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	 ¸Î¥É μ¤´μÖÎ¥¥Î´μ£μ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¥£μ ´¨μ¡¨¥¢μ£μ ·¥§μ´ Éμ· 
¤²Ö Ê¸±μ·¨É¥²Ö Ô²¥±É·μ´μ¢ ¨ ¶μ§¨É·μ´μ¢

�·μ¨§¢¥¤¥´Ò · ¸Î¥ÉÒ Ê¸±μ·¨É¥²Ó´μ° ¸¥±Í¨¨ ³¥¦¤Ê´ ·μ¤´μ£μ ²¨´¥°´μ£μ ±μ²-
² °¤¥·  (ILC), ¸μ¸ÉμÖÐ¥° ¨§ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¨Ì ´¨μ¡¨¥¢ÒÌ ·¥§μ´ Éμ·μ¢, ¢ Ê¸²μ-
¢¨ÖÌ ³ ±¸¨³ ²Ó´μ° ¶¥·¥¤ Î¨ Ô´¥·£¨¨ Ô²¥±É·μ´ ³, ¶·μ²¥É ÕÐ¨³ ¶μ μ¸¨ ·¥§μ´ -
Éμ· . ‘μ§¤ ´  ³ É¥³ É¨Î¥¸± Ö ³μ¤¥²Ó ¨ ¶ ±¥ÉÒ ¶·μ£· ³³ ¤²Ö · ¸Î¥É  Ô²¥±É·¨-
Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± ¨ ¶·μË¨²Ö μ¤´μÖÎ¥¥Î´μ£μ ·¥§μ´ Éμ· . ‚Ò¶μ²´¥´ ±μ³¶ÓÕ-
É¥·´Ò° ¸¨´É¥§ Ëμ·³Ò ·¥§μ´ Éμ· , μ¡¥¸¶¥Î¨¢ ÕÐ¥° É·¥¡Ê¥³Ò¥ Ô²¥±É·¨Î¥¸±¨¥ Ì -
· ±É¥·¨¸É¨±¨. � °¤¥´Ò ¶¥·¸¶¥±É¨¢´Ò¥ ±μ´¸É·Ê±Í¨¨ μ¤´μÖÎ¥¥Î´μ£μ ·¥§μ´ Éμ· ,
¶·¨ ±μÉμ·ÒÌ μ¡¥¸¶¥Î¨¢ ¥É¸Ö ¤μ¡·μÉ´μ¸ÉÓ ¤μ 1010 ´  · ¡μÎ¥° Î ¸ÉμÉ¥ 1,3 ƒƒÍ,
¤²Ö μ¶É¨³¨§ Í¨¨ · ¡μÉÒ ¶μ ±μ´¸É·Ê¨·μ¢ ´¨Õ ¨ ¨§£μÉμ¢²¥´¨Õ μ¤´μÖÎ¥¥Î´μ£μ
·¥§μ´ Éμ· . 	 ¸¸Î¨É ´Ò Ô²¥±É·¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ Í¥¶μÎ±¨ μ¤´μÖÎ¥¥Î´ÒÌ
·¥§μ´ Éμ·μ¢.
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The Modeling of the Single-Cell Superconducting Niobium Resonator
for an Accelerator of Electrons and Positrons

The modeling of the accelerator section consisting of superconducting niobium
resonators for the International Linear Collider (ILC) has been made in the conditions
of a maximal energy transfer to electrons, travelling along the resonator axis. The
mathematical model and the program package have been created for the modeling of
the electric characteristics and the shape of the single-cell resonator. The computer-
based synthesis of the resonator shape was developed providing the required electrical
characteristics. The perspective design variants of a single-cell resonator have been
found with the quality up to 1010 at working frequency 1.3 GHz for the design
optimization and the elaboration of a single-cell resonator. The electric characteristics
of a chain of single-cell resonators have been calculated.

The investigation has been performed at the Dzhelepov Laboratory of Nuclear
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‚ ¦´μ¸ÉÓ ¶·μ¡²¥³Ò ¸μ§¤ ´¨Ö ³¥¦¤Ê´ ·μ¤´μ£μ ²¨´¥°´μ£μ ±μ²² °¤¥· 
(International Linear Collider Å ILC) ¶μ´ÖÉ´  Ë¨§¨± ³ ¢¸¥£μ ³¨· , · ¡μÉ -
ÕÐ¨³ ¢ μ¡² ¸É¨ Ë¨§¨±¨ Î ¸É¨Í ¨ ¢Ò¸μ±¨Ì Ô´¥·£¨°. �Î¥¢¨¤´μ, ÎÉμ ¡¥§ ÔÉμ£μ
´μ¢μ£μ ¨´¸É·Ê³¥´É  ´¥¢μ§³μ¦´μ ¶·μ¤¢¨´ÊÉÓ¸Ö ¢ ¶μ´¨³ ´¨¨ ¢¸¥£μ ±μ³¶²¥±¸ 
¶·μ¡²¥³ ¸μ¢·¥³¥´´μ° Ë¨§¨±¨ Å μÉ ¶·μ¨¸Ìμ¦¤¥´¨Ö ³ ¸¸ ¤μ · §³¥·´μ¸É¨ ¶·μ-
¸É· ´¸É¢ . 
ÉμÉ ¶·¨¡μ· ¶μ³μ¦¥É · ¤¨± ²Ó´μ Ê£²Ê¡¨ÉÓ ´ Ï¥ ¶μ´¨³ ´¨¥ ‚¸¥-
²¥´´μ° [1, 2].

Š²ÕÎ¥¢Ò³ Ô²¥³¥´Éμ³ ²Õ¡μ£μ ²¨´¥°´μ£μ Ê¸±μ·¨É¥²Ö Ö¢²ÖÕÉ¸Ö ‘‚— Ê¸±μ-
·¨É¥²Ó´Ò¥ ¸¥±Í¨¨, ¢ ±μÉμ·ÒÌ Ê¦¥ ¤ ¢´μ ´ Ìμ¤ÖÉ ¶·¨³¥´¥´¨¥ ¸¢¥·Ì¶·μ¢μ¤Ö-
Ð¨¥ ·¥§μ´ Éμ·Ò (·¨¸. 1). ‚ 1981 £. ¢ÒÏ²  ³μ´μ£· Ë¨Ö [3], ±μÉμ· Ö μ¡μ¡Ð ² 
¢¥¸Ó ´ ±μ¶²¥´´Ò° ¢ ÔÉμ° μ¡² ¸É¨ μ¶ÒÉ. …Ð¥ · ´ÓÏ¥ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¨¥ ·¥§μ-
´ Éμ·Ò ¡Ò²¨ μ¶¨¸ ´Ò ¢ ¢ÒÏ¥¤Ï¥° ¢ 1973 £. ³μ´μ£· Ë¨¨ [4],   ¢ 1976 £. ¶μ-
Ö¢¨² ¸Ó ³μ´μ£· Ë¨Ö [5], £¤¥ μ¶¨¸ ´Ò ‘‚—-¶·¨¡μ·Ò, ¶μ¸É·μ¥´´Ò¥ ¸ ¨¸¶μ²Ó§μ-
¢ ´¨¥³ ³ ²μ³μÐ´ÒÌ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¨Ì ·¥§μ´ Éμ·μ¢ (¢Ò¸μ±μ¸É ¡¨²Ó´Ò¥ ‘‚—-
£¥´¥· Éμ·Ò, £· ¢¨³¥É·Ò ¨ ¶·.).

„ ´´ Ö · ¡μÉ  ¶μ¸¢ÖÐ¥´  ¶μ¨¸±Ê ´  μ¸´μ¢¥ ¢ÒÎ¨¸²¨É¥²Ó´μ£μ Ô±¸¶¥·¨-
³¥´É  ¶¥·¸¶¥±É¨¢´ÒÌ ¢ ·¨ ´Éμ¢ ¶ · ³¥É·μ¢ ¨ ¶·μË¨²Ö μ¤´μÖÎ¥¥Î´μ£μ ¸¢¥·Ì-

	¨¸. 1. ‚´¥Ï´¨° ¢¨¤ μ¤´μ£μ ¨§ Í¥¶μÎ±¨ ·¥§μ´ Éμ·μ¢
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¶·μ¢μ¤ÖÐ¥£μ ´¨μ¡¨¥¢μ£μ ·¥§μ´ Éμ·  ´  Î ¸ÉμÉÊ 1,3 ƒƒÍ ¤²Ö Ê¸±μ·¨É¥²¥° Ô²¥±-
É·μ´μ¢ ¨ ¶μ§¨É·μ´μ¢. „²Ö ÔÉμ£μ ´¥μ¡Ìμ¤¨³μ ¡Ò²μ ·¥Ï¨ÉÓ ¸²¥¤ÊÕÐ¨¥ § ¤ Î¨:

• ¸μ§¤ ´¨Ö ³ É¥³ É¨Î¥¸±μ° ³μ¤¥²¨ ¤²Ö · ¸Î¥É  Ô²¥±É·¨Î¥¸±¨Ì Ì · ±É¥-
·¨¸É¨± μ¤´μÖÎ¥¥Î´μ£μ ·¥§μ´ Éμ· ;

• ¸μ§¤ ´¨Ö ¶ ±¥É  ¶·μ£· ³³ · ¸Î¥É  Ô²¥±É·¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± ¨ ¸¨´-
É¥§  £¥μ³¥É·¨Î¥¸±¨Ì · §³¥·μ¢ ¨ ¶·μË¨²Ö μ¤´μÖÎ¥¥Î´μ£μ ·¥§μ´ Éμ· , μ¡¥¸¶¥-
Î¨¢ ÕÐ¨Ì É·¥¡Ê¥³ÊÕ ¤μ¡·μÉ´μ¸ÉÓ ¨ · ¡μÎÊÕ Î ¸ÉμÉÊ;

• ±μ³¶ÓÕÉ¥·´μ£μ ¸¨´É¥§  Ëμ·³Ò ·¥§μ´ Éμ· , μ¡¥¸¶¥Î¨¢ ÕÐ¥° É·¥¡Ê¥³Ò¥
Ô²¥±É·¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ´  · ¡μÎ¥° Î ¸ÉμÉ¥ Å 1,3 ƒƒÍ;

• ¶μ¨¸±  ¶¥·¸¶¥±É¨¢´ÒÌ ±μ´¸É·Ê±Í¨° μ¤´μÖÎ¥¥Î´μ£μ ·¥§μ´ Éμ· , ¶·¨ ±μ-
Éμ·ÒÌ μ¡¥¸¶¥Î¨¢ ¥É¸Ö ¤μ¡·μÉ´μ¸ÉÓ ¤μ 1010 ´  · ¡μÎ¥° Î ¸ÉμÉ¥ 1,3 ƒƒÍ;

• · §· ¡μÉ±¨ ¶·μ£· ³³Ò ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö Ì · ±É¥·¨¸É¨± Í¥¶μÎ±¨ ¨§
μ¤´μÖÎ¥¥Î´ÒÌ ·¥§μ´ Éμ·μ¢.

‚ · ¡μÉ¥ ¶·¥¤¸É ¢²¥´Ò · ¸Î¥ÉÒ μ¤´μÖÎ¥¥Î´μ£μ ·¥§μ´ Éμ·  ´  Î ¸ÉμÉÊ
1,3 ƒƒÍ ¸ ¶·¨³¥´¥´¨¥³ · §²¨Î´ÒÌ ³¥Éμ¤μ¢ ³μ¤¥²¨·μ¢ ´¨Ö. �¶¨¸ ´Ò ³¥Éμ¤Ò
³μ¤¥²¨·μ¢ ´¨Ö ¨ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢.

1. ��‘’���‚Š� ‡�„�—ˆ

	 ¸¸³ É·¨¢ ¥É¸Ö · ¸¶·μ¸É· ´¥´¨¥ ¸¨³³¥É·¨Î´ÒÌ E-¢μ²´ ¢ ±·Ê£²μ³ ¶·μ-
¤μ²Ó´μ-´¥·¥£Ê²Ö·´μ³ (´¥·¥£Ê²Ö·´μ¸ÉÓ ¥¸ÉÓ ËÊ´±Í¨Ö μÉ z, r) ¢μ²´μ¢μ¤¥ ¸ ÊÎ¥-
Éμ³ μ³¨Î¥¸±¨Ì ¶μÉ¥·Ó ¢ ¸É¥´± Ì (·¨¸. 2).

