´´ÒÌ ´ ¶· ¢²¥´¨° (¡)
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„²Ö ¶·μ¢¥·±¨ ¸Ìμ¤¨³μ¸É¨ ¸Ì¥³Ò (9)Ä(12) ¶·μ¢μ¤¨²¸Ö Î¨¸²¥´´Ò° Ô±¸¶¥-
·¨³¥´É ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ Ï £ Ì hr, ht ¨ ´  ¸£ÊÐ ÕÐ¥°¸Ö ¸¥É±¥ ¶μ z, É. ¥.
hz, hz/2, hz/4 (hr = 10−3, hz = 2 · 10−2, ht = 3 · 10−6).

�·¨¢¥¤¥³ ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ Ô±¸¶¥·¨³¥´É  ¢ ÉμÎ±¥ r = 0,01, z = 25
¢ ³μ³¥´É ¢·¥³¥´¨ t = 0,5:

Thz − Thz/2

Thz/2 − Thz/4

≈ 3,56,
Thz − Thz/2

Thz/2 − Thz/4
≈ 3,73.

�μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶μ± §Ò¢ ÕÉ ¢Éμ·μ° ¶μ·Ö¤μ± ÉμÎ´μ¸É¨ ¶μ ¶¥·¥-
³¥´´μ° z. �´ ²μ£¨Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ Ô±¸¶¥·¨³¥´É  ³μ¦´μ ¶μ± -
§ ÉÓ ¨ ¶μ ¤·Ê£¨³ ¶¥·¥³¥´´Ò³. �·¥¨³ÊÐ¥¸É¢  ÔÉμ° ¸Ì¥³Ò:

1) ´ £²Ö¤´μ¸ÉÓ ¨ ¶·μ¸ÉμÉ  ¢ ¨¸¶μ²Ó§μ¢ ´¨¨, É. ¥. ¢¥·μÖÉ´μ¸ÉÓ μÏ¨¡±¨ ¶·¨
¸μ¸É ¢²¥´¨¨ ¸Ì¥³Ò ³¨´¨³ ²Ó´ ;

2) ±μ²¨Î¥¸É¢μ  ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥· Í¨° ¢ ± ¦¤μ³ ¢·¥³¥´´μ³ ¸²μ¥ ³¨´¨-
³ ²Ó´μ, ¶μÔÉμ³Ê ¥¸ÉÓ ¢μ§³μ¦´μ¸ÉÓ ²¥£±μ μ¡μ¡Ð¨ÉÓ ¥¥ ¢ ³´μ£μ³¥·´μ³
¸²ÊÎ ¥.

�¥¤μ¸É É±μ³ ¸Ì¥³Ò Ö¢²Ö¥É¸Ö μ£· ´¨Î¥´¨¥ Ï £  ¶μ ¢·¥³¥´¨, É. ¥. Ï £ ¶μ
¢·¥³¥´¨ ¢Ò¡¨· ¥É¸Ö ¨§ Ê¸²μ¢¨Ö Ê¸Éμ°Î¨¢μ¸É¨ (13), ¨ ÔÉμ ¢ ´¥±μÉμ·ÒÌ § ¤ -
Î Ì ¶·¨¢μ¤¨É ± ·¥§±μ³Ê ¸´¨¦¥´¨Õ ÔËË¥±É¨¢´μ¸É¨ ¨§-§  ³¥²±μ£μ Ï £  ¶μ
¢·¥³¥´¨.

