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Kit cchbl TouHbIX pelieHuil yp BHeHUd TIOKOJIBCKOIoO

Vp BHeHue TIOKOIBCKOrO ONUCHIB €T B JIMHEHHOM MpPUOJIVIKEHHH BO3MYILEHUS
metpuku Kepp . OHO [omyck er p 3heieHHe NMepeMeHHbIX M T KUM 00p 30M IO-
pOXI eT p AU JIbHOe yp BHeHUe TIOKOIBbCKOro M yInoBoe yp BHeHUE TIOKOIbCKOro.
Mps!I npUBOIUM €IMHOE OIKC HHUE BCEX KJI CCOB TOYHBIX PEIIEHHl YK 3 HHBIX BOJ-
HOBBIX Yp BHEHHWiIl B TEPMHH X KOH(IIOEHTHBIX (pyHKIMH ['OWH ¥ KOH(UIIOEHTHBIX
nonmHOMOB ['0iiH . H iineHs! 1 omMcC Hbl HOBBIE KJI CCBhI TOYHBIX PELICHUH U UX OIpe-
genstroie cBOUCTB . Crieny JIbHOE BHUM HHE YEJICHO MOJIMHOMH JIBHBIM PELICHHM,
KOTOPBIE SBIISIOTCS CHHTYJISIPHBIMU M OTIUCHIB 0T KOJUTMIMHUPOB HHBIE BOJIHBI, Oeryiye
B OJZHOM H 1p BileHHH. [IoK 3 HO, YTO MOAXOAALIME JIMHEeWHbIe KOMOUH MU T KUX
CUHTYJISIPHBIX PELIEHUI MOTYT OIUCHIB Th OIP HUYEHHbIE II0 MIUIUTYAE KOJIMMHUPO-
B HHBIE BOJIHBI, O€TyIIEe B OOHOM H TP BIICHHH.
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Classes of Exact Solutions to the Teukolsky Master Equation

The Teukolsky Master Equation (TME) describes perturbations of the Kerr metric
in linear approximation. It admits separation of variables, thus yielding the Teukolsky
Radial Equation (TRE) and the Teukolsky Angular Equation (TAE). We present here
a unified description of all classes of exact solutions to these equations in terms of
the confluent Heun functions and the confluent Heun polynomials. Large classes
of new exact solutions are found and described together with their characteristic
properties. Special attention is paid to the polynomial solutions which are singular
ones and describe collimated one-way-running waves. It is shown that a proper
linear combination of such singular solutions can describe bounded one-way-running
waves.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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1. INTRODUCTION

At present the study of different types of perturbations of the gravitational
field of black holes, neutron stars and other compact astrophysical objects is a
very active field for analytical, numerical, experimental and astrophysical research.
Ongoing and nearest future experiments based on perturbative and/or numerical
analysis of relativistic gravitational dynamics are expected to provide critical tests
of the existing theories of gravity [1].

The study of perturbations of rotating relativistic objects in Einstein GR was
pioneered by Teukolsky [2] making use of the famous Teukolsky Master Equation
(TME). It describes the perturbations ;¥ (¢, 7, 6, ¢) of all physically interesting
spin-weights s = 0, £1/2, +1, +3/2, +2 to the Kerr background metric in terms
of the corresponding Newman—Penrose scalars. The pairs of spin-weights s with
opposite signs o = sign(s) = +1 correspond to two different perturbations with
opposite helicity and spin |s| = 0, 1/2, 1, 3/2, or 2. Under proper boundary
conditions for TME one obtains quasinormal modes (QNM) of the Kerr black
holes. Various significant results and additional references can be found in [3-5].

The key feature of the TME is that in the Boyer—Lindquist coordinates one
can separate the variables using the ansatz W(t, 7, 0, ¢) = e~ “te™?S(O)R(r),
i.e., looking for solutions in a specific factorized form. Thus, one obtains a
pair of two connected ordinary differential equations for the nontrivial factors
sSw.E.m(0) and sRy, g m(r) — the Teukolsky angular equation (TAE) [2,3,6]
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and the Teukolsky radial equation (TRE) [2, 3]

—s d s+1i _
A dr (A dr st,E,m(T)> + SVw,E,m(T) SRw)E)m('r') = 0, (123)
1 1 dA
Vo mm(r) = ZK2 — isZ%K — L. (1.2b)

The azimuthal number m has arbitrary integer values m = 0, £1, £2,...,
and A = r2—2Mr+a?, K = w(r’+a®)—ma, L = E—s(s+1)+a?w?—2maw—
4iswr. The real parameter a = J/M is related with the angular momentum J
of the Kerr metric, M being its Keplerian mass. The two complex parameters w
and ¥ — the constants of separation, are to be determined using the boundary
conditions of the problem.

The negativity of the imaginary part w; = S(w) < 0 of the complex fre-
quency w = wg + iwy ensures linear stability of the solutions in the exterior do-
main of the Kerr metric with respect to the future time direction ¢t — +o0 [2,7].
In the interior domain the solutions to the TME are not stable [8].

From a mathematical point of view, the function Ky gm(t, 7, 0, @) ~
e~ Wtetm?e S, p.m(0) sRy g.m(r) actually defines a factorized kernel of the gen-
eral integral representation for the solutions to the TME:
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The formal mathematical representation (1.3) is written ad hoc as the most
general superposition of all particular solutions. In it a summation on all admis-
sible values of the two separation constants w and F is assumed. Its usefulness
will be illustrated by different examples in what follows.

It is well known [9] that the Carter separation constant (which is equivalent
to the constant F, used here) may be related with the total angular momentum
of the solution (WU(¢t, r, 8, p). Under proper boundary conditions for the TAE
this momentum has discrete values defined by an integer [ [2]. When there are
physically interesting superpositions ;¥ (¢, 7, 8, ¢) of solutions with a definite
total angular momentum, the integration with respect to the constant ' must be
replaced with summation over the integer /. Thus, instead of the most general
linear mixture (1.3) we have to use the representation of the solutions
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introduced in the problem at hand for the first time in [2]. The transition
from the representation (1.3) to representation (1.4) is formally equivalent to
the use of a singular kernel proportional to the sum of Dirac J-functions:
> 1 0(E — sE(w, I, m)) in (1.3). Here ;E(w, [, m) belongs to some spectrum
which is specific for the given problem and defined by the corresponding boundary
conditions, see Sec. 7.

Further on, the boundary conditions may fix some discrete spectrum for the
frequencies w in (1.4). Then the integral on w will be replaced by discrete
summation over some w,,. This is equivalent to the use once more of a singular
kernel, now proportional to ) 6(w — wy,).

The study of the QNM [5] not only illustrates the above situation but also
shows that the kernel ;Ko g.m(t, 7, 0, ¢) can be singular with respect to the
variable r at infinity and at the horizons.

In the existing literature only regular with respect to the variable 6 kernels
Kw,Em(t, 7, 0, @) are in use. In the present work, we start the consideration
of both regular and singular with respect to the angle 6 kernels in the integral
representation (1.3) of the solutions to the TME. Different types of kernels are to
be used for solution of different boundary problems. Note, that from a physical
point of view, the regularity of the very solution ;U (¢, r, 6, ¢) in equations (1.3)
and (1.4) is important. The kernels like (Ko, g m (¢, 7, 8, ) are auxiliary mathe-
matical objects. One is often forced to use singular kernels in the natural integral
representations of the solution to physical problems. The regularity of the very
physical solution (W (¢, r, 6, ) with respect to the variable # depends on the
choice of the amplitudes ;A g . It can be guaranteed by a suitable choice of
these amplitudes, as shown in Sec. 10.

Despite the essential progress both in the numerical study [10] of the solu-
tions to equations (l.1a) and (1.2a) and in the investigation of their analytical
properties [11], at present there exists a number of basic questions remaining
unanswered. For example, it has been well known for a long time [12] that
the TAE (1.1a) and TRE (1.2a) can be reduced to the confluent Heun ordi-
nary differential equation [13] written here in the following simplest uniform
shape [16, 17]:

1 1
H"+<a+ﬂ%+%)H'+<g+ﬁ>H=0. (1.5)

The constants i and v in Eq. (1.5) are related with the constants «, 3, v, d, 1,
accepted in the notation HeunC(«, 3, 7, 6, 1, z) as follows:
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d=p+v—a 5 , (1.6a)
_ a(ﬁ; 1) - ﬁ+')’2+ 57. (16b)



To the best of our knowledge we still do not have a detailed description of the
exact analytical solutions to the TAE (1.1a) and TRE (1.2a) in terms of the conflu-
ent Heun function HeunC(«, 8, v, 6, 1, z) — the unique particular local solution
of Eq.(1.5) which is regular in the vicinity of the regular singular point z = 0
and obeys the normalization condition HeunC(«, 3, v, 4, n, 0) = 1 [13]*. Note
that other particular solutions to equation (1.5), as well as its general solution, are
not termed «confluent Heun’s functions», according to the accepted modern ter-
minology [13]. The reason is that, in general, other solutions can be represented
in a nontrivial way in terms of solutions HeunC(«, 3, v, d, n, z) of the corre-
sponding arguments. Hence, from a computational point of view, it is sufficient
to study only the Taylor series of this standard local solution and its analytical
continuation in the complex plane C,. Thus, the instrumental use of the confluent
Heun function HeunC(«, 3, 7, d, i, z) — the basic purpose of the present work,
is much more advantageous than the simple fact, recognized already in [12], that
the TRE and TAE can be reduced to the confluent Heun equation (1.5).

In the late 2006 a program for filling the above gaps in the study of the TME
was started as a natural extension of the articles [14], where a similar approach
was developed for the Regge—Wheeler equation (RWE). The first results were
quite stimulating [15], but serious difficulties came across in both analytical and
numerical studies. This is because the theory of Heun’s functions, as well as
numerical tools for calculations with them still are not developed enough.

Here we pay special attention to the polynomial solutions of Eq.(1.5). Ac-
cording to [13], the confluent Heun function HeunC(«, 3, 7, §, , 2z) reduces to
a polynomial of degree N > 0 of the variable z, if and only if the following two
conditions are satisfied:

5
O 87 Ny, (1.72)
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An+1(p) =0. (1.7b)

We call the first condition (1.7a) a «dy-condition», and the second one (1.7b) —
a «Apngti-condition». An explicit form of the «Apn4i-condition» in form of
a determinant useful for practical calculations, as well as a novel derivation
of confluent Heun’s polynomials can be found in [16]. A recurrent procedure
for calculation of A1 (1.7b) and its relation with Starobinsky’s constants are
presented in [17].

On the other hand, the so-called algebraically special solutions to the RWE
and TRE were discovered long time ago [18]. These are of a generalized poly-

*In the present work, we use the Maple-computer-package notation for the Heun functions.
Basically, this notation is borrowed from the two mile-stone articles on modern theory of Heun’s
functions by Decarreau et al. in [13]; at present, it seems to be most popular, since the Maple
package is the only one for analytical and numerical work with Heun’s functions.



nomial type. According to the existing literature, these solutions describe pure
incoming or pure outgoing waves. The algebraically special solutions still are
not discussed in terms of Heun’s polynomials. To our knowledge, attempts for
application of this class of solutions to real physical problems cannot be found in
the existing literature on gravitational physics. The only exception are the recent
articles [15,19], where one can find some very preliminary results.

Very recently the algebraically special solutions of the RWE and TME were
proved to be relevant for the study of instabilities of different kind of some more
or less «exotic» solutions to the Einstein equations [20]. Physical manifestation
of the instabilities of the mathematical solutions are the explosions of the corre-
sponding objects. Therefore, it seems natural to look for a perturbative description
of explosions in terms of solutions of the TME, which are stable in the future and
instable in the past. The confluent Heun functions give a rigorous mathematical
basis for analysis of these problems.

On the other hand, the recently found properties of confluent Heun’s func-
tion [16] show that one can introduce a new subclass of «dpconfluent Heun’s
functions», which obey only the dy-condition — Eq.(1.7a). In [17] is shown
that such «dy-solutions» of the TRE and TAE define the most general class
of solutions, for which properly generalized Teukolsky—Starobinsky’s identities
exist. Here we study in more detail the dy-solutions to the TRE and TAE. In
particular, we show that the regular solutions to the TAE, which are the only class
of solutions to the TAE, used up to now [2,3, 6], are precisely nonpolynomial
dn-solutions. In contrast, the polynomial solutions to the TAE of all spins are
shown to be singular ones, at least around one of the poles (# = 0, 7) of the
unit sphere Se(iz. This new situation reflects the properties of the confluent Heun
function. It is not consistent with our experience, based on the work with hyper-
geometric functions, solving the angular part of the Laplace equation in celestial
and quantum mechanics, or in electrostatics. It is well known that in the last case
solutions regular on both the poles are polynomial.