	 ¸¶·μ¸É· ´¥´¨¥ É ±¨Ì ¢μ²´ μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨Ö³¨ Œ ±¸¢¥²²  ¤²Ö
Ô²¥±É·¨Î¥¸±μ° E ¨ ³ £´¨É´μ° B ±μ³¶μ´¥´É ¢μ²´Ò, ±μÉμ·Ò¥ ¢ ¶·¨´ÖÉÒÌ
¡¥§· §³¥·´ÒÌ ¶¥·¥³¥´´ÒÌ ¨³¥ÕÉ ¢¨¤:

rotB =
∂E
∂t

, rotE = −∂B
∂t

. (1)

	¨¸. 2. Š·Ê£²Ò° ¶·μ¤μ²Ó´μ-´¥·¥£Ê²Ö·´Ò° ¢μ²´μ¢μ¤: b(z) Å ¶·μË¨²Ó ¢μ²´μ¢μ¤ ;
r, ϕ, z Å Í¨²¨´¤·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ; [z0, zL] Å μ¡² ¸ÉÓ ·¥§μ´ Éμ· 
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�¥·¨μ¤¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨° ´  · ¡μÎ¥° Î ¸ÉμÉ¥ ω = Wω0 ¶·¥¤-
¸É ¢¨³ ¢ ¢¨¤¥

E,B = Re
{[

Ė, Ḃ
]
ejWt

}
.

‚ ÔÉμ³ ¸²ÊÎ ¥ ±μ³¶²¥±¸´Ò¥  ³¶²¨ÉÊ¤Ò Ė, Ḃ Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Ö³

rot Ḃ = jW Ė, rot Ė = −jW Ḃ, (2)

¶·¨ ÔÉμ³ ´  ¸É¥´±¥ ¢μ²´μ¢μ¤  ¢Ò¶μ²´Ö¥É¸Ö Ê¸²μ¢¨¥ ™Ê±¨´ Ä‹¥μ´Éμ¢¨Î [
n, Ė

]∣∣∣
r=b(z)

= −Żσ

[
n,
[
n, Ḃ

]]∣∣∣
r=b(z)

. (3)

‡¤¥¸Ó ¶·¨´ÖÉÒ ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö ¨ Ëμ·³Ê²Ò ¶¥·¥Ìμ¤  ± ¡¥§· §³¥·-
´Ò³ ¶¥·¥³¥´´Ò³ (ÏÉ·¨Ìμ³ ¶μ³¥Î¥´Ò · §³¥·´Ò¥ ¢¥²¨Î¨´Ò, ÉμÎ±μ° ¸¢¥·ÌÊ Å
±μ³¶²¥±¸´Ò¥): (r, x, y, z, b, L) = (r′, x′, y′, z′, b′, L′) · ω0/c, ω0/c = 2π/λ0;
ω0t

′ = t, E = E′/Em, B = B′c/Em , B′ = μ0 · H′, Em = m0ω0c/e, ω0

¨ λ0 Å μ¶μ·´Ò¥ Î ¸ÉμÉ  ¨ ¤²¨´  ¢μ²´Ò, c Å ¸±μ·μ¸ÉÓ ¸¢¥É ; Żσ = Żs/Z0,
Z0 = 377 [�³] Å ¨³¶¥¤ ´¸ ¸¢μ¡μ¤´μ£μ ¶·μ¸É· ´¸É¢ , Żs = Rs + jXs [�³] Å
¶μ¢¥·Ì´μ¸É´Ò° ¨³¶¥¤ ´¸ ¶·μ¢μ¤´¨± , Rs Å ¶μ¢¥·Ì´μ¸É´μ¥ ¸μ¶·μÉ¨¢²¥´¨¥ ¨
Xs Å ¶μ¢¥·Ì´μ¸É´Ò° ·¥ ±É ´¸ [4, 6].

�μ¢¥·Ì´μ¸É´Ò° ¨³¶¥¤ ´¸ Żs μÎ¥´Ó Ê¤μ¡¥´ ¤²Ö μ¶·¥¤¥²¥´¨Ö ± ± ¤μ¡·μÉ-
´μ¸É¨ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¨Ì ·¥§μ´ Éμ·μ¢, É ± ¨ ¸³¥Ð¥´¨Ö Î ¸ÉμÉÒ ¶·¨ ¨§³¥´¥´¨¨
É¥³¶¥· ÉÊ·Ò. „²Ö ¸¢¥·Ì¶·μ¢μ¤´¨±μ¢ ¢¥²¨Î¨´  Żs § ¢¨¸¨É μÉ ³´μ£¨Ì Ë ±-
Éμ·μ¢ Å É¥³¶¥· ÉÊ·Ò, Î ¸ÉμÉÒ ‘‚—, ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö,
¨´¤Ê±Í¨¨ ³ £´¨É´μ£μ ¶μ²Ö. ’ ±, Ê ´¨μ¡¨Ö Ì · ±É¥·´Ò¥ §´ Î¥´¨Ö ¶μ¢¥·Ì-
´μ¸É´μ£μ ¨³¶¥¤ ´¸  ¢ ¤¨ ¶ §μ´¥ É¥³¶¥· ÉÊ· ´¨¦¥ ±·¨É¨Î¥¸±μ° T±· = 9,25 Š
¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 1 [4, 6].

’ ¡²¨Í  1. �μ¢¥·Ì´μ¸É´Ò° ¨³¶¥¤ ´¸ ´¨μ¡¨Ö (f=11,2 ƒƒÍ, T±· = 9,25 Š)

T/T±· Rs, �³ Xs, �³ ·103

0,96 2,25 · 10−3 7,9

0,90 1,00 · 10−3 6,39

0,80 4,07 · 10−4 5,15

0,70 1,99 · 10−4 4,53

0,6 1,01 · 10−4 4,16

0,45 3,29 · 10−5 3,87

0,4 1,88 · 10−5 3,81

0,3 4,4 · 10−6 3,76

0,2 2,46 · 10−7 3,74

0,1 3,25 · 10−11 3,74
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‡´ Î¥´¨Ö Rs ´  ¤·Ê£¨Ì Î ¸ÉμÉ Ì ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¨¸Ìμ¤Ö ¨§ Ëμ·³Ê²Ò [4]:

Rs(f) = Rs|f=11,2

f2

11,22
, Xs(f) = Xs|f=11,2

f

11,2
.

� ¶·¨³¥·, ¤²Ö Î ¸ÉμÉÒ f = 1,3 ƒƒÍ §´ Î¥´¨Ö Rs É ¡². 1 ´Ê¦´μ Ê³¥´ÓÏ¨ÉÓ ¢
74,2 · § ,   §´ Î¥´¨Ö Xs ¢ 8,6 · § .

„μ¡·μÉ´μ¸ÉÓ ·¥§μ´ Éμ·  μ¶·¥¤¥²Ö¥É¸Ö ± ± μÉ´μÏ¥´¨¥ § ¶ ¸¥´´μ° Ô´¥·-
£¨¨ WV ± Ô´¥·£¨¨, ¶μ£²μÐ ¥³μ° ¢ ¸É¥´± Ì §  ¶¥·¨μ¤ ¢Ò¸μ±μÎ ¸ÉμÉ´ÒÌ ±μ²¥-
¡ ´¨° Pσ/ω. ‚ Ê¸±μ·¨É¥²Ó´μ° ¸¥±Í¨¨ ¨¸¶μ²Ó§ÊÕÉ¸Ö ·¥§μ´ Éμ·Ò ¸ ¸μ¡¸É¢¥´-
´μ° ³μ¤μ° ¸¨³³¥É·¨Î´μ£μ E-É¨¶  ( §¨³ÊÉ ²Ó´μ-μ¤´μ·μ¤´Ò¥), ¡²¨§±μ° ± ³μ¤¥
É¨¶  E010 μ¡ÒÎ´μ£μ Í¨²¨´¤·¨Î¥¸±μ£μ ·¥§μ´ Éμ· . �·¨ Ê¸²μ¢¨ÖÌ ™Ê±¨´ Ä
‹¥μ´Éμ¢¨Î  (3) ¢Ò· ¦¥´¨¥ ¸μ¡¸É¢¥´´μ° ¤μ¡·μÉ´μ¸É¨ Î¥·¥§ ¡¥§· §³¥·´ÊÕ ±μ³-
¶μ´¥´ÉÊ Bϕ · ¡μÎ¥° ³μ¤Ò ¸¨³³¥É·¨Î´μ£μ E-É¨¶  ¨³¥¥É ¢¨¤ [4]

Qs =
ωWV

Pσ
=

ωμ0

2

∫
V ′

Ḣ′2 dV ′

1
2

√
ωμ0

2σ

∫
S′

Ḣ′2
τ dS′

= 2
√

ωμ0σ

2

∫
V ′

Ḣ′2 dV ′

∫
S′

Ḣ′2
τ dS′

=
2

δ¸±

c

ω0

∫
V

Ḃ2
ϕ dV∫

S

Ḃ2
ϕ dS

.

„²Ö ¸¢¥·Ì¶·μ¢μ¤´¨±  ¢¢μ¤ÖÉ ¶μ´ÖÉ¨¥ ÔËË¥±É¨¢´μ° £²Ê¡¨´Ò ¶·μ´¨±´μ-
¢¥´¨Ö δ¸± = 2Rs/(ωsμ0) [4]. ‚ ·¥§Ê²ÓÉ É¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¸μ¡¸É¢¥´´μ° ¤μ-
¡·μÉ´μ¸É¨ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¨Ì ·¥§μ´ Éμ·μ¢ ¶μ²ÊÎ ÕÉ § ³¥´μ° ¶μ¢¥·Ì´μ¸É´μ£μ
¸μ¶·μÉ¨¢²¥´¨Ö μ¡ÒÎ´ÒÌ ³¥É ²²μ¢ ¢ ¢Ò· ¦¥´¨¨ ¤²Ö Éμ²Ð¨´Ò ¸±¨´-¸²μÖ δ¸±

·¥ ²Ó´μ° Î ¸ÉÓÕ ¶μ¢¥·Ì´μ¸É´μ£μ ¨³¶¥¤ ´¸  ¸¢¥·Ì¶·μ¢μ¤´¨±  Rs [4]:

Qs =
μ0ωs

Rs

c

ω0

∫
V ′

Ḣ′2 dV ′

∫
S′

Ḣ′2
τ dS′

=
Z0

Rs
Ws

∫
V

Ḃ2
ϕ dV∫

S

Ḃ2
ϕ dS

=
Z0

Rs
AQ. (4)

‡¤¥¸Ó Z0AQ [�³] Å £¥μ³¥É·¨Î¥¸±¨° Ë ±Éμ· ·¥§μ´ Éμ· , § ¢¨¸ÖÐ¨°
Éμ²Ó±μ μÉ Ëμ·³Ò, · §³¥·μ¢ ·¥§μ´ Éμ·  ¨ É¨¶  ±μ²¥¡ ´¨° ¢ ´¥³. „²Ö ±μ-
²¥¡ ´¨Ö · ¸¸³ É·¨¢ ¥³μ£μ É¨¶  ¡¥§· §³¥·´Ò° £¥μ³¥É·¨Î¥¸±¨° Ë ±Éμ· AQ

¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¡¥§· §³¥·´ÊÕ ³ £´¨É´ÊÕ ±μ³¶μ´¥´ÉÊ ¶μ²Ö:

AQ = Ws

∫
V

Ḃ2
ϕ dV∫

S

Ḃ2
ϕ dS

. (5)

�μÔÉμ³Ê ¤²Ö · ¸Î¥É  ¤μ¡·μÉ´μ¸É¨ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¥£μ ·¥§μ´ Éμ·  ´¥¸É ´¤ ·É-
´μ° Ëμ·³Ò (·¨¸. 2) ¤μ¸É ÉμÎ´μ · ¸¸Î¨É ÉÓ ¥£μ £¥μ³¥É·¨Î¥¸±¨° Ë ±Éμ· AQ
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¶·¨ ´¥¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ Żσ , ´ ¶·¨³¥·, ³¥¤´μ£μ ·¥§μ´ Éμ· , ¶μ¸²¥ Î¥£μ
μÍ¥´¨¢ ÉÓ ¤μ¡·μÉ´μ¸ÉÓ ¶μ Ëμ·³Ê²¥ (5), ¶μ¤¸É ¢²ÖÖ §´ Î¥´¨¥ Rs ¨§ É ¡². 1.

Š ± ¶μ± § ²¨ ¶·¨¢¥¤¥´´Ò¥ ´¨¦¥ · ¸Î¥ÉÒ, ¤²Ö · ¸¸³ É·¨¢ ¥³μ£μ ´ ³¨
·¥§μ´ Éμ·  £¥μ³¥É·¨Î¥¸±¨° Ë ±Éμ· ´ Ìμ¤¨É¸Ö ¢ ¤¨ ¶ §μ´¥ 0,7Ä0,8. �μÔÉμ³Ê,
¨¸Ìμ¤Ö ¨§ É ¡²¨ÍÒ ¤²Ö Rs ¨ Xs, ³μ¦´μ μ¦¨¤ ÉÓ, ÎÉμ ¢¥²¨Î¨´  ¸μ¡¸É¢¥´´μ°
¤μ¡·μÉ´μ¸É¨, ¡μ²ÓÏ Ö Î¥³ 1010, ¤μ²¦´  ¤μ¸É¨£ ÉÓ¸Ö ¶·¨ É¥³¶¥· ÉÊ·¥ 2,3 K
¨ ´¨¦¥.