2.2. ’·¥Ì¸²μ°´ Ö ±μ´¥Î´μ-· §´μ¸É´ Ö ¸Ì¥³  ¶¥·¥³¥´´ÒÌ ´ ¶· ¢²¥´¨°.
	ËË¥±É¨¢´μ° ¸Ì¥³μ°, ¸μÎ¥É ÕÐ¥° ¢ ¸¥¡¥ ²ÊÎÏ¨¥ ¸Éμ·μ´Ò ´¥Ö¢´μ° ¸Ì¥³Ò
( ¡¸μ²ÕÉ´ Ö Ê¸Éμ°Î¨¢μ¸ÉÓ) ¨ Ö¢´μ° ¸Ì¥³Ò (³¥´ÓÏ¥¥ ±μ²¨Î¥¸É¢μ μ¶¥· Í¨°),
Ö¢²Ö¥É¸Ö ³¥Éμ¤ ¶¥·¥³¥´´ÒÌ ´ ¶· ¢²¥´¨° [7Ä10]. ’ ±¨¥ ¸Ì¥³Ò ´ §Ò¢ ÕÉ Ô±μ-
´μ³¨Î´Ò³¨ ¸Ì¥³ ³¨. �¸´μ¢´ Ö  ²£μ·¨É³¨Î¥¸± Ö ¨¤¥Ö ¨Ì Ô±μ´μ³¨Î´μ¸É¨ ¸μ-
¸Éμ¨É ¢ Éμ³, ÎÉμ ¤²Ö ¶¥·¥Ìμ¤  ¸μ ¸²μÖ k ´  ¸²μ° k + 1 ´ ¤μ ·¥Ï ÉÓ ³¥Éμ¤μ³
¶·μ£μ´±¨ É·¥ÌÉμÎ¥Î´Ò¥ · §´μ¸É´Ò¥ Ê· ¢´¥´¨Ö ¸´ Î ²  ¶μ r, ¶μÉμ³ ¶μ z ¢¢¥-
¤¥´´μ° ¸¥É±¨. ‘Ì¥³ É¨Î¥¸±¨ ¶·¥¤¸É ¢²¥´´ Ö ´  ·¨¸. 2, ¡ ¸Ì¥³  ³¥Éμ¤  ¶¥·¥-
³¥´´ÒÌ ´ ¶· ¢²¥´¨° ¨³¥¥É ¶μ·Ö¤μ± ÉμÎ´μ¸É¨ O(ht + h2

r + h2
z). „²Ö ¸¨¸É¥³Ò

(5)Ä(8) É·¥Ì¸²μ°´ Ö ¸Ì¥³  ³¥Éμ¤  ¶¥·¥³¥´´ÒÌ ´ ¶· ¢²¥´¨° ¨³¥¥É ¸²¥¤ÊÕÐ¨°
¢¨¤:

T
k+1/2

i,j − T
k

i,j

ht/2
= ke

[
1

ihr

T
k+1/2

i+1,j − T
k+1/2

i−1,j

2hr
+

T
k+1/2

i+1,j − 2T
k+1/2

i,j + T
k+1/2

i−1,j

h2
r

+

+
T

k

i,j+1 − 2T
k

i,j + T
k

i,j−1

h2
z

]
− ge(T

k

i,j − T k
i,j) + A

k

i,j , (14)
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T
k+1/2
i,j − T k

i,j

ht/2
= ki

[
1

ihr

T
k+1/2
i+1,j − T

k+1/2
i−1,j

2hr
+

T
k+1/2
i+1,j − 2T

k+1/2
i,j + T

k+1/2
i−1,j

h2
r

+

+
T k

i,j+1 − 2T k
i,j + T k

i,j−1

h2
z

]
+ gi(T

k

i,j − T k
i,j) + Ak

i,j , (15)

T
k+1

i,j − T
k+1/2

i,j

ht/2
= ke

[
1

ihr

T
k+1/2

i+1,j − T
k+1/2

i−1,j

2hr
+

T
k+1/2

i+1,j − 2T
k+1/2

i,j + T
k+1/2

i−1,j

h2
r

+

+
T

k+1

i,j+1 − 2T
k+1

i,j + T
k+1

i,j−1

h2
z

]
− ge(T

k+1/2

i,j − T
k+1/2
i,j ) + A

k+1/2

i,j , (16)

T k+1
i,j − T

k+1/2
i,j

ht/2
= ki

[
1

ihr

T
k+1/2
i+1,j − T

k+1/2
i−1,j

2hr
+

T
k+1/2
i+1,j − 2T

k+1/2
i,j + T

k+1/2
i−1,j

h2
r

+

+
T k+1

i,j+1 − 2T k+1
i,j + T k+1

i,j−1

h2
z

]
+ gi(T

k+1/2

i,j − T
k+1/2
i,j ) + A

k+1/2
i,j . (17)