In the limit ¢ — 0, when the Kerr metric approaches the nonrotating Schwarz-
schild one, there exists a smooth transition from perturbations of the Kerr metric
to perturbations of the Schwarzschild metric in terms of the Weyl scalars, but
a simple transition from the solutions of the TME to the solutions of the RWE
(see [14,17]) is not possible [3]. Nevertheless, the mathematical analogy between
the corresponding solutions becomes quite transparent when the solutions are
represented in terms of the confluent Heun functions [14,17]. The limit a — 0
is traced in more detail in Subsec.4.1.2 — for the TRE and in Sec.7 — for
the TAE.

This way, using confluent Heun’s function, we hope to obtain a more clear
picture of the quite complicated present-day state of the art in the perturbation
theory under consideration and its possible further developments.



The main purposes of the present work is to report some of the basic results,
obtained for a detailed description of the exact solutions of the TME in terms of
the confluent Heun function HeunC(«, 3, v, d, 1, 2), to introduce a large number
of new classes of such solutions, and to formulate some interesting boundary
problems for the TRE, TAE, and TME in terms of confluent Heun’s functions.

Besides the already stressed new developments, in the present work for the
first time we introduce and study the differential invariants of the Weyl tensor,
which indicate in an invariant way both the event and Cauchy horizons of the Kerr
metric as singular points of the TRE (Subsec. 2.1), the explicit form of 16 classes
of exact solutions to the TRE in terms of confluent Heun’s functions (Subsec. 2.2),
a new classification of the solution to the TRE, based on specific properties of
confluent Heun’s functions (Sec.3), especially, the class of §py-radial solutions
and, in particular, two unknown infinite classes of exact solutions with equidistant
complex spectra of frequencies, two novel classes of polynomial solutions to the
TRE (Sec.4), the explicit form of 16 classes of exact solutions to the TAE in
terms of confluent Heun’s functions (Sec. 5), a new concomitant confluent Heun’s
function and its application to the TAE (Sec.5), a new classification of the
solution to the TAE, based on specific properties of confluent Heun’s functions
(Sec. 6), especially, the class of dx-angular solutions, a novel description of the
regular solutions to the TAE in terms of confluent Heun’s functions (Sec. 7), two
classes of singular polynomial solutions to the TAE (Sec. 8), 256 classes of exact
solutions to the TME (Sec.9), an explicit construction of exact bounded solutions
to the TME with spin 1/2, using the singular kernel, built from the polynomial
solutions to the TAE (Sec. 10), and novel general exact solutions of the TME
in the form of one-way running waves (Sec. 10). Some general conclusions and
perspectives for further developments are outlined in the concluding Sec. 11.

2. EXACT SOLUTIONS TO THE TEUKOLSKY RADIAL EQUATION
IN TERMS OF THE CONFLUENT HEUN FUNCTIONS

2.1. Explicit Form of the TRE and Geometrical Character of Its Singular-
ities. Much like in the case of the Schwarzschild solution, for the Kerr one we
have a complicated space-time structure and a different physical meaning of the
space-time coordinates in the different domains. For example, consider, as usual,
only the real values of r. In the interior of the Kerr metric: 0 <r_ <r <ry —
between the zeros v+ = M £/ M? — a2, a < M of the function A (i.e., between
the Cauchy horizon r_ and the event horizon ), two of the eigenvalues: A,
and )\, of the metric in the Boyer—Lindquist coordinates simultaneously change
their signs. Indeed, one pair of eigenvalues is \g = ggg = 72 + a%cos? 0
and A\, = g = (1> + a®cos?f)/A. The second pair of eigenvalues is the
roots A, Ag of the equation A\* — (g1 +gpp) A+ gitgss — giy- Their product equals



AAg = —A sin? @. The last expression, together with the form of g, proves the
simultaneous change of the signs of the two eigenvalues \;, A,, when the vari-
able r crosses the horizons 7., since the determinant g = — (2 +a? cos? #)? sin? 0
of the metric does not vanish there. As a result, between the two horizons r4
the variable t;, = x € (—o00, 00) plays the role of the interior time and the
variable 7;,, =t is the interior radial variable. We use the following Kerr-metric-
tortoise coordinate: x =r+ay In|(r —ry)/(ry —r_)|—a_ln|(r—r_)/(ry —
ry Tr— . . ..
Hri. It is a straightforward generalization
of the tortoise variable for the exterior domain r € (ry, co) proposed in [2].
Since our expression is valid in the interior domains, too, the inverse function
defines 7 = r(tin) when 7 € (r_, r4). In the second interior domain r < 7_
the variables r and ¢ restore their original meaning. For a detailed analysis of
the light cones in the Kerr geometry see [21]. This consideration is necessary
for understanding of the physical meaning of the solutions to the TME in the
different Kerr-space-time domains.

The explicit form of the TRE

r_)| € (—oo,0), where ay =

PR, g 1 1\ dRy g.m
= —w,Bym + ) Bm

1
dr? +( +s)<r—r+ r—r_ dr

+<(w(a2+r2)‘“m)2_is< LI )(w(a2+r2)—am)—

(r—r_)(r—ryg) r—ry  r—r_

— E+5(s+1) — a’w? + 2maw + 4iswr _ Bosm 2.1
)G )

shows that it has three singular points: r = r1 and r = oo. In the present
work, we consider only the non-extremal Kerr metric with real v > r_ > 0.
Then the first two are regular singular points, and the third one (the physical
infinity » = oco) is an irregular singular point. The symmetry of Eq.(2.1) under
the interchange r, < r_ is obvious. Thus, we see that the two horizons of the
Kerr metric are singularities for the TRE which are to be treated on equal footing.
Do these singularities have an invariant meaning independent of the coordinate
choice?

The algebraic invariants of the Riemann curvature tensor R;;x; are not able
to indicate the horizons of the Kerr black hole and one usually considers them as
pure coordinate singularities of the metric in the Boyer-Lindquist coordinates. In
contrast, the circle r = 0, § = 7/2 is a singularity of the algebraic invariants of
the Riemann tensor [3]. Since the pure algebraic invariants of the tensor R;;1; do
not fix completely the geometry, their consideration is not sufficient to recover all
gauge-invariant space-time properties. For this purpose one must consider a large
enough number of high-order differential invariants of the Riemann tensor [22].



It is not difficult to find differential invariants of the Riemann tensor of
the Kerr metric which are able to distinguish both the horizons ry and the
ergosphere g;» = 0. Indeed, let us consider the following algebraic invariants

1 .
of the Weyl tensor Wijp: I = Ewijklww’” — the density of the Euler

@Wijkl *W9H __ the density of the Chern—

Pontryagin characteristic class [23]. Let us put (I} —ily)Y/? = X = |\ exp(it)).
M 1/6 M 1/6

Then r = (W) cos(1/6) and p = <T|> cos(¢/6)~! are obviously

invariants of the Weyl tensor — nonalgebraic and nondifferential ones. In the

2
a

Boyer-Lindquist coordinates one obtains p = r + — cos# and g, = 1 — 2M/p.
r

characteristic class, and I, =

The differential invariants of the first order

2
DI = — (Vinr) = = (1 My a—2) , (2.22)
rp T T
4 2M
DI, = (Vinp)’ = (Vinr)?* = o (g - 1) (1 - 7) (2.2b)

indicate the two Kerr black hole horizons, the ergosphere and some other geo-
metrical objects in the Kerr space-time. Thus, the two horizons r1 of the Kerr
metric are shown to be invariant objects, being singularities of the same kind in
equation (2.1).

In the limit a — 0 we have p — r and the differential invariant in equa-
tion (2.2b) becomes trivial: DI — 0. In the same limit, the differential in-
variant (2.2a) produces a nontrivial result (1 — 2M/r) /72 for the Schwarzschild
metric which is similar to the one derived already in the third of the articles [22],
as well as in the very recent sixth one.

2.2. Explicit Form of the Local Solutions to the TRE. The analytical
study of the solutions to the TRE and TAE was started in [4] and continued by
different approximate methods [5,11] without utilizing of Heun’s functions. Using
the confluent Heun function one can write down 16 exact local Frobenius-type
solutions to the TRE (2.1) in the form:

R (1 7 1) A2 =

ST w,E,m,04,03,0

B
— 00$ ”BTi U’Y%H C K 23
=e zy % 2y eunC(oaay, 0gBs, oyve, 0k, Ni, 24), (2.3)



which is very similar to the form of the solutions to the RWE [14,17]. Here*

0y = 0 Em (T4, 7—) = 2iw(ry —r_) =ipw/Qy, (2.4a)
By = sﬂw E m(r-‘rv ) =s+2i (m w/Q ) /pa (2.4b)
Y+ = sVYw,E m(r-‘rv ) =85— (m w/Q—l-) /pv (2.4¢0)
04 = 0w, Bm(Ts, 7—) = oy (s — zw(r+ +r_)) =0y (s—iw/Qy), (2.4d)
n+ = sﬁw,E,m(r—H ) =-F + S +m +
2m202 —w?  (2mQ, —w)? 1 0\’
L el CU ) U (RPICLLES RPN
p2Q2 p*Q2 2 a0y
T—Tr_ T4 —T
= N ) = _ = Z_ M )= 2.4f
2t Z-‘r(rv T+, T ) ’I"+—’I",7 z z (7‘, T+, T ) ’I"+—’I",7 ( )
—-A
Z+ +z_ = 1, 42— = m
The discrete parameters o, 0g, 0, have values £1**. In equa-

tions (2.4a)—(2.4e) we use the following quantities: the angular velocity of the
event horizon Q4 = \/r_/ry / (r4 +r_), the angular velocity of the Cauchy
horizon Q_ = \/ry/r_/(ry +r_), the arithmetically-averaged angular veloc-
ity Qg = (4 +Q_)/2 = 1/(2a), the geometrically-averaged angular veloc-
ity Q; = /Q:Q_ = 1/(2M), and the new dimensionless parameter p =
\/’I"+/7‘_ \/7‘ /’I"+—\/Q /Q+ \/Q+/Q_ 7‘+—7‘ /a—2\/M2/a2
Note that the inverse relation 74 = /Q+/Q4/ (Q4 + Q_) permits us to re-
place v with Q1 wherever it is necessary, thus making transparent the duality
of the parameters 7 and 4, as well as the behavior of the above quantities
under interchange of the two horizons: ry S r— = Qp S Q_, p — —p,
Qq.g — g, g — invariant.

The parameters o, _, «v—, 6_, n— can be obtained by interchanging the
places of the two horizons: r; < r_ in (2.4a)—(2.4e). This procedure may be
substantiated using the known properties of the confluent Heun function under
changes of parameters [13]. One can check directly that this way we obtain
indeed solutions of equation (2.1).

According to equations (2.3) and (2.4f), the behavior of the solutions
(r; rq, r—) around the corresponding singular points z =

SRE

w,BE,m,04,08,0

*Note that the notation z4 in Eq. (2.4f) is consistent with the limits z+ — doo for r — oo.
Their relation with the notation of the parameters of the Kerr metric r+ is illustrated by the equations
z4(rs;74,7—) = 0. The labels + in the notation R* in Eq. (2.3) are related with the labels of
their arguments z+, not with the labels of the parameters r4.

**Further on, o, = sign(z) denotes the sign of the real quantity x. The only exception is
o = o, Where we skip the index s.



ze(r;r4,7—) = 0 is defined by the dominant factor (zi)aﬂﬂi/z.

All other factors in equation (2.3) are regular around these points. The same solu-
tions are in general singular around the corresponding singular points
z=zy(rg;ry, r—)=1.

Only two of the sixteen solutions (2.3) are linearly independent. Nevertheless,
it is necessary to know all of them since for different purposes one has to use
different pairs of independent local solutions.

Using the known asymptotic expansion of the confluent Heun function [13]
we obtain two asymptotic solutions of Tome type. These are local solutions of
the TRE around its irregular singular point || = oo in the complex plane C,.:

+oo . iwoqw(r+(ry+r_)Inr)
SROJ,E,m,O'a,O'@,U,Y (T7 T+, T*) ~ene X
j+14(1
S JH1+(1+0q)
x> a = Cap=1. (2.5)
Jj=0

The notation 4oco in (2.5) denotes the two directions: r — +o00 and r — —o0 on
the real r axis for approaching the irregular singular point || = co in the complex
plane C,. For the coefficients a; = a;, E,m,0a,05,0, ON€ has a recurrence
relation [13] which shows that they increase together with the integer j. Hence,
the asymptotic series (2.5) is a divergent one.

As seen from (2.4)

- . _ pt :
SROJ,E,W’Ua,Uﬁ,UW (T’ Tts T*) - SRw,E,m,oa,oﬁ,gW (T, r—, T+)'
Hence, one can introduce a new parity property of the solutions and construct
symmetric and antisymmetric (with respect to the interchange r & r_) solutions
of the TRE:
SYM . —
SRu,E,m,aa,ag,a,y (7‘, T+, 7‘_) -
1

— + . - .
- 5 (‘QR‘U;E;W7UOHU[$;UW (r7 7"+, 7‘_) + st,E,m,o'a,o'ﬁ,o',Y (r7 7"+, r_)) ’ (26)

ASYM . —
SROJ,E,m,O'a,O'@,U,Y (7‘, T+, 7‘_) -

1
I + . - .
9 (SROJ,E,W,UQ,O'/%U,Y (7‘, T+, 7‘_) SRw,E,m,Ua,O'@,U’Y (7‘, Tty 7‘_)) .

Clearly, these solutions are singular at both horizons in the general case. When
one considers the two-singular-point boundary problem [13] on the interval
[r—,r4+] in the Kerr black hole interior, the solutions (2.6) may be regular at
one, or at both the ends for some values of the separation constants w and E.
Since this boundary problem is still not studied, at present we are not able to
make more definite statements about this case.

10



3. A NEW CLASSIFICATION OF THE SOLUTIONS TO THE TRE,
BASED ON THE 6 -CONDITION.
NOVEL RADIAL §-SOLUTIONS

For the TRE the dx-condition reads:

+ + _ + N
Swm,o'a,o'ﬁ,o',y £UC’<!0/37U"/ - Qg (Mmﬁga7gﬁ7g"/ t+e SNO'Q7UH)U’Y) ’ (3'1)
where
+ _opfls — 0 Qg o
- [e 3]
00 ,03,0 Qi _ Q:F
M., &

MO, 08,0~y m(o—ﬁ - O—’Y)mv

NE =N+1+<aa+m>s

Oa,03,0~

We call radial én-solutions the solutions defined via the §-condition (3.1).

The calculation of the values of the coefficients in equation (3.1) yields two
very different cases:

1. In the first case E;ii = L1 1 4 = 0 and we see that one is not able
to fix the frequencies Swﬁi)i)i and sw,, y 1 ;. Instead, choosing o, = 03 =
0, = —o and using (3.1) one fixes the non-negative integer /N in the form

SN+1=2s| =1 for |[s]>=1/2. (3.2)

Thus, the degree of the polynomial Ay 1-condition is fixed, too.

2. In the second case the coefficients Efmm’% are nonzero and one can fix
the values of the frequencies swivama 4,0, from equation (3.1). Thus, one obtains
two different types of exact equidistant spectra:

a) For CEFF,:t,:t = ‘C’:T:,j:,i = :tQ, M;lt,:t,;t = M;,i,i = 0 and N;,:t,:t =

—— (N+1) the §-condition (3.1) produces the pure imaginary equidistant
frequencies

_ N+1 .
Swﬁm;’ivi = sWN g4+ = T TV N >0 — integer. 3.3)

Note that these frequencies depend neither on the spin-weight s and azimuthal
number m, nor on the rotation parameter a. The spectrum is not influenced by
the rotation of the waves and of the very Kerr metric. The frequencies (3.3) are
defined only by the monopole term in multipole expansion of the metric.

11



b) For all other cases the coefficients £ 40,0 and Mfma 4.0, are not fixed

integers and one obtains the following two similar double-equidistant spectra of
frequencies:

_ 1 r_
swﬁm%%i = sWN 45 =My £ Y5 (1 — E) (N+1Fs); (3.4a)

N >0, m — integers,

_ 1 T
Rtk = SNk g = 8 E (T—f — 1) (N+1%s5); (3.4b)

N >0, m — integers.

A set of important new mathematical properties of the radial § y-solutions can
be found in [16,17]. In [17] it is shown that these solutions define the most general
class of solutions to the TRE for which the properly generalized Teukolsky—
Starobinsky identities exist. The solutions which satisfy the relation (3.2) were
studied in [2,3] without utilizing the Heun functions and the §y-condition. The
last condition turns to be valid automatically for the solutions to the TRE studied
in [2,3]. The infinite series of the solutions with equidistant spectra (3.3) and (3.4)
are introduced and considered for the first time in the present work.

4. POLYNOMIAL SOLUTIONS TO THE TRE

The §-condition yields the basic classification of the solutions described in
the previous Sec.3. As a result, one obtains two classes of polynomial solutions
to the TRE, imposing in addition the Ay 1-condition (1.7b). In what follows we
will use the determinant form of the Ay 1-condition given in [16].

4.1. The First Class of Polynomial Solutions to the TRE. The solutions
of this class correspond to the first case in Sec.3 and obey equation (3.2). The
inequality ;N = 2|s| — 1 > 0 excludes the existence of scalar perturbations
(Is| = 0) of the first polynomial class.

4.1.1. The General Case. For brevity, we denote the solutions
sRiE,m,—a,—a,—a(r; Ty, T_) as SRf,E,m(r; r4+, r—). For them the parame-
ter p takes the values p = S,uihm(hr, r_) k =1,...,2|s| — the solutions
of the algebraic equation (1.7b), which now takes the form: Aécls‘(u) = 0.
Its degree is 2|s| = 1, 2, 3, or 4, depending on the spin of the perturbations
|s| =1/2, 1, 3/2, 2. Making use of (1.6b), and (2.4a)—(2.4e), we obtain for the
separation constant £ = sEf’k’m(m, r_), k=1,...,2|s| the expressions

B o (s 7 ) = bty o (e m2) + [3](1] = 1) =
—aw(aw — 2m) + 2i0(2]s| — Dwrs.  (4.1)

12



Applying the explicit expressions for the roots suf’k’m(m, r_), we obtain

1
SEf’m(vq, r_) = —a*w? 4 2awm — 1 (4.2)
1
f = —:
or || 5

B o (1, 7-) = —a?W? 4 2aw (m — (=1)* m) : 4.3)
for |s|=1, k=1,2.

For the gravitational waves (|]s|] = 2) one has to find the quantities
sE, (ry, r_) solving algebraic equation of the fourth degree A¥ () = 0. The
expfiéit form of its roots is too complicated and not necessary for the purposes of
the present work. It is more instructive to demonstrate here the result, obtained
using the Taylor series expansion of the solutions suf) k)m(mr, r_) around the
zero frequency w = 0.

Thus, we obtain for |s| =2, k = 1, 2 the eight values:

w,k,m

3M
JEE  =2-4 <m — i(—l)k%> aw+

2
+6 (m2 +i(=1)*2m ((m2 - 1)% + %) 3% - %) (aw)? + O3(aw).
(4.4)

For |s| =2, m # 0, k = 3, 4 we have other eight values:

3M?2 2\ 1
+ . kg .
SEw,k:,m = Z(—l) 4 maw (1 + ’LS (1 + (87 — 5) W) maw-+
3M? 5\ 1 5
+ Og(aw)> + 8maw — 6 (1 + ( pea 5) W) (maw)® + Os(aw). (4.5)

Clearly, these series describe two kinds of solutions with a completely dif-
ferent behavior around the origin w = 0. In particular, the series (4.4) and (4.5)
have different limits: 2 and 0, respectively, when w — 0. For the solutions (4.5)
the origin w = 0 is a branching point, etc.

The independence of the values of SEfk m 10 (4.4) and (4.5) on the upper
labels (£) is a result of the polynomial character of the solutions, i.e., of the
regularity of the corresponding HeunC-factor simultaneously on both the hori-
Zons 1.

For a complete solution of the problem one has to determine the frequency w.
Hence, one needs an additional relation between the parameters £ and w. This
relation may appear when one solves the TAE (See the next Secs. 5-8.).
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The first class of polynomial solutions to the TRE is introduced and studied
in detail for the first time in the present work.

4.1.2. The Special Case of the Schwarzschild Metric.  For the special
value of the parameter @ = 0 we have r_ = 0, r; = 2M. This is the case
of perturbations to the nonrotating Schwarzschild black hole described in terms
of the Weyl scalars. For simplicity, here we use units in which 2M = 1. The
parameters in the solution (2.3) acquire the limiting values

2

oy =2iw, fy=3s8, Y4=5+2w, 04y =2w(s—iw), nyr=-FE+ %;
a_ = 2w, f-=s5+2iw, y_ =35, 0_=—-2iw(s—iw),
2
N = —E+ % + 20w 4 isw. (4.6)

These differ from the values of the parameters of confluent Heun’s functions in the
Regge—Wheeler approach to the perturbations of the Schwarzschild metric [14].
In the limit ¢ — 0 equation (3.1) does not define the frequency w, if o, =
Fog = 0, = —o0, because then one obtains Efgyimy, = 0. If, in addition,
o = sign(s), then the Jy-condition is fulfilled for the special polynomial so-
lutions of the first class denoted as st,E,m(T) = SRf,E,m,fo,iU,:Fo(r; 1, 0).

Equation (3.1) yields the relation (N = |s| — 1 > 0. Scalar perturbations of this
type do not exist.

In the case of integer spins |s| = 1, 2 the roots pu = S/’l’f,k,m’ kE=1,...,]s|
of the equations A\isl(“) = 0, (1.6b), and (2.4a)—(2.4e) with v =1, r_ =0
and a = 0 produce the following simple expressions for E = SEf koo
E=1,...,]s|

EX,=0: for [s|=1, 4.7)

B =1 (-D)"1—ibow: for |s|=2k=1,2. (4.8)

For a complete solution of the problem, one needs an additional relation between
the parameters £ and w. This relation may be found by solving the TAE, see
Secs. 5-8.

The above considerations of the limit ¢ — 0 and the corresponding results
for the Schwarzschild black hole in terms of confluent Heun’s functions are new
and obtained for the first time in the present work.

4.2. Second Class of Polynomial Solutions to the TRE. According to the
results of Sec.3, the solutions of this class originate from the second case of
the dx-condition and fall into two subclasses: a) and b). The complete def-
inite frequencies Swj:‘\:[7mvaa7o'ﬂ7o-'y — formulae (3.3) and (3.4), yield algebraic

equations Aﬁﬂ(u) = 0 with (N + 1) roots p = suﬁ)n’m)amgﬁ)aw(m, r_),
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n =0,1,...,N. It seems difficult to derive explicit analytic expressions for
these roots, but their numerical values can be easily obtained. Using the val-
:t . .
ues of SN 1m0 s0,0 (r4, r—) and equations (1.6b), (2.4a)—(2.4e) we obtain
complete definite values for the parameter £ = (B . sy (T4 T=):

a) In the case of frequencies (3.3) we obtain

JEx =t + |s|(|s| = 1) + aw(3aw — 2m)+

N,n,m,o,—o,—0 S:uN,n,m,a,—a,—a
+ 4w 4 2iow (2M|s| —r1). (4.9)

b) In the case of frequencies (3.4a), (3.4b) we have, respectively:

+ +
SEN,n,m,—i-,—,-‘,- - 5”N,n,m,+,—,+ = 5EJT7,n,m,—,+,— - Sl“’]ff,n,m,+,—,+ =
= +i2(2aw — m)/p — (m* +8m (1 + M?/a*) aw+
+ (L4 10rg /re +9(r/re)* —d(rg /re)?) wPrh) /p°,  (4.10a)
+ +
SEN et bim = BNt - = BN nm - - T B R nm -t =

= +i2 (m + 2aw (1 — 2M?/a?)) /p—

— i2psaw — 4 (m2 +2m (1 — 3M2/a2) aw — (1 — 5M2/a2) (aw)Q) /p2.
(4.10b)

With w and E given by equations (3.3), (3.4) and (4.9), (4.10) we have no
more free parameters in the problem at hand. As a result, the corresponding so-
lutions to the TAE are fixed unambiguously by the designated group of equations
obtained for the second class of polynomial solutions to the TRE. This situation
is completely new, unexpected and described here for the first time.

5. EXACT SOLUTIONS TO THE TEUKOLSKY ANGULAR EQUATION
IN TERMS OF THE CONFLUENT HEUN FUNCTIONS

In terms of the variable = cosf the TAE has three singular points. Two
of them: x_ = —1 (i.e., 8 = m — South (S-)pole) and x4 =1 (i.e., Oy =0 —
North (N-)pole) are regular singular points. The third one z., = oo is an irregular
singular point. It is remarkable that introducing the notation

2y = 24(0) = (cos(0/2))?, z_ =2_(0) = (sin(8/2))*, z4+2z_=1 (5.1)
and
atr = tdaw, byr=sFm, cr=s+tm, di=+t4dsaw, 5.2)

m2+82 2 9

ny = 5 F 2saw — a”w” — F,
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we can write down 16 local solutions of the TAE in the form

+ —
S w)E)m7UQ)Ub7UC

“+
o, S
=e’ 2 zy ? 2" ? HeunC(o.a+, opbs, occy, dt, na, 24), (5.3)

which is very similar to the form of Eq. (2.3).
Following the corresponding properties of the TAE (l.la) [2], the solu-
tions (5.3) have the symmetries

_SSiE’m’%m’ac(ﬂ —0) =57 5 (5.4a)

oSF (r—0) = ST (6). (5.4b)

—w,E,—m,04,05,0¢ w,E,m,04,0p,0¢

Note that according to Eq. (5.3), the behavior of the solutions .S +

w,E,m,04,04,0¢
around the corresponding singular points z = z4(0g) = z_(0x) = 0 is defined
by the dominant factor (z i)%bi /2 All other factors in (5.3) are regular around
these points. The same solutions are in general singular around the corresponding
singular points z = 2z, () = 2_(0s) = 1. Hence, at this point we have a
complete analogy with the case of TRE.

Only two of the sixteen solutions (5.3) are linearly independent. Nevertheless,
it is important to know all of them, since for various purposes one can use different
pairs of independent local solutions, see below. If one chooses some two linearly
independent solutions, then one can represent the other fourteen using this basis.
Unfortunately, at present the form of the corresponding coefficients is completely
unknown.

We can establish simple relations between some of the different solutions (5.3)
in proper domains of the parameters s and m, if we divide the whole plane {s, m}
into four sectors. In each of them we choose the solutions with the same regular
asymptotic behavior around the corresponding pole as follows:

L. Sector s > 0, |m| < |s|:

+reg _ + _ + _ + _
s9u,E;m\Y) = 00 Bm 4t T sPw Bim,— 44 T $Pw,Bomb -
Stres (9) = .S S S

6 s—m
= S‘S:i_,E,m,—+— GNW (COS 5) , (5.5a)

—

7reg _ — _ — _ — _
550,8m(0) = 550 Bm 4+ = 550 Bm,— 4+ = 50 Bom - =

9 s+m
= SSL:,E,m7—+_ 9:0 (sin 5) . (55b)
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II. Sector m < 0, |s| < |m]:

+reg _ + _ + _ + —
$ W7E7m(9) - sSvavm7+++ - SSvavm7—++ - SSW7E7m7++— -

9 Ss—m
= SS:;E’m)?Jrf st (cos 5) , (5.6a)

—reg . —_ _ —_ _ —_ .
SSu,E,m(e) - sMw,Em,——— = SYw Em,4+—— T SSu,E,m,——+ -
9 —S—m
= SS‘mE)mﬁfJr oo (sm 5) . (5.6b)
II. Sector s < 0, |m| < |s:

+reg _ + _ + _ + —
SSu,E,m(e) - SSW,E,WL,——— - SSu,E,m,+—— - SSu,E,m,——+ -

—s+m
= SS:.;r,E,m,Jr7+ 0 (COS 5) , (5.72)

SS;,rEe;gm(a) = SSL;,E,m,——— = SS;,E,m,+—— = SS;,E,m,——+ =
B ) —s—m
= S0 Emat—+ o™ (Sm 5) - (5.7b)

IV. Sector m > 0, |s| < |m|:
+reg _ ot _ ot _ o+ _
S0 m(0) = 855 pm,——— = 50 B 4—— = 850 Bam -+ =
—s+m
_ o+ .
= sSvavm7+_+ ol (cos 5) , (5.8a)

—reg _ — _ - _ - —
S0, 8.m0) = $55 Bom 14 = 956 Bom— 14 = 850 Bom g =

9 s+m
= 504 Bym,—4— oo (Sin 5) . (5.8b)

Note that in each sector the four solutions in the above relations of type (a),
or in the above relations of type (b) are equal, since the local regular solution
around any regular singular point of the TAE is unique.

In the case of integer spin weights s = 0, £1, £2 there exists an additional
complication. The confluent Heun functions HeunC(«, 3, v, d, n, 2) are not
defined when 3 is a negative integer [13]. Therefore, if § = opbL < 0 is a
negative integer, we must write down the corresponding solutions in the form

+ _
$2w,E,m,04,04,0c
by c
arzit o 0 5 ok
=e% Tz 2,2 zz" * HeunC (0aas, opby, occy, de, na, 21). (5.9)
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For this purpose we define the concomitant confluent Heun function*
M(a7 /67 '7’ 6? ’r}’ Z) =

—alpB—1 _ —v—1
— = PHownC (0, 4, 5.0, %) [ 0 U=

(Heunc (O(, _ﬂ7 Y 6a 7, C))

This function is well defined for negative integer 3 = opb, < 0, together with
the confluent function HeunC (o, —f3, 7y, d, 1, ). In this case, the function
2z7BHeunC (o, —3, 7, 8, 1, z) represents the local regular solution to the con-
fluent Heun equation (1.5) around the singular point 2 = 0 and the concomitant
confluent function HeunC («, 8, v, 0, 1, z) represents a second linearly indepen-
dent local solution, which is singular around this point.

It can be shown that for negative integer 3 the concomitant confluent Heun
function has the form

¢ (5.10)

18]
HeunC (o, 8, v, 9, 1, 2) = Z z—z+h1(2)+h2(2) In(z), all ¢, #0. (5.11)

n=1

Here hq2(z) denote two definite functions of the complex variable z which are
analytic in the vicinity of the point z = 0. In the problem at hand |5| = |G| =
|s F m|. The logarithmic term is present in the concomitant confluent Heun
function when |3| = 0, too, but then we have no poles in the solution (5.11).
For || = 0 its form otherwise is similar to (5.11). One can reach the last results
using general analytical methods described, for example, in [24].

6. A NEW CLASSIFICATION OF THE SOLUTIONS TO THE TAE BASED
ON THE 4 5-CONDITION.
NOVEL §ny-ANGULAR SOLUTIONS

For solutions sSfi Eom,ou,op.0. (O-3) to TAE the dy-condition reads:
Oy — O¢ Op + 0c
0=Fm +N+1+ |04+ 5 S. (6.1)

We call angular § n-solutions the solutions defined via the d 5-condition (6.1).
To some extent these solutions are similar to the radial dp-solutions introduced

*Note that for any value of the parameter 3, when the confluent Heun function in the right-hand
side of Eq. (5.10) is well defined, its left-hand side represents a second, linearly independent solution
of the confluent Heun equation.
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in Sec.3. A set of important new mathematical properties of the angular §y-
solutions can be found in [16,17]. In [17] it is shown that these solutions define
the most general class of solutions to the TAE for which properly generalized
Teukolsky—Starobinsky identities exist.

Comparing equation (6.1) with the corresponding one for the TRE — (3.1),
we see both essential differences and similarities. For the coefficients in equa-
tion (6.1), which are analogous to the ones in (3.1), one obtains

1
+ _ + —
Edmffb,cfc =0, vaaav”bv”c - :Fm(o-b - 00)5’

NE = N+1+ (aa + Ub;”) s

Hence:

i) The coefficients Eiﬁabm vanish identically, in contrast to the coeffi-
cients £* in equation (3.1). Consequently, there are no cases in which the
condition (6.1) can fix the frequencies w.

ii) The form of the coefficients M™* of both equations (3.1) and (6.1) is the
same only for a?/M? = 1/2.

iii) The coefficients A'* of both equations are of the same form.

We obtain two different cases depending on the coefficient (o, — o) in front
of the azimuthal number m:

1. The first class angular éy-solutions with 0. = o4 and 0, = o, = o,
= —o. As aresult, Eq. (6.1) fixes the degree of the second polynomial condition
Apn+1 = 0 in the same form as equation (3.2)*:

JSN+1=2s|>1 for [s]>1/2. (6.2)

Then
A. In the case of half-integer spins 1/2, 3/2 for any value of m we have
angular dy-solutions (ST . (2,) = SSi:,E,m Cooo(ZL):

tom—|s| Fom—|s|

+ _ _F2oawz
S0 mm(ze) =€ (2x) 2 (24) T X
x HeunC <:F4an, tom — |s|, Fom — |s|, £4aws,
2 2
m°+s
— T 2saw — a’w? — E, zi> . (6.3)
*The alternative case o, = 0. = —04 leads to a noninteresting relation N + 1 = 0.
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Hence, one obtains the behavior of solutions (6.3) around the corresponding
singular points z4 = 0:

+om—|s|

ST gz~ (z) 2 for z, — 0. (6.4)

w,Em
The behavior of the solutions (6.3) around the singular points zy =
1(< z¢ = 0) is more complicated. To study this behavior, we use the expansion
of the solutions (6.3) with respect to the basis of the two linearly-independent
local solutions (5.9) around the points z+ = 0, well defined for |s| = 1/2, 3/2:

Fom—|s| +om—|s|

S mm(7e) = 5T (0, Bym) 27995 (22) 72 () 7 x

m2+52

5 + 20aw|s|—

x HeunC <:|:4an, Fom — |s|, om — |s|, Fdoaw|s|,

+om+|s| tom—|s|
—a?w? - E, z;) + TF(w, B, m)e27%% (20)" 2 (24)” 2 X

m2+52

5 + 20aw|s|—

x HeunC <:|:4an, tom + |s|, om — |s|, Fdoaw|s|,

—a?W? - E, z¢> . (6.5)

Note that the first term in Eq. (6.5) is a dy-solution with value of the integer ;N
given by Eq.(6.2), while the second one is not a Jy-solution for half-integer
spins.

From Eq.(6.5) one obtains the behavior of the solutions (6.3) around the
corresponding singular points z4 = 1:

Fom—|s|

Saman(72) ~ $TT (W, B, m) (1 — 24)

sMw,Em
sy
+om+|s|

+ JTF(w, E,m) (1 —24)” ° for 2y — 1. (6.6)

From Eqgs. (6.4) and (6.6) we obtain the following results:

i) Since |s| is a half-integer and m — an integer, the solutions (6.3) are
regular around the corresponding points z4+ = 0, if and only if o0, = *1
(0, = sign(m)) and |m| > |s|, and singular, otherwise.

ii) For |s| — a half-integer and m — an integer we have either (Fom —
|s]) < 0, or (zom + |s|) < 0. Then the solutions (6.3) are singular around the
corresponding points z. = 1 in the general case, i.e., when ,I'T (w, E, m) # 0
and ;T'F (w, E, m) # 0.
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iii) The solutions (6.3) are regular simultaneously around the two correspond-
ing singular points z+ = 0 and z4 = 1, if and only if according to i) 0o, = %1,
|m| > |s| and in addition ,I'f (w, E, m) = 0.

iv) There exist several cases in which the solutions (6.3) are regular around
one pole and singular around the other one. For brevity, we shall skip here their
detailed description.

B. In the case of integer spins 1, 2 the set of Jx-solutions (6.3) consists of
ones with integer parameters 5 = opby of both signs. According to Eq.(5.11),
for integer o,b1 < 0 in the solutions we have logarithmic terms. Such solutions
are infinitely-valued functions. To avoid this physically not admissible case, one
must impose the additional requirement opbr > 0. As a result, one obtains
oom = %1, opby = |m| —|s| 2 0 and o.c = —|m| —|s| < 0. Thus, the angular
dn-solutions of the first class with integer spin correspond to sectors II (5.6)
and IV (5.8) and acquire the form

lm|—|s| —|m|—|s]
2

SSf,E,m(Z:t) — 672<7mau.Jzi (Z:t) 5 (2# %
2 2
x HeunC (—4amaw, Im| — |s], —|m| —|s|, 4domaw]|s|, % — 20 mawls|—

—ad’w? - E, zi> . (6.7)

Applying Eq.(6.4) to this case we see that the solutions (6.7) are regular
around the singular points z3 = 0. Their behavior around the singular points
z+ = 1(& z¢ = 0) is more complicated. We can study this behavior using
the expansion of the solutions (6.7) with respect to the basis of the two linearly-
independent local solutions (5.9) around the points z+ = 0, which are well defined
for ooy, = £1, opbyr = |m| — [s| =2 0 and o.cx = —|m| — |s] < 0:

—lm|—|s] m|—]|s]

S pn(z) = TE(w, B, m)emaes (o)™ 7 (z4) 7 X

2 2
_|_
x HeunC <4amaw, —|m| —1s|, |m| = |s|, —domaw]s|, % + 20mawls|—

[m|+]s| [m|—]|s]

—d*w? - E, z¢> + JTF(w, E, m)e*om®=F ()7 2 (23) 2 x

m2+52

x HeunC <4amaw, |m| + |s|, |m| —|s|, —4omaw]|s|, 5

+ 20 aw|s| — a*w? — B, z;) . (6.8)
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Now it is clear that in the general case, when sFli(w, E, m) # 0, the
solutions (6.7) are singular around the corresponding points z; = 1 and in
addition — infinite valued, because of the poles and of the logarithmic terms
in the concomitant confluent Heun function in Eq.(6.8), as well as because of

—lm|—|s]

the singular factor (z4) 2 . One can remove at once all these singularities
imposing the condition ,I'T (w, E, m) = 0.

Unfortunately, the explicit form of the connection constants stz(w, E, m)
is completely unknown. At present, this is one of the main unsolved problems in
the theory of the confluent Heun functions.

Another way to avoid the logarithmic terms in the solutions (6.7), (6.8)
is to impose the Anyi-condition, reducing this way confluent Heun’s func-
tions to polynomials. We consider in detail these two possibilities in the next
Secs.7 and 8.

2. The second class angular §y-solutions: o, = —0.. Now we obtain

sNonowop + 1 =Fmoy, — oqs > 1. (6.9)

Then

A. For half-integer spin ¢y-solutions are sSi Fm,ca.0n,— 01
stricted in the semi-infinite intervals tmoy, > 04,5 + 1.

B. For integer spins the additional requirement o;,(sFm) > 0 and (6.9) yield

the solutions

(z4) with m re-

|s|Fom —|s|Fom
580 o (74) = €T (2) 7T (25)T 7 X
m? + s2
x HeunC | Fdoaw, |s| F om, —|s| F om, tdoaw|s|, 5 20 maw|s|—

—ad’w? —E, zi> ., (6.10)

with m restricted in the asymmetric finite intervals 1 — |s| < £om < |s] (=
|m| < |s| — (1 Foom)/2 < |s]), which correspond to sectors I (5.5) and IV (5.7).
For brevity, here we will not discuss the behavior of the solutions (6.10) around
the second regular singular points z.

As seen, in the case of the TAE the only role of the dy-condition is to relate
the degree IV of the Ay .i-condition with the spin-weight s and the azimuthal
number m and to select the proper solutions.

Note that up to now only regular solutions to the TAE, which obey the
condition (6.2) have been studied and used in the literature [2,3,6]. In Sec.7
we develop a new approach to the regular solutions, based on confluent Heun’s
functions. The nonregular angular §y-solutions, subject to the condition (6.2),
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and the infinite series of solutions, subject to the condition (6.9), are introduced
and considered for the first time in the present work.

7. REGULAR SOLUTIONS OF THE TAE

The spectral condition ;IS (w, E, m) = 0 ensures the regularity of the solu-
tions (6.7). It cannot be used directly, since the explicit form of the connection
constant SFli(w, E, m) is not known. Therefore, we are forced to use a round-
about way to find the regular solutions to the TAE.

Suppose we have a solution SSI‘”;%M(G) which is regular around the

S-pole (fs = 7) and another solution ¢S '7% () which is regular around the

N-pole (fy = 0). We will have a solution ,SEB (0), regular everywhere in
the interval 6 € [0, 7], if and only if (S''® () = const x $S, o (0), ie., if

w,Em w

the Wronskian vanishes: W [Ss“eg (0), sS_ 58 (0)} = 0. This condition de-

w,E,m sMw, Em
termines the constant £ in the form E = E(aw, s, m, l), [ being an integer. The
Wronskian will vanish for any 6 € [0, ], if it is zero for some 6y € (0, 7).

To utilize this idea for all values of the parameters s and m, we have to divide
the whole plane {s, m} into four sectors and to choose the solutions sSf’r;:gm(H)
defined by Egs. (5.5)—(5.8).

The spectral condition makes equal the solutions of group (a) and the solu-
tions of group (b) in each sector. It can be written in different equivalent forms
combining in pairs one solution from the group (a) and another one from the
group (b). Below we give the simplest form of this condition in each sector, writ-
ten here for the first time in terms of confluent Heun’s function HeunC and its
derivative HeunC’. The set of all conditions (7.1) defines the separation constant
in the whole plane {s, m} in the form E = (m? + 5?)/2 — a?w? + e(aw, m, s).
The new parameter £(aw, m, s) is to be found from the following transcendental
equations:

0\ 2
HeunC’ <:|:4aw, s+m, s —m, —4daws, +2was — ¢, (sin 5) >

0\ 2
HeunC <i4aw, s+m, s —m, —4daws, +2was — ¢, (sin 5) )

0\ 2
HeunC’ <:|:4aw, s—m, s+ m, +daws, —2aws — ¢, (cos 5) )

+ =
0\ 2
HeunC <:F4aw, s—m, s+ m, +daws, —2aws — €, (cos 5) )
=0 —insectorI, (7.1a)
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0\ 2
HeunC’ <:|:4aw, —s—m, s —m, —4daws, +2was — ¢, (sin 5) )

9\ 2
HeunC (:i:4aw, —s—m, s —m, —4daws, +2was — €, (sin 5) )

0\ 2
HeunC’ <q24aw, s—m, —s —m, +4aws, —2aws — ¢, (cos 5) )

_|_
2
HeunC <:F4aw, s —m, —s —m, +daws, —2aws — €, (cos 5) )

=0 —in sector II, (7.1b)

HeunC’ <:|:4aw, —s—m, —s+m, —4daws, +2was — ¢, (sin —

D).
))

2
.0
HeunC | +4aw, —s — m, —s + m, —4daws, +2was — ¢, | sin 3

o\ 2
HeunC’ (:Fémw, —s+m, —s —m, +daws, —2aws — €, (cos 5) )

_|_
o\ 2
HeunC <:F4aw, —s+m, —s —m, +4aws, —2aws — €, (cos 5) )

=0 —in sector III, (7.1c)

0\ 2
HeunC’ <:|:4aw, s+ m, —s +m, —daws, +2was — ¢, (sin 5) )
+

0\ 2
HeunC <i4aw, s+m, —s +m, —daws, +2was — ¢, (sin 5) )

2
HeunC’ <q24aw, —s+m, s+ m, +daws, —2aws — €, (cos 5) )

_|_
2
HeunC <:F4aw, —s+m, s+ m, +daws, —2aws — €, (cos 5) )

=0 —insector IV (7.1d)
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valid simultaneously for all values of 6 € (0, w). Thus, the two-singular-points
boundary problem for the TAE is solved. It yields a countable set of values
E(aw, m, s, l) numbered by some integer [. Due to the symmetries (5.4) of
the solutions to the TAE, the different relations (7.1a) and (7.1c), or (7.1b) and
(7.1d) give similar results. More precisely E(aw, m, —s, ) = E(aw, m, s, )
and E(—aw, —m, s, 1) = E(aw, m, s, 1).

An important consequence is that all the regular solutions obtained this way
are angular §y-solutions with the same ¢V (6.2) in sectors II and IV, or with
the same sNp, 6,0, (6.9) — in sectors I and III. This is because between the

solutions (5.6) and (5.8) we certainly have J-solutions: sz,E,m,fff’ for s > 0,
and sSf,E,m,+++’ for s < 0. Between the solutions (5.5) and (5.7) d x-solutions
are sS;,E,m;ip for m > 0, and SS;Eym;i? for m < 0. As a result

of uniqueness of the regular solutions with given values of the parameters, all
regular solutions inherit the d y-property. Hence, all regular solutions of the TAE
obey the Teukolsky—Starobinsly identities [17].

Let us consider the limit aw — 0 of the regular solutions to the TAE. Since

HeunC(0, 3, v, 0, n, 2) = (1 — z)ﬁﬂﬂﬂ/m y

<ﬁ+7+1+\/ﬁ2+w2+1—4n
X o ;

2

B+y+1—/B2+2+1—4n
2 Y

68+ 1; z) , (1.2)

in this limit the Heun functions in Egs. (5.5)—(5.8) and (7.1) can be reduced to
the Gauss hypergeometric ones. Then, using the well-known properties of the
Gauss hypergeometric function o/} one can derive from Egs.(7.1) with aw =
0 the spectrum E(0, s, 1, m) = I(l + 1), I = I(s, m, 1) = max(|m|, |s|) +
I, 1 =0,1,2,... The values of the separation constant F(0, s, [, m) in this
case are real. The numerical analysis of Eqs.(7.1) written directly in terms of
confluent Heun’s functions confirms this standard result for the limit aw = 0.
The corresponding regular confluent Heun functions in SSSE&M(G) in this case
are reduced to Jacobi’s polynomials.

The solutions E(aw, s, I, m) for small aw have been studied many times [2,
6] in the form of Taylor’s series expansion F(aw, s, I, m) = I(l + 1) +
Py Ej s 1,m(aw)? without use of Eqs. (7.1) and without utilizing the Heun func-
tions. A little bit surprising thing is that the solutions (SEFVS (6) with aw # 0,
regular at both poles, are not polynomial and can be represented as an infinite se-
ries with respect to Jacobi’s polynomials. Here we describe the regular solutions
to the TAE in terms of confluent d y-Heun’s functions for the first time.
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8. POLYNOMIAL SOLUTIONS OF THE TAE

The polynomial solutions to the TAE are a special subclass of the angular
dn-solutions studied in Sec. 6, since both of the two conditions (7.1) are valid
for them. Being a polynomial in z, the HeunC-factor is regular at both regular
singular points § = 0, 7. Then the singularities of the polynomial solutions
around the poles are defined completely by the factors (z.)7*"* /% and (24)7°* /2
in Eq. (5.3). Thus:

A. In the case of half-integer spins |s| = 1/2, 3/2 from Eq. (6.3) we see that

om—|s| —om—]|s|
the singularities are defined by the factors (cos 5) and (sin §> .

Hence:

For |s| = 1/2 we have two singularities on both poles — for |m| =0, or a
singularity only on one of the poles — when |m| > 0.

For |s| = 3/2 we have two singularities on both poles — for |m| =0, 1, or
a singularity only on one of the poles — when |m/| > 1.

B. In the case of integer spins |s| = 1, 2 from Eq.(6.7) we see that the

E|m|—|s] g\ Flmi=lsl
singularities are defined by the factors (cos 5) and (sin 5) .

Hence:

For |s| = 1 we have two singularities on both poles — for |m| = 0, or a
singularity only on one of the poles — when |m| > 0.

For |s| = 2 we have two singularities on both poles — for |m| =0, 1, or a
singularity only on one of the poles — when |m| > 1.

As a result, we see that in any case the polynomial solutions are singular at
least around one of the poles.

Using relations (1.6b) and (5.2) we obtain the general formula for the con-
stant E in the form

E* = ,ui — aw® F 20, (IFopm+ (04 + 0p)s) aw+

Op — O¢ oy + oc

+

m(opm F 1) + s(ops+1). (8.1)

Further analysis shows that we have again two classes of polynomial solutions
to the TAE, as in the cases of the TRA, but their structure in some cases may be
different.

8.1. First Class of Polynomial Solutions to the TAE. These are the solutions
sSfi E,m,—o,—0,—o- FOI them the condition (6.2) is fulfilled independently of the
values of the integer m, but for integer |s| the specific requirement o,b+ > 0
yields the restriction |m| > |s|. As in the case of the first class polynomial
solutions to the TRA — Sec.4, the value s = 0 is eliminated by (6.2). Hence,
we have an infinite series of the first class polynomial solutions to the TAE
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for all admissible values of s and m. Preserving the style accepted in the
previous sections we denote the polynomial solutions to TAE of the first class as
+ +
SSUJ,E,’H’L = SSw,E,m,fa,fo,fo"
For them the Ay y;-condition reads Ay, (1) = 0 and has 2|s|-in-number
solutions suf) kom From formulae (8.1) one obtains
JEE = S/Jui),k,m +s|(]s| = 1) — aw(aw — 2m) F 20(2|s| — 1)aw, (8.2)

w,k,m

where k = 1,...,2|s|, s = £1/2, £1, £3/2, £2 and for integer |s| in addition
Im| > |s|.
Solving the Ay 1-condition, we obtain for the different values of |s|:

1 1
SEfym = —a’w? + 2awm — 1 for |s| = 3 (8.3)

SEf,k,m = —a’w? + 20w (m —(=1)*/1— m/aw) : (8.4)

for |s|=1, |m|>1, k=1, 2.

The values (8.3) and (8.4) of the separation constant & obtained for the
first class polynomial solutions to the TAE are the same as the corresponding
values (4.2) and (4.3) for the first class polynomial solutions to the TRE. Important
consequences of this unexpected fact are considered in a separate article [25].

For the gravitational waves (|s| = 2) the quantities suf) k,m are solutions of
the algebraic equations of the fourth degree Af(u) = 0. We do not need here
the exact form of these roots. It is quite complicated. Below we present only
the form of the separation constant E for the TAE obtained making use of the
Taylor series expansions of the roots around the point aw = 0.

Thus, we obtain for |s| =2 and k = 1, 2 the following eight values:

SEujzz,k,m =2 — dmaw — i(—=1)F12y/(m — D)m(m + 1)(aw)® >+

+6 ( 2_ g) (aw)2 + Os/2(aw), (8.5)

and for |s| =2, m # 0, k = 3, 4 another eight values:
2
SE;t,k,m = —(-D*4vmaw (1 + <3m — E) aw + Oz(aw)) +

+ 8maw — 6 <m2 - %) (aw)? 4+ O3(aw). (8.6)

As seen, for gravitational waves of the first polynomial class the values (8.5)
and (8.6) of the corresponding constants E differ substantially from the analogous
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values (4.4) and (4.5) of the constants F obtained for the TRE in Subsec.4.1.1.
This is in sharp contrast to the case of neutrino waves (|s| = 1/2) of the first
polynomial class and to the case of electromagnetic waves (|s| = 1) of this kind.

It can be shown that this phenomenon reflects the difference between the
Starobinsky constants for solutions with spin 2 to the TAE and for solutions with
the same spin 2 to the TRE [2,3,17]. The solutions to the TAE and to the TRE
with the same spin 1/2 or 1 have the same Starobinsky constants.

Despite the above essential difference, the first class polynomial solutions to
the TAE and to the TRE with spin 2 have similar qualitative properties, discussed
at the end of Subsec.4.1.1.

8.2. Second Class of Polynomial Solutions to the TAE. We have a finite
number of second class polynomial solutions to the TAE for which the relation
0. = —oy holds. For brevity, we list here only the ones of integer spin 1 and 2.
For them the conditions N > 0 and 0,04+ > 0 must be satisfied simultaneously,
yielding the requirement |m| < |s| — (1 Foo,,)/2 < |s| — almost opposite to the
analogous requirement |m| > |s| for the polynomial solutions of the first class.
Altogether there exist only the following 24 polynomial solutions of the second

class SSf’E’m)jF)i)jF with spin 1 and 2:
SSI,E,m,—,-Q-,_ : s = +23 m=—1, 07 1, 2, s=+41, m= 07 1;
SSsz,m,-‘r,—H- pos=-2,m=-2,-1,0,1; s=-1, m=-1,0; 8.7)
SS‘:;E;W’*,*F,* : s=+42, m=-2,-1,0,1; s=+1, m=-1,0; '

SS(;,E,m,*F,*)Jr : s = _27 m = _1, 0, ]., 2, S = —]_7 m = 07 1.

The relation between the constants E and w follows from (8.1), when p in it
is replaced by the solutions of the Ax_i-condition in the form A‘is im‘(,u) =0.
Here we omit these relations.

9. THE 256 CLASSES OF EXACT SOLUTIONS
TO THE TEUKOLSKY MASTER EQUATION
AND THEIR SINGULARITIES

Combining solutions to the TRE and to the TAE studied in the previous
sections we can construct the following 256 classes of exact solutions to the
TME

KEE (t, 7, 0,9) =

W, B\ 1M,00,05,07:0a,0.0¢

_—iwt i + ) +
_ pmiw elmSOSRL,J,E,my”a,UB,U’y (r; r4, r,)SSvavmyamabm(G). 9.1
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For specific physical problems one has to impose specific additional condi-
tions, like stability conditions, boundary conditions, casuality conditions, specific
fixing of the in-out properties, regularity conditions, etc. Thus, one selects some
specific combinations of solutions to the TRE and to the TAE in Eq.(9.1) and
derives the spectrum of the separation constants w and E in the given problem.

For example, choosing solutions to the TRE which enter both the event
horizon and the 3D-space infinity we study the Kerr black holes [2,3]. If in
addition we choose regular solution to the TAE, we will obtain the standard
QNM of the Kerr black holes. Choosing other solutions to the TRE and/or to the
TAE in Eq. (9.1) we may hope to describe other physical objects and phenomena,
see, for example, [15,19].

The solutions (9.1) do not necessarily have a direct physical meaning. Instead,
some linear combination of the specific solutions, which obey proper boundary
conditions, is to describe the Nature. In general the solutions (9.1) have to be con-
sidered as auxiliary mathematical objects — (maybe singular) kernels of integral
representations (1.3) of the physical solutions. The choice of the correspond-
ing amplitudes (A, EM,00,05,0,0a,00,0c Will fix completely the physical model
and can ensure the convergence of the integrals and discrete sums to physically
acceptable solutions. We will study this complicated issue in the next Sec. 10.

10. CONSTRUCTION OF BOUNDED LINEAR COMBINATIONS
OF POLYNOMIAL SOLUTIONS TO THE TAE

We have seen in Sec. 8 that the polynomial solutions to the TAE are sin-
gular and unbounded with respect to the angle 6 around the N- and S-poles.
These solutions produce a singular kernel in the integral representation (1.3).
It is important to know whether it is possible to have bounded with respect to
the angle 6 € [0, 7] solutions s¥(¢t, r, 6, ¢) defined by Eq.(1.3), despite the
singular character of the kernel in it. The answer to this question is a quite
nontrivial issue. Here we reach a positive answer for perturbations of spin 1/2 in
several steps.

Let us consider the simplest case of double polynomial solutions of the
first class to the TME with spin 1/2 and s = ¢/2. For them we have an
essential simplification, since according to Egs. (3.2) and (6.2) ;N = 0. Hence,
the HeunC-factors in both the radial and the angular polynomial solutions are

1
equal to const = 1. The value of the separation constant E = —a?w?+2awm — 1

is uniquely defined in both cases by Egs. (4.2) and (8.3). Hence, the integration
over the constant £ in (1.3) produces only one term with this fixed value. As a
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result, the corresponding singular kernel (9.1) is*:

—iwTy (Wﬂ)m
Vsing’

(10.1)

%levam(t, r, 0, 0) =24 (E + a’w? — 2maw + 1/4) AT e

4 0, _
where T, =t+ o (r. —iacosf), W, = €% cot > bo =@+ gln =
P r

s

—Tr-

and 0, = 0, if c = 41, or , = 7w — 0, it 0 = —1. The complex variable W,,
defines a stereographic projection of the two-sphere S((;i),ea on the compactified
complex plane @Wﬂ. Its use is critical for further analysis of the problem.

Taking the trivial integral on the variable E, one obtains from the represen-
tation (1.3) and Eq. (10.1)

s U(t, 1, 0, 0) = AT /(Wo| + [Wo| 1) /2%

x> %/dwe—leﬂ%Au,m (W,)™. (10.2)

m=—0oo
Ly

Since in this case we have no other restriction on the frequencies w, different from
the stability requirement (w) < 0, the otherwise arbitrary integration contour
L, € C, in (10.2) must lie in the lower complex half-plane. Suppose that the
amplitudes %Aw’m and the contour £, are chosen in such way that for all m € Z
there exist well-defined integrals

1 —iw
> /dwe To g Aym = s Um(Ty). (10.3)
L

Then

Ut r, 0, 0) = Ar) "5 /(Wo| + Wl 1) /2%

g
2
(oo}

XY g (T,) (Wo)™ . (10.4)

m=—0o0

*To simplify formula (10.1), we have omitted some constant factors in the corresponding
solutions to the TRE and TAE, which do not depend continuously on the real variables r and 6, but
may have different values outside the event horizon, in the domain between the event horizon and the
Cauchy horizon and inside the Cauchy horizon. This is a legal operation, since one can include these
factors in the amplitudes s A. . in the representation (1.3).
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Suppose, in addition, that in some ring domain |W,| € (|W/,|W]"),
0 < |[W| < |W|" < oo the sum Y > o, (T,) (Wo)" = ¢ A(Ty, Wy)
represents a convergent Laurent series of some analytic function g2l (75, W, ).
For this purpose the coefficients ¢ 2l,, (T5;) in Eq. (10.3) for m > 0 and, indepen-
dently, for m < 0 must satisfy some of the well-known criteria for convergence
of the corresponding series. Thus, we finally obtain a solution to the TME with
spin 1/2 which depends on an arbitrary analytic function ¢ (75, W,) of the
two variables T, and W,:

sU(t, 7, 0, ) = Ar) "5 /(W + Wo 1) /2 5U(T,, W,).  (10.5)

Returning to the Boyer-Lindquist variables one can check directly that (10.5)
is indeed a general solution to TME with spin 1/2. The explicit form of the
variable 7T, shows that outside the event horizon these solutions describe one-
way-running waves: outgoing to space infinity running waves — for ¢ = —1 and
incoming from space infinity running waves — for o = +1.

Now it is easy to remove the singularities from the z axis, i.e., on the poles

0 = 0, w. For example, let us choose 2 (T, W,) = 1/4/(Wy + W5t /2.
Then ¢ U(t, 7, 0, ¢) = A(r)*HT”/\/l — sin? ¢, sin” 6, has no singularities on
the poles 6, = 0, 7, but this way we have worked out two new singular lines
o =Ty

O = @+ > In ‘
r—r_
this way the singular line of the solution has been only deformed and translated
to a new position. The same happens if we choose the more general function
2 A (T, Wy) = 1/\/(a(T0)W0 +b(T,)Ws "+ ¢(T,)) /2. In this case, the sin-
gular z axis will be deformed, translated and doubled to the non-static singular

lines ¢, ch—i—gln T7r
p |r-

= +7/2 on the equatorial plane § = 7/2. Hence,

= ¢12 = arg(W; 2) on the (in general) moving

cones 0 = 0 o = arctan (|W172|_1), where W7 o are the two roots of the equa-
tion a(T, )W, +b(T,)W,;* + ¢(T,) = 0. Here we have chosen a special form of
the function %QJ. (T,, W,) which yields finite nonzero values of the solution on
the poles 6 = 0, 7.

It is possible to chose the function g2l (75, W) with the denominator which
is a sum of polynomials of higher degree with respect to variables W, and W 1.
Then the solution (10.5) equals zero at the N- and S-poles and we can work out
an arbitrary number of singular lines of the solution related to the zeros of the
denominator. At first glance, this possibility may not seem to be interesting for
the physical applications, since on the singular lines the linear perturbation theory
in use is not applicable. We mention it here just to have a clear mathematical
picture. It is interesting to study the same situation in the whole nonlinear theory
and to know whether in it the singular lines may be replaced by regular ones. If
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so, the perturbation theory under consideration indicates a possible complicated
structure of the exact radiation field on the Kerr background.

The most important question for a correct application of the linear pertur-
bation theory under consideration, is whether one can find a regular analytical
function ¢ (75, W,) without singularities in the complex plane Cyy, /{0, oo},
i.e., with the points W, = 0 and W, = oo punctured and which, in addition,
can remove the unbounded increase of the solutions due to the singularities of
the factor \/(|[Ws| + [Wy|~1) /2 in (10.5). We give a positive answer to this
question constructing two explicit examples:

1. Using the basic equality Y. W™I,,(2) = exp (% (W+w1) z) for

m=—0oo

the modified Bessel functions I,,,(z) [26] we choose the coefficients in (10.4) in
the specific form <21, (T,) = exp (—guﬂTf) I, (wTy), where w = wg + iwy

is a fixed frequency and & = sign (Jwg| — |wr|). Then

Uty 7, 0, 9) = A(r) ™5/ (Wol + Wl 1) /2%

X exp (—%wQTf) exp (% (Wo- + W;l) wTo> (106)

g
2

is a stable solution, since by construction it goes to zero when ¢ — +oo. It is not
difficult to obtain its limit when 6, — 0, 7 in the form

_l4o

lim (Wt r, 0, ) =A(r)” 1 exp (—ngTf;OJ) X

0,—0,7
1 SOt or 2T a® .
% lim ( exp <|LU| ( +or ) +a esz;o,w>> . (107)
sin @

sin 0

0,—0,m

Here

r—r4

Yo o0-==x (cp + g In
p

r—r—

—o arctan
t+ ory

)) +arg(w), for =0, or =« (10.8)
1
is the limit of the total phase of the term 3 (Wo + Wy wT, and Toypn =

t+ o(re Fia). In Eq.(10.8) the sign (+) corresponds to the limit §, — 0

and the sign (—) — to the limit §, — «. Formula (10.7) shows that when

Y007 € (—g, g) the solution %\I/w(t, r, 0, ) is bounded everywhere in the

interval 6 € [0, ], since in this case lim (2, (¢, 7, 6, ¢)) = 0. Otherwise
0 2

-—0,7

this limit diverges and the solution is singular and unbounded around the poles.
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Actually, the value of the parameter Y, .0, is not defined from a geometrical
point of view, because the value of the angle ¢ is completely arbitrary on the
poles 6, =0, m. As a result, we can choose any value of the parameter Y, 5.0~
without changing the geometrical points associated with the N- and S-poles of the
sphere Séi)o. Since the different values of this parameter yield different solutions
of the TAE, we see that under the boundary conditions at hand the corresponding
differential operator is not self-adjoint [27], but its self-adjoint extensions do
exist and can be fixed by suitable fixing of the free parameter Y, 5.0,-. An
analogous phenomenon is well known for the potentials V (z) ~ 1/22, or 1/r?
in quantum mechanics [27]. Note that around the poles 6, = 0, 7 the potential in
the TAE (1.1) has precisely the same behavior: sW,, g m(6) ~ 1/6% for 6 — 0,
and ;W g.m(0) ~ 1/(0—m)? for @ — 7. In our case, the fixing of the parameter

Yo 007 € —g, g) makes the solutions (10.7) to the TME for spin 1/2 smooth

and bounded everywhere in the interval 6 € [0, 7], i.e., physically acceptable.
2. Another solution, which is finite everywhere in the interval 6 € [0, 7]
but has an infinite number of bounded oscillations around the poles 6 = 0, 7
can be obtained using the following equality for the Bessel functions Jy,,(2):
S (=)W (J(2))* = Jo (W + W) 2) [26]. Now we choose the

coefficients in (10.4) in the specific form g%z, (T5) = (—1)™ exp (—%(ﬁTf) X

(Jom (wT,))* and 2A2m+1 (T,) = 0 using the same notation as in the previous
example. Then

U (t, 7, 0, 0) = Ar) ™ 5 /(Wo| + W, |~1) /2
X exp (—%&Tf) Jo (W + W) wT,)  (10.9)

(M)

is a stable solution to the TME with spin 1/2. Taking into account the asymptotic

2
expansion of the Bessel function Jy(z) ~ 4/ — cos(z — m/4) we obtain in the
Tz

limits 6, — 0,

. _1to o 1
Jim (5 ult 0,9)) = 80) T exp (=50 ) e

Nl /T T orEFa .
x lim (cos( wlv(t+or.) +a esz“:O”T)). (10.10)

sin 6

0,—0,m

As seen from Eq.(10.10), there exist only two choices of the free parameter:
Yo, 00, = 0, m, for which the solutions (10.9) are finite everywhere in the in-
terval @ € [0, ] — a critical property for the use of the linear perturbation
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theory. Approaching these poles the solutions oscillate infinitely many times with
bounded finite amplitudes. In this sense, the N- and S-poles remain singular-
ities of the bounded solutions (10.9). Moreover, the gradients of the bounded
solutions (10.9) are unbounded around the poles.

Obviously, superpositions of solutions (10.6), or (10.9) with different com-
plex parameters w, running in some (discrete or continuous) sets in C,,, describe
more general bounded solutions to the TAE with spin 1/2.

One more remark. In the case ¢ = +1 the solutions (10.5) are unbounded on
the horizons 7 due to the factor A(r)~1/2. These stationary singularities cannot
be removed by any choice of the function g2l (7,, W), since it depends on the
two variables T, and W,, not on the single one r. The variables ¢, r, § enter
in T, and the variables ¢, r, 6 enter in W, in a complex way. As a result, the
variable r cannot be disentangled from the the function ¢%4(7,, W,) and one is

not able to compensate the singularity due to the factor A(r)_l/ 2 which does not
depend neither on the time ¢, nor on the angles ¢ and 6.

11. CONCLUSION

In the present work, we have demonstrated that the confluent Heun functions
are an adequate and natural tool for a unified description of the linear perturbations
to the gravitational field of the Kerr metric outside the horizons, as well as in the
interior domains. These functions give us an effective tool for exact mathematical
treatment of different boundary problems and corresponding physical phenomena.
The same approach works, too, for the Schwarzschild metric [14,17].

Large classes of exact solutions to the perturbation equations of the Kerr
metric were described here for the first time. All possible types of solutions
were classified uniformly in terms of confluent Heun’s functions and confluent
Heun’s polynomials, using their specific properties. As we saw, the variety of
the different solutions and possible spectra is much reacher than, for example, the
variety of the corresponding solutions and spectra of the Hydrogen problem in
quantum mechanics [27], solved in terms of the Gauss hypergeometric functions.

We have to stress especially the newly obtained singular polynomial solutions
to the Teukolsky angular equation. These solutions can describe in the most
natural way the collimation of radiated fields of all spins in the Kerr metric,
using the perturbation theory. For spin 1/2 we have proved that the singular
kernels, constructed from polynomial solutions, can produce bounded solutions
of the TME with very interesting physical properties: These solutions are able to
describe correctly collimated one-way-running waves.

For spin 1 one can reach similar results in a more complicated way, since there
we meet a new physical phenomenon — the -electromagnetic super-
radiance [2,3,28]. For spin 2 we have no continuous spectrum of the TME
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and the problem needs a special treatment, too. We shall consider these impor-
tant cases separately.

The solutions of some of the remaining basic mathematical problems, as
well as some preliminary attempts for new specific physical applications of the
obtained results can be found in [15-17,19,25].

Acknowledgements. I am thankful to Kostas Kokkotas, Luciano Rezzolla and
Edward Malec for the stimulating discussion of exact solutions Regge—Wheeler
and Teukolsky equations and different boundary problems during the XXIV Span-
ish Relativity Meeting, E.R.E. 2006, to Edward Malec for his kind invitation to
visit the Astrophysical Group of the Uniwersytet Jagiellonski, Crakow, Poland in
May 2007 and to participants of the seminar there, to participants of the Con-
ference Gravity, Astrophysics and Strings at the Black Sea 2007, Primorsko,
Bulgaria, to Goran Djeorjevic for his kind invitation to visit the Department of
Physics, University of Nis, Serbia in December 2007 and to give a talk there, to
Luciano Rezzolla for his kind invitation to visit the Albert Einstein Institute of
Gravitational Physics in Golm, Germany in March 2009 and to members of the
Numerical Relativity Group for numerous discussion.

The author is thankful to Denitsa Staicova and Roumen Borissov for numer-
ous discussions during the preparation of the present work, to Shahar Hod for his
kind help in enriching the references and to Jerome Gariel for drawing attention
to the early articles by Marcilhacy G. and by Blandin J., Pons R., Marcilhacy G.
(see [12]) and for sending the corresponding copies.

I would like to express my special gratitude to Prof. S. Teukolsky for
his comments on the present work and his useful suggestions, as well as to
Prof. A. Starobinsky and to Prof. G. Alekseev for the useful discussions and
comments.

I am also thankful to the Bogolubov Laboratory of Theoretical Physics,
JUNR, Dubna, Russia for the hospitality and good working conditions during my
stay there in the summer of 2009.

This work was supported by the Foundation «Theoretical and Computational
Physics and Astrophysics» and by the Bulgarian National Scientific Found under
contracts DO-1-872, DO-1-895 and DO-02-136.

REFERENCES

1. Kip Thorne. Warping Spacetime // The Future of Theoretical Physics and Cosmology,
Celebrating Stephen Hawking’s 60th Birth Day. Cambridge University Press, 2003;
Schutz B. F., Centrella J., Cutler C., Hughes S.A. Will Einstein Have the Last Word
in Gravity? arXiv:0903.0100. 2009;

Miller J. et al. Fundamental Accretion and Ejection Astrophysics. arXiv:0902.4683.
2009;

Brenneman L. et al. Spin and Relativistic Phenomena Around Black Holes.
arXiv:0902.4691. 2009;

35



Miller J. et al. Stellar-Mass Black Holes and Their Progenitors. arXiv:0902.4677.
2009;

Panagia N. Unsolved Problems about Supernovae. arXiv:0903.3378. 2009;
Doeleman S. et al. Imaging an Event Horizon: submm-VLBI of a Super Massive
Black Hole. arXiv:0906.3899. 2009.

. Teukolsly S. A. // PRL. 1972. V.16. P.1114;
Teukolsly S. A. // ApJ. 1973. V. 185. P.635;
Press W. H., Teukolsly S. A. /| ApJ. 1973. V. 185. P.649;
Teukolsly S. A., Press W. H. // ApJ. 1974. V.193. P.443.

. Chandrasekhar S. The Mathematical Theory of Black Holes. V.1,2. Oxford: Oxford
University Press, 1983.

. Leaver E. W. // Proc. Roy. Soc. London. A. 1985. V.402. P.285-298;
Leaver E. W. /[ Phys. Rev. D. 1986. V.34. P.384-408;
Leaver E. W. [/ Phys. Rev. D. 1990. V.41. P.2986-2997.

. Chandrasekhar S., Detweiler S. L. // Proc. Roy. Soc. London. A. 1975. V.344. P.441;
Andersson N. // Proc. Roy. Soc. London. A. 1992. V.439. P.47;

Ferrari V. /] Proc. of 7th Marcel Grossmann Meeting / Eds. Ruffini R. and Kaiser M.
Singapore World Scientific, 1995;

Ferrari V. // Black Holes and Relativistic Stars / Ed. R. Wald. Chicago: Chicago
Univ. Press, 1998;

Kokkotas K. K., Schmidt B. G. // Living Rev. Relativity. 1999. V.2. P. 2;

Nollert H.-P. // Class. Quant. Grav. 1999. V. 16. P.R159;

Berti E., Cardoso V., Starinets A. O. Quasinormal Modes of Black Holes and Black
Branes. arXiv:0905.2975. 2009.

. Fackerell E., Grossman E.R. // J. Math. Phys. 1977. V. 18. P. 1849;
Leaver E. W. // J. Math. Phys. 1986. V.27. P.1238;

Seidel E. // Class. Quant. Grav. 1989. V. 6. P.1057;

Casals M., Ottewill A. C. // Phys. Rev. D. 2005. V.71. P.064025;

Berti E., Cardoso V., Casals M. // Phys. Rev. D. 2006. V.73. P.024013.

. Detweiler S. L., Ipser J.R. // ApJ. 1973. V.185. P.675-683;

Wald R. M. // JMP. 1979. V.20. P.1056;

Dimoc J., Kay B. S. // Ann. Phys. 1987. V. 175. P.566;

Whitting B. // IMP. 1989. V. 30. P.1301-1305;

Beyer H.R. // Commun. Math. Phys. 2001. V.221. P.659-676;
Konoplya R. A. // Phys. Rev. D. 2006. V.73. P.024009;

Konoplya R. A., Zhidenko A. I/ Phys. Rev. D. 2006. V.73. P. 124040.

. Poisson E., Israel W. [/ Phys. Rev. D. 1990. V.41. P.1796809;

Ori A. // Phys. Rev. Lett. 1991. V.67. P.789792;

Bonanno A., Droz S., Israel W., Morsink S. M. // Proc. Roy. Soc. London. A. 1994.
V.450. P.553567;

Brady P.R., Smith J. D. // Phys. Rev. Lett. 1995. V.75. P.12561259;

Burko L. M. // Phys. Rev. Lett. 1997. V.79. P.4958;

Burko L. M., Ori A. // Phys. Rev. D. 1998. V.57. P.R7084;

Hod S., Piran T. /! Gen. Rel. Grav. 1998. V.30. P. 1555;

36



10.

11.

12.

Burko L. M. // Phys. Rev. D. 2002. V. 66. P.024046;

Burko L. M. // Phys. Rev. Lett. 2003. V.90. P.121101; erratum in Phys. Rev. Lett.
V.90. P.249902(E);

Dafermos M. Prices Law, Mass Inflation, and Strong Cosmic Censorship. gr-
qc/0401121. 2004;

Hamilton A. J. S., Pollack S. E. // Phys. Rev. D. 2005. V.71. P.084032;

Dotti G., Gleiser R. J., Ranea-Sandoval I. F., Vucetich H. // Class. Quant. Grav. 2008.
V.25. P.245012;

Hamilton A.J.S., Avelino P.P. The Physics of the Relativistic Counter-Streaming
Instability that Drives Mass Inflation Inside Black Holes. gr-qc/0811.1926. 2008.

Carter B. // Phys. Rev. 1968. V. 174. P. 1559;

de Felice F. // J. Phys. A: Math. Gen. 1980. V. 13. P.1701;

de Felice F., Preti G. // Class. Quantum Grav. 1999. V.16. P.2929;

J. Phys. A: Math. Gen. 2000. V.33. P.2767;

Glampedakis K. // Class. Quantum Grav. 2005. V.22. P.S605;

Glampedakis K., Hughes S. A., Kennefick D. // Phys. Rev. D. 2002. V. 66. P.064005;
Rosquist K., Bylund T., Samuelsson L. // Int. J. Mod. Phys. D. 2009. V. 18. P.429-434.

Onozawa H. // Phys. Rev. D. 1997. V.55. P.3593-3602;

Berti E., Cardoso V., Kokkotas K.D., Onozawa H. I/ Phys. Rev. D. 2003. V.68.
P. 124018;

Berti E., Cardoso V., Yoshida S. // Phys. Rev. D. 2004. V.69. P. 124018.

Brill D.R., Chrzanowski P.L., Pereira C.M., Fackerell E.D., Ipser J.P. // Phys.
Rev. D. 1972. V.5. P. 1913;

Leaver E. W. /] Proc. Roy. Soc. London. A. 1985. V.402. P.285;

Kokkotas K. D. // Class. Quant. Grav. 1991. V. 8. P.2217;

Mano S., Suziki H., Takasugi E. // Prog. Theor. Phys. 1996. V.95. P.1079;

Mano S., Takasugi E. /! Prog. Theor. Phys. 1997. V.97. V.213;

Hod S. // Phys. Rev. D. 1998. V.58. P.104022;

Hod S. Asymptotic Quasinormal Mode Spectrum of Rotating Black Holes. gr-
qc/0307060;

Musiri S., Siopsis G. // Class. Quant. Grav. 2003. V.20. P.L285-L291;

Hod S. // Phys. Rev. D. 2003. V.67. P.081501;

Casals M., Ottewill A. C. // Phys. Rev. D. 2005. V.71. P.064025;

Hod S., Keshet U. // Class. Quant. Grav. 2005. V.22. P.L71L75;

Berti E., Cardoso V. // Phys. Rev. D. 2006. V.74. P. 104020;

Hod S. // Phys. Rev. D. 2007. V.75. P.064013;

Keshet U., Hod S. // Phys. Rev. D. 2007. V.76. P.061501;

Keshet U., Neitzke A. I/ Phys. Rev. D. 2008. V.78. P.044006;

Hod S. // Phys. Rev. D. 2008. V.78. P.084035.

Marcilhacy G. // Lett. Nuovo Cim. 1983. V.37. P.300-302;

Blandin J., Pons R., Marcilhacy G. // Lett. Nuovo Cim. 1983. V. 38. P.561-567;
Galtsov D. V., Ershov A. A. // Soviet Phys. J. 1989. V.32. P. 13-18;

Suziki H., Takasugi E., Umetsu H. // Prog. Theor. Phys. 1998. V. 100. P.491;
Batic D., Schmid H. // IMP. 2007. V.48. P.042502.

37



13.

14.

15.

16.

17.

18.

19.

Heun K. // Math. Ann. 1889. V.33. P.161;

Bateman H., Erdélyi A. Higher Transcendental Functions. V.3. N.Y.: Toronto; Lon-
don: McGraw-Hill Comp. Inc., 1955;

Decarreau A., Dumont-Lepage M. CL., Maroni P., Robert A., Roneaux A. // Ann. Soc.
Buxelles. 1978. V.92. P.53;

Decarreau A., Maroni P., Robert A. // Ann. Soc. Buxelles. 1978. V.92. P. 151; Heun’s
Differential Equations / Ed. Roneaux A. Oxford: Oxford Univ. Press, 1995;
Slavyanov S. Y., Lay W. // Special Functions, a Unified Theory Based on Singularities.
Oxford: Oxford Mathematical Monographs, 2000;

Maier R. S. The 192 Solutions of Heun Equation. Preprint Math CA/0408317, 2004.

Fiziev P. P. // Class. Quant. Grav. 2006. V.23. P.2447,

Fiziev P. P. Exact Solutions of Regge—Wheeler Equation in the Schwarzschild Black
Hole Interior. gr-qc/0603003. 2006;

Fiziev P. P. /] J. Phys. Conf. Ser. 2007. V.66. P.012016.

Fiziev P. P. Exact Solutions of Regge—Wheeler and Teukolsky Equations. Talk given
on 23 May 2007 at the Seminar of the Astrophysical Group of the Uniwersytet Jagiel-
lonski, Institut Fizyki, Cracow, Poland; http://tcpa.uni-sofia.bg/research/

Fiziev P. P. Exact Solutions of Teukolsky Equations. Talk given at the Conference
on Gravity, Astrophysics and Strings at Black Sea, 10-16 June 2007, Primorsko,
Bulgaria. http://tcpa.uni-sofia.bg/conf/GAS/files/Plamen_Fiziev.pdf

Fiziev P.P., Staicova D.R. A New Model of the Central Engine of GRB and
the Cosmic Jets. Talk given at the Conference on Gravity, Astrophysics and
Strings at Black Sea, 10-16 June 2007, Primorsko, Bulgaria; http://tcpa.uni-
sofia.bg/conf/GAS/files/GRB_Central Engine.pdf

Fiziev P. P., Staicova D.R. A New Model of the Central Engine of GRB. Talk given
at the Fourth Aegean Summer School, 17-22 September 2007, Lesvos, Greece;
http://tcpa.uni-sofia.bg/research/DStaicova Lesvos.pdf

Fiziev P. P. Exact Solutions of Regge—Wheeler and Teukolsky Equations. Talk given
on 28 December 2007 at the seminar of the Department of Physics, University of Nis,
Serbia; http://tcpa.uni-sofia.bg/research/

Fiziev P. P. Novel Relations and New Properties of Confluent Heun’s Functions and
Their Derivatives of Arbitrary Order. arXiv:0904.0245v2. 2009.

Fiziev P. P. Teukolsky—Starobinsky Identities — a Novel Derivation and Generaliza-
tions. arXiv:0906.5108. 2009.

Talbot C.J. // Comm. Math. Phys. 1969. V.13. P.46-61;

Couch W. E., Newman E.T. // J. Math. Phys. 1973. V. 14. P.285-286;

Wald M. R. // J. Math. Phys. 1973. V. 14. P. 1453-1461;

Chandrasekhar F. R. S. // Proc. Roy. Soc. London. A. 1984. V.392. P.1-13;
Schutz B. F., Qi G. // Gen. Rel. Grav. 1993. V.25. P.1185-1188;

Chee G. /I J. Math. Phys. 1993. V.35. P.3025-3028;

Hongya L., Mashhoon B. /I Class. Quant. Grav. 1996. V. 13. P.233-251;
van den Brink A. M. // Phys. Rev. D. 2000. V.62. P.064009.

Fiziev P.P., Staicova D.R. [/ Bulg. Astrophysical J. 2009. V.11. P.3;
arXiv:0902.2408;

38



20.

21.

22.

23.

24.

25.

26.

217.

28.

Fiziev P.P., Staicova D.R. // Bulg. Astrophysical J. 2009. V.11. P.13;
arXiv:0902.2411.

Cardoso V., Cavaglia M. /! Phys. Rev. D. 2006. V.74. P. 024027,

Dotti G., Gleiser R. J., Pullin J. // Phys. Lett. B. 2007. V. 644. P.289-293;

Pani P., Cardoso V., Cadoni M., Cavaglia M. Ergoregion Instability of Black Hole
Mimickers. arXiv:0901.0850.

Pretorius F., Israel W. // Class. Quant. Grav. 1998. V. 15. P.22892301.

Cartan E. Geometry of Riemannian Spaces. Brookline, Massachusetts: Math. Sci.
Press., 1983;

Brans C. H. // J. Math. Phys. 1965. V. 6. P.94-102;

Karlhede A., Lindstrom U., Aman J. E. /| Gen. Rel. Grav. 1982. V. 14. P.569;

Skea J. E. F. I/ Class. Quant. Grav. 1997. V. 14. P.2947-2950;

Skea J. E. F. /| Class. Quant. Grav. 2000. V. 17. P.L69-L74;

Coley A., Hervik S., Pelavas N. // Class. Quant. Grav. 2009. V.26. P.025013.

Chern S.-S. // Proc. Nat. Acad. Sci. 1947. V.33. P.78-82;

Avez A. /] Proc. Nat. Acad. Sci. 1970. V.66. P.265-268;

Chern S.-S., Simon J. // Ann. Math. 1974. V.99. P.48-69;

Freed D. S. // Adv. Math. 1995. V.113. P.237-303;

Kobayashi S., Nomizu K. Foundations of Differential Geometry. N.Y.: John Wiley &
Sons Inc., 1996.

Coddington E.A., Levinson N. Theory of Ordinary Differential Equations. N.Y.;
Toronto; London: McGraw-Hill Inc., 1955.

Borissov R.S., Fiziev P.P. Continuous Spectrum in Teukolsky Master Equation.
arXiv:0903.3617. 2009.

Bateman H., Erderlyi A. Higher Transcedental Functions. V.2. N.Y.; Toronto; Lon-
don: McGraw-Hill Inc., 1953.

Reed M., Simon B. Methods of Modern Mathematical Physics. V.2. San Diego; N.Y.;
Berkeley; Boston; London; Sidney; Tokyo; Toronto: Academic Press, Inc., 1975;
Landau L. D., Lifshitz E. M. Quantum Mechanics: Non-Relativistic Theory. London:
Pergamon, Addison-Wesley, Reading, MA, 1958.

Starobinskiy A. A. // Sov. Phys. JETP. 1973. V. 64. P.49;

Starobinskiy A. A., Churilov S. M. // Sov. Phys. JETP. 1973. V.65. P.3.

Received on September 11, 2009.



Koppexrop T. E. [loneko

Iomnuc wo B meu 16 15.01.2010.
®Dopm 1 60 X 90/16. Bym r odcern 4. Ileu b odceTH 4.
Yen. ney. n. 2,68. Yu.-uzn. a. 3,65. Tup x 315 ax3. 3 k 3 Ne 56857.

W3n tenbckuii otaen OOGbeIMHEHHOTO HHCTUTYT SIICPHBIX HCCIICHOB HUit
141980, r. dy6n , Mockosck s 06:1., yi1. 2Konmo-Kropu, 6.
E-mail: publish@jinr.ru
www.jinr.ru/publish/