„²Ö ·¥§μ´ Éμ·  ±·μ³¥ ¤μ¡·μÉ´μ¸É¨ ¢ ¦´¥°Ï¨³¨ Ö¢²ÖÕÉ¸Ö ¶·¨¢¥¤¥´´Ò¥
´¨¦¥ ¸²¥¤ÊÕÐ¨¥ Ì · ±É¥·¨¸É¨±¨, ¢Ò· ¦¥´´Ò¥ Î¥·¥§ ¶·¨´ÖÉÒ¥ §¤¥¸Ó ¡¥§· §-
³¥·´Ò¥ ¶¥·¥³¥´´Ò¥, ¸ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ ¢ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ ¶·μ²¥É´ Ö ¤²¨´ 
μ¤´μ° ÖÎ¥°±¨ zL − z0 = π [7, 8].
“¸±μ·ÖÕÐ¥¥ ´ ¶·Ö¦¥´¨¥ (accelerating voltage) V0:

V0[B] = (z′L − z′0)
Em

π

z0+π∫
z0

∣∣∣Ė(0, z)
∣∣∣ sin (z − z0) dz; (6)

Ê¸±μ·ÖÕÐ¨° £· ¤¨¥´É (accelerating gradient) Eacc:

Eacc

[
Œ‚

³

]
= Eacc

1
10

[
±‚

¸³

]
=

V0

z′L − z′0
; (7)

¸μ¶·μÉ¨¢²¥´¨¥ ·¥§μ´ Éμ·  (resonant resistance) R: R[�³] = QZ =
V 2

0

2Pσ
;

¸μ¡¸É¢¥´´Ò° ¨³¶¥¤ ´¸ (intrinsic impedance) Z:

Z [�³] =
R

Qs
=

V 2
0

ωWV
=

Z0

Ws

[
z0+π∫
z0

∣∣∣Ė(0, z)
∣∣∣ sin (z − z0) dz

]2

∫
V

Ḃ2
ϕ dV

. (8)

‡´ Î¥´¨Ö É ±¨Ì ¢ ¦´ÒÌ ¢¥²¨Î¨´, ± ± ³ ±¸¨³ ²Ó´ Ö ´ ¶·Ö¦¥´´μ¸ÉÓ Ô²¥±-

É·¨Î¥¸±μ£μ ¶μ²Ö ´  μ¸¨ ·¥§μ´ Éμ·  Ez max = max
∣∣∣Ėz(0, z)

∣∣∣, ³ ±¸¨³ ²Ó´μ¥

Ô²¥±É·¨Î¥¸±μ¥ ¶μ²¥ ´  ¸É¥´±¥ ·¥§μ´ Éμ·  Eg max, ³ ±¸¨³ ²Ó´ Ö ¨´¤Ê±Í¨Ö
³ £´¨É´μ£μ ¶μ²Ö ´  ¸É¥´±¥ ·¥§μ´ Éμ·  Bg max,   É ±¦¥ Eacc, V0, § ¢¨¸ÖÉ μÉ
¢¥²¨Î¨´Ò ¢¢μ¤¨³μ° ¢ ·¥§μ´ Éμ· ³μÐ´μ¸É¨ Pσ ± ± [4]

u = αu

√
QsPσ, (9)

£¤¥ u = {Bg max, Eg max, Ez max, Eacc, V0}, αu Å ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ±μÔËË¨-
Í¨¥´É ¶·μ¶μ·Í¨μ´ ²Ó´μ¸É¨. ˆ§ ÔÉμ° Ëμ·³Ê²Ò, ¢ Î ¸É´μ¸É¨, ¸²¥¤Ê¥É, ÎÉμ Î¥³
¡μ²ÓÏ¥ ¤μ¡·μÉ´μ¸ÉÓ, É¥³ ³¥´ÓÏ Ö É·¥¡Ê¥É¸Ö ¢¢μ¤¨³ Ö ³μÐ´μ¸ÉÓ ¤²Ö ¤μ¸É¨-
¦¥´¨Ö ´Ê¦´μ° ¢¥²¨Î¨´Ò Ê¸±μ·ÖÕÐ¥£μ ¶μ²Ö Eacc.
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�μÔÉμ³Ê ¢ ¦´Ò μÉ´μ¸¨É¥²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨, ´¥ § ¢¨¸ÖÐ¨¥ μÉ ¢¢μ¤¨-
³μ° ³μÐ´μ¸É¨, ´ ¶·¨³¥·, É ±¨¥ ± ±

Bg max

Eacc

[
³T²

Œ‚/³

]
=

Bg max

Eacc
· 104

[
T²

±‚/¸³

]
;

Eg max

Eacc
. (10)

�·μ¶μ·Í¨μ´ ²Ó´μ¸ÉÓ (9) ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¶μ ¢¥²¨Î¨´¥ u0 ¤²Ö ·¥§μ´ -
Éμ· , ¨³¥ÕÐ¥£μ ¤μ¡·μÉ´μ¸ÉÓ Q0, ´ ¶·¨³¥· ³¥¤´μ£μ, ¶μ²ÊÎ¨ÉÓ §´ Î¥´¨¥ us

¤²Ö ¸¢¥·Ì¶·μ¢μ¤ÖÐ¥£μ ·¥§μ´ Éμ· , ¨³¥ÕÐ¥£μ ¤μ¡·μÉ´μ¸ÉÓ Qs, ¶μ Ëμ·³Ê²¥
us = u0

√
Qs/Q0. ’ ±¦¥ μ´  ¶μ§¢μ²Ö¥É μ¶·¥¤¥²¨ÉÓ ÉÊ ¢¢μ¤¨³ÊÕ ¢ ·¥§μ´ Éμ·

³μÐ´μ¸ÉÓ, ¶·¨ ±μÉμ·μ° ¡Ê¤¥É · §·ÊÏ ÉÓ¸Ö ¸¢¥·Ì¶·μ¢μ¤ÖÐ¥¥ ¸μ¸ÉμÖ´¨¥ ¨²¨
´ ¸ÉÊ¶¨É Ô²¥±É·¨Î¥¸±¨° ¶·μ¡μ°, ´ ¶·¨³¥·, §´ Ö ±·¨É¨Î¥¸±¨¥ §´ Î¥´¨Ö Bg max

¨²¨ Eg max ´¨μ¡¨¥¢μ£μ ¸¢¥·Ì¶·μ¢μ¤´¨± . �μ²ÊÎ¥´´Ò¥ ¤ ´´Ò¥ [4] Ê± §Ò¢ ÕÉ
´  Éμ, ÎÉμ μ¸´μ¢´Ò³ μ£· ´¨Î¨¢ ÕÐ¨³ Ë ±Éμ·μ³ Ö¢²Ö¥É¸Ö ´¥ Ô²¥±É·¨Î¥¸±¨°
¶·μ¡μ°,   ±·¨É¨Î¥¸±¨¥ ³ £´¨É´Ò¥ ¶μ²Ö (B′

g max � 0,1 T²).
‡ ·Ö¦¥´´Ò¥ Î ¸É¨ÍÒ (´ ¶·¨³¥·, Ô²¥±É·μ´Ò ¸ μÉ·¨Í É¥²Ó´Ò³ § ·Ö¤μ³ e),

¶·μ²¥É Ö ¶μ μ¸¨ ·¥§μ´ Éμ·  ¶μ¤ ¤¥°¸É¢¨¥³ ¸¨²Ò F = −e ·
∣∣∣Ė′

z(0, z)
∣∣∣ ×

× sin (ωt′−ϑ), ¶μ²ÊÎ ÕÉ ¤μ¶μ²´¨É¥²Ó´ÊÕ Ô´¥·£¨Õ ¨ Ê¸±μ·ÖÕÉ¸Ö É¥³ ¡μ²ÓÏ¥,
Î¥³ ¡μ²ÓÏ¥ § É· Î¥´´ Ö ´  Ê¸±μ·¥´¨¥ Ô´¥·£¨Ö eV0, £¤¥ V0 Å Ê¸±μ·ÖÕÐ¥¥
´ ¶·Ö¦¥´¨¥ Å ¶·¨ ¶· ¢¨²Ó´μ ¶μ¤μ¡· ´´μ° Ë §¥ ¢²¥É  ¢ ·¥§μ´ Éμ· ϑ ¨ ¥£μ
¤²¨´¥ ¢Ò· ¦ ¥É¸Ö ¶μ Ëμ·³Ê²¥ (6). ‚ ± Î¥¸É¢¥ Í¥²¥¢μ° ËÊ´±Í¨¨ ¶·¨ μ¶É¨³¨-
§ Í¨¨ ¶·μË¨²Ö b(z) Ê¤μ¡´μ ¢Ò¡¨· ÉÓ ¡μ²¥¥ ¶·μ¸Éμ¥ ¢Ò· ¦¥´¨¥

Ez int =

zL∫
z0

∣∣∣Ėz(0, z)
∣∣∣ dz. (11)

2. Œ…’�„› ��‘—…’�

2.1. �·¥μ¡· §μ¢ ´¨¥ ±μμ·¤¨´ É. Œ¥Éμ¤ ¶·¥μ¡· §μ¢ ´¨Ö ±μμ·¤¨´ É ¶·¨-
¢μ¤¨É § ¤ ÎÊ ´  ´¥·¥£Ê²Ö·´μ° μ¡² ¸É¨ ± § ¤ Î¥ ´  Í¨²¨´¤·¥ ¥¤¨´¨Î´μ£μ · ¤¨-
Ê¸  ¤²Ö ¶·¥μ¡· §μ¢ ´´ÒÌ Ê· ¢´¥´¨° Œ ±¸¢¥²² , ÎÉμ ¢ ¶μ¸²¥¤ÊÕÐ¥³ ¶μ§¢μ²Ö¥É
¨¸¶μ²Ó§μ¢ ÉÓ ÔËË¥±É¨¢´Ò¥ ³¥Éμ¤Ò · ¸Î¥É .

‚¢¥¤¥³ ´ ·Ö¤Ê ¸ ¨¸Ìμ¤´μ° ¸¨¸É¥³μ° ±μμ·¤¨´ É r, ϕ, z ±·¨¢μ²¨´¥°´Ò¥
±μμ·¤¨´ ÉÒ ρ, ψ, ζ [9],

r = ρb(ζ), ϕ = ψ, z = ζ, (12)

¢ ±μÉμ·ÒÌ ´¥·¥£Ê²Ö·´Ò° ¢μ²´μ¢μ¤ (·¨¸. 2) μÉμ¡· ¦ ¥É¸Ö ´  Í¨²¨´¤· ¥¤¨´¨Î-
´μ£μ · ¤¨Ê¸  (ρ � 1). Š ± ¨§¢¥¸É´μ [9, 10], ¢¥±Éμ·Ò Ė, Ḃ ¢ ¶·¥μ¡· §μ¢ ´´μ°
¸¨¸É¥³¥ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

Ḃ = Ḃr·r0+Ḃϕ·ϕ0+Ḃz·z0 = B1·a1+B2·a2+B3·a3 = Bρ·a1+ρBψ ·a2+Bζ ·a3,
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Ė = Er ·r0+Eϕ·ϕ0+Ez ·z0 = E1·a1+E2·a2+E3·a3 = Eρ·a1+ρEψ ·a2+Eζ ·a3,

£¤¥ a1 =
r0

b
− ρ

b′

b
z0; a2 =

ϕ0

ρb
; a3 = z0 Å ¢§ ¨³´ Ö ¸¨¸É¥³  ¡ §¨¸´ÒÌ

¢¥±Éμ·μ¢ (§¤¥¸Ó b′ = ∂b/∂z).
�μ¸²¥ ¢¢¥¤¥´¨Ö ¢ ¶·¥μ¡· §μ¢ ´´μ° ¸¨¸É¥³¥ · ¸Î¥É´ÒÌ ¢¥±Éμ·μ¢ Ḃp(ρ, z) =

Ḃψ · ψ0, Ėp(ρ, z) = Ėρ · ρ0 + Ėζ · ζ0 ¤²Ö ¸¨³³¥É·¨Î´ÒÌ E-¢μ²´ Ê· ¢´¥´¨Ö
Œ ±¸¢¥²²  (2) ¶·¥μ¡· §ÊÕÉ¸Ö ± ¢¨¤Ê [9]

rot Ḃp = jW
�
g Ėp; �

g · rot Ėp = −jW Ḃp. (13)

‡¤¥¸Ó
�
g =

⎡
⎣ 1 + ρ2b′ 0 −ρbb′

0 1 0
−ρbb′ 0 b2

⎤
⎦Å É¥´§μ· ¶·¥μ¡· §μ¢ ´¨Ö,

�
g = �

g
−1

.