� Î ²Ó´Ò¥ ¨ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥

T
0

i,j = T 0
i,j = 1, (18)

T
p

n,j = T p
n,j = 1, T

p

i,m = T p
i,m = 1,

4T
p

1,j − T
p

2,j − 3T
p

0,j

2hr
= 0,

4T
p

i,1 − T
p

i,2 − 3T
p

i,0

2hz
= 0,

4T p
1,j − T p

2,j − 3T p
0,j

2hr
= 0,

4T p
i,1 − T p

i,2 − 3T p
i,0

2hz
= 0,

p = k, k + 1/2, i = 1, 2, ..., n, j = 1, 2, ..., m, k = 0, 1, 2, ..., l.

(19)

„²Ö ¶·μ¢¥·±¨ ¸Ìμ¤¨³μ¸É¨ ¸Ì¥³Ò (14)Ä(19) É ± ¦¥, ± ± ¢ ¶·¥¤Ò¤ÊÐ¥³
¶Ê´±É¥, ¶·μ¢μ¤¨²¸Ö Î¨¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ Ï £ Ì hr, ht

´  ¸£ÊÐ ÕÐ¥°¸Ö ¸¥É±¥ ¶μ z, É. ¥. hz, hz/2, hz/4 (hr = 10−3, hz = 2·10−2, ht =
3 · 10−6). �·¨¢¥¤¥³ ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ Ô±¸¶¥·¨³¥´É  ¢ ÉμÎ±¥ r = 0,01,
z = 25 ¢ ³μ³¥´É ¢·¥³¥´¨ t = 0,5:

Thz − Thz/2

Thz/2 − Thz/4

≈ 3,52,
Thz − Thz/2

Thz/2 − Thz/4
≈ 3,81.
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Š ± ¨ ¶μ²ÊÎ¥´´Ò¥ ¢ÒÏ¥ ·¥§Ê²ÓÉ ÉÒ, μ´¨ ¶μ± §Ò¢ ÕÉ ¢Éμ·μ° ¶μ·Ö¤μ± ÉμÎ-
´μ¸É¨ ¶μ ¶¥·¥³¥´´μ° z. �´ ²μ£¨Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ Ô±¸¶¥·¨³¥´É 
³μ¦´μ ¶μ± § ÉÓ ¨ ¶μ ¤·Ê£¨³ ¶¥·¥³¥´´Ò³.

„²Ö ¨¸¸²¥¤μ¢ ´¨Ö Ê¸Éμ°Î¨¢μ¸É¨ ¸Ì¥³Ò ¡Ò²¨ ¶·μ¢¥¤¥´Ò ¢ÒÎ¨¸²¨É¥²Ó´Ò¥
Ô±¸¶¥·¨³¥´ÉÒ ¸ · §²¨Î´Ò³¨ Ï £ ³¨ ¶μ ¢¸¥³ ¶¥·¥³¥´´Ò³, ¨ ¢μ ¢¸¥Ì ¸²ÊÎ ÖÌ
Ê¸Éμ°Î¨¢μ¸ÉÓ ¸Ì¥³Ò ¸μÌ· ´Ö² ¸Ó. � ¶·¨³¥·, ¢ § ¤ Î Ì, £¤¥ ±μÔËË¨Í¨¥´É
É¥¶²μ¶·μ¢μ¤´μ¸É¨ (¨²¨ ±μÔËË¨Í¨¥´É ¤¨ËËÊ§¨¨) Å μÎ¥´Ó ¡μ²ÓÏ Ö ¢¥²¨Î¨´ ,
ÔËË¥±É¨¢´μ¸ÉÓ Ö¢´μ° ¸Ì¥³Ò ·¥§±μ ¶ ¤ ¥É ¨§-§  Ê¸²μ¢¨Ö Ê¸Éμ°Î¨¢μ¸É¨ (13), ¨
¢ ÔÉμ³ ¸²ÊÎ ¥ Í¥²¥¸μμ¡· §´μ ¨¸¶μ²Ó§μ¢ ÉÓ ³¥Éμ¤ ¶¥·¥³¥´´ÒÌ ´ ¶· ¢²¥´¨°.

�·¥¨³ÊÐ¥¸É¢μ ÔÉμ° ¸Ì¥³Ò Å ¥¥  ¡¸μ²ÕÉ´ Ö Ê¸Éμ°Î¨¢μ¸ÉÓ. �¥¤μ¸É É-
±μ³ ¸Ì¥³Ò Ö¢²Ö¥É¸Ö ´¥¢μ§³μ¦´μ¸ÉÓ ¥¥ μ¡μ¡Ð¥´¨Ö ´  ³´μ£μ³¥·´Ò° ¸²ÊÎ ° ¨
¸²μ¦´μ¸ÉÓ ¸μ¸É ¢²¥´¨Ö ¶·μ£· ³³ ´  ¶· ±É¨±¥.

3. ��‹“—…��›… �…‡“‹œ’�’›

�·μ¢¥¤¥´´μ¥ Î¨¸²¥´´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ¶μ± §Ò¢ ¥É ¸¨²Ó´ÊÕ § ¢¨¸¨³μ¸ÉÓ
·¥§Ê²ÓÉ Éμ¢ μÉ Ê¸²μ¢¨Ö ÊÎ¥É  ¶μÉ¥·¨ Ô´¥·£¨¨ ´  Ëμ´μ´´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö (¨²¨
μÉ ¤¥°¸É¢¨Ö ËÊ´±Í¨¨ ¨¸ÉμÎ´¨±  Ai(r, z, t) ´  ·¥Ï¥ÉμÎ´ÊÕ ¶μ¤¸¨¸É¥³Ê).

�  ·¨¸. 3 ¶·¥¤¸É ¢²¥´Ò É¥³¶¥· ÉÊ·´Ò¥ § ¢¨¸¨³μ¸É¨ ¶μ £²Ê¡¨´¥ ³¨Ï¥´¨
¤²Ö · §²¨Î´ÒÌ · ¸¸ÉμÖ´¨° μÉ μ¸¨ OZ ¸ ÊÎ¥Éμ³ ¶μÉ¥·¨ Ô´¥·£¨¨ ÉÖ¦¥²μ£μ
¨μ´  ´  Ëμ´μ´Ò ¨ ¡¥§ ÔÉμ£μ ÊÎ¥É . ˆ§ ¶·¥¤¸É ¢²¥´´μ£μ ·¨¸Ê´±  ¢¨¤´μ, ÎÉμ
ÊÎ¥É ¶μÉ¥·¨ Ô´¥·£¨¨ ´  Ëμ´μ´´Ò¥ ¢μ§¡Ê¦¤¥´¨Ö ¶·¨¢μ¤¨É ± ·¥§±μ³Ê ·μ¸ÉÊ
É¥³¶¥· ÉÊ·Ò ¢ £²Ê¡¨´¥ ³¨Ï¥´¨ (¢ μ¡² ¸É¨ μ¸É ´μ¢±¨ ¨μ´ ).

�¨¸. 3. ’¥³¶¥· ÉÊ·´Ò¥ § ¢¨¸¨³μ¸É¨ ¶μ £²Ê¡¨´¥ ³¨Ï¥´¨ ´  · §²¨Î´ÒÌ · ¸¸ÉμÖ´¨ÖÌ μÉ
μ¸¨ OZ (1 Å ´  μ¸¨ ¢¤μ²Ó É· ¥±Éμ·¨¨ ¨μ´ ; 2 Å ¶·¨ r = 25 
A; 3 Å ¶·¨ r = 50 
A) ¸
ÊÎ¥Éμ³ ¶·Ö³ÒÌ ¶μÉ¥·Ó Ô´¥·£¨¨ ¨μ´  ´  Ëμ´μ´Ò ( ) ¨ ¡¥§ ÊÎ¥É  (¡) ¢ ³μ³¥´É ¢·¥³¥´¨
t = 6 · 10−15 c

9



�¨¸. 4. ˆ§μÉ¥·³¨Î¥¸± Ö ¶μ¢¥·Ì´μ¸ÉÓ, μ£· ´¨Î¨¢ ÕÐ Ö ¢Ò¤¥²¥´´Ò° μ¡Ñ¥³, ¢ ±μÉμ·μ³
É¥³¶¥· ÉÊ·  · ¢´  É¥³¶¥· ÉÊ·¥ ¶² ¢²¥´¨Ö ´¨±¥²Ö ¢ ³μ³¥´É ¢·¥³¥´¨ t = 1,7 · 10−14 c
(¢¥·Ì´¨° ·¨¸Ê´μ±) ¨ t = 3,0 ·10−14 c (´¨¦´¨° ·¨¸Ê´μ±) ¸ ÊÎ¥Éμ³ (¸²¥¢ ) ¶μÉ¥·¨ Ô´¥·-
£¨¨ ´  Ëμ´μ´Ò ¨ ¡¥§ ÊÎ¥É  (¸¶· ¢ ). � §³¥·Ò Í¨²¨´¤· , É. ¥. ÏÉ·¨Ìμ¢ ´´μ° μ¡² ¸É¨:
¤¨ ³¥É· D = 280 
A, £²Ê¡¨´  Z = 16,8 · 104 
A

“Î¥É ¸Ê³³ ·´ÒÌ Ô´¥·£¥É¨Î¥¸±¨Ì ¶μÉ¥·Ó ¨μ´  ¶μ·Ö¤±  10 ŒÔ‚ (· ¸Î¥É ¶μ
¶·μ£· ³³¥ SRIM-2003 [6]), ±μÉμ·Ò¥ ´¥¶μ¸·¥¤¸É¢¥´´μ ¶¥·¥¤ ÕÉ¸Ö ¢ ·¥Ï¥ÉμÎ-
´ÊÕ ¶μ¤¸¨¸É¥³Ê, ¸¶μ¸μ¡¸É¢ÊÖ ¥¥ ´ £·¥¢ ´¨Õ, ·¥§±μ ¶μ¤´¨³ ¥É É¥³¶¥· ÉÊ·Ê ¢
μ¡² ¸É¨ ¢¡²¨§¨ §μ´Ò μ¸É ´μ¢±¨ ¨μ´  (·¨¸. 3,  , ·¨¸. 4 (²¥¢Ò° ¶¨±)).

‡�Š‹�—…�ˆ…

‚ · ¡μÉ¥ ¶·¥¤¸É ¢²¥´ μ¤¨´ ¨§ ³¥Éμ¤μ¢ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨°
³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨ Å ±μ´¥Î´μ-· §´μ¸É´Ò° ³¥Éμ¤ ¨ ¥£μ ¶·¨³¥´¥´¨¥ ¤²Ö
·¥Ï¥´¨Ö Ê· ¢´¥´¨° ³μ¤¥²¨ É¥·³¨Î¥¸±μ£μ ¶¨± . �·¥¤¸É ¢²¥´Ò ¶μ²ÊÎ¥´´Ò¥
·¥§Ê²ÓÉ ÉÒ ¨¸¸²¥¤μ¢ ´¨Ö É¥¶²μ¢ÒÌ ¶·μÍ¥¸¸μ¢ ¢ ´¨±¥²¥ ¶·¨ μ¡²ÊÎ¥´¨¨ ¨μ´ ³¨
Ê· ´  ¸ Ô´¥·£¨¥° 700 ŒÔ‚ ¸ ÊÎ¥Éμ³ ¶μÉ¥·¨ Ô´¥·£¨¨ ´  Ëμ´μ´´Ò¥ ±μ²¥¡ ´¨Ö.
‚Ò¶μ²´¥´ Î¨¸²¥´´Ò°  ´ ²¨§ ¸Ìμ¤¨³μ¸É¨ Ö¢´μ° ±μ´¥Î´μ-· §´μ¸É´μ° ¸Ì¥³Ò
¢ÒÎ¨¸²¥´¨° ¨ ³¥Éμ¤  ¶¥·¥³¥´´ÒÌ ´ ¶· ¢²¥´¨°. �μ ¶·¨³¥´¥´¨Õ Î¨¸²¥´´ÒÌ
³¥Éμ¤μ¢ ³μ¦´μ ¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¨¥ ¢Ò¢μ¤Ò.

1. ‚Ò¶μ²´¥´´Ò¥ · ¸Î¥ÉÒ ¶μ± § ²¨ ÔËË¥±É¨¢´μ¸ÉÓ Ö¢´μ° ±μ´¥Î´μ-· §´μ-
¸É´μ° ¸Ì¥³Ò ¢ÒÎ¨¸²¥´¨° ´  ¶· ±É¨±¥ ¨§-§  ¥¥ ¶·μ¸ÉμÉÒ ¢ ¨¸¶μ²Ó§μ¢ ´¨¨ ¶·¨
¸μ¡²Õ¤¥´¨¨ Ê¸²μ¢¨Ö Ê¸Éμ°Î¨¢μ¸É¨ (13).
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2. �·¥¨³ÊÐ¥¸É¢μ ³¥Éμ¤  ¶¥·¥³¥´´ÒÌ ´ ¶· ¢²¥´¨° Å ¥£μ  ¡¸μ²ÕÉ´ Ö
Ê¸Éμ°Î¨¢μ¸ÉÓ, É. ¥. ´¥É μ£· ´¨Î¥´¨Ö ´  Ï £ ¶μ ¢·¥³¥´¨, ¨ ÔÉμ ¶μ§¢μ²Ö¥É ÔË-
Ë¥±É¨¢´μ ¶·¨³¥´ÖÉÓ ¥£μ ¤²Ö § ¤ Î, ±μ£¤  Ö¢´ Ö ¸Ì¥³  ´¥ÔËË¥±É¨¢´  ¨§-§ 
μ£· ´¨Î¥´¨Ö Ï £  ¶μ ¢·¥³¥´¨.

�μ ¶μ²ÊÎ¥´´Ò³ ·¥§Ê²ÓÉ É ³ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ³μ¦´μ ¸¤¥² ÉÓ ¸²¥¤ÊÕ-
Ð¨¥ ¢Ò¢μ¤Ò.

1. “Î¥É Ô´¥·£¥É¨Î¥¸±¨Ì ¶μÉ¥·Ó ´  ¢μ§¡Ê¦¤¥´¨¥ Ëμ´μ´´ÒÌ ±μ²¥¡ ´¨°
¶·¨¢μ¤¨É ± ¡μ²ÓÏ¥³Ê ¢μ§· ¸É ´¨Õ É¥³¶¥· ÉÊ·Ò ¢ £²Ê¡¨´¥ ³¨Ï¥´¨ ¢ μ¡² -
¸É¨ μ¸É ´μ¢±¨ ¨μ´  ¨ · §³¥·  μ¡² ¸É¨, £¤¥ É¥³¶¥· ÉÊ·  ³¨Ï¥´¨ ¶·¥¢ÒÏ ¥É
É¥³¶¥· ÉÊ·Ê ¶² ¢²¥´¨Ö ³ É¥·¨ ² , Î¥³ ¢ ³μ¤¥²¨, £¤¥ ´¥ ÊÎ¨ÉÒ¢ ÕÉ¸Ö Ô´¥·£¥-
É¨Î¥¸±¨¥ ¶μÉ¥·¨ ´  Ëμ´μ´´Ò¥ ±μ²¥¡ ´¨Ö.

2. ‚ÒÖ¢²¥´´μ¥  ´μ³ ²Ó´μ¥ ¶μ¢¥¤¥´¨¥ É¥³¶¥· ÉÊ·Ò ¢ μ¡² ¸É¨ μ¸É ´μ¢±¨
¨μ´ , ±μÉμ·μ¥ · ´¥¥ ´¥ ¡Ò²μ μ¡´ ·Ê¦¥´μ ¨ ´¥ ¶·¥¤¸± § ´μ É¥μ·¥É¨Î¥¸±¨,
É·¥¡Ê¥É ¤ ²Ó´¥°Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° ± ± ¸ ¶·¨³¥´¥´¨¥³ ³μ¤¥²¨ É¥·³¨Î¥¸±μ£μ
¶¨± , É ± ¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �””ˆ, £· ´ÉÒ º08-01-
00800- , 07-01-00738-  ¨ 09-01-00770- .
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