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�³¨·Ì ´μ¢ ˆ. ‚. ¨ ¤·. P11-2010-96
ˆ¸¸²¥¤μ¢ ´¨¥ ·¥Ï¥´¨° ±· ¥¢ÒÌ § ¤ Î
¤²Ö ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ μ¶¥· Éμ·  ¸¤¢¨£ 

Š¢ §¨¶μÉ¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö Ï¨·μ±μ ¶·¨³¥´ÖÕÉ¸Ö ¤²Ö ·¥²ÖÉ¨¢¨¸É¸±μ£μ
μ¶¨¸ ´¨Ö ¸¨¸É¥³Ò ¤¢ÊÌ Î ¸É¨Í, ´ ¶·¨³¥·, ±¢ ·±  ¨  ´É¨±¢ ·± . ‚ · ¡μÉ¥ ¸

¨¸¶μ²Ó§μ¢ ´¨¥³ μ¶¥· Éμ·  ¸¤¢¨£  exp
(
±iε

d

dr

)
f (r) = f (r ± iε) ¨¸¸²¥¤μ¢ ´Ò

·¥Ï¥´¨Ö ±· ¥¢ÒÌ § ¤ Î ¤²Ö ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¸ ±Ê²μ´μ¢¸±¨³ ¶μ-

É¥´Í¨ ²μ³, ¸μ¤¥·¦ Ð¥£μ μ¶¥· Éμ· ch

(
iε

d

dr

)
, ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶ · -

³¥É·  ε. “¸É ´μ¢²¥´μ, ÎÉμ ¶·¨ ε → 0 ¨³¥¥É¸Ö ·¥Ï¥´¨¥, ±μÉμ·μ¥ ¸É·¥³¨É¸Ö ±
·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . Š·μ³¥ Éμ£μ, μ¡´ ·Ê¦¥´Ò É ± ´ §Ò¢ ¥³Ò¥ ¶μ-
£· ´¸²μ°´Ò¥ ·¥Ï¥´¨Ö ¨ ¶¥·¥Ìμ¤ μ¤´μ£μ É¨¶  ·¥Ï¥´¨Ö ¢ ¤·Ê£μ°. ˆ¸¸²¥¤μ¢ ´¨Ö
¶·μ¢¥¤¥´Ò ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¸¨¸É¥³Ò ¸¨³¢μ²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨° MAPLE.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2010

Amirkhanov I. V. et al. P11-2010-96
Investigation of Solutions of Boundary Problems
for the Quasipotential Equation Using the Shift Operator

The quasipotential equations are widely applied to the relativistic description of a
system of two particles, for example, a quark and an antiquark. In the work, using the

shift operator exp
(
±iε

d

dr

)
f (r) = f (r ± iε), the solutions of boundary problems

for the quasipotential equation with the Coulomb potential, containing the functional

ch

(
iε

d

dr

)
, at various values of parameter ε are investigated. It is established that, at

ε → 0 there is a solution which aspires to the Schréodinger equation solution. Besides,
the so-called frontier layer solutions and transition of one type of the solution into
another are found out. Investigations are carried out using the system of symbolical
evaluations MAPLE.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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�¤´μ° ¨§  ±ÉÊ ²Ó´ÒÌ § ¤ Î É¥μ·¨¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í Ö¢²Ö¥É¸Ö ¶μ¸É·μ-
¥´¨¥ ³μ¤¥²¨ ¤²Ö ¥¤¨´μμ¡· §´μ£μ μ¶¨¸ ´¨Ö ¸¶¥±É·  ¨ Ëμ·³Ë ±Éμ·μ¢ ¢§ ¨³μ-
¤¥°¸É¢¨Ö ²¥£±¨Ì ¨ ÉÖ¦¥²ÒÌ ³¥§μ´μ¢, É ± ´ §Ò¢ ¥³ÒÌ ±¢ ·±μ´¨¥¢, · ¸¸³ É·¨-
¢ ¥³ÒÌ ± ± ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ±¢ ·±  ¨  ´É¨±¢ ·± . ’Ö¦¥²Ò¥ ±¢ ·±μ´¨¨ ¢
´¥±μÉμ·μ³ ¶·¨¡²¨¦¥´¨¨ Ê¸¶¥Ï´μ μ¶¨¸Ò¢ ÕÉ¸Ö ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ°
³¥Ì ´¨±μ° Å ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö [1].
�·¨ μ¶¨¸ ´¨¨ ²¥£±¨Ì ³¥§μ´μ¢ ¢μ§´¨± ¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ ÊÎ¥É  ·¥²ÖÉ¨¢¨¸É¸±¨Ì
ÔËË¥±Éμ¢.

Š¢ §¨¶μÉ¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö [2] Ï¨·μ±μ ¶·¨³¥´ÖÕÉ¸Ö ¤²Ö ·¥²ÖÉ¨¢¨¸É-
¸±μ£μ μ¶¨¸ ´¨Ö ¸¨¸É¥³Ò ¤¢ÊÌ Î ¸É¨Í, ´ ¶·¨³¥·, ±¢ ·±  ¨  ´É¨±¢ ·± . ‚ ¤ ´-
´μ° · ¡μÉ¥, É ± ¦¥ ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì ´ Ï¨Ì · ¡μÉ Ì [4Ä13], ³Ò · ¸¸³ É·¨-
¢ ¥³ ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ [2, 3]. ‚ Î ¸É´μ³ ¸²ÊÎ ¥, ¤²Ö S-¢μ²´Ò,
μ´μ ¨³¥¥É ¢¨¤

[Eε − Hε − V (r)] ψ (r) = 0, (1)

£¤¥ Eε =
2
ε2

[√
1 + ε2q2 − 1

]
=

2q2√
1 + ε2q2 + 1

, Hε =
2
ε2

[
ch

(
iε

d

dr

)
− 1

]
,

ε Å ¡¥§· §³¥·´Ò° ¶ · ³¥É·, V (r) = −2Z

r
- ±Ê²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ² ¢§ ¨³μ-

¤¥°¸É¢¨Ö.

‚ Ê· ¢´¥´¨¨ (1), · §² £ Ö μ¶¥· Éμ· ch

(
iε

d

dr

)
¢ ·Ö¤, ³μ¦´μ ¸¢¥¸É¨ ¥£μ

± ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ ¡¥¸±μ´¥Î´μ£μ ¶μ·Ö¤±  [14]. �·¨ ε → 0

Eε → q2, Hε → − d2

dr2
, É. ¥. Ê· ¢´¥´¨¥ (1) ¶¥·¥Ìμ¤¨É ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ¥

Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  [
d2

dr2
− V (r) + q2

]
ψ (r) = 0. (2)

‡ ¤ Î  ŠμÏ¨ ¤²Ö É ±¨Ì ¸¨¸É¥³ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¡Ò²  · ¸-
¸³μÉ·¥´  ¢ · ¡μÉ Ì [15, 16]. Š· ¥¢Ò¥ § ¤ Î¨ ¤²Ö ¸¨´£Ê²Ö·´μ-¢μ§³ÊÐ¥´´ÒÌ
Ê· ¢´¥´¨° Ö¢²ÖÕÉ¸Ö ¶·¥¤³¥Éμ³ ¨§ÊÎ¥´¨Ö Ï¨·μ±μ£μ ±·Ê£  · ¡μÉ [17, 18].
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�¡μ§´ Î¨³ Eε = −α2 ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥, £¤¥ α2 > 0. ’μ£¤  Ê· ¢´¥-
´¨¥ (1) ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤ [

−α2 − Hε +
2Z

r

]
ψ (r) = 0. (3)

��‘’���‚Š� ‡�„�—ˆ

‚ ¶·¥¤Ò¤ÊÐ¨Ì ´ Ï¨Ì · ¡μÉ Ì [4Ä13] ¨¸¸²¥¤μ¢ ²¨¸Ó ±· ¥¢Ò¥ § ¤ Î¨ ¤²Ö
¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¢Ò¸μ±μ£μ ¶μ·Ö¤± . ‚ ¤ ´´μ° · ¡μÉ¥, ¨¸¶μ²Ó§ÊÖ
μ¶¥· Éμ· ¸¤¢¨£ 

exp
(
±iε

d

dr

)
f (r) = f (r ± iε) , (4)

Ê· ¢´¥´¨¥ (3) ¨¸¸²¥¤Ê¥³ ¸μ ¸²¥¤ÊÕÐ¨³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨:

ψ (0) = 0, ψ (r → ∞) = 0,
ψ′ (0) = 1, ψ′ (r → ∞) = 0,

(5)

. . . . . . . . . . . . . . . . . . . . . . . . . . .

�‹ƒ��ˆ’Œ �…˜…�ˆŸ

�¥Ï¥´¨¥ ¸ n Ê§² ³¨ ¨Ð¥³ ¢ ¢¨¤¥

ψn (r) = r (1 − c1r) (1 − c2r) (1 − c3r) . . . (1 − cnr) exp (−κr), (6)

£¤¥ κ, c1, c2, c3, . . . , cn Å ´¥¨§¢¥¸É´Ò¥ ¶μ¸ÉμÖ´´Ò¥. �μ¤¸É ¢²ÖÖ ÔÉμ ¢Ò· ¦¥-
´¨¥ ¢ Ê· ¢´¥´¨¥ (3), ¨¸¶μ²Ó§ÊÖ μ¶¥· Éμ· ¸¤¢¨£  ¨ ¶·¨· ¢´¨¢ Ö ¸² £ ¥³Ò¥
¶·¨ μ¤¨´ ±μ¢ÒÌ ¸É¥¶¥´ÖÌ r, ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö ¤²Ö ´ Ìμ¦¤¥´¨Ö ¶ · ³¥É·μ¢
κ, c1, c2, c3, . . . , cn

sin (εκ) − Zε

n + 1
= 0, n = 0, 1, 2, . . . , (7)

Ê· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö ¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö

α2 − 4
ε2

sin2 (εκ/2) = 0 (8)

¨ ¸¨¸É¥³Ê n Ê· ¢´¥´¨° ¤²Ö ´ Ìμ¦¤¥´¨Ö ci, i = 1, 2, 3, . . . , n. �·¨ n = 0 Å
ÔÉμ ¡¥§Ê§²μ¢μ¥ ·¥Ï¥´¨¥, n = 1 Å ·¥Ï¥´¨¥ ¸ μ¤´¨³ Ê§²μ³, n = 2 Å ·¥Ï¥´¨¥
¸ ¤¢Ê³Ö Ê§² ³¨ ¨ É. ¤.

’ ±¨³ μ¡· §μ³,  ²£μ·¨É³ ´ Ìμ¦¤¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ¨ ¸μ¡¸É¢¥´-
´ÒÌ §´ Î¥´¨° ±· ¥¢μ° § ¤ Î¨ (3), (5) ¸¢μ¤¨É¸Ö ± ¸²¥¤ÊÕÐ¥³Ê:
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1. „²Ö § ¤ ´´ÒÌ §´ Î¥´¨° ε ¨ n ¨Ð¥³ ¤¥°¸É¢¨É¥²Ó´Ò¥ ¨ ¶μ²μ¦¨É¥²Ó´Ò¥
(¤²Ö Ê¤μ¢²¥É¢μ·¥´¨Ö £· ´¨Î´μ³Ê Ê¸²μ¢¨Õ ¶·¨ r → ∞ ´¥μ¡Ìμ¤¨³μ, ÎÉμ¡Ò
κ > 0) ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (7).

2. �μ¤¸É ¢²ÖÖ ´ °¤¥´´Ò¥ ·¥Ï¥´¨Ö κ ¢ Ê· ¢´¥´¨¥ (8), ´ Ìμ¤¨³ ¸μ¡¸É¢¥´-
´Ò¥ §´ Î¥´¨Ö.

3. �¥Ï Ö ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö ci, i = 1, 2, 3, . . . , n, ´ Ìμ¤¨³ ´¥´μ·³¨-
·μ¢ ´´μ¥ ·¥Ï¥´¨¥ (6), ±μÉμ·μ¥ Ê¤μ¢²¥É¢μ·¨É £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ ψ′ (0) = 1.

4. „ ²¥¥ ³Ò ¡Ê¤¥³ ¨§ÊÎ ÉÓ ¸¢μ°¸É¢  ´μ·³¨·μ¢ ´´ÒÌ ·¥Ï¥´¨°. „²Ö ÔÉμ£μ
Ê³´μ¦ ¥³ ËÊ´±Í¨Õ ψ ´  ±μ´¸É ´ÉÊ A, ±μÉμ· Ö ´ Ìμ¤¨É¸Ö ¨§ Ê¸²μ¢¨Ö

A

√
∞∫
0

ψ2dr = 1. �·¨ ÔÉμ³ £· ´¨Î´μ¥ Ê¸²μ¢¨¥ ψ′ (0) = 1 ¶¥·¥Ìμ¤¨É

¢ ψ′ (0) = A.
�´ ²¨§ ¤¥°¸É¢¨É¥²Ó´ÒÌ ¨ ¶μ²μ¦¨É¥²Ó´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö (7) ¶·μ-

¢μ¤¨³ £· Ë¨Î¥¸±¨. „²Ö ÔÉμ£μ ¢¢¥¤¥³ μ¡μ§´ Î¥´¨Ö x = εκ, β =
Zε

n + 1
¨

¶¥·¥¶¨Ï¥³ Ê· ¢´¥´¨¥ (7) ¢ ¢¨¤¥

sin (x) − β = 0. (9)

�¥Ï¥´¨Ö³¨ É· ´¸Í¥´¤¥´É´μ£μ Ê· ¢´¥´¨Ö (9) Ö¢²ÖÕÉ¸Ö ÉμÎ±¨ ¶¥·¥¸¥Î¥-
´¨° £μ·¨§μ´É ²Ó´ÒÌ ²¨´¨° ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° β ¸ £· Ë¨±μ³ ËÊ´±-
Í¨¨ sin (x).

„²Ö ²Õ¡μ£μ Ë¨±¸¨·μ¢ ´´μ£μ §´ Î¥´¨Ö ε ¢ ¨´É¥·¢ ²¥ 0 < ε <
n + 1

Z
¸Ê-

Ð¥¸É¢Ê¥É ¡¥¸±μ´¥Î´μ¥ Î¨¸²μ ¶μ²μ¦¨É¥²Ó´ÒÌ ·¥Ï¥´¨° κ Ê· ¢´¥´¨Ö (7), ±μ£¤ 

�¨¸. 1. ƒ· Ë¨± ËÊ´±Í¨¨ sin (x) ¨ β
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x ´ Ìμ¤¨É¸Ö ¢ ¸²¥¤ÊÕÐ¨Ì ¨´É¥·¢ ² Ì:

2mπ < x <

(
2m +

1
2

)
π (10)

¨ (
2m +

1
2

)
π < x < (2m + 1)π, £¤¥ m = 0, 1, 2, . . . (11)

ŒÒ ¸¶¥Í¨ ²Ó´μ · §¡¨²¨ ¨´É¥·¢ ² ´  ¤¢  ¶μ¤Ò´É¥·¢ ² , É ± ± ± ·¥Ï¥´¨Ö ¢
ÔÉ¨Ì ¶μ¤Ò´É¥·¢ ² Ì ¸¨²Ó´μ μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£ , ÎÉμ ²¥£Î¥ ¤¥³μ´¸É·¨·μ-
¢ ÉÓ ¤²Ö ·¥Ï¥´¨° ¸ · §²¨Î´Ò³¨ Ê§² ³¨. ‚ ¤ ²Ó´¥°Ï¥³ ·¥Ï¥´¨¥ § ¤ Î¨ (3)Ä(5)
¡Ê¤¥³ ¸· ¢´¨¢ ÉÓ ¸ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ¶μÔÉμ³Ê ´¨¦¥ ¶·¨¢¥¤¥³
´¥μ¡Ìμ¤¨³Ò¥ §´ Î¥´¨Ö ¶ · ³¥É·μ¢ ¤²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· :

κ = 1, α2 = 1, A = 2 ¤²Ö ·¥Ï¥´¨Ö ¡¥§ Ê§²μ¢;

κ =
1
2
, c1 =

1
2
, α2 =

1
4
, A =

1√
2
≈ 0, 7071067814 ¤²Ö ·¥Ï¥´¨Ö

¸ μ¤´¨³ Ê§²μ³;

κ =
1
4
, c1 =

√
3 + 1
3
√

3
≈ 0, 5257834232, c2 =

√
3 − 1
3
√

3
≈ 0, 1408832437,

α2 =
1
9
, A =

2
3
√

3
≈ 0, 3849001795 ¤²Ö ·¥Ï¥´¨Ö ¸ ¤¢Ê³Ö Ê§² ³¨.

’¥¶¥·Ó ³Ò ¨¸¸²¥¤Ê¥³ ·¥Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨ ¨ ¶μ¤·μ¡´μ  ´ ²¨§¨·Ê¥³
¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ·¥Ï¥´¨° ¸²¥¤ÊÕÐ¨Ì É·¥Ì É¨¶μ¢ Ê§²μ¢:

1. �¥§Ê§²μ¢μ¥ ·¥Ï¥´¨¥
 ) ‚ ¨´É¥·¢ ²¥ [0, π]. �¥Ï¥´¨¥ ¨Ð¥³ ¢ ¢¨¤¥

ψ (r) = r exp (−κr). (12)

� · ³¥É· κ ´ Ìμ¤¨³, ·¥Ï Ö É· ´¸Í¥´¤¥´É´μ¥ Ê· ¢´¥´¨¥ (7) ¶·¨ n = 0 ¨
¶μ¤¸É ¢²ÖÖ ´ °¤¥´´μ¥ ·¥Ï¥´¨¥ ¢ (8), ´ Ìμ¤¨³ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ α2. ‡¤¥¸Ó
±μÔËË¨Í¨¥´É ´μ·³¨·μ¢±¨ μ¶·¥¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ A = 2κ

√
κ.

�·¨  ´ ²¨§¥ ¶μ²ÊÎ¥´´ÒÌ ·¥Ï¥´¨° Ê¸É ´μ¢²¥´μ ¸²¥¤ÊÕÐ¥¥:
 ) �·¨ ε → 0 ¨ x → 0 ·¥Ï¥´¨¥ ¸É·¥³¨É¸Ö ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö ˜·¥¤¨´-

£¥· ; ¶·¨ ε → 0 ¨ x → 2mπ + 0, £¤¥ m = 1, 2, 3, . . ., ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨
¸É ´μ¢ÖÉ¸Ö ¶μ£· ´¸²μ°´Ò³¨, ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¸É·¥³ÖÉ¸Ö ± ¸μ¡¸É¢¥´´μ³Ê
§´ Î¥´¨Õ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· ;   ¶·¨ ε → 0 ¨ x → (2m + 1)π − 0, £¤¥
m = 0, 1, 2, . . ., ·¥Ï¥´¨Ö ¸É ´μ¢ÖÉ¸Ö ¶μ£· ´¸²μ°´Ò³¨, ¶·¨Î¥³ ¸μ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö ¸É·¥³ÖÉ¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨.

¡) �·¨ ε → 1 ¨ x →
(

2m +
1
2

)
π ± 0, £¤¥ m = 0, 1, 2, . . ., ¤¢  ·¥Ï¥´¨Ö

¨§ · §´ÒÌ ¨´É¥·¢ ²μ¢ (10) ¨ (11) ¸É ´μ¢ÖÉ¸Ö ¶· ±É¨Î¥¸±¨ μ¤¨´ ±μ¢Ò³¨.
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�·¨¢¥¤¥³ ·¥Ï¥´¨Ö ¤²Ö ¤¢ÊÌ ±μ´±·¥É´ÒÌ §´ Î¥´¨° ¶ · ³¥É·  ε.

�·¨ ε = 0,01 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò:

κ = 1,000016667, α2 = 1,000025, A = 2,000050001 ¢ 0 < x <
π

2
;

κ = 313,1592487, α2 = 39998,99998, A = 11083,52383 ¢
π

2
< x < π.

�¥Ï¥´¨¥ ¸ ¢ÒÏ¥Ê± § ´´Ò³¨ ¶ · ³¥É· ³¨ ¶·¨¢¥¤¥´μ ´  ·¨¸. 2.

�¨¸. 2.   Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥ 0 < x <
π

2
; ¡ Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥

π

2
< x < π

�¨¸. 3.   Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥ 0 < x <
π

2
; ¡ Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥

π

2
< x < π
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�·¨ ε = 0,99999 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ´ Ìμ¤¨³ ¶ · ³¥É·Ò

κ = 1,566339851, α2 = 1,991095574, A = 3,920658284 ¢ 0 < x <
π

2
;

κ = 1,575284219, α2 = 2,008984428, A = 3,954288749 ¢
π

2
< x < π.

�¥Ï¥´¨¥ ¸ ÔÉ¨³¨ ¶ · ³¥É· ³¨ ¶·¨¢¥¤¥´μ ´  ·¨¸. 3.
¡) ‚ ¨´É¥·¢ ²¥ [2π, 3π]. �É²¨Î¨¥ μÉ ·¥Ï¥´¨Ö ¢ ¨´É¥·¢ ²¥ [0, π] ¢ ÔÉμ³

¨´É¥·¢ ²¥ ¶·¨ ε → 0 ¨ x → 2π +0, Éμ²Ó±μ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ ¸É·¥³¨É¸Ö ±
¸μ¡¸É¢¥´´μ³Ê §´ Î¥´¨Õ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· ,   ¸μ¡¸É¢¥´´ Ö ËÊ´±-
Í¨Ö ¸É ´μ¢¨É¸Ö ¶μ£· ´¸²μ°´μ°. �¸É ²Ó´Ò¥ ¸¢μ°¸É¢  ·¥Ï¥´¨° ¸μÌ· ´ÖÕÉ¸Ö.

Š ± ¢ ¨´É¥·¢ ²¥ [0, π], É ± ¨ §¤¥¸Ó, ¶·¨¢¥¤¥³ ·¥Ï¥´¨Ö ¤²Ö ¤¢ÊÌ ±μ´±·¥É-
´ÒÌ §´ Î¥´¨° ¶ · ³¥É·  ε.

�·¨ ε = 0,01 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò:

κ = 629,3185475, α2 = 1,00002543, A = 31574,44991

¢ ¨´É¥·¢ ²¥ 2π < x <
5π

2
;

κ = 941,4777795, α2 = 39998,99998, A = 57775,68552

¢ ¨´É¥·¢ ²¥
5π

2
< x < 3π.

�¥Ï¥´¨¥ ¸ ÔÉ¨³¨ ¶ · ³¥É· ³¨ ¶·¨¢¥¤¥´μ ´  ·¨¸. 4

�¨¸. 4.   Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥ 2π < x <
5π

2
; ¡ Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥

5π

2
< x < 3π
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�¨¸. 5.   Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥ 2π < x <
5π

2
; ¡ Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥

5π

2
< x < 3π

�·¨ ε = 0,99999 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò:

κ = 7,849587991, α2 = 1,991095576, A = 43,98456374

¢ ¨´É¥·¢ ²¥ 2π < x <
5π

2
;

κ = 7,85853236, α2 = 2,008984434, A = 44,05976378

¢ ¨´É¥·¢ ²¥
5π

2
< x < 3π.

�¥Ï¥´¨¥ ¸ É ±¨³¨ ¶ · ³¥É· ³¨ ¶·¨¢¥¤¥´μ ´  ·¨¸. 5.
2. �¤´μÊ§²μ¢μ¥ ·¥Ï¥´¨¥
 ) ‚ ¨´É¥·¢ ²¥ [0, π]. �¥Ï¥´¨¥ ¨Ð¥³ ¢ ¢¨¤¥

ψ (r) = r (1 − c1r) exp (−κr). (13)

� · ³¥É· κ ´ Ìμ¤¨³, ·¥Ï Ö É· ´¸Í¥´¤¥´É´μ¥ Ê· ¢´¥´¨¥ (7) ¶·¨ n = 1 ¨
¶μ¤¸É ¢²ÖÖ ´ °¤¥´´μ¥ ·¥Ï¥´¨¥ ¢ (8), ´ Ìμ¤¨³ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ α2,  
¶ · ³¥É· c1 ´ Ìμ¤¨É¸Ö ¨§ Ëμ·³Ê²Ò

c1 =
Z

2 cos (εκ)
. (14)

‡¤¥¸Ó ±μÔËË¨Í¨¥´É ´μ·³¨·μ¢±¨ μ¶·¥¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥

A =
2κ2

√
κ√

κ2 − 3c1κ + 3c2
1

.
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�´ ²¨§ ·¥Ï¥´¨° § ¤ Î¨ ¶μ§¢μ²Ö¥É ¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¨¥ ÊÉ¢¥·¦¤¥´¨Ö:
 ) �·¨ ε → 0 ¨ x → 0 ·¥Ï¥´¨Ö ¸É·¥³ÖÉ¸Ö ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö ˜·¥¤¨´-

£¥· ,   ¶·¨ ε → 0 ¨ x → 2mπ + 0, £¤¥ m = 1, 2, 3, . . ., ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
¸É·¥³ÖÉ¸Ö ± ¸μ¡¸É¢¥´´μ³Ê §´ Î¥´¨Õ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ¸μ¡-
¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¸É ´μ¢ÖÉ¸Ö ¶μ£· ´¸²μ°´Ò³¨, ¶·¨Î¥³ ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö
Ê§²μ¢ ¸ μ¸ÓÕ μ¸É ÕÉ¸Ö ´¥¨§³¥´´Ò³¨; ¶·¨ ε → 0 ¨ x → (2m + 1)π − 0, £¤¥
m = 0, 1, 2, . . ., ·¥Ï¥´¨Ö Ö¢²ÖÕÉ¸Ö ¡¥§Ê§²μ¢Ò³¨, É ± ± ± ±μ´¸É ´É  c1 Ö¢²Ö-
¥É¸Ö μÉ·¨Í É¥²Ó´μ°, ¨ ¸É ´μ¢ÖÉ¸Ö ¶μ£· ´¸²μ°´Ò³¨,   ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
¸É·¥³ÖÉ¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨.

¡) �·¨ ε → 2 ¨ x →
(

2m +
1
2

)
π ± 0, £¤¥ m = 0, 1, 2, . . ., ·¥Ï¥´¨Ö

¨§ ¨´É¥·¢ ²  (10) Ö¢²ÖÕÉ¸Ö μ¤´μÊ§²μ¢Ò³¨ (ÌμÉÖ Ê§¥² ¸É·¥³¨É¸Ö ± ´Ê²Õ, É ±

± ± ÉμÎ±  ¶¥·¥¸¥Î¥´¨Ö μ¸¨ x =
1
c1

,   c1 → ∞),   ¨§ ¨´É¥·¢ ²  (11) Å

¡¥§Ê§²μ¢Ò³¨.
�·¨¢¥¤¥³ ·¥Ï¥´¨Ö ¤²Ö ¤¢ÊÌ ±μ´±·¥É´ÒÌ §´ Î¥´¨° ¶ · ³¥É·  ε.
�·¨ ε = 0,01 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò:

κ = 0,5000020834, c1 = 0,5000062500, α2 = 0,2500015626,

A = 0,7071023624 ¢ 0 < x <
π

2
;

κ = 313,6592633, c1 = −0,50000625, α2 = 39999,75,

A = 11083,56654 ¢
π

2
< x < π.

�¥Ï¥´¨Ö ¸ ÔÉ¨³¨ ¶ · ³¥É· ³¨ ¶·¨¢¥¤¥´Ò ´  ·¨¸. 6.

�¨¸. 6.   Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥ 0 < x <
π

2
; ¡ Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥

π

2
< x < π

8



�¨¸. 7.   Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥ 0 < x <
π

2
; ¡ Å Ê§¥² ·¥Ï¥´¨Ö   (¢ ±·Ê¶´μ³

³ ¸ÏÉ ¡¥); ¢ Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥
π

2
< x < π

�·¨ ε = 1,99999 ¨³¥¥³ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò:

κ = 0,783820943, c1 = 158,1140898, α2 = 0,4984238476,

A = 0,003982156375 ¢ 0 < x <
π

2
,

κ = 0,7869832379, c1 = −158,1140693, α2 = 0,5015861528,

A = 0,004002512
π

2
< x < π.

�¥Ï¥´¨Ö ¸ É ±¨³¨ ¶ · ³¥É· ³¨ ¶·¨¢¥¤¥´Ò ´  ·¨¸. 7.
¡) ‚ ¨´É¥·¢ ²¥ [2π, 3π]. ’ ± ¦¥ ± ± ¨ ¤²Ö ¡¥§Ê§²μ¢μ£μ ·¥Ï¥´¨Ö, §¤¥¸Ó

¥¸ÉÓ μÉ²¨Î¨¥ μÉ ·¥Ï¥´¨Ö ¢ ¨´É¥·¢ ²¥ [0, π], ¢ ÔÉμ³ ¨´É¥·¢ ²¥ ¶·¨ ε → 0
¨ x → 2π + 0 Éμ²Ó±μ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ ¸É·¥³¨É¸Ö ± ¸μ¡¸É¢¥´´μ³Ê §´ -
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Î¥´¨Õ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· ,   ¸μ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö ¸É ´μ¢¨É¸Ö
¶μ£· ´¸²μ°´μ°.

�·¨¢¥¤¥³ ·¥Ï¥´¨Ö ¤²Ö ¤¢ÊÌ ±μ´±·¥É´ÒÌ §´ Î¥´¨° ¶ · ³¥É·  ε.
�·¨ ε = 0,01 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò:

κ = 628,8185329, c1 = 0,50000625, α2 = 0,2500015612,

A = 31574,47923 ¢ 2π < x <
5π

2
,

κ = 941,9777941, c1 = −0,500006250, α2 = 39999,75,

A = 57775,7107 ¢
5π

2
< x < 3π.

�·¨ ε = 1,99999 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò:

κ = 3,925429305, c1 = 158,1141308, α2 = 0,498423848,

A = 0,2257511164 ¢ 2π < x <
5π

2
,

κ = 3,9285916, c1 = −158,1140282, α2 = 0,5015861532,

A = 0,2206572241 ¢
5π

2
< x < 3π.

3. �¥Ï¥´¨¥ ¸ ¤¢Ê³Ö Ê§² ³¨
 ) ‚ ¨´É¥·¢ ²¥ [0, π]. �¥Ï¥´¨¥ ¨Ð¥³ ¢ ¢¨¤¥

ψ (r) = r (1 − c1r) (1 − c2r) exp (−κr). (15)

� · ³¥É· κ ´ Ìμ¤¨³, ·¥Ï Ö É· ´¸Í¥´¤¥´É´μ¥ Ê· ¢´¥´¨¥ (7) ¶·¨ n = 2 ¨
¶μ¤¸É ¢²ÖÖ ´ °¤¥´´μ¥ ·¥Ï¥´¨¥ ¢ (8), ´ Ìμ¤¨³ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ α2.

�μ¸ÉμÖ´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ c1, c2 ´ Ìμ¤¨³ ·¥Ï Ö ¸²¥¤ÊÕÐÊÕ ¸¨¸É¥³Ê
Ê· ¢´¥´¨°:

c1 + c2 = −a,

c1c2 = b,
(16)

£¤¥ a = − 18Z cos (εκ)
27 cos2 (εκ) − Z2ε2

, b =
2Z2

27 cos2 (εκ) − Z2ε2
.

‡¤¥¸Ó ±μÔËË¨Í¨¥´É ´μ·³¨·μ¢±¨ μ¶·¥¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥

A =
2κ3

√
2κ

√
2κ4 − 6 (c1 + c2)κ3 + 6 (c2

1 + 4c1c2 + c2
2) κ2 − 30 (c2

1c2 + c1c2
2)κ + 45c2

1c
2
2

.

‚ μÉ²¨Î¨¥ μÉ ¸²ÊÎ Ö ·¥Ï¥´¨Ö ¸ μ¤´¨³ Ê§²μ³ §¤¥¸Ó ¢ ¦´ÊÕ ·μ²Ó ¨£· ÕÉ §´ ±¨
±μ´¸É ´É c1 ¨ c2. �·¨Î¥³ ¶·¨ ε → ε1, £¤¥ 2,598076211 < ε1 < 2,598076212 ¢
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0 < x <
π

2
, ¤¢ÊÌÊ§²μ¢μ¥ ·¥Ï¥´¨¥ ¶¥·¥Ìμ¤¨É ¢ μ¤´μÊ§²μ¢μ¥, É ± ± ± c2 ³¥´Ö¥É

¸¢μ° §´ ± (É.¥. ¸É ´μ¢¨É¸Ö μÉ·¨Í É¥²Ó´Ò³),   ¢
π

2
< x < π ¡¥§Ê§²μ¢μ¥ ·¥Ï¥´¨¥

¶¥·¥Ìμ¤¨É ¢ μ¤´μÊ§²μ¢μ¥, É ± ± ± §¤¥¸Ó c1 ³¥´Ö¥É ¸¢μ° §´ ± (É. ¥. ¸É ´μ¢¨É¸Ö
¶μ²μ¦¨É¥²Ó´Ò³).

�·¨  ´ ²¨§¥ ·¥Ï¥´¨° Ê¸É ´μ¢²¥´μ, ÎÉμ
 ) �·¨ ε → 0 ¨ x → 0 ·¥Ï¥´¨Ö ¸É·¥³ÖÉ¸Ö ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö ˜·¥¤¨´-

£¥· ,   ¶·¨ ε → 0 ¨ x → 2mπ + 0, £¤¥ m = 1, 2, 3, . . ., ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
¸É·¥³ÖÉ¸Ö ± ¸μ¡¸É¢¥´´μ³Ê §´ Î¥´¨Õ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ¸μ¡-
¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¸É ´μ¢ÖÉ¸Ö ¶μ£· ´¸²μ°´Ò³¨, ¶·¨Î¥³ ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö
Ê§²μ¢ ¸ μ¸ÓÕ μ¸É ÕÉ¸Ö ´¥¨§³¥´´Ò³¨; ¶·¨ ε → 0 ¨ x → (2m + 1)π − 0, £¤¥
m = 0, 1, 2, . . ., ·¥Ï¥´¨Ö Ö¢²ÖÕÉ¸Ö ¡¥§Ê§²μ¢Ò³¨, É ± ± ± ±μ´¸É ´ÉÒ c1, c2

¨³¥ÕÉ μÉ·¨Í É¥²Ó´Ò¥ §´ ±¨, ¨ ¸É ´μ¢ÖÉ¸Ö ¶μ£· ´¸²μ°´Ò³¨.
¡) �·¨ ε > ε1 ¢ μ¡μ¨Ì ¨´É¥·¢ ² Ì ·¥Ï¥´¨Ö ¸É ´μ¢ÖÉ¸Ö μ¤´μÊ§²μ¢Ò³¨.

¢) �·¨ ε → 3 ¨ x →
(

2m +
1
2

)
π±0, £¤¥ m = 0, 1, 2, . . ., ¤¢  ·¥Ï¥´¨Ö ¨§

· §´ÒÌ ¨´É¥·¢ ²μ¢ (10) ¨ (11) ¸É ´μ¢ÖÉ¸Ö ¶· ±É¨Î¥¸±¨ μ¤¨´ ±μ¢Ò³¨, ·¥Ï¥´¨Ö
Ö¢²ÖÕÉ¸Ö μ¤´μÊ§²μ¢Ò³¨.

�·¨¢¥¤¥³ ·¥Ï¥´¨Ö ¤²Ö ´¥¸±μ²Ó±¨Ì ±μ´±·¥É´ÒÌ §´ Î¥´¨° ¶ · ³¥É·  ε.
�·¨ ε = 0,01 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò:

κ = 0,3333339506, c1 = 0,5257890044, c2 = 0,1408838352,

α2 = 0,1111114197, A = 0,3848955467 ¢ 0 < x <
π

2
;

κ = 313,8259314, c1 = −0,1408838352, c2 = −0,5257890044,

α2 = 39999,88889, A = 11083,57445 ¢
π

2
< x < π.

�¥Ï¥´¨Ö ¸ ÔÉ¨³¨ ¶ · ³¥É· ³¨ ¶·¨¢¥¤¥´Ò ´  ·¨¸. 8.

�¨¸. 8.   Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥ 0 < x <
π

2
; ¡ Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥

π

2
< x < π
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�¨¸. 9.   Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥ 0 < x <
π

2
; ¡ Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥

π

2
< x < π;

¢ Å Ê§¥² ·¥Ï¥´¨Ö ¡ ¢ ±·Ê¶´μ³ ³ ¸ÏÉ ¡¥

�·¨ ε1 < ε = 2,598076212 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ¨³¥¥³ §´ Î¥´¨Ö ¶ · ³¥É·μ¢:

κ = 0,4030665256, c1 = 0, 3, c2 = −4,090909089 · 108, α2 = 0,0911721326,

A = 2,431744880 · 10−10 ¢ 0 < x <
π

2
;

κ = 0,8061330504, c1 = 8,181818178 · 108, c2 = −1,045821404,

α2 = 0,444444444, A = 1,836259113 · 10−10 ¢
π

2
< x < π.

�¥Ï¥´¨Ö ¸ ÔÉ¨³¨ ¶ · ³¥É· ³¨ ¶·¨¢¥¤¥´Ò ´  ·¨¸. 9.
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�¨¸. 10.   Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥ 0 < x <
π

2
; ¡ Å ·¥Ï¥´¨¥ ¢ ¨´É¥·¢ ²¥

π

2
< x < π

�·¨ ε = 2,99999 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò:

κ = 0,5227398591, c1 = 0,4688358346, c2 = −0,4739999202,

α2 = 0,2216499279, A = 0,2288360637 ¢ 0 < x <
π

2
;

κ = 0,5244611829, c1 = 0,4739999206, c2 = −0,4688358342,

α2 = 0,2227974796, A = 0,2297753833 ¢
π

2
< x < π.

�¥Ï¥´¨Ö ¸ É ±¨³¨ ¶ · ³¥É· ³¨ ¶·¨¢¥¤¥´Ò ´  ·¨¸. 10.

¡) ‚ ¨´É¥·¢ ²¥ [2π, 3π]. �É²¨Î¨¥ μÉ ·¥Ï¥´¨Ö ¢ ¨´É¥·¢ ²¥ [0, π] §¤¥¸Ó ¶·¨
ε → 0 ¨ x → 2π + 0, Éμ²Ó±μ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ ¸É·¥³¨É¸Ö ± ¸μ¡¸É¢¥´´μ³Ê
§´ Î¥´¨Õ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· ,   ¸μ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö ¸É ´μ¢¨É¸Ö
¶μ£· ´¸²μ°´μ°.

�·¨¢¥¤¥³ ·¥Ï¥´¨Ö ¤²Ö ´¥¸±μ²Ó±¨Ì ±μ´±·¥É´ÒÌ §´ Î¥´¨° ¶ · ³¥É·  ε.
�·¨ ε = 0,01 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò:

κ = 628,6518648, c1 = 0,5257890044, c2 = 0,1408838352,

α2 = 0,1111114197, A = 31574,48466 ¢ 2π < x <
5π

2
;

κ = 942,1444622, c1 = −0,1408838352, c2 = −0,5257890044,

α2 = 39999,88889, A = 57775,71536 ¢
5π

2
< x < 3π.
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�·¨ ε1 < ε = 2,598076212 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¶ · -
³¥É·Ò:

κ = 2,821465678, c1 = 0,2, c2 = −1,38461538 · 108,

α2 = 0,0317018243, A = 1,349069374 · 10−7 ¢ 2π < x <
5π

2
;

κ = 3,224532202, c1 = 5,294117645 · 108, c2 = −0,3,

α2 = 0,444444444, A = 3,292170435 · 10−8 ¢
5π

2
< x < 3π.

�·¨ ε = 2,99999 ¢ ¤¢ÊÌ ¨´É¥·¢ ² Ì ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¶ · ³¥É·Ò:

κ = 2,617141943, c1 = 0,4688358354, c2 = −0,4739999194,

α2 = 0,2216499279, A = 9,272379479 ¢ 2π < x <
5π

2
;

κ = 2,618863267, c1 = 0,4739999214, c2 = −0,4688358334,

α2 = 0,2227974796, A = 9,336110063 ¢
5π

2
< x < 3π.

‚›‚�„›

‚ · ¡μÉ¥ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ μ¶¥· Éμ·  ¸¤¢¨£  exp
(
±iε

d

dr

)
f (r) =

f (r ± iε) ¨¸¸²¥¤μ¢ ´Ò ·¥Ï¥´¨Ö ±· ¥¢ÒÌ § ¤ Î ¤²Ö ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢-
´¥´¨Ö ¸ ±Ê²μ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³ ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  ε.
ˆ¸¸²¥¤μ¢ ´¨Ö ¶·μ¢¥¤¥´Ò ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¸¨¸É¥³Ò ¸¨³¢μ²Ó´ÒÌ ¢ÒÎ¨¸²¥-
´¨° MAPLE. �μ ¶μ²ÊÎ¥´´Ò³ ·¥§Ê²ÓÉ É ³ ³μ¦´μ ¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¨¥ ¢Ò¢μ¤Ò:

1. �·¨ ε → 0 ¨ x → 0 ·¥Ï¥´¨Ö ¸É·¥³ÖÉ¸Ö ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥· , ¶·¨ ε → 0 ¨ x → 2mπ + 0, m = 1, 2, 3, . . ., ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
¸É·¥³ÖÉ¸Ö ± ¸μ¡¸É¢¥´´μ³Ê §´ Î¥´¨Õ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ¸μ¡-
¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¸É ´μ¢ÖÉ¸Ö ¶μ£· ´¸²μ°´Ò³¨, ¶·¨Î¥³ ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö
Ê§²μ¢ (¤²Ö n = 1, 2, . . . n) ¸ μ¸ÓÕ μ¸É ÕÉ¸Ö ´¥¨§³¥´´Ò³¨;   ¶·¨ ε → 0 ¨
x → (2m + 1)π−0, £¤¥ m = 0, 1, 2, . . ., ·¥Ï¥´¨Ö ¸É ´μ¢ÖÉ¸Ö ¶μ£· ´¸²μ°´Ò³¨
(¨Ì ¡¥¸±μ´¥Î´μ ³´μ£μ), ¶·¨Î¥³ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¸É·¥³ÖÉ¸Ö ± ¡¥¸±μ-
´¥Î´μ¸É¨.

2. �·¨ ¶¥·¥Ìμ¤¥ ε Î¥·¥§ §´ Î¥´¨Ö ε1 ³¥´Ö¥É¸Ö É¨¶ ·¥Ï¥´¨Ö (É. ¥. ÔÉμ ÉμÎ± 
¡¨ËÊ·± Í¨¨).

3. �·¨ ε → n + 1
Z

¨ x →
(

2m +
1
2

)
π ± 0, £¤¥ n = 0, 2, 4, . . . m =

0, 1, 2, . . ., ¤¢  ·¥Ï¥´¨Ö ¨§ · §´ÒÌ ¨´É¥·¢ ²μ¢ (10) ¨ (11) ¸É ´μ¢ÖÉ¸Ö ¶· ±É¨-
Î¥¸±¨ μ¤¨´ ±μ¢Ò³¨,   ¤²Ö n = 1, 3, 5, . . . ·¥Ï¥´¨Ö ¢ ÔÉ¨Ì ¨´É¥·¢ ² Ì μ¸É ÕÉ¸Ö
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· §´Ò³¨, ÌμÉÖ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ±μÔËË¨Í¨¥´ÉÒ ´μ·³¨·μ¢±¨ ¸É·¥³ÖÉ¸Ö
¤·Ê£ ± ¤·Ê£Ê.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ £· ´Éμ¢ �””ˆ 08-01-
00800-  ¨ 10-01-00467- .
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