ƒ· ´¨Î´μ¥ Ê¸²μ¢¨¥ ´  ¸É¥´±¥ ¢μ²´μ¢μ¤  (3) ¶·¨´¨³ ¥É ¢¨¤

Ėζ

∣∣∣
ρ=1

= −Żσ

√
1 + b′2

b
Ḃψ

∣∣∣∣∣
ρ=1

. (14)

‘¢Ö§Ó ±μ³¶μ´¥´É ¢ ¨¸Ìμ¤´μ° ¨ ¶·¥μ¡· §μ¢ ´´μ° ¸¨¸É¥³ Ì É ±μ¢ :

Ėr = Ėρ/b(z); Ḃϕ = Ḃψ/b(z); Ėz = Ėζ − Ėρ · b′(z)/b(z). (15)

2.2. Œ¥Éμ¤ ƒ ²¥·±¨´ . �μ²ÊÎ¥´´ÊÕ § ¤ ÎÊ ¤²Ö ¶·¥μ¡· §μ¢ ´´ÒÌ Ê· ¢´¥-
´¨° Œ ±¸¢¥²²  (13), (14) ³μ¦´μ ·¥Ï¨ÉÓ ¶·μ¥±Í¨μ´´Ò³ ³¥Éμ¤μ³, ¨¸¶μ²Ó§ÊÖ
ÉμÉ Ë ±É, ÎÉμ ¤²Ö ´¥¥ ¨³¥¥É¸Ö ¶μ¤Ìμ¤ÖÐ Ö ¸¨¸É¥³  ¡ §¨¸´ÒÌ ËÊ´±Í¨°, ¶·¥¤-
¸É ¢²ÖÕÐ¨Ì ¶μ¶¥·¥Î´Ò¥ ¸¥Î¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ ¢μ²´ ·¥£Ê²Ö·´μ£μ ¢μ²´μ¢μ¤ 
¥¤¨´¨Î´μ£μ · ¤¨Ê¸ .

Š ± ¨§¢¥¸É´μ, ¸μ¡¸É¢¥´´Ò¥ ¸¨³³¥É·¨Î´Ò¥ E0i-¢μ²´Ò ·¥£Ê²Ö·´μ£μ ¢μ²´μ-
¢μ¤  · ¤¨Ê¸  b (0 < ρ = r/b � 1), Ö¢²ÖÕÐ¨¥¸Ö ·¥Ï¥´¨¥³ (§¤¥¸Ó ¡¥§· §³¥·´ÒÌ)
Ê· ¢´¥´¨° Œ ±¸¢¥²² : rot Ḃ0 = jW Ė0, rot Ė0 = −jW Ḃ0 ¶·¨ μ¤´μ·μ¤´ÒÌ
£· ´¨Î´ÒÌ Ê¸²μ¢¨ÖÌ [r0 · Ė0]|ρ=1 = 0 ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ [9]

Ė0
0i = [±jke

0ib·ee
0i(ρ)+ν0iψ

e
0i(ρ)z0] e∓jke

0iz, Ḃ0
0i = jWb·he

0i(ρ)e∓jke
0iz, (16)

  ¨Ì ³¥³¡· ´´Ò¥ ËÊ´±Í¨¨ ± ±

ee
0i = J1(ν0iρ) r0; ψe

0i = J0(ν0iρ) z0; he
0i = J1(ν0iρ)ϕ0.
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‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶·μ¥±Í¨μ´´Ò³ ³¥Éμ¤μ³ ƒ ²¥·±¨´ ÄŠ ´Éμ·μ¢¨Î  ·¥-
Ï¥´¨¥ § ¤ Î¨ (13), (14) ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ³¥³¡· ´´Ò³
ËÊ´±Í¨Ö³

Ėρ = −
∑

i

Ȧi(z) · J1(ν0iρ); Ėζ =
∑

i

Ċi(z) · J0(ν0iρ);

(17)
Ḃψ = −j

∑
i

V̇i(z) · J1(ν0iρ).

‡¤¥¸Ó ν0i Å i-° ±μ·¥´Ó ËÊ´±Í¨¨ �¥¸¸¥²Ö J0(x).
‚ ·¥§Ê²ÓÉ É¥ ¶·¨³¥´¥´¨Ö ± § ¤ Î¥ (13), (14) ¸É ´¤ ·É´μ° ¶·μ¥±Í¨μ´´μ°

¶·μÍ¥¤Ê·Ò ¶μ²ÊÎ ¥É¸Ö ¸¨¸É¥³  μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
¤²Ö  ³¶²¨ÉÊ¤ Ȧi, Ċi, V̇i ¢μ§¡Ê¦¤ ¥³ÒÌ ¢μ²´ ¢ ´¥·¥£Ê²Ö·´μ³ ¢μ²´μ¢μ¤¥ [9].

�¶Ê¸± Ö £·μ³μ§¤±¨¥ μ¶¨¸ ´¨Ö ¶·μ¥±Í¨μ´´μ° ¶·μÍ¥¤Ê·Ò, ¶·¨¢¥¤¥³ §¤¥¸Ó
¶μ²ÊÎ¥´´ÊÕ ¸ ³μ¸μ£² ¸μ¢ ´´ÊÕ ¸¨¸É¥³Ê μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ¤²Ö · ¸Î¥É´ÒÌ  ³¶²¨ÉÊ¤ ¢μ§¡Ê¦¤ ¥³ÒÌ ¢μ²´ i = 1 . . .Ms, ±μÉμ· Ö
μ¶¨¸Ò¢ ¥É ¶·μÍ¥¸¸Ò ¢μ§¡Ê¦¤¥´¨Ö ¸¨³³¥É·¨Î´ÒÌ E0i-¢μ²´ ´  Î ¸ÉμÉ¥ W ¢
μÉ·¥§±¥ ¶·μ¤μ²Ó´μ ´¥·¥£Ê²Ö·´μ£μ ±·Ê£²μ£μ ¢μ²´μ¢μ¤  ¸ ÊÎ¥Éμ³ μ³¨Î¥¸±¨Ì
¶μÉ¥·Ó ¢ ¸É¥´±¥:

dȦi

dz
=
(
WV̇i + v0iĊi

)
+ (1 − j)2Sσ

√
1 + (∂b/∂z)2

b

∑
k

V̇k
J1(ν0k)
J1(ν0i)

; (18)

dV̇i

dz
= −W

{
Ȧi +

(
∂b

∂z

)2 [
Ȧi

1
3

(
1 +

4
v2
0i

)
+

+
∑
k �=i

4 ·
(
v2
0i + v2

0k

)
(v2

0i − v2
0k)2

J1(v0k)
J1(v0i)

Ȧk

⎤
⎦−

−b
∂b

∂z

⎛
⎝− Ċi

v0i
+
∑
k �=i

2 · v0k

v2
0i − v2

0k

J1(v0k)
J1(v0i)

Ċk

⎞
⎠
⎫⎬
⎭ ;

Ċi = −ν0i V̇si

W · b2
+

∂b

b ∂z
×

⎛
⎝− Ȧi

v0i
+
∑
k �=i

2 · v0i

v2
0k − v2

0i

J1(v0k)
J1(v0i)

Ȧk

⎞
⎠ .

CËμ·³Ê²¨·Ê¥³ μ¡Ð¨¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¨§²ÊÎ¥´¨Ö ¤²Ö  ³¶²¨ÉÊ¤ Ȧ(z),
V̇ (z) ´  μÉ±·ÒÉÒÌ ±μ´Í Ì μÉ·¥§±  ´¥·¥£Ê²Ö·´μ£μ ¢μ²´μ¢μ¤ . �·¥¤¶μ² £ ¥³,
ÎÉμ ¶·¨ z � 0 ¨ z � L ¢μ²´μ¢μ¤ ·¥£Ê²Ö·´Ò° ¨ ·¥Ï¥´¨¥ §¤¥¸Ó ¶·¥¤¸É ¢²Ö¥É ¸Ê-
¶¥·¶μ§¨Í¨Õ ¸μ¡¸É¢¥´´ÒÌ E0i-¢μ²´ (16). �¡μ§´ Î¨³  ³¶²¨ÉÊ¤Ò ÔÉ¨Ì ¶·Ö³μ°
¨ ¢¸É·¥Î´μ° ¢μ²´ ± ± ȧ±

0i ¤²Ö z � 0, ȧ±
Li ¤²Ö z � L.
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�·¨ ¶μ¸É ´μ¢±¥ ±· ¥¢μ° § ¤ Î¨ ¤²Ö (18) ´  ¢Ìμ¤¥ (¶·¨ z=0) § ¤ ¥É¸Ö
 ³¶²¨ÉÊ¤  ¶·Ö³μ° ¢μ²´Ò ȧ+

0i,   ´  ¢ÒÌμ¤¥ ±μ´É·μ²¨·Ê¥É¸Ö ¢¥²¨Î¨´   ³¶²¨-
ÉÊ¤Ò ¢¸É·¥Î´μ° ¢μ²´Ò ȧ−

Li (¶·¨ Ê¸²μ¢¨¨ ¸μ£² ¸μ¢ ´¨Ö ȧ−
Li = 0). ‚ ÔÉμ³

¸²ÊÎ ¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ´  μÉ±·ÒÉÒÌ ±μ´Í Ì ¢μ²´μ¢μ¤  ³μ¦´μ § ¶¨¸ ÉÓ
¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

W · Ȧi(0) + jke
0i · V̇i(0) = jke

0iW · 2b(0)ȧ+
0i,

(19)−W · Ȧi(L) + jke
Li · V̇i(L) = jke

LiW · 2b(L)ȧ−
Li.

‡¤¥¸Ó

ke
0i =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

√
W 2 − (ν0i/b)2, ¥¸²¨ W > ν0i/b Å · ¸¶·μ¸É· ´ÖÕÐ¨¥¸Ö

¢μ²´Ò;

−j

√
(ν0i/b)2 − W 2, ¥¸²¨ W < ν0i/b(0) Å § ±·¨É¨Î¥¸±¨¥

¢μ²´Ò.

(20)

�¥§· §³¥·´ Ö ³μÐ´μ¸ÉÓ, ¶¥·¥´μ¸¨³ Ö ¢μ²´μ¢Ò³ ¶μ²¥³ Î¥·¥§ ¶μ¶¥·¥Î´μ¥
¸¥Î¥´¨¥ ¢μ²´μ¢μ¤ , ¢ ¢Ò¡· ´´ÒÌ ¶¥·¥³¥´´ÒÌ ¨³¥¥É ¢¨¤

P (z) =
∑

i

e0i · Im
[
Ȧi(z) · V̇ ∗

i (z)
]
; e0i = 0,5J2

1 (ν0i). (21)

’ ±¨³ μ¡· §μ³, ¤²Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨°  ³¶²¨ÉÊ¤ (18) ¶μ¸É ¢²¥´  ±· ¥¢ Ö
§ ¤ Î . „²Ö ¥¥ ·¥Ï¥´¨Ö · §· ¡μÉ ´ ÔËË¥±É¨¢´Ò° ¶·Ö³μ° (´¥ ¨É¥· Í¨μ´´Ò°)
³¥Éμ¤ ¡²μÎ´μ° ³ É·¨Î´μ° ¶·μ£μ´±¨.

‡ ¶¨Ï¥³ ¸¨¸É¥³Ê ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ±μ³¶²¥±¸´ÒÌ  ³-
¶²¨ÉÊ¤ (18) ¢ ¸É ´¤ ·É´μ³ ¢¥±Éμ·´μ³ ¢¨¤¥:

du
dz

= G(z)u, (22)

u =
{
u1, . . . u2M

}
=
{

Ȧ1, V̇1, Ȧ2, V̇2, . . . , Ȧj , V̇j , . . . , ȦM , V̇M

}
. (23)


²¥³¥´ÉÒ ±μ³¶²¥±¸´μ° ³ É·¨ÍÒ G · §³¥·μ³ 2M (§¤¥¸Ó M = Ms) ¶μ²ÊÎ¥´Ò
¶·¨¢¥¤¥´¨¥³ ¶μ¤μ¡´ÒÌ Î²¥´μ¢ ¸¨¸É¥³Ò (18) ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶·¥¤¸É ¢²¥´¨¥³
¢¥±Éμ·  (23) ¨ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ μÉ z. ƒ· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ± (22) ¶μ²ÊÎ¨³
¨¸Ìμ¤Ö ¨§ (19) ¢ μ¡Ð¥³ ¢¨¤¥:

α0
ju

2j−1(0) + β0
j u2j(0) = γ0

j ; αL
j u2j−1(L) + βL

j u2j(L) = γL
j ; j = 1 . . .M.

(24)
„²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨ (22), (24) ¢Ò¡¥·¥³ · ¢´μ³¥·-

´ÊÕ ¸¥É±Ê: {zi = (i − 1)h, h = L/n, i = 1 . . . n + 1} Å ¨ ¡Ê¤¥³ ´ Ìμ¤¨ÉÓ
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{ui = u(zi)} Å É ¡²¨ÍÊ §´ Î¥´¨° ¨¸±μ³μ£μ ·¥Ï¥´¨Ö ¢ Ê§² Ì ¸¥É±¨. „²Ö · ¸-
Î¥Éμ¢ ¨¸¶μ²Ó§Ê¥³ ±μ´¥Î´μ-· §´μ¸É´ÊÕ ´¥Ö¢´ÊÕ ¸Ì¥³Ê ¢Éμ·μ£μ ¶μ·Ö¤±  ÉμÎ´μ-
¸É¨, ¶·¥¤¸É ¢²ÖÕÐÊÕ ¢¥±Éμ·´μ-³ É·¨Î´ÊÕ ¸¨¸É¥³Ê ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì
Ê· ¢´¥´¨°:

−
(

E +
h

2
Gi

)
ui +

(
E − h

2
Gi+1

)
ui+1 = 0, (25)

£¤¥ i = 2 . . . n; E Å ¥¤¨´¨Î´ Ö ¤¨ £μ´ ²Ó´ Ö ³ É·¨Í .
‘¨¸É¥³Ê (25) ¸²¥¤Ê¥É ¤μ¶μ²´¨ÉÓ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨, ¶μ²ÊÎ ¥³Ò³¨

 ¶¶·μ±¸¨³ Í¨¥° (24):

α0
ju

2j−1
1 + β0

j u2j
1 = γ0

j ; αL
j u2j−1

n1 + βL
j u2j

n1 = γL
j . (26)

„²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨° (25), (26), ³ É·¨Í  ±μÉμ·μ° ¨³¥¥É
¡²μÎ´μ-²¥´ÉμÎ´ÊÕ ¸É·Ê±ÉÊ·Ê, ¡Ò²  · §· ¡μÉ ´  Ô±μ´μ³¨Î´ Ö ³μ¤¨Ë¨± Í¨Ö
³¥Éμ¤  ƒ Ê¸¸  Å ³¥Éμ¤ ¡²μÎ´μ° ³ É·¨Î´μ° ¶·μ£μ´±¨ [11].

2.3. ‘¥ÉμÎ´Ò° ³¥Éμ¤. 	¥£Ê²Ö·´μ¸ÉÓ £· ´¨ÍÒ ¢ § ¤ Î¥ (13), (14) ¶μ§¢μ²Ö¥É
¨¸¶μ²Ó§μ¢ ÉÓ ³¥Éμ¤ ¸¥Éμ±, ±μÉμ·Ò° Ö¢²Ö¥É¸Ö ¡μ²¥¥ ÔËË¥±É¨¢´Ò³, Î¥³ ¶·¨³¥-
´Ö¥³Ò° ¤²Ö ´¥·¥£Ê²Ö·´ÒÌ ¢μ²´μ¢μ¤μ¢ ³¥Éμ¤ ±μ´¥Î´ÒÌ É·¥Ê£μ²Ó´ÒÌ Ô²¥³¥´-
Éμ¢. �·¨ ÔÉμ³ ¤²Ö ¤¢Ê³¥·´μ° § ¤ Î¨ ¶·¥¤²μ¦¥´ ¶·Ö³μ° (¡¥§ ¨É¥· Í¨°) ³¥Éμ¤
·¥Ï¥´¨Ö ¸¨¸É¥³Ò ±μ´¥Î´μ-· §´μ¸É´ÒÌ Ê· ¢´¥´¨° [11]. „²Ö ¥£μ ¨¸¶μ²Ó§μ¢ ´¨Ö
¢¥±Éμ·´Ò¥ Ê· ¢´¥´¨Ö (13) ¶·¨¢¥¤¥³ ± μ¤´μ³Ê Ê· ¢´¥´¨Õ ¢Éμ·μ£μ ¶μ·Ö¤±  μÉ-
´μ¸¨É¥²Ó´μ Ḃp, ¶μ¸²¥ Î¥£μ ¢μ¸¶μ²Ó§Ê¥³¸Ö  §¨³ÊÉ ²Ó´μ° μ¤´μ·μ¤´μ¸ÉÓÕ ¸¨³-
³¥É·¨Î´ÒÌ E-¢μ²´ ¨ ¢Ò· §¨³ ¢¸¥ ±μ³¶μ´¥´ÉÒ Î¥·¥§ μ¤´Ê ±μ³¶μ´¥´ÉÊ Bψ . ˆ§

¶¥·¢μ£μ Ê· ¢´¥´¨Ö (13) ¢Ò· §¨³ Ėp = − j

W

(
�
g rot Ḃp

)
, ¶μ¤¸É ¢¨³ ¢μ ¢Éμ·μ¥,

¶μ²ÊÎ¨³

rot
(

�
g rot Ḃp

)
− W 2�

g Ḃp = 0. (27)

‚ ¸²ÊÎ ¥ ¸¨³³¥É·¨Î´ÒÌ E-¢μ²´ Ḃp = Ḃψ(ρ, z)ψ0 (É. ¥. ¨³¥¥É¸Ö Éμ²Ó±μ μ¤´ 
±μ³¶μ´¥´É  Bψ) Ėp = Ėρ(ρ, z)ρ0 + Ėζ(ρ, z)z0. ‚ ·¥§Ê²ÓÉ É¥ (27) ¶·¥¤¸É -
¢²Ö¥É Éμ²Ó±μ μ¤´μ ¸± ²Ö·´μ¥ Ê· ¢´¥´¨¥ μÉ´μ¸¨É¥²Ó´μ Ḃψ(ρ, z)

∂

∂z

(
∂Ḃψ

∂z

)
− ∂

∂z

(
b′

b

∂ρḂψ

∂ρ

)
− b′

b

∂

∂ρ

(
ρ
∂Ḃψ

∂z

)
+

+
∂

∂ρ

(
1 + (b′ρ)2

ρb2

∂ρḂψ

∂ρ

)
+ W 2Ḃψ = 0.

‚¢¥¤¥³ § ³¥´Ê ¶¥·¥³¥´´ÒÌ u = ure + juim = ρḂψ ¨ ¶·¥μ¡· §Ê¥³ ÔÉμ Ê· ¢´¥-
´¨¥ ± ¢¨¤Ê

∂

∂z

(
1
ρ

∂u

∂z

)
− ∂

∂z

(
b′

b

∂u

∂ρ

)
− ∂

∂ρ

(
b′

b

∂u

∂z

)
+

∂

∂ρ

(
1 + (b′ρ)2

ρb2

∂u

∂ρ

)
+

W 2

ρ
u = 0.

(28)
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‚Ò· ¦¥´¨Ö · ¸Î¥É´ÒÌ ±μ³¶μ´¥´É ¶μ²Ö Î¥·¥§ ËÊ´±Í¨Õ u É ±μ¢Ò:

Ėp = Ėρρ0 + Ėζz0 = − j

W

{(
− ∂u

ρ∂z
+

b′

b

∂u

∂ρ

)
ρ0+

+
(
−b′

b

∂u

∂z
+

1 + ρ2b′2

b2

1
ρ

∂u

∂ρ

)
z0

}
;

Ḃp = Ḃψ(ρ, z)ψ0 = u(ρ, z)/ρ · ψ0.

ƒ· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¤²Ö Ê· ¢´¥´¨Ö (28) ¸²¥¤ÊÕÐ¨¥.
“¸²μ¢¨¥ ´  ¸É¥´±¥ ¢μ²´μ¢μ¤  ¶·¨ ρ = 1 ¶μ²ÊÎ ¥É¸Ö ¨§ (14):

∂u

∂ρ

∣∣∣∣
ρ=1

− bb′

1 + b′2
∂u

∂z

∣∣∣∣
ρ=1

+ jZσW
b√

1 + b′2
u|ρ=1 = 0. (29)

“¸²μ¢¨¥ ¸¨³³¥É·¨¨ ´  μ¸¨ ¢μ²´μ¢μ¤ : ¶·¨ ρ = 0 u = 0.
� ·Í¨ ²Ó´Ò¥ Ê¸²μ¢¨Ö ¨§²ÊÎ¥´¨Ö ´  μÉ±·ÒÉÒÌ ±μ´Í Ì μÉ·¥§±  ¢μ²´μ¢μ¤ 

¸Ëμ·³Ê²¨·Ê¥³ ¶·¨ É¥Ì ¦¥ ¶·¥¤¶μ²μ¦¥´¨ÖÌ, ÎÉμ ¨ ¢ ³¥Éμ¤¥ ƒ ²¥·±¨´ . 	¥Ï¥-
´¨¥ § ¤ Î¨ ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ³¥³¡· ´´Ò³ ËÊ´±Í¨Ö³ (16)

u(z, ρ) = ρḂψ(z, ρ) =
∑

i

V̇i(z)ρJ1(ν0iρ). (30)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¢Ò· ¦¥´¨¥ ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö Î¥·¥§ ·¥Ï¥´¨¥
u(z, ρ) ¨³¥¥É ¢¨¤

V̇i(z) =
1

e0i

1∫
0

u(z, ρ)J1(ν0iρ) dρ; e0i =

1∫
0

J2
1 (ν0iρ)ρ dρ =

J2
1 (ν0i)

2
.

�  ·¥£Ê²Ö·´ÒÌ ÊÎ ¸É± Ì z < 0, z > L ¢μ²´μ¢μ¥ ¶μ²¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢
¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ¸¨¸É¥³¥ ¸μ¡¸É¢¥´´ÒÌ E0i-¢μ²´ ¨  ³¶²¨ÉÊ¤Ò Vi ¨³¥ÕÉ ¢¨¤

V̇i(z) = Wb
(
a+

i e−jkiz + a−
i e+jkiz

)
;

(31)
ki =

{
+
√

W 2 − (ν0i/b)2, W > ν0i/b, · ¸¶·μ¸É· ´ÖÕÐ¨¥¸Ö ¢μ²´Ò;
−j
√

(ν0i/b)2 − W 2, W < ν0i/b, § ±·¨É¨Î¥¸±¨¥ ¢μ²´Ò.

‡¤¥¸Ó a±
i Å  ³¶²¨ÉÊ¤Ò ¶·Ö³μ° ¨ μ¡· É´μ° ¸μ¡¸É¢¥´´ÒÌ ¢μ²´; ki Å ¨Ì ¢μ²-

´μ¢Ò¥ Î¨¸² .
�·μ¤¨ËË¥·¥´Í¨·Ê¥³ (30) ¸ Ê¸²μ¢¨¥³ (31), ¶μ²ÊÎ¨³

∂u(ρ, z)
∂z

=
∑

i

Wb
(
−jkia

+
i e−jkiz + jkia

−
i e+jkiz

)
ρJ1(ν0iρ).
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“¸²μ¢¨¥ ´ ¡¥£ ´¨Ö ¸²¥¢  E0r-¢μ²´ ¶·¨ z = 0 (¶·¨ z < 0 a+
0r �= 0,

a+
0i(i�=r) = 0):

�μ¸²¥ μÎ¥¢¨¤´ÒÌ ¶·¥μ¡· §μ¢ ´¨°

∂u(ρ, z)
∂z

=
∑

i

Wb
(
−jkia

+
i e−jkiz − jkia

+
i e−jkiz + jkia

+
i e−jkiz+

+jkia
−
i e+jkiz

)
ρJ1(ν0iρ) =

= −2jWb
∑

i

(
kia

+
i e−jkiz

)
ρJ1(ν0iρ) + j

∑
i

kiV̇i(z)ρJ1(ν0iρ) =

= j
∑

i

kiρJ1(ν0iρ)
1

e0i

1∫
0

u(z, ρ̄)J1(ν0iρ̄)dρ̄−

− 2jWb
∑

r

(
kra

+
0r e−jkrz

)
ρJ1(ν0rρ)

¶μ²ÊÎ¨³

∂u(ρ, 0)
∂z

=
mS∑
i=1

jki

e0i
ρJ1(ν0iρ)

1∫
0

u(ρ̄, 0)J1(ν0iρ̄) dρ̄−

− 2jWb(0)
∑

r

kra
+
0rρJ1(ν0rρ). (32)

“¸²μ¢¨¥ ´ ¡¥£ ´¨Ö ¸¶· ¢  E0-¢μ²´ ¶·¨ z = L (¶·¨ z > L a−
Lp �= 0,

a−
Li(i�=p) = 0):

∂u(ρ, L)
∂z

= −
mS∑
i=1

jki

e0i
ρJ1(ν0iρ)

1∫
0

u(ρ̄, L)J1(ν0iρ̄) dρ̄+

+ 2jWb(L)
∑

p

kpa
−
LpρJ1(ν0pρ) (33)

¶μ²ÊÎ ¥É¸Ö  ´ ²μ£¨Î´μ.

‡ ³¥É¨³, ÎÉμ §¤¥¸Ó ¢ £· ´¨Î´ÒÌ Ê¸²μ¢¨ÖÌ (32), (33) ´ ·Ö¤Ê ¸ · ¸¶·μ¸É· -
´ÖÕÐ¨³¨¸Ö ÊÎÉ¥´Ò ¨ § ±·¨É¨Î¥¸±¨¥ ¢μ²´Ò, ±μÉμ·Ò¥ ¶·¨¸ÊÉ¸É¢ÊÕÉ ¢¡²¨§¨
±μ´Íμ¢ ´¥·¥£Ê²Ö·´μ£μ ÊÎ ¸É± . ‚¢¨¤Ê ÔÉμ£μ ¨Ì ³μ¦´μ ¸É ¢¨ÉÓ ´¥¶μ¸·¥¤¸É¢¥´´μ
´  ±μ´Í Ì ´¥·¥£Ê²Ö·´μ£μ μÉ·¥§± , ÎÉμ ¶μ§¢μ²Ö¥É §´ Î¨É¥²Ó´μ Ê³¥´ÓÏ¨ÉÓ · ¸-
Î¥É´ÊÕ μ¡² ¸ÉÓ, μ¸μ¡¥´´μ ¢¡²¨§¨ £· ´¨ÍÒ ¶μ²μ¸Ò ¶·μ§· Î´μ¸É¨.
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�¥§· §³¥·´ Ö ³μÐ´μ¸ÉÓ, ¶¥·¥´μ¸¨³ Ö ¢μ²´μ¢Ò³ ¶μ²¥³ Î¥·¥§ ¶μ¶¥·¥Î´μ¥
¸¥Î¥´¨¥ ¢μ²´μ¢μ¤ , ¢ ¢Ò¡· ´´ÒÌ ¶¥·¥³¥´´ÒÌ ¨³¥¥É ¢¨¤

Ps = real

b∫
0

[
Ė× Ḃ∗

]
z
r dr = imag

⎧⎨
⎩ 1

W

1∫
0

(
−1

ρ

∂u

∂z
u∗ +

b′∂u

b∂ρ
u∗
)

dρ

⎫⎬
⎭ .

(34)
	 ¸¸³μÉ·¨³ ·¥Ï¥´¨¥ ±· ¥¢μ° § ¤ Î¨ ¤²Ö Ê· ¢´¥´¨Ö (28) ³¥Éμ¤μ³ ¡²μÎ´μ-

³ É·¨Î´μ° ¶·μ£μ´±¨ „²Ö ÔÉ£μ ¢Ò¡¥·¥³ ´  ¨´É¥·¢ ²¥ {0 � ρ � 1} · ¢´μ³¥·-
´ÊÕ ¸¥É±Ê {ρj = jhr, hr = 1/m, j = 0 . . .m} ¨ μ¡μ§´ Î¨³ u = {u(z, ρ1), . . .,
u(z, ρm)} = {u1, . . . , um}.

�¶¶·μ±¸¨³¨·Ê¥³ (28) ±μ´¥Î´μ-· §´μ¸É´μ° ¸Ì¥³μ° ¢Éμ·μ£μ ¶μ·Ö¤±  ÉμÎ-
´μ¸É¨. �μ¸²¥ ¶·¨¢¥¤¥´¨Ö ± ³ É·¨Î´μ³Ê ¢¨¤Ê ¶μ²ÊÎ ¥³ ¸¨¸É¥³Ê �„“

d

dz

(
E(z)

du
dz

)
+

d

dz
(Q(z)u) + D(z)

du
dz

+ G(z)u = 0; (35)

∂

∂z

(
1
ρ

∂u

∂z

)
� d

dz

(
E

du
dz

)
;

∂

∂z

(
b′

b

∂u

∂ρ

)
� − ∂

∂z

(
b′

b

uj+1 − uj−1

2hr

)
=

∂

∂z
(Q(z)u) ;

−b′

b

∂

∂ρ

(
∂u

∂z

)
� −b′

b

u′
j+1 − u′

j−1

2hr

− bb′

1 + (b′)2
∂u

∂z

∣∣∣∣
ρ=1

= − bb′

1 + (b′)2
u′

m

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= D(z)
∂u
∂z

;

1
b2

∂

∂ρ

(
1 + (b′ρ)2

ρ

∂u

∂ρ

)
=

1
b2

∂

∂ρ

(
c
∂u

∂ρ

)
; c =

1 + (b′ρ)2

ρ
;

W 2u

ρ
+

1
b2

∂

∂ρ

(
c
∂u

∂ρ

)
�

∂u

∂ρ
+ jZσW

b√
1 + b′2

u

∣∣∣∣
ρ=1

�

�
[
cj−1/2uj−1

b2h2
r

+
(

W 2

ρj
−

cj−1/2 + cj+1/2

b2h2
r

)
uj +

cj+1/2uj+1

b2h2
r

]

� 3um − 4um−1 + um−2

2hr
+ jZσW

b√
1 + b′2

um

⎫⎪⎪⎬
⎪⎪⎭ = Gu.
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Œ É·¨Í  E ¨³¥¥É Éμ²Ó±μ ¤¨ £μ´ ²Ó´Ò¥ ´¥´Ê²¥¢Ò¥ Ô²¥³¥´ÉÒ

ej,j =
1

(z)ρj
; j = 2 . . .m − 1.

Œ É·¨Í  Q ¨³¥¥É ¸²¥¤ÊÕÐ¨¥ ´¥´Ê²¥¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ:

q1,2 = − b′

b2hr
; qj,j−1 =

b′

b2hr
; qj,j+1 = − b′

b2hr
; j = 2 . . .m − 1;

Œ É·¨Í  D ¨³¥¥É ¸²¥¤ÊÕÐ¨¥ ´¥´Ê²¥¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ:

d1,2 = − b′

b2hr
; dj,j−1 =

b′

b2hr
; dj,j+1 = − b′

b2hr
;

j = 2 . . .m − 1; dm,m = − bb′

1 + (b′)2
.

Œ É·¨Í  G(zi) ¨³¥¥É ¸²¥¤ÊÕÐ¨¥ ´¥´Ê²¥¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ:

g1,1 = −W 2

ρ1
−

c1/2 + c1+1/2

b2h2
r

; g1,2 =
c1+1/2

b2h2
r

;

gj,j−1 =
cj−1/2

b2h2
r

; gj,j =
W 2

ρj
−

cj−1/2 + cj+1/2

b2h2
r

; gj,j+1 =
cj+1/2

b2h2
r

;

j = 2 . . .m − 1; gm,m =
3

2hr
+ jZσW

b√
1 + b′2

;

gm,m−1 =
−4
2hr

; gm,m−2 =
1

2hr
.

‚¢¥¤¥³ ¸¥É±Ê ¶μ z {zk = (k − 1)hz, hz = L/n, k = 1 . . . n + 1} ¨ ¶μ¸É·μ¨³
¤²Ö (35) ±μ´¥Î´μ-· §´μ¸É´ÊÕ ¸Ì¥³Ê:

Ek+1/2(uk+1 − uk) − Ek−1/2(uk − uk−1)
h2

z

+
Qk+1uk+1 − Qk−1uk−1

2hz
+

+ Dk uk+1 − uk−1

2hz
+ Gkuk = 0.

�μ¸²¥ ¶·¨¢¥¤¥´¨Ö ¶μ¤μ¡´ÒÌ Î²¥´μ¢ ¶μ²ÊÎ¨³ · ¸Î¥É´ÊÕ ¸Ì¥³Ê:

[
Ek−1/2 − 1

2
hz

(
Qk−1 + Dk

)]
uk−1 +

[
−Ek−1/2 − Ek+1/2 + h2

zG
k
]
uk+

+
[
Ek+1/2 +

1
2
hz

(
Qk+1 + Dk

)]
uk+1. (36)
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„²Ö  ¶¶·μ±¸¨³ Í¨¨ ¶ ·Í¨ ²Ó´ÒÌ Ê¸²μ¢¨° ¨§²ÊÎ¥´¨Ö ¢Ò· ¦¥´¨Ö (32), (33)
¶·¨¢¥¤¥³ ± ¸²¥¤ÊÕÐ¥³Ê ³ É·¨Î´μ³Ê ¢¨¤Ê:

du1

dz
+ β0u1 = γ0;

dun+1

dz
+ βLun+1 = γL;

β0
kl = −hr

ms∑
i=1

jk0
i

h0i
J1(ν0iρk)ρkJ1(ν0iρl);

(37)
βL

kl = hr

ms∑
i=1

jkL
i

h0i
J1(ν0iρk)ρkJ1(ν0iρl); k = 1 . . .m, l = 1 . . .m − 1;

γ0
k = −2jWb(0)

∑
r

k0
ra+

r ρkJ1(ν0rρk), γL
k = 2jWb(L)

∑
p

kL
p a−

p ρkJ1(ν0pρk),

£¤¥ ms Å ±μ²¨Î¥¸É¢μ ÊÎ¨ÉÒ¢ ¥³ÒÌ ¸μ¡¸É¢¥´´ÒÌ ¢μ²´ (· ¸¶·μ¸É· ´ÖÕÐ¨¥¸Ö
+ § ±·¨É¨Î¥¸±¨¥).

„²Ö (37) ¨¸¶μ²Ó§Ê¥³  ¶¶·μ±¸¨³ Í¨Õ ¢Éμ·μ£μ ¶μ·Ö¤±  ÉμÎ´μ¸É¨

(−3u1 + 4u2 − u3) + 2hzβ
0u1 = 2hzγ

0;
(38)

(3un+1 − 4un + un−1) + 2hzβ
Lun+1 = 2hzγ

L.

�μ²ÊÎ¥´´ Ö ±μ´¥Î´μ-· §´μ¸É´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° (36), (38) ¨³¥¥É ¸² ¡μ
§ ¶μ²´¥´´ÊÕ ³ É·¨ÍÊ ¸ ¡²μÎ´μ-²¥´ÉμÎ´μ° ¸É·Ê±ÉÊ·μ° ¨ ·¥Ï ¥É¸Ö ÔËË¥±É¨¢-
´Ò³ ¶·Ö³Ò³ ³¥Éμ¤μ³ ¡²μÎ´μ-³ É·¨Î´μ° ¶·μ£μ´±¨ [11]. 	 ¸¸³μÉ·¥´´Ò° ¸¥-
ÉμÎ´Ò° ³¥Éμ¤ ²¥£±μ μ¡μ¡Ð ¥É¸Ö ´  ¸²ÊÎ ° ¶μ²μ£μ ¢μ²´μ¢μ¤  ¸ ´¥μ¤´μ·μ¤´Ò³
¤¨Ô²¥±É·¨Î¥¸±¨³ § ¶μ²´¥´¨¥³.

3. �…‡“‹œ’�’› ��‘—…’�‚

�  μ¸´μ¢¥ ¶·¥¤²μ¦¥´´ÒÌ ³¥Éμ¤μ¢ ¸μ§¤ ´Ò ¤¢  μ·¨£¨´ ²Ó´ÒÌ ¶ ±¥É  ¶·μ-
£· ³³, ¶μ§¢μ²ÖÕÐ¨¥ ¶·μ¨§¢μ¤¨ÉÓ ¸¨´É¥§ ¶·μË¨²Ö ·¥§μ´ Éμ· , Ê¤μ¢²¥É¢μ·ÖÕ-
Ð¥£μ É·¥¡Ê¥³Ò³ ±·¨É¥·¨Ö³ ± Î¥¸É¢  ¨ ¶μ²ÊÎ ÉÓ ¢¸¥ ´¥μ¡Ìμ¤¨³Ò¥ Ô²¥±É·¨Î¥-
¸±¨¥ Ì · ±É¥·¨¸É¨±¨, ± ± ²μ± ²Ó´Ò¥, É ± ¨ ¨´É¥£· ²Ó´Ò¥.

�  μ¸´μ¢¥ ¶·μÍ¥¤Ê·Ò μ¶É¨³¨§ Í¨¨ ³´μ£μ¶ · ³¥É·¨Î¥¸±μ° ËÊ´±Í¨¨ ¶·μ-
£· ³³Ò ¶μ§¢μ²ÖÕÉ ¶·μ¨§¢μ¤¨ÉÓ ¸¨´É¥§ ¶ · ³¥É·μ¢ ·¥§μ´ Éμ·  ¶μ § ¤ ´´Ò³
±·¨É¥·¨Ö³ ± Î¥¸É¢ . � ²¨Î¨¥ · §²¨Î´ÒÌ ¶ ±¥Éμ¢ ¶·μ£· ³³ ¶μ§¢μ²Ö¥É ±μ´É·μ-
²¨·μ¢ ÉÓ ÉμÎ´μ¸ÉÓ · ¸Î¥Éμ¢, ¢ÒÖ¢²ÖÉÓ ¶μ£·¥Ï´μ¸É¨ ³μ¤¥²¨. �·¨ μ¶É¨³¨§ Í¨¨
¨¸¶μ²Ó§Ê¥É¸Ö Í¥²¥¢ Ö ËÊ´±Í¨Ö (11).

‚ ± Î¥¸É¢¥ ¨¸Ìμ¤´ÒÌ ¤ ´´ÒÌ ¶·¨ ¶·μ¢¥¤¥´¨¨ É¥¸Éμ¢ÒÌ · ¸Î¥Éμ¢ ¡Ò² ¢§ÖÉ
¢ ·¨ ´É ¨³¥ÕÐ¥£μ¸Ö Ô±¸¶¥·¨³¥´É ²Ó´μ£μ ³ ±¥É  ·¥§μ´ Éμ· , ¨§£μÉμ¢²¥´´μ£μ
¢ ² ¡μ· Éμ·¨¨ Fermilab (£. � É ¢¨Ö, ‘˜�) [7, 8]. …£μ ¶·μË¨²Ó ¶·¥¤¸É ¢²¥´
´  ·¨¸. 3. ‚ É ¡². 2 Ê± § ´Ò μ·¨¥´É¨·μ¢μÎ´Ò¥ §´ Î¥´¨Ö · §³¥·´ÒÌ ¢¥²¨Î¨´
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	¨¸. 3. 	 ¸¸Î¨ÉÒ¢ ¥³Ò° ¶·μË¨²Ó ·¥-
§μ´ Éμ· 

¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ ¡¥§· §³¥·´Ò¥ ¶ · -
³¥É·Ò, ±μÉμ·Ò¥ § ¤ ¢ ²¨¸Ó ± ± ¨¸Ìμ¤´Ò¥
¢ · ¸Î¥É Ì.

	 ¸Î¥ÉÒ ¤²Ö ·¥§μ´ Éμ·  ¨§ ³¥¤¨ ¶μ
¶·μ£· ³³ ³ ´  μ¸´μ¢¥ ³¥Éμ¤  ƒ ²¥·±¨´ 
¨ ¸¥ÉμÎ´μ£μ ³¥Éμ¤  ¶·μ¨§¢μ¤¨²¨¸Ó ¸²¥¤Ê-
ÕÐ¨³ μ¡· §μ³. �·¨ Ë¨±¸¨·μ¢ ´´ÒÌ R1,
R2 ¢Ò¸μÉ  h ¶μ¤¡¨· ² ¸Ó ¨§ Ê¸²μ¢¨Ö
max Ez int, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É Ê¸²μ¢¨Õ ·¥-
§μ´ ´¸ . ’ ±¨³ μ¡· §μ³ ¤²Ö · §²¨Î´ÒÌ
R1, R2 ¶·¨ Ê¸²μ¢¨¨ ·¥§μ´ ´¸  ¢ÒÎ¨¸²Ö-
²¨¸Ó §´ Î¥´¨Ö Eg max, Bg max, Eacc ¨ ¤·Ê-
£¨¥ ¢ ¦´Ò¥ Ì · ±É¥·¨¸É¨±¨.

’ ¡²¨Í  2. ˆ¸Ìμ¤´Ò¥ ¤ ´´Ò¥ ¤²Ö · ¸Î¥É 

� ¨³¥´μ¢ ´¨¥
	 §³¥·´μ¥
§´ Î¥´¨¥

�¥§· §³¥·´μ¥
§´ Î¥´¨¥

¤²Ö
f = 1,3 ƒƒÍ

	 ¤¨Ê¸ É·Ê¡±¨ ¤·¥°Ë  b0 39 ³³ 1,063

“¤¥²Ó´ Ö ¶·μ¢μ¤¨³μ¸ÉÓ ³¥¤¨ σ 5,6 · 107 ‘³/³ Å

�μ¢¥·Ì´μ¸É´μ¥ ¸μ¶·μÉ¨¢²¥´¨¥ Rs 1 · 10−4 �³ Å

�μ¢¥·Ì´μ¸É´Ò° ·¥±É ´¸ Xs 4 · 103 �³ Å
„²¨´  ¢μ²´Ò λ0 23,077 ¸³ Ws = 1

�³¶²¨ÉÊ¤  ¢μ²´Ò, ¢¢μ¤¨³μ° ¢ ·¥§μ-
´ Éμ·, A1(a+

01, a
−
L1)

Å 0,01Ä0,1

˜¨·¨´  ·¥§μ´ Éμ·  Lv = z4 − z1 115,4 ³³ π

	 ¤¨Ê¸ ´¨¦´¥£μ ¸±·Ê£²¥´¨Ö R1 ≈ 11,39 ³³ 0,31
	 ¤¨Ê¸ ¢¥·Ì´¥£μ ¸±·Ê£²¥´¨Ö R2 ≈ 40, 4 ³³ 1,1
‚Ò¸μÉ  ·¥§μ´ Éμ·  h 64,5 ³³; 57,04 ³³ 1,755; 1,553

„²Ö ¢ÒÖ¸´¥´¨Ö § ±μ´μ³¥·´μ¸É¥° ¶μ¢¥¤¥´¨Ö μ¸´μ¢´ÒÌ Ì · ±É¥·¨¸É¨± ´ °-
¤¥´´μ£μ ¢ ·¨ ´É  ·¥§μ´ Éμ·  ¡Ò² ¶·μ¢¥¤¥´ ·Ö¤ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ Ô±¸¶¥·¨-
³¥´Éμ¢.

‚´ Î ²¥ ¡Ò²μ ¢ÒÖ¸´¥´μ, ´  ± ±μ³ · ¸¸ÉμÖ´¨¨ μÉ ·¥§μ´ Éμ·  ¸²¥¤Ê¥É ¶μ¤-
¢μ¤¨ÉÓ ± ´¥³Ê ³μÐ´μ¸ÉÓ Î¥·¥§ É·Ê¡±Ê ¤·¥°Ë . 	¥§Ê²ÓÉ É · ¸Î¥É  ¸ ¤μ¸É ÉμÎ´μ
¤²¨´´Ò³ ÊÎ ¸É±μ³ É·Ê¡±¨ ¤·¥°Ë  ¶·¥¤¸É ¢²¥´ ´  ·¨¸. 4. �μ¤¢μ¤ ³μÐ´μ¸É¨
μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¸ ¤¢ÊÌ ¸Éμ·μ´ ¸¨³³¥É·¨Î´μ Å Î¥·¥§ ¸¥Î¥´¨¥ z = 0 ¨ Î¥·¥§
¸¥Î¥´¨¥ z = L. ‚¨¤´μ, ÎÉμ  ³¶²¨ÉÊ¤  ¶μ¤¢μ¤¨³μ° ¢μ²´Ò ¢´ Î ²¥ Ê³¥´Ó-
Ï ¥É¸Ö, ¶·¥¦¤¥ Î¥³ ¢μ²´  ¤μ¸É¨£´¥É μ¡² ¸É¨ ·¥§μ´ Éμ· . ’μÎ±  ³¨´¨³Ê³ ,
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	¨¸. 4. ‚ ·¨ ´É · ¸Î¥É  ¶μ ³¥Éμ¤Ê ƒ ²¥·±¨´ :  ) · ¸¶·¥¤¥²¥´¨¥ ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±-
É·¨Î¥¸±μ£μ ¶μ²Ö ´  μ¸¨; ¡) · ¸¶·¥¤¥²¥´¨¥ ¶μ²Ö E ´  £· ´¨Í¥ ·¥§μ´ Éμ· ; ¢) · ¸¶·¥-
¤¥²¥´¨¥ ¨´¤Ê±Í¨¨ ³ £´¨É´μ£μ ¶μ²Ö ´  £· ´¨Í¥; b0 = 1,063, R1 = 0,31, R2 = 1,1,
h = 1,755, W = 1, A1 = 0,1; Pint = 52101 ‚É, AQ = 0,756, Q = 29702, Ez int = 1,77

¶μ-¢¨¤¨³μ³Ê, ¨ Ö¢²Ö¥É¸Ö ´ ¨²ÊÎÏ¥° ¤²Ö ¶μ¤¢μ¤ . „²Ö É·Ê¡±¨ ¤·¥°Ë  ¨¸¶μ²Ó-
§Ê¥³μ£μ · ¤¨Ê¸  μ´  ´ Ìμ¤¨É¸Ö ´  · ¸¸ÉμÖ´¨¨ 2 × λ/2π ∼= 73 ³³ μÉ ´ Î ² 
·¥§μ´ Éμ· .

�·¨ ¢Ò¡· ´´μ° ¡¥§· §³¥·´μ°  ³¶²¨ÉÊ¤¥ ¶μ¤¢μ¤¨³μ° ¢μ²´Ò A1 = 0,1
³μÐ´μ¸ÉÓ, ¢¢μ¤¨³ Ö ¢ ·¥§μ´ Éμ· ¸ ± ¦¤μ° ¨§ ¸Éμ·μ´, · ¢´  ¶·¨³¥·´μ 52 ±‚É.
�·¨ ÔÉμ³ ³ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥ ´ ¶·Ö¦¥´´μ¸É¨ ¶μ²Ö ´  μ¸¨ ·¥§μ´ Éμ· 
· ¢´μ ¶·¨³¥·´μ 90 ±‚/¸³. 	 ¸¶·¥¤¥²¥´¨¥ ´ ¶·Ö¦¥´´μ¸É¨ ¶μ²Ö ¢¤μ²Ó £· -
´¨ÍÒ ·¥§μ´ Éμ·  ¨³¥¥É ¤¢  Ì · ±É¥·´ÒÌ ³ ±¸¨³Ê³  ¢ μ¡² ¸É¨ ¸μ¶·Ö¦¥´¨Ö
·¥§μ´ Éμ·  ¸ É·Ê¡±μ° ¤·¥°Ë , ¶·¨Î¥³ ³ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥ Eg ¶·¨³¥·´μ
· ¢´μ ³ ±¸¨³ ²Ó´μ³Ê §´ Î¥´¨Õ ´  μ¸¨. 	 ¸¶·¥¤¥²¥´¨¥ ³ £´¨É´μ° ¨´¤Ê±Í¨¨
Bg ´  £· ´¨Í¥ É ±¦¥ ¨³¥¥É Ì · ±É¥·´Ò° ¢¨¤ Å ¢ Í¥´É·¥ ·¥§μ´ Éμ·  ´ ¡²Õ¤ -
¥É¸Ö ¥¤¢  § ³¥É´Ò° ¶·μ¢ ², ¨ ¨³¥ÕÉ¸Ö ¸μμÉ¢¥É¸É¢¥´´μ ¤¢  ¸² ¡μ ¢Ò· ¦¥´´ÒÌ
³ ±¸¨³Ê³  [8], ±μÉμ·Ò¥ ´  ·¨¸. 4 ¢¢¨¤Ê ³ ²μ£μ · §·¥Ï¥´¨Ö ´¥ ¢¨¤´Ò.

17



	¨¸. 5. ‚ ·¨ ´É · ¸Î¥É  ¶μ ³¥Éμ¤Ê ƒ ²¥·±¨´ : b0 = 1,063, R1 = 0,31, R2 = 1,1,
h = 1,755, W = 1, A1 = 0,1; Pint = 3004924 ‚É, AQ = 0,756, Q = 29785,
Ez int = 13,5

	 ¸Î¥É´μ³Ê §´ Î¥´¨Õ £¥μ³¥É·¨Î¥¸±μ£μ Ë ±Éμ·  AQ = 0,756 ¸μμÉ¢¥É-
¸É¢Ê¥É ¤μ¡·μÉ´μ¸ÉÓ Q = 29702.

	¨¸. 5 ¨²²Õ¸É·¨·Ê¥É ¶¥·¥´¥¸¥´¨¥ ÉμÎ±¨ ¢Ìμ¤  ¢ μ¶É¨³ ²Ó´μ¥ ¸¥Î¥´¨¥.
‡ ³¥É¨³, ÎÉμ ¶·¨ ÔÉμ³ ¶μ²μ¦¥´¨¥ ÉμÎ±¨ ·¥§μ´ ´¸  ´¥ ¨§³¥´¨²μ¸Ó. �·¨ Éμ°
¦¥  ³¶²¨ÉÊ¤¥ A1 = 0,1 ¶μ¤¢μ¤¨³ Ö ¢ ·¥§μ´ Éμ· ³μÐ´μ¸ÉÓ ¢μ§·μ¸²  ¢ 60 · §
¨ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê²μ° (7) ¢¸¥ Ô²¥±É·¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò ¢μ§·μ¸²¨ ¢√

60 = 7,7 · §, ¸μμÉ¢¥É¸É¢¥´´μ Ez0 max ¤μ¸É¨£²  750 ±‚/¸³. �·¨ ÔÉμ³ ¨´¤Ê±-
Í¨Ö ³ £´¨É´μ£μ ¶μ²Ö ¤μ¸É¨£²  ¶·¥¤¥²Ó´μ° ¤²Ö ´¨μ¡¨Ö (B¶·¥¤ = 0,15 ’²).

	¨¸. 6 ¨²²Õ¸É·¨·Ê¥É ·¥§Ê²ÓÉ É ¶·μ¸Î¥É  ¢ ·¨ ´É  ·¨¸. 5 ¶μ ¶·μ£· ³³¥,
·¥ ²¨§ÊÕÐ¥° ³¥Éμ¤ ¸¥Éμ±. ‡ ³¥É¨³, ÎÉμ ¤²Ö ¶μ¨¸±  ·¥§μ´ ´¸  ¶·¨ É¥Ì ¦¥
£¥μ³¥É·¨Î¥¸±¨Ì · §³¥· Ì ¶·¨Ï²μ¸Ó ¸±μ··¥±É¨·μ¢ ÉÓ §´ Î¥´¨¥ ·¥§μ´ ´¸´μ°
Î ¸ÉμÉÒ (W = 1,003),   ¶·¨ Ë¨±¸¨·μ¢ ´´μ° ·¥§μ´ ´¸´μ° Î ¸ÉμÉ¥ ¶·¨Ï²μ¸Ó
¸±μ··¥±É¨·μ¢ ÉÓ ¢Ò¸μÉÊ ·¥§μ´ Éμ·  (h = 1,763, Δh = 0,3 ³³). �μ¤¢μ¤¨³ Ö
³μÐ´μ¸ÉÓ ¶· ±É¨Î¥¸±¨ É ± Ö ¦¥, ± ± ¨ ´  ·¨¸. 5.
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	¨¸. 6. ‚ ·¨ ´É · ¸Î¥É  ¶μ ³¥Éμ¤Ê ¸¥Éμ±: b0 = 1,063, R1 = 0,31, A1 = 0,1; Eacc =
58,3 Œ‚/³, R/Qs = 417 �³, Eg max/Eacc = 1,74, Bg max/Eacc = 3,9 ³’²/(Œ‚/³),
AQ = 0,73. � · ³¥É·Ò, § ³¥É´μ ¨§³¥´ÖÕÐ¨¥¸Ö ¶·¨ ±μ··¥±É¨·μ¢±¥ ·¥§μ´ ´¸  Î -
¸ÉμÉμ°: h = 1,755, W = 1,005; Pint = 4024006 ‚É, Q = 28398, Ez int = 18,8;
¶·¨ ±μ··¥±É¨·μ¢±¥ ·¥§μ´ ´¸  ¢Ò¸μÉμ°: h = 1,763, W = 1,0; Pint = 3971096 ‚É,
Q = 28506, Ez int = 18,6

’ ¡²¨Í  3. ˆ§³¥´¥´¨¥ Ì · ±É¥·¨¸É¨± ¸ ¨§³¥´¥´¨¥³ £¥μ³¥É·¨Î¥¸±¨Ì ¶ · ³¥É·μ¢
A1 = 0,01 (Pint ∼ 30Ä45 ±‚É)

R1 R2 h AQ Ez0 max Eg max Eint

0,31 1,1 1,77 0,725 0,73 0,71 1,83
0,31 1,0 1,79 0,708 0,70 0,65 1,74
0,31 0,9 1,83 0,692 0,675 0,603 1,67
0,32 1,0 1,79 0,707 0,697 0,647 1,73
0,30 1,1 1,77 0,726 0,636 0,616 1,59
0,30 1,2 1,76 0,747 0,775 0,807 1,97
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	¨¸. 7. ‚ ·¨ ´É · ¸Î¥É  É· ¶¥Í¨¥¢¨¤´μ£μ ·¥§μ´ Éμ·  ¶μ ³¥Éμ¤Ê ƒ ²¥·±¨´ : b0 = 1,063,
Δ = 0,5, h = 1,595, W = 1, A1 = 0,012, Pint = 53472 ‚É , AQ = 0,749, Q = 29435,
Ez int = 1,84

’ ±¨³ μ¡· §μ³, ÌμÉÖ μ¡  ³¥Éμ¤  ¤μ¢μ²Ó´μ ÉμÎ´μ ´ Ìμ¤ÖÉ ÉμÎ±Ê ³¨´¨³Ê³ ,
Ê ´¨Ì ¨³¥¥É¸Ö ´¥¡μ²ÓÏ Ö · §¡¥¦±  ¶μ ³ ±¸¨³ ²Ó´Ò³ §´ Î¥´¨Ö³ ¶μ²ÊÎ ¥³ÒÌ
Ô²¥±É·¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¨ ¤μ¡·μÉ´μ¸É¨, ±μÉμ·Ò¥ μÉ²¨Î ÕÉ¸Ö ´  4Ä6%.

„²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¢²¨Ö´¨Ö £¥μ³¥É·¨Î¥¸±¨Ì · §³¥·μ¢ ´  Ì · ±É¥·¨¸É¨±¨
·¥§μ´ Éμ·  ¡Ò²¨ ¢Ò¶μ²´¥´Ò · ¸Î¥ÉÒ, ¶·¥¤¸É ¢²¥´´Ò¥ ¢ É ¡². 3. ˆ§³¥´Ö²¨¸Ó
· §³¥·Ò R1, R2 μ±μ²μ ¢Ò¡· ´´μ£μ ´ Î ²Ó´μ£μ ¢ ·¨ ´É . 	¥§μ´ ´¸ ´ Ìμ¤¨²¸Ö
¶·¨ W = 1 ±μ··¥±Í¨¥° ¢Ò¸μÉÒ h. ‚ É ¡²¨Í¥ ¶·¨¢¥¤¥´Ò ¡¥§· §³¥·´Ò¥ §´ -
Î¥´¨Ö Ez0 max, Eg max ¨ Eint. �´ ²¨§ ¢ ·¨ ´Éμ¢ ¨§ É ¡². 3 Ê± §Ò¢ ¥É ´  Éμ,
ÎÉμ ¸ Ê¢¥²¨Î¥´¨¥³ R2 ¨ Ê³¥´ÓÏ¥´¨¥³ R1 ± ± £¥μ³¥É·¨Î¥¸±¨° Ë ±Éμ·, É ±
¨ ¢¥²¨Î¨´  Eint ¢μ§· ¸É ÕÉ. �¤´ ±μ Ê¦¥ ¶·¨ R2 > 1,15 ¶·¨ Ê³¥´ÓÏ¥´¨¨
R1 < 0,305 §´ Î¥´¨¥ Eg max ¸É ´μ¢¨É¸Ö ¡μ²ÓÏ¨³, Î¥³ Ez0 max, ÎÉμ ´¥¦¥² -
É¥²Ó´μ ¢¢¨¤Ê ¢μ§³μ¦´μ¸É¨ ¢μ§´¨±´μ¢¥´¨Ö ¶·μ¡μÖ. �μÔÉμ³Ê ³μ¦´μ ·¥±μ³¥´-
¤μ¢ ÉÓ ¤²Ö ·¥§μ´ Éμ·  ¶ · ³¥É·Ò R1 = 0,3Ä0,31, R2 = 1,2Ä1,1.

„²Ö ¸· ¢´¥´¨Ö ¡Ò² ¢Ò¶μ²´¥´ · ¸Î¥É É· ¶¥Í¨¥¢¨¤´μ£μ ·¥§μ´ Éμ· , ¡μ±μ-
¢Ò¥ ¸É¥´±¨ ±μÉμ·μ£μ § ¤ ¢ ²¨¸Ó ¶μ²¨´μ³μ³ 5-° ¸É¥¶¥´¨, μ¡¥¸¶¥Î¨¢ ÕÐ¨³
£² ¤±μ¥ ¸μ¶·Ö¦¥´¨¥ ¢¥·Ì´¥£μ ¨ ´¨¦´¥£μ μ¸´μ¢ ´¨Ö. Š·ÊÉ¨§´  ¡μ±μ¢ÒÌ ¸É¥-
´μ± § ¤ ¢ ² ¸Ó ¶ · ³¥É·μ³ Δ = LT /LB; LT ¨ LB Å ¤²¨´Ò ¢¥·Ì´¥£μ ¨
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’ ¡²¨Í  4. ˆ§³¥´¥´¨¥ Ì · ±É¥·¨¸É¨± ·¥§μ´ Éμ·  ¶·¨ ¨§³¥´¥´¨¨ ¥£μ £¥μ³¥É·¨Î¥-
¸±¨Ì ¶ · ³¥É·μ¢. A1 = 0,012 (Pint ∼ 50Ä70 ±‚É). � ¸Î¥É ¶μ ³¥Éμ¤Ê ƒ ²¥·±¨´ 

Δ H AQ Ez0 max Eg max Eint

0,4 1,699 0,719 0,588 0,487 1,4
0,5 1,595 0,749 0,714 0,673 1,8
0,6 1,553 0,755 0,776 0,717 2,0
0,7 1,516 0,757 0,835 1,032 2,2

´¨¦´¥£μ μ¸´μ¢ ´¨Ö. �  ·¨¸. 7 ¨ ¢ É ¡². 4 ¶·¨¢¥¤¥´Ò Ì · ±É¥·¨¸É¨±¨ ÔÉμ£μ
·¥§μ´ Éμ· .

‘ Ê¢¥²¨Î¥´¨¥³ ±·ÊÉ¨§´Ò ¡μ±μ¢ÒÌ ¸É¥´μ± ·¥§μ´ ´¸´ Ö ¢Ò¸μÉ  Ê³¥´ÓÏ -
¥É¸Ö, ´μ ¶·¨ ÔÉμ³ ¢μ§· ¸É ¥É £¥μ³¥É·¨Î¥¸±¨° Ë ±Éμ· AQ (¸²¥¤μ¢ É¥²Ó´μ, ¤μ-
¡·μÉ´μ¸ÉÓ) ¨ ³ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥ Ê¸±μ·ÖÕÐ¥£μ ´ ¶·Ö¦¥´¨Ö Ez0 max. �¤-
´ ±μ ¶·¨ Δ > 0,65 ¢¥²¨Î¨´  ³ ±¸¨³ ²Ó´μ° ´ ¶·Ö¦¥´´μ¸É¨ ¶μ²Ö ´  ¸É¥´±¥
·¥§μ´ Éμ·  ¸É ´μ¢¨É¸Ö ¡μ²ÓÏ¥°, Î¥³ ´  μ¸¨ Eg max > Ez0 max, ÎÉμ, ± ±
Ê¦¥ μÉ³¥Î ²μ¸Ó · ´¥¥, ´¥¦¥² É¥²Ó´μ. ‘· ¢´¥´¨¥ ¸ Ì · ±É¥·¨¸É¨± ³¨ ®±² ¸-
¸¨Î¥¸±μ£μ¯ ·¥§μ´ Éμ·  ¶μ± §Ò¢ ¥É, ÎÉμ Ê É· ¶¥Í¨¥¢¨¤´μ£μ ·¥§μ´ Éμ·  μ´¨
¤ ¦¥ ²ÊÎÏ¥.

‚ Í¥²μ³ ³μ¦´μ μÉ³¥É¨ÉÓ, ÎÉμ ¶·¨ §´ Î¨É¥²Ó´μ³ ¨§³¥´¥´¨¨ Ëμ·³Ò ·¥-
§μ´ Éμ·  ¥£μ £¥μ³¥É·¨Î¥¸±¨° Ë ±Éμ· (¨ ¤μ¡·μÉ´μ¸ÉÓ) ¨§³¥´ÖÕÉ¸Ö ¢ ¶·¥¤¥² Ì
20 %,   ³ ±¸¨³Ê³ Ê¸±μ·ÖÕÐ¥£μ ´ ¶·Ö¦¥´¨Ö Å ¢ ¶·¥¤¥² Ì 30 %. Œ ±¸¨-
³ ²Ó´Ò¥ ¤μ¡·μÉ´μ¸ÉÓ ¨ Ê¸±μ·ÖÕÐ¥¥ ´ ¶·Ö¦¥´¨¥ ¤μ¸É¨£ ÕÉ¸Ö Ê ·¥§μ´ Éμ·  ¸
´ ¨¡μ²ÓÏ¥° ±·ÊÉ¨§´μ° ¸É¥´μ±. �¤´ ±μ Ê¢¥²¨Î¥´¨¥ ±·ÊÉ¨§´Ò ¸É¥´±¨ ¶·¨¢μ¤¨É
± ·¥§±μ³Ê Ê³¥´ÓÏ¥´¨Õ · ¤¨Ê¸  ¸μ¶·Ö¦¥´¨Ö ·¥§μ´ Éμ·  ¸ É·Ê¡μ° ¤·¥°Ë , ¨
¢ ÔÉμ³ ³¥¸É¥ ´ ¡²Õ¤ ¥É¸Ö Ê¢¥²¨Î¥´¨¥ ´ ¶·Ö¦¥´´μ¸É¨ ´  ¸É¥´±¥, ±μÉμ·μ¥ ³μ-
¦¥É ¶·μ¢μÍ¨·μ¢ ÉÓ Ô²¥±É·¨Î¥¸±¨° ¶·μ¡μ°. ‚Ò¡μ· ÔÉμ£μ · ¤¨Ê¸  μ¶·¥¤¥²Ö¥É¸Ö
±μ³¶·μ³¨¸¸μ³ ³¥¦¤Ê ¢¥²¨Î¨´μ° Ê¸±μ·ÖÕÐ¥£μ ´ ¶·Ö¦¥´¨Ö ¨ ·¨¸±μ³ ¢μ§³μ¦-
´μ¸É¨ ¶·μ¡μÖ. Š ± μÉ³¥Î ¥É¸Ö ¢ ²¨É¥· ÉÊ·¥ [8], ¢Ò¡μ· · ¤¨Ê¸  ¸μ¶·Ö¦¥´¨Ö
³¥¦¤Ê ÖÎ¥°± ³¨ ³´μ£μ§¢¥´´μ° Ê¸±μ·¨É¥²Ó´μ° Í¥¶μÎ±¨ ¢²¨Ö¥É ´  Ê¸²μ¢¨Ö ¥¥
¢μ§¡Ê¦¤¥´¨Ö.

4. �…‡“‹œ’�’› ��‘—…’� Œ��ƒ�Ÