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Œμ¤¥²Ó´μ¥ μ¶¨¸ ´¨¥ É¥·³μÊ¶·Ê£¨Ì ´ ¶·Ö¦¥´¨° ¢ ³ É¥·¨ ² Ì
¶·¨ μ¡²ÊÎ¥´¨¨ ÉÖ¦¥²Ò³¨ ¨μ´ ³¨ ¢Ò¸μ±¨Ì Ô´¥·£¨°

‚ ¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ Ì  ¢Éμ·μ¢ ¨¸¸²¥¤μ¢ ´Ò Ëμ·³¨·μ¢ ´¨¥ ¨ Ô¢μ²ÕÍ¨Ö É¥·-
³μÊ¶·Ê£¨Ì ¢μ²´, ¢μ§´¨± ÕÐ¨Ì ¢ ³¥É ²² Ì ¶μ¤ ¤¥°¸É¢¨¥³ ¨³¶Ê²Ó¸´ÒÌ ¶ÊÎ±μ¢
¨μ´μ¢, ¢ · ³± Ì ¸¨¸É¥³Ò Ê· ¢´¥´¨° É¥·³μÊ¶·Ê£μ¸É¨. ‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¶·μ¢¥-
¤¥´μ Î¨¸²¥´´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ · ¸¶·μ¸É· ´¥´¨Ö É¥·³μÊ¶·Ê£¨Ì ¢μ²´, ¢μ§´¨± ÕÐ¨Ì
¢ ³¥É ²² Ì ¶μ¤ ¤¥°¸É¢¨¥³ ¨³¶Ê²Ó¸´ÒÌ ¶ÊÎ±μ¢ ¨μ´μ¢, ¢ · ³± Ì ¤¢ÊÌÉ¥³¶¥· ÉÊ·-
´μ° ³μ¤¥²¨ ¸ ¢¢¥¤¥´¨¥³ É¥³¶¥· ÉÊ·Ò Ô²¥±É·μ´μ¢ ¨ ±·¨¸É ²²¨Î¥¸±μ° ·¥Ï¥É±¨
(³μ¤¥²Ó É¥·³¨Î¥¸±μ£μ ¶¨± ) ¨ ¶·¥¤¸É ¢²¥´ ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ¶μ²ÊÎ¥´´ÒÌ
·¥§Ê²ÓÉ Éμ¢ ¸ ·¥§Ê²ÓÉ É ³¨ ¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.
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In the authors' previous works, formation and evolution of thermoelastic waves
arising in metals under the action of pulsed ion beams in the framework of a system
of thermoelasticity equations were investigated. In the present work, a numerical
research of propagation of thermoelastic waves arising in metals under the action of
pulsed ion beams in the framework of the two-temperature model taking into account
electron gas and lattice temperatures (the thermal spike model) is carried out and
a comparative analysis of the obtained results and results of the previous works is
made.
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�·¨ ¶·μÌμ¦¤¥´¨¨ ÉÖ¦¥²μ° § ·Ö¦¥´´μ° Î ¸É¨ÍÒ Î¥·¥§ ¢¥Ð¥¸É¢μ ¢¡²¨§¨
É· ¥±Éμ·¨¨ ¢μ§´¨± ÕÉ ²μ± ²Ó´Ò¥ ¶¥·¥£·¥¢Ò, ¶·¨¢μ¤ÖÐ¨¥ ± £¥´¥· Í¨¨ É¥·-
³μÊ¶·Ê£¨Ì ´ ¶·Ö¦¥´¨° [1], ±μÉμ·Ò¥ ³μ£ÊÉ ¶·¥¢ÒÏ ÉÓ ¶·μÎ´μ¸ÉÓ ³ É¥·¨ ² .
ˆ§³¥´¥´¨¥ É¥³¶¥· ÉÊ·Ò ³ É¥·¨ ²  ¶·μ¨¸Ìμ¤¨É ´¥ Éμ²Ó±μ §  ¸Î¥É ¶μ¤¢μ¤  É¥-
¶²  μÉ ¢´¥Ï´¨Ì ¨¸ÉμÎ´¨±μ¢, ´μ É ±¦¥ ¨ §  ¸Î¥É ¸ ³μ£μ ¶·μÍ¥¸¸  ¤¥Ëμ·³ Í¨¨.
�·¨ ¤¥Ëμ·³ Í¨¨ ¢μ§´¨± ÕÉ Ê¶·Ê£¨¥ ¨ É¥¶²μ¢Ò¥ ¢μ²´Ò. 
É¨ Ö¢²¥´¨Ö μ¡ÒÎ´μ
¨¸¸²¥¤ÊÕÉ¸Ö ¢ · ³± Ì É¥μ·¨¨ É¥·³μÊ¶·Ê£μ¸É¨ [2]. ‚ ³μ¤¥²¨ É¥·³¨Î¥¸±μ£μ
¶¨±  É¥¶²μ¢Ò¥ ÔËË¥±ÉÒ μ¶¨¸Ò¢ ÕÉ¸Ö ¸¨¸É¥³μ° ¤¢ÊÌ ¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨°
¤²Ö É¥³¶¥· ÉÊ· Ô²¥±É·μ´´μ£μ £ §  ¨ ±·¨¸É ²²¨Î¥¸±μ° ·¥Ï¥É±¨ Å Te, Ti:

Ce
∂Te

∂t
= ∇(λe∇Te) − g(Te − Ti) + Ae(�r, t), (1)

Ci
∂Ti

∂t
= ∇(λi∇Ti) + g(Te − Ti) + Ai(�r, t), (2)

£¤¥ Cγ , λγ , Aγ , γ = e, i, Å ¸μμÉ¢¥É¸É¢¥´´μ É¥¶²μ¥³±μ¸É¨, É¥¶²μ¶·μ¢μ¤´μ¸É¨
¨ ËÊ´±Í¨¨ ¨¸ÉμÎ´¨±μ¢ ¤²Ö Ô²¥±É·μ´´μ£μ £ §  ¨ ±·¨¸É ²²¨Î¥¸±μ° ·¥Ï¥É±¨,
g Å ±μ´¸É ´É  ¢§ ¨³μ¤¥°¸É¢¨Ö Ô²¥±É·μ´´μ° ¶μ¤¸¨¸É¥³Ò ¸ ·¥Ï¥É±μ°.

1. ��‘’���‚Š� ‡�„�—ˆ

‚ · ¡μÉax [3,4] Î¨¸²¥´´μ ¨¸¸²¥¤μ¢ ´  Ô¢μ²ÕÍ¨Ö É¥·³μÊ¶·Ê£¨Ì ¢μ²´, ¢μ§-
´¨± ÕÐ¨Ì ¢ ³ É¥·¨ ² Ì ¶μ¤ ¢μ§¤¥°¸É¢¨¥³ ¨³¶Ê²Ó¸´μ£μ ¶ÊÎ±  ¨μ´μ¢. ‚ ´ -
¸ÉμÖÐ¥° · ¡μÉ¥ ¶·¨¢¥¤¥³ ¨¸Ìμ¤´Ò¥ Ê· ¢´¥´¨Ö É¥·³μÊ¶·Ê£μ¸É¨ ¢ · ³± Ì ³μ-
¤¥²¨ É¥·³¨Î¥¸±μ£μ ¶¨± . ”Ê´±Í¨Ö ¸¢μ¡μ¤´μ° Ô´¥·£¨¨ ¤¥Ëμ·³¨·μ¢ ´´μ£μ É¥² 
¨³¥¥É ¢¨¤ [2]

F = F0(T ) − Kα(T − T0)Ull + μ

(
Uik − 1

3
δikUll

)2

+
K

2
U2

ll,

Uik =
1
2

(
∂ui

∂xk
+

∂uk

∂xi

)
,
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K =
E

3(1 − 2δ)
, μ =

E

2(1 + δ)
,

−1 < δ <
1
2
,

£¤¥ δ Å Î¨¸²μ �Ê ¸¸μ´ , K , μ Å ¸μμÉ¢¥É¸É¢¥´´μ ³μ¤Ê²¨ ¢¸¥¸Éμ·μ´´¥£μ ¸¦ -
É¨Ö ¨ ¸¤¢¨£ , E Å ³μ¤Ê²Ó �´£ , ui Å ±μ³¶μ´¥´É  ¢¥±Éμ·  ¶¥·¥³¥Ð¥´¨Ö �u,
Uik Å É¥´§μ· ¤¥Ëμ·³ Í¨¨, α = 3αt Å ±μÔËË¨Í¨¥´É μ¡Ñ¥³´μ£μ É¥¶²μ¢μ£μ
· ¸Ï¨·¥´¨Ö (αt Å ±μÔËË¨Í¨¥´É ²¨´¥°´μ£μ É¥¶²μ¢μ£μ · ¸Ï¨·¥´¨Ö), δik Å
¸¨³¢μ² Š·μ´¥±¥· , F0, T0 Å ¸μμÉ¢¥É¸É¢¥´´μ ¸¢μ¡μ¤´ Ö Ô´¥·£¨Ö ¨ ´ Î ²Ó´ Ö
É¥³¶¥· ÉÊ·  É¥²  ¢ ´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨. �μ § ¤ ´´μ° ¸¢μ¡μ¤´μ°
Ô´¥·£¨¨ μ¶·¥¤¥²ÖÕÉ¸Ö É¥´§μ· ´ ¶·Ö¦¥´¨° ¨ Ô´É·μ¶¨Ö:

σik =
∂F

∂Uik
= −Kα(T − T0)δik + 2μ

(
Uik − 1

3
δikUll

)
+ KUllδik,

S = −∂F

∂T
= S0(T ) + KαUll,

£¤¥ S0(T ) Å Ô´É·μ¶¨Ö É¥²  ¢ ´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨. �μ σik ¨ S
¸μ¸É ¢²ÖÕÉ¸Ö Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¨ É¥¶²μ¶·μ¢μ¤´μ¸É¨:

ρ
∂2ui

∂t2
=

∂σij

∂xj
= −Kα

∂T

∂xi
+

(
K +

μ

3

) ∂2ul

∂xi∂xl
+ μ

∂2ui

∂x2
j

,

T
∂S

∂t
= T

(
∂S0

∂T

∂T

∂t
+ Kα

∂Ull

∂t

)
= ∇(λ∇T ) + Q,

∂S0

∂T
=

Cv

T
.

‡¤¥¸Ó Cv Å É¥¶²μ¥³±μ¸ÉÓ É¥²  ¶·¨ ¶μ¸ÉμÖ´´μ³ μ¡Ñ¥³¥, Q Å ËÊ´±Í¨Ö ¨¸-
ÉμÎ´¨± . �μ¢Éμ·ÖÖ ÔÉÊ ¶·μÍ¥¤Ê·Ê ¤²Ö ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (1), (2) ¨
ÊÎ¨ÉÒ¢ Ö, ÎÉμ Q = A(�r, t) + g(Te − Ti), ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³¥
Ê· ¢´¥´¨° (�r = (x, y, z)):

Ce
∂Te

∂t
= ∇(λe∇Te) − g(Te − Ti) + Ae(�r, t), (3)

Ci
∂Ti

∂t
+ KTiα

∂

∂t
div�u = ∇(λi∇Ti) + g(Te − Ti) + Ai(�r, t), (4)

ρ
∂2�u

∂t2
= −Kα∇Ti +

(
K +

μ

3

)
∇div�u + μ∇2�u. (5)


É  ¸¨¸É¥³  μ¶¨¸Ò¢ ¥É É¥·³μÊ¶·Ê£¨¥ ÔËË¥±ÉÒ, ¢μ§´¨± ÕÐ¨¥ ¢ ³¥É ²² Ì, ¢
· ³± Ì ³μ¤¥²¨ É¥·³¨Î¥¸±μ£μ ¶¨± . �·¨ μ¶¨¸ ´¨¨ É¥·³μÊ¶·Ê£¨Ì ÔËË¥±Éμ¢
¶μ¤ ¤¥°¸É¢¨¥³ ¨³¶Ê²Ó¸´ÒÌ ¶ÊÎ±μ¢ ¨μ´μ¢ ¢ Éμ´±μ³ μ¡· §Í¥ ³¥É ²² , ± ± ¨ ¢
· ¡μÉ Ì [3,4], ¡Ê¤¥³ ¨¸Ìμ¤¨ÉÓ ¨§ ¸¨¸É¥³Ò (3)Ä(5) ¢ μ¤´μ³¥·´μ³ ¶·¨¡²¨¦¥´¨¨
¸ ¤μ¡ ¢²¥´¨¥³ ´ Î ²Ó´ÒÌ ¨ £· ´¨Î´ÒÌ Ê¸²μ¢¨°:

Ce
∂Te

∂t
=

∂

∂z

(
λe

∂Te

∂z

)
− g(Te − Ti) + Ae(z, t), (6)
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Ci
∂Ti

∂t
+ KTiα

∂2u

∂t∂z
=

∂

∂z

(
λi

∂Ti

∂z

)
+ g(Te − Ti) + Ai(z, t), (7)

ρ
∂2u

∂t2
= −Kα

∂Ti

∂z
+

(
K +

4μ

3

)
∂2u

∂z2
, (8)

σ = −Kα(Ti − T0) +
(

K +
4μ

3

)
∂u

∂z
, (9)

u(z, 0) = 0, ut(z, 0) = 0, Te,i(z, 0) = T0, (10)

σ(z, t)|z=0,l =
[
− Kα(Ti − T0) +

(
K +

4μ

3

)
∂u

∂z

]∣∣∣
z=0,l

= 0, (11)

∂Te,i

∂z

∣∣∣
z=0,l

= 0.

‡¤¥¸Ó l Å Éμ²Ð¨´  μ¡· §Í . � Î ²Ó´Ò¥ ¨ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö (10), (11) μ§´ -
Î ÕÉ, ÎÉμ μ¡· §¥Í ¢´ Î ²¥ ´ Ìμ¤¨²¸Ö ¢ ´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨, É¥³-
¶¥· ÉÊ·Ò ±·¨¸É ²²¨Î¥¸±μ° ·¥Ï¥É±¨ ¨ Ô²¥±É·μ´´μ£μ £ §  ¢ ³¥É ²²¥ · ¢´Ò
±μ³´ É´μ° É¥³¶¥· ÉÊ·¥ T0,   £· ´¨ÍÒ μ¡· §Í  É¥¶²μ¨§μ²¨·μ¢ ´Ò ¨ ¸¢μ¡μ¤´Ò.
‚ · ¡μÉ Ì [3,4] É¥·³μÊ¶·Ê£¨¥ ÔËË¥±ÉÒ ¨¸¸²¥¤μ¢ ²¨¸Ó ´¥ ¢ ¶¥·¥³¥´´μ° ¶¥·¥-
³¥Ð¥´¨Ö u(z, t),   ¢ ¶¥·¥³¥´´μ° ´ ¶·Ö¦¥´¨Ö σ(z, t).

„²Ö ¸μÌ· ´¥´¨Ö ¶·¥¥³¸É¢¥´´μ¸É¨, ¸²¥¤ÊÖ · ¡μÉ ³ [3,4], ¸¨¸É¥³Ê (6)Ä(11)
¶¥·¥¶¨Ï¥³ ¢ ¶¥·¥³¥´´μ° σ(z, t):

Ce
∂Te

∂t
=

∂

∂z

(
λe

∂Te

∂z

)
− g(Te − Ti) + Ae(z, t), (12)

(Ci + Tip)
∂Ti

∂t
= −βTi

∂σ

∂t
+

∂

∂z

(
λi

∂Ti

∂z

)
+ g(Te − Ti) + Ai(z, t), (13)

∂2σ

∂t2
= v2

s

∂2σ

∂z2
− γ

∂2Ti

∂t2
, (14)

σ(z, 0) = 0, σt(z, 0) = 0, Te,i(z, 0) = T0, (15)

σ(z, t)|z=0,l = 0,
∂Te,i

∂z

∣∣∣
z=0,l

= 0.

‡¤¥¸Ó

p =
α2K2

K + 4μ/3
, β =

αK

K + 4μ/3
, γ = Kα, v2

s =
K + 4μ/3

ρ
.

”Ê´±Í¨¨ ¨¸ÉμÎ´¨±μ¢ Ae,i(z, t), μ¶¨¸Ò¢ ÕÐ¨¥ ¢²¨Ö´¨¥ ¶ÊÎ±  § ·Ö¦¥´´ÒÌ Î -
¸É¨Í ´  μ¡· §¥Í, μ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ ¢Ò· ¦¥´¨¥³:

Ae,i(z, t) = bμe,i(z)
j(t)
Ze

,
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£¤¥ Ze Å § ·Ö¤ ¨μ´ , μe,i ¸μμÉ¢¥É¸É¢¥´´μ μ¶·¥¤¥²ÖÕÉ ¶μÉ¥·¨ Ô´¥·£¨¨ ¨μ´ 
¶ÊÎ±  ´  ¥¤¨´¨Í¥ ¤²¨´Ò ¶·¨ Éμ·³μ¦¥´¨¨ ¥£μ Ô²¥±É·μ´´Ò³ £ §μ³ (μe) ¨ ¨μ-
´ ³¨ ±·¨¸É ²²¨Î¥¸±μ° ·¥Ï¥É±¨ (μi), j(t) Å ¢·¥³¥´´ Ö § ¢¨¸¨³μ¸ÉÓ ¶²μÉ´μ-
¸É¨ Éμ±  ¶ÊÎ± . Šμ´¸É ´É  b μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨:

b

l∫
0

[μe(z) + μi(z)]dz = E0,

§¤¥¸Ó E0 Å Ô´¥·£¨Ö ¨μ´ .
‘¨¸É¥³Ê Ê· ¢´¥´¨° (12)Ä(15) ¶¥·¥¢μ¤¨³ ¢ ¡¥§· §³¥·´ÊÕ Ëμ·³Ê, ¶¥·¥Ìμ¤Ö

± ¡¥§· §³¥·´Ò³ ¢¥²¨Î¨´ ³ ¨ ´¥§ ¢¨¸¨³Ò³ ¶¥·¥³¥´´Ò³ ¶μ Ëμ·³Ê² ³

t̄ =
t

τ
, z̄ =

z

l
, T̄e =

Te

T0
, T̄i =

Ti

T0
, σ̄ =

σ

σ0
, μ̄e,i =

μe,i

μ0
, μ0 =

E0

l
,

£¤¥ τ Å ¢·¥³Ö ¤¥°¸É¢¨Ö ¨¸ÉμÎ´¨±  ´  μ¡· §¥Í.
’μ£¤  ¨¸Ìμ¤´ Ö ¸¨¸É¥³  ¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

∂T̄e

∂t̄
= ke

∂2T̄e

∂z̄2
− ge(T̄e − T̄i) + Āe(z̄, t̄), (16)

(1 + T̄ip̄)
∂T̄i

∂t̄
= −β̄

∂σ̄

∂t̄
T̄i + ki

∂2T̄i

∂z̄2
+ gi(T̄e − T̄i) + Āi(z̄, t̄), (17)

∂2σ̄

∂t̄2
= v̄2

s

∂2σ̄

∂z̄2
− γ̄

∂2T̄i

∂t̄2
, (18)

σ̄(z̄, 0) = 0, σ̄t̄(z̄, 0) = 0, T̄e(z̄, 0) = T̄i(z̄, 0) = 1, (19)

σ̄(z̄, t̄)|z̄=0, 1 = 0,
∂T̄e

∂z̄

∣∣∣
z̄=0, 1

=
∂T̄i

∂z̄

∣∣∣
z̄=0, 1

= 0. (20)

‡¤¥¸Ó ¡¥§· §³¥·´Ò¥ ±μ´¸É ´ÉÒ kν , gν (ν = e, i), β̄, p̄, v̄2
s , γ̄ μ¶·¥¤¥²ÖÕÉ¸Ö

Ëμ·³Ê² ³¨

kν =
λντ

Cν l2
, gν =

gτ

Cν
, β̄ =

βσ0

Ci
,

p̄ =
T0p

Ci
, v̄2

s =
v2

sτ2

l2
, γ̄ =

γT0

σ0
.

	¥§· §³¥·´Ò¥ ËÊ´±Í¨¨ ¨¸ÉμÎ´¨±μ¢ Āe(z̄, t̄), Āi(z̄, t̄) ¶¥·¥¶¨Ï¥³ ¢ ¸²¥¤ÊÕ-
Ð¥³ ¢¨¤¥:

Āe,i(z̄, t̄) = bA0e,iμ̄e,i(z̄)f(t̄), A0e,i =
E0j0τ

T0lZeCe,i
.

4



‡¤¥¸Ó ¡¥§· §³¥·´ Ö ËÊ´±Í¨Ö f(t̄) ¢¢¥¤¥´  ¶μ¸·¥¤¸É¢μ³ ¸μμÉ´μÏ¥´¨Ö
j(t̄) = j0f(t̄),   ±μ´¸É ´É  b ¢ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥

b =
1∫ 1

0 [μ̄e(z̄) + μ̄i(z̄)]dz̄
.

� · ³¥É·Ò ³μ¤¥²¨ Ce, Ci, g, λe, λi, ρ, E, α ¡¥·¥³ ¶·¨ ±μ³´ É´μ° É¥³¶¥· ÉÊ·¥
T0 = 300 K ¤²Ö ¦¥²¥§  (δ = 0, σ0 = 2,2 · 106 � ):

Ce = 2, 733 · 104 „¦/(³3K), Ci = 3588720 „¦/(³3K),

g = 4, 05 · 1018 ‚É/(³3Š), λe = 410 ‚É/(³K), λi = 78, 2 ‚É/(³K),

ρ = 7870 ±£/³3, E = 202 · 109 � , α = 36 · 10−6 K−1.

Š ± ¨ ¢ · ¡μÉ¥ [3], ¶ · ³¥É·Ò ¶ÊÎ±  ¸²¥¤ÊÕÐ¨¥:

τ = 3 · 10−7 ¸, E0 = 300 ±Ô‚, j0 = 107 �/³2, Ze = 1.

’μ²Ð¨´  μ¡· §Í  l = 10−5 ³, £²Ê¡¨´  ¶·μ´¨±´μ¢¥´¨Ö ¨μ´μ¢ R0 = 7 · 10−7 ³
(z̄0 = R0/l).

�·¨ ¶·¨¢¥¤¥´´ÒÌ ¢¥²¨Î¨´ Ì ¡¥§· §³¥·´Ò¥ ¶ · ³¥É·Ò kν , gν (ν = e, i),
β̄, p̄, v̄2

s , γ̄, A0e, A0i, t0, z0 ¶·¨´¨³ ÕÉ §´ Î¥´¨Ö

ke � 45, ki � 6, 54 · 10−2, ge � 44456641, 05, gi � 338560, 82,

β̄ � 7, 36 · 10−6, p̄ � 2, 43 · 10−3, v̄s � 152, γ̄ � 330, 54,

A0e � 5488, 47, A0i � 41, 80, t0 = 1, z0 = 0, 07.

‚ ¤ ´´μ° · ¡μÉ¥ ËÊ´±Í¨¨ f(t̄) ¨ μ̄e,i(z̄) § ¤ ¥³ Ë¥´μ³¥´μ²μ£¨Î¥¸±¨ (± ±
¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ Ì [3,4]),

f(t̄) =
1 − e−α1 t̄

1 + eα2(t̄−t̄0)
, μ̄e,i(z̄) =

1
1 + eα3(z̄−z̄0)

, (21)

£¤¥ ±μ´¸É ´ÉÒ α1, α2 ¸μμÉ¢¥É¸É¢¥´´μ μ¶·¥¤¥²ÖÕÉ ¸±μ·μ¸É¨ ¢±²ÕÎ¥´¨Ö ¨ ¢Ò-
±²ÕÎ¥´¨Ö ¨¸ÉμÎ´¨±  ¶·¨ t̄ = 0 ¨ t̄ = t̄0,   α3 Å ¸±μ·μ¸ÉÓ ¶μÉ¥·¨ Ô´¥·£¨¨
¨μ´μ¢ ¶ÊÎ±  ¢´ÊÉ·¨ ³¨Ï¥´¨.

‚ ¤ ²Ó´¥°Ï¥³ Î¥·ÉÊ ´ ¤ ¡¥§· §³¥·´Ò³¨ ¶¥·¥³¥´´Ò³¨ μ¶Ê¸± ¥³, ´μ ´ ¤
¶μ¸ÉμÖ´´Ò³¨ ¡¥§· §³¥·´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ μ¸É ¢²Ö¥³.

2. Œ…’�„ —ˆ‘‹…���ƒ� �…˜…�ˆŸ

‚¢¥¤¥³ · ¢´μ³¥·´ÊÕ ¸¥É±Ê ¶μ ¶¥·¥³¥´´Ò³ z, t, É. ¥. ¶μ²μ¦¨³ { zk =
kh (k = 0, 1 . . .m), tj = jht (j = 0, 1 . . . n)}; h ¨ ht Å ¸μμÉ¢¥É¸É¢¥´´μ
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Ï £¨ ¶μ ¶¥·¥³¥´´Ò³ z ¨ t, f j
k = f(zk, tj). „²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢-

´¥´¨° (16)Ä(20) ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸²¥¤ÊÕÐÊÕ ±μ´¥Î´μ-· §´μ¸É´ÊÕ ¸Ì¥³Ê
¶μ·Ö¤±   ¶¶·μ±¸¨³ Í¨¨ O(ht + h2) [5Ä7]:

T j+1
ek − T j

ek

ht
= keΛkT j+1

e − ge(T
j+1
ek − T j+1

ik ) + Aj
ek, (22)

(1 + p̄T j
ik)

T j+1
ik − T j

ik

ht
= −β̄T j

ik

σj+1
k − σj

k

ht
+

+ kiΛkT j+1
ik + gi(T

j+1
ek − T j+1

ik ) + Aj
ik, (23)

σj+1
k − 2σj

k + σj−1
k

h2
t

= v̄2
sΛkσj − γ̄

T j+1
ik − 2T j

ik + T j−1
ik

h2
t

, (24)

k = 1, 2 . . .m − 1, j = 0, 1 . . . n − 1, ΛkU =
Uk+1 − 2Uk + Uk−1

h2
,

T−1
ek = T 0

ek = T−1
ik = T 0

ik = 1, σ−1
k = σ0

k = 0, k = 0, 1 . . .m, (25)

σj
0 = 0,

4T j
e1 − T j

e2 − 3T j
e0

2h
= 0,

4T j
i1 − T j

i2 − 3T j
i0

2h
= 0, (26)

σj
m = 0,

4T j
em−1 − T j

em−2 − 3T j
em

2h
= 0,

4T j
im−1 − T j

im−2 − 3T j
im

2h
= 0,

(27)

j = 0, 1 . . . n.


É  ¸Ì¥³  ¶μ²ÊÎ¥´  ¨§ ¤¨¸±·¥É´ÒÌ § ¶¨¸¥° Ê· ¢´¥´¨° (16), (17) ¢ ´¥Ö¢´ÒÌ
Ëμ·³ Ì ¨ Ê· ¢´¥´¨Ö (18) Å ¢ Ö¢´μ° Ëμ·³¥. “¸²μ¢¨Ö Ê¸Éμ°Î¨¢μ¸É¨ ¢μ²´μ-
¢μ£μ Ê· ¢´¥´¨Ö (18), ´ ¶¨¸ ´´μ£μ ¢ Ö¢´μ³ ¨²¨ ´¥Ö¢´μ³ ¤¨¸±·¥É´ÒÌ ¢¨¤ Ì,
¸μ¢¶ ¤ ÕÉ ¸ Ê¸²μ¢¨¥³ ŠÊ· ´É  v̄sht/h < 1. �μÔÉμ³Ê ¤²Ö ¶·μ¸ÉμÉÒ Ê· ¢´¥-
´¨¥ (18) ¢ ¤¨¸±·¥É´μ° Ëμ·³¥ ´ ¶¨¸ ´μ ¢ Ö¢´μ³ ¢¨¤¥. ˆ´ Î¥ ¶·¨Ï²μ¸Ó ¡Ò
·¥Ï ÉÓ ³ É·¨Î´μ¥ Ê· ¢´¥´¨¥ ¤²Ö É·¥Ì ¢¥²¨Î¨´ T j+1

ek , T j+1
ik , σj+1

k . �·¨ ·¥Ï¥-
´¨¨ ¤¨¸±·¥É´μ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° (22)Ä(24) ¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ (25)
¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ (26), (27) ¶μ¸ÉÊ¶ ¥³ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‘ ¶μ³μ-
ÐÓÕ Ê· ¢´¥´¨Ö (24) ¨¸±²ÕÎ ¥³ σj+1

k ¨§ Ê· ¢´¥´¨Ö (23). ’μ£¤  ¶μ²ÊÎ¥´´ÊÕ

¸¨¸É¥³Ê ¤²Ö T j+1
ek , T j+1

ik ·¥Ï ¥³ ³¥Éμ¤μ³ ³ É·¨Î´μ° ¶·μ£μ´±¨,   ¶μÉμ³ ¶μ

¨§¢¥¸É´μ° T j+1
ik ´ Ìμ¤¨³ σj+1

k .
�·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ Ö¢´μ° ¸Ì¥³Ò, ±μÉμ· Ö ¶μ²ÊÎ ¥É¸Ö ¨§ Ê· ¢´¥-

´¨° (22)Ä(27) ¶ÊÉ¥³ § ³¥´Ò ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ Ê· ¢´¥´¨° (22)Ä(24) §´ Î¥´¨°
É¥³¶¥· ÉÊ· T j+1

ek , T j+1
ik ´  ¨Ì §´ Î¥´¨Ö ¢ j-³ ¸²μ¥ T j

ek, T j
ik, ¤²Ö Ê¤μ¢²¥É¢μ·¥-

´¨Ö Ê¸²μ¢¨Ö Ê¸Éμ°Î¨¢μ¸É¨ ¶·¨Ï²μ¸Ó ¡Ò ¢¥¸É¨ ¢ÒÎ¨¸²¥´¨Ö ¸ μÎ¥´Ó ³ ²¥´Ó±¨³¨
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Ï £ ³¨ ¶μ ¢·¥³¥´¨ ht � 10−8, ÎÉμ ´¥Í¥²¥¸μμ¡· §´μ ¸ ÉμÎ±¨ §·¥´¨Ö ¢¥¤¥´¨Ö
Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢.

�·¨ ¢ÒÎ¨¸²¥´¨¨ ¶μ ¸Ì¥³¥ (22)Ä(27) Ï £ ¶μ ¢·¥³¥´¨ ht ¢Ò¡¨· ¥É¸Ö Éμ²Ó±μ
¨§ ¸μ¡²Õ¤¥´¨Ö Ê¸²μ¢¨Ö ŠÊ· ´É  [5,7]:

v̄sht/h < 1. (28)

3. ���‚…�Š� ’�—��‘’ˆ ‚›—ˆ‘‹ˆ’…‹œ��‰ ‘•…Œ›

„²Ö ¶·μ¢¥·±¨ ÉμÎ´μ¸É¨ ¸Ì¥³Ò (22)Ä(27) ¶·μ¢μ¤¨²¸Ö Î¨¸²¥´´Ò° Ô±¸¶¥-
·¨³¥´É ´  ¢¤¢μ¥ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥É± Ì ¶·¨ ´ Î ²Ó´ÒÌ Ï £ Ì h = 0,001 ¨
ht = 10−6 ¤²Ö ¸²ÊÎ Ö, ±μ£¤  ¶μÉ¥·Ö Ô´¥·£¨¨ ¨μ´  ÊÎ¨ÉÒ¢ ¥É¸Ö Éμ²Ó±μ ´ 
¨μ´ Ì ±·¨¸É ²²¨Î¥¸±μ° ·¥Ï¥É±¨ (g �= 0, Ae = 0, Ai �= 0, b � 14, 286,
α1 = α2 = 10000, α3 = 200, z0 = 0, 07). ‚ÒÎ¨¸²¥´¨Ö ´  ¸¥É± Ì ¸ Ï -
£ ³¨ h, h/2 ¨ h/4 ¤ ²¨ ¡²¨§±¨¥ ·¥§Ê²ÓÉ ÉÒ. ’ ±, ³ ±¸¨³ ²Ó´Ò¥ μÉ±²μ´¥´¨Ö
¤²Ö É¥³¶¥· ÉÊ· ¨ ´ ¶·Ö¦¥´¨° ¢ ³μ³¥´É ¢·¥³¥´¨ t = 0,043 · ¢´Ò ¸μμÉ¢¥É-
¸É¢¥´´μ

Δ1Te = max |Teh(z, t) − Teh/2(z, t)| = 5, 37 · 10−5 ¶·¨ z = 0, 043,

Δ1Ti = max |Tih(z, t) − Tih/2(z, t)| = 5, 37 · 10−5 ¶·¨ z = 0, 043,

Δ1σ = max |σh(z, t) − σh/2(z, t)| = 0, 455 ¶·¨ z = 0, 525,

Δ2Te = max |Teh/2(z, t) − Teh/4(z, t) = 1, 33 · 10−5 ¶·¨ z = 0, 043,

Δ2Ti = max |Tih/2(z, t) − Tih/4(z, t)| = 1, 33 · 10−5 ¶·¨ z = 0, 043,

Δ2σ = max |σh/2(z, t) − σh/4(z, t)| = 0, 115 ¶·¨ z = 0, 531.

Š ± ¢¨¤´μ, ¶·¨ Ê³¥´ÓÏ¥´¨¨ Ï £  h ³ ±¸¨³ ²Ó´Ò¥ μÉ±²μ´¥´¨Ö Ê³¥´ÓÏ ÕÉ¸Ö,
É. ¥. ´ ¡²Õ¤ ¥É¸Ö ¸Ìμ¤¨³μ¸ÉÓ. �É´μÏ¥´¨Ö Δ1/Δ2 ¤²Ö ¢¸¥Ì ¶·¨¢¥¤¥´´ÒÌ ¢¥-
²¨Î¨´ (Te, Ti, σ) Ö¢²ÖÕÉ¸Ö ¢¥²¨Î¨´ ³¨ ¶μ·Ö¤±  2p, p = 2, ÎÉμ ¶μ¤É¢¥·¦¤ ¥É
¶μ·Ö¤μ±  ¶¶·μ±¸¨³ Í¨¨ ¸Ì¥³Ò O(h2). ‚ ¤ ²Ó´¥°Ï¥³ Î¨¸²¥´´Ò¥ Ô±¸¶¥·¨-
³¥´ÉÒ ¶·μ¢μ¤¨³ ¶·¨ Ï £ Ì ht = 10−6, h = 5 · 10−4.

4. ��‘“†„…�ˆ… —ˆ‘‹…��›• �…‡“‹œ’�’�‚

—¨¸²¥´´Ò³ ³μ¤¥²¨·μ¢ ´¨¥³ Ê¸É ´μ¢²¥´μ, ÎÉμ Ëμ·³  ¢μ²´Ò § ¢¨¸¨É μÉ
¸±μ·μ¸É¨ ¢±²ÕÎ¥´¨Ö ¨¸ÉμÎ´¨±  ¶·¨ t = 0 (α1).

�  ·¨¸. 1 ¶·¥¤¸É ¢²¥´Ò ·¥Ï¥´¨Ö § ¤ Î¨ (22)Ä(27) ¢ ³μ³¥´É ¢·¥³¥´¨ t/τ =
0,00335 ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° ¶ · ³¥É·  α1 ¶·¨ g �= 0, Ae = 0, Ai �= 0.
ˆ§ ·¨¸. 1 ¢¨¤´μ, ÎÉμ μÉ ¸±μ·μ¸É¨ ¢±²ÕÎ¥´¨Ö ¨¸ÉμÎ´¨±  (É. ¥. μÉ §´ Î¥´¨Ö α1)
§ ¢¨¸ÖÉ Ëμ·³  ¢μ²´Ò ¨ É¥³¶¥· ÉÊ·  ±·¨¸É ²²¨Î¥¸±μ° ·¥Ï¥É±¨.
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�¨¸. 1. �·μË¨²¨ ¢μ²´Ò É¥·³μÊ¶·Ê£μ£μ ´ ¶·Ö¦¥´¨Ö σ(z, t) ¨ É¥³¶¥· ÉÊ·Ò ±·¨¸É ²-
²¨Î¥¸±μ° ·¥Ï¥É±¨ Ti(z, t) ¢ ³μ³¥´É ¢·¥³¥´¨ t/τ = 0,00335 ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ
¶ · ³¥É·μ¢ α1 (1 Å α1 = 200, 2 Å α1 = 500, 3 Å α1 = 5000, 4 Å α1 = 10000),
α2 = 10000, α3 = 200 ¨ z0 = 0,07

�  ·¨¸. 2 ¶·¥¤¸É ¢²¥´Ò ·¥Ï¥´¨Ö § ¤ Î¨ ¤²Ö · §´ÒÌ ³μ³¥´Éμ¢ ¢·¥³¥´¨
tk/τ = k · 0,45/v̄s (k = 1, 2, 3, 4) ¶·¨ g �= 0, Ae = 0, Ai �= 0. ˆ§ ·¨¸. 2
¢¨¤´μ, ÎÉμ Ëμ·³¨·Ê¥³ Ö ¢μ²´  ¤¢¨£ ¥É¸Ö μÉ ²¥¢μ° £· ´¨ÍÒ ¢¶· ¢μ, ¤μ¸É¨-
£ Ö £· ´¨ÍÒ, ¶¥·¥¢μ· Î¨¢ ¥É¸Ö (³¥´Ö¥É ¸¢μ° §´ ±) ¨ ¶·μ¤μ²¦ ¥É ¤¢¨£ ÉÓ¸Ö
¢ μ¡· É´μ³ ´ ¶· ¢²¥´¨¨ ± ¤·Ê£μ° £· ´¨Í¥ ¨ É. ¤. ’ ±¨³ μ¡· §μ³, ¢μ²´  ¢¸¥
¢·¥³Ö ±·ÊÉ¨É¸Ö ¶·μÉ¨¢ Î ¸μ¢μ° ¸É·¥²±¨. �·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ ¢·¥³¥´¨ Ëμ·³ 
¢μ²´Ò ¶· ±É¨Î¥¸±¨ ´¥ ³¥´Ö¥É¸Ö.

�¨¸. 2. �·μË¨²¨ ¢μ²´Ò É¥·³μÊ¶·Ê£μ£μ ´ ¶·Ö¦¥´¨Ö σ(z, t) ¨ É¥³¶¥· ÉÊ·Ò ±·¨¸É ²²¨-
Î¥¸±μ° ·¥Ï¥É±¨ Ti(z, t) ¢ · §´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨ t/τ = k · 0,45/v̄s , k = 1, 2, 3, 4
(b � 14, 286, α1 = α2 = 10000, α3 = 200, z0 = 0, 07)
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�¨¸. 3. �·μË¨²¨ ¢μ²´Ò É¥·³μÊ¶·Ê£μ£μ ´ ¶·Ö¦¥´¨Ö σ(z, t) ¨ É¥³¶¥· ÉÊ·Ò ±·¨¸É ²-
²¨Î¥¸±μ° ·¥Ï¥É±¨ Ti(z, t) ¢ · §´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨ t/τ = ti, i = 1, 2 . . . 6
(t1 = 0,00335, t2 = 0,186545, t3 = 0,368184, t4 = 0,548357, t5 = 0,727131,
t6 = 0,904564) ¶·¨ ´ ²¨Î¨¨ (g > 0) ¨ μÉ¸ÊÉ¸É¢¨¨ (g = 0) É¥¶²μμ¡³¥´  ³¥¦¤Ê ¶μ¤¸¨-
¸É¥³ ³¨ ¶·¨ · §´ÒÌ ¸¶μ¸μ¡ Ì ÊÎ¥É  ¶μÉ¥·¨ Ô´¥·£¨¨ ¨μ´ 
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—Éμ¡Ò Ê¸É ´μ¢¨ÉÓ, ± ± ¨§³¥´Ö¥É¸Ö Ëμ·³  ¢μ²´Ò ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ
¢·¥³¥´¨, ´μ ¤μ ³μ³¥´É  ¢Ò±²ÕÎ¥´¨Ö ¨¸ÉμÎ´¨±  (É. ¥. ¶·¨ t < 1), ¢Ò¡¨· ¥³
Ë¨±¸¨·μ¢ ´´Ò¥ §´ Î¥´¨Ö ti (i = 1, 2 . . . 6) É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ³¨´¨³Ê³
 ³¶²¨ÉÊ¤Ò ¢μ²´Ò ´ Ìμ¤¨²¸Ö ¶·¨ z = 0,5 (¸¥·¥¤¨´  μ¡· §Í ).

�  ·¨¸. 3 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ ·¥Ï¥´¨Ö § ¤ Î¨ ¤²Ö Ê¶μ³Ö´ÊÉÒÌ Ï¥¸É¨
³μ³¥´Éμ¢ ¢·¥³¥´¨ t/τ = ti, i = 1, 2 . . . 6 (t1 = 0,00335, t2 = 0,186545,
t3 = 0,368184, t4 = 0,548357, t5 = 0,727131, t6 = 0, 904564), ¤²Ö É·¥Ì
· §²¨Î´ÒÌ ´ ¡μ·μ¢ Ë¨§¨Î¥¸±¨Ì ¶ · ³¥É·μ¢,   ¨³¥´´μ:

1) g �= 0, Ae = 0, Ai �= 0;
2) g �= 0, Ae �= 0, Ai = 0;
3) g = 0, Ae = 0, Ai �= 0.
‡ ³¥É¨³, ÎÉμ ¢Ò¡μ· ¶ · ³¥É·μ¢ ¢ É·¥ÉÓ¥³ ¢ ·¨ ´É¥ Ô±¢¨¢ ²¥´É¥´ ·¥Ï¥-

´¨Õ ¸¨¸É¥³Ò ¤¢ÊÌ Ê· ¢´¥´¨° É¥·³μÊ¶·Ê£μ¸É¨, ¨ ³Ò ¶μ²ÊÎ ¥³ ·¥§Ê²ÓÉ ÉÒ,
¸μ¢¶ ¤ ÕÐ¨¥ ¸ ·¥§Ê²ÓÉ É ³¨ · ¡μÉÒ [3].

ˆ§ ·¨¸. 3 ¢¨¤´μ, ÎÉμ ¢ ¶¥·¢ÒÌ ¤¢ÊÌ ¢ ·¨ ´É Ì §´ Î¥´¨Ö É¥³¶¥· ÉÊ·Ò Ti

¶· ±É¨Î¥¸±¨ ¢ ¤¢  · §  ³¥´ÓÏ¥, Î¥³ ¢ É·¥ÉÓ¥³ ¢ ·¨ ´É¥. Š·μ³¥ ÔÉμ£μ,  ¡-
¸μ²ÕÉ´μ¥ §´ Î¥´¨¥ ³¨´¨³Ê³  É¥·³μÊ¶·Ê£μ° ¢μ²´Ò Ê³¥´ÓÏ ¥É¸Ö, ¨ Ô¢μ²ÕÍ¨Ö
Ëμ·³Ò É¥·³μÊ¶·Ê£μ° ¢μ²´Ò ¢ É·¥ÉÓ¥³ ¢ ·¨ ´É¥ μÉ²¨Î ¥É¸Ö μÉ ¥¥ Ô¢μ²ÕÍ¨° ¢
¶¥·¢ÒÌ ¤¢ÊÌ ¢ ·¨ ´É Ì.

’ ± ± ± g � 1,   ±μÔËË¨Í¨¥´ÉÒ ke ¨ ki ¶·¨´¨³ ÕÉ ´¥¡μ²ÓÏ¨¥ §´ Î¥´¨Ö,
Éμ É¥³¶¥· ÉÊ·Ò Te ¨ Ti ¶· ±É¨Î¥¸±¨ ¸μ¢¶ ¤ ÕÉ,   ¨³¥´´μ max |Te(z, t) −
Ti(z, t)| � 1,6 · 10−3 ¶·¨ z = 0, t ∼ 1. �μÔÉμ³Ê ´  ·¨¸. 3 §´ Î¥´¨Ö É¥³¶¥· -
ÉÊ·Ò Ô²¥±É·μ´´μ£μ £ §  ´¥ ¶·¨¢¥¤¥´Ò.

Š ± Ê¦¥ μÉ³¥É¨²¨, ¶·¨ ¢±²ÕÎ¥´¨¨ ¨¸ÉμÎ´¨±  Ëμ·³¨·Ê¥É¸Ö É¥·³μÊ¶·Ê£ Ö
¢μ²´ , ±μÉμ· Ö ¤¢¨¦¥É¸Ö ¶·μÉ¨¢ Î ¸μ¢μ° ¸É·¥²±¨. �·¨ ¢Ò±²ÕÎ¥´¨¨ ¨¸ÉμÎ´¨± 
É ±¦¥ Ëμ·³¨·Ê¥É¸Ö ®´μ¢ Ö¯ ¢μ²´ , ±μÉμ· Ö ¤¢¨¦¥É¸Ö ¶μ Î ¸μ¢μ° ¸É·¥²±¥. ’ -
±¨³ μ¡· §μ³, ¶·¨ t > t0 ¢ μ¡· §Í¥ ¤¢¨¦ÊÉ¸Ö ¤¢  É¨¶  ¢μ²´, ¸Ëμ·³¨·μ¢ ´´Ò¥ ¢

�¨¸. 4. �·μË¨²¨ ¢μ²´ É¥·³μÊ¶·Ê£¨Ì ´ ¶·Ö¦¥´¨° σ(z, t) ¤μ (tk/τ = 1 − (7 − k)Δt,
Δt = 0,1vs) ¨ ¶μ¸²¥ ¢Ò±²ÕÎ¥´¨Ö ¨¸ÉμÎ´¨±  (tk/τ = 1 + (k − 1)Δt), k = 1, 2 . . . 7

10



· §´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨. �  ·¨¸. 4 ¶·¨¢¥¤¥´Ò ¶·μË¨²¨ É¥·³μÊ¶·Ê£¨Ì ´ ¶·Ö-
¦¥´¨° ¤μ (·¨¸. 4,  ) ¨ ¶μ¸²¥ (·¨¸. 4, ¡) ¢Ò±²ÕÎ¥´¨Ö ¨¸ÉμÎ´¨±  Î¥·¥§ ¶·μ³¥-
¦ÊÉ±¨ ¢·¥³¥´¨ Δt/τ = 0,1/vs. Š ± ¢¨¤´μ, ¢ ³μ³¥´É ¶·¨Ìμ¤  ®¸É ·μ°¯ ¢μ²´Ò
± £· ´¨Í¥ z = 0, ±μ£¤  ¨¸ÉμÎ´¨± ¢Ò±²ÕÎ ¥É¸Ö, ´ Î¨´ ¥É¸Ö Ëμ·³¨·μ¢ ´¨¥ ®´μ-
¢μ°¯ ¢μ²´Ò (³μ³¥´É t7 ´  ·¨¸. 4,  ), ¨ ¶μÉμ³ ¥¥  ³¶²¨ÉÊ¤  · ¸É¥É (³μ³¥´ÉÒ
¢·¥³¥´¨ t1Ät7 ´  ·¨¸. 4, ¡).

‡�Š‹�—…�ˆ…

‚ · ¡μÉ¥ ´  μ¸´μ¢¥ ³μ¤¥²¨ É¥·³¨Î¥¸±μ£μ ¶¨±  ¶·μ¢¥¤¥´μ Î¨¸²¥´´μ¥ ³μ-
¤¥²¨·μ¢ ´¨¥ É¥·³μÊ¶·Ê£¨Ì ÔËË¥±Éμ¢, ¢μ§´¨± ÕÐ¨Ì ¢ ³ É¥·¨ ² Ì ¶μ¤ ¤¥°-
¸É¢¨¥³ ¨³¶Ê²Ó¸´ÒÌ ¶ÊÎ±μ¢ ¨μ´μ¢. ˆ§ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ³μ¦´μ ¸¤¥² ÉÓ
¸²¥¤ÊÕÐ¨¥ ¢Ò¢μ¤Ò:

1) ¶μ¤ ¤¥°¸É¢¨¥³ ¨³¶Ê²Ó¸´ÒÌ ¶ÊÎ±μ¢ ¨μ´μ¢ ¢ μ¡· §Í¥ Ëμ·³¨·ÊÕÉ¸Ö ¤¢ 
É¨¶  É¥·³μÊ¶·Ê£¨Ì ¢μ²´: ¢ ¶¥·¢μ³ ¢μ²´  ¤¢¨¦¥É¸Ö ¶·μÉ¨¢ Î ¸μ¢μ° ¸É·¥²±¨
(¢μ²´  ¢±²ÕÎ¥´¨Ö),   ¢ ¤·Ê£μ³ Å ¶μ Î ¸μ¢μ° ¸É·¥²±¥ (¢μ²´  ¢Ò±²ÕÎ¥´¨Ö).
”μ·³Ò ÔÉ¨Ì ¢μ²´ § ¢¨¸ÖÉ μÉ ¸±μ·μ¸É¨ ¨§³¥´¥´¨° Éμ±  ¢ ³μ³¥´ÉÒ ¢±²ÕÎ¥-
´¨Ö (α1) ¨ ¢Ò±²ÕÎ¥´¨Ö ¨¸ÉμÎ´¨±  (α2),

2) Ô²¥±É·μ´´Ò° £ § ¸ÊÐ¥¸É¢¥´´μ ¢²¨Ö¥É ¨ ´  Ô¢μ²ÕÍ¨Õ É¥·³μÊ¶·Ê£¨Ì
¢μ²´, ¨ ´  ¤¨ËËÊ§¨Õ É¥¶²  ¢ ³ É¥·¨ ² Ì,

3) ÌμÉÖ ¶ · ³¥É· β̄ ¨³¥¥É ³ ²μ¥ §´ Î¥´¨¥ (β̄ � 7,36 · 10−6), μ´ μ± §Ò¢ ¥É
¸ÊÐ¥¸É¢¥´´μ¥ ¢²¨Ö´¨¥ ´  Ô¢μ²ÕÍ¨Õ Ëμ·³Ò É¥·³μÊ¶·Ê£¨Ì ¢μ²´, ¨ ¶·¥´¥¡·¥-
£ ÉÓ ¨³ ´¥²Ó§Ö.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �””ˆ, £· ´ÉÒ º08-01-
00800- , º09-01-00770- .
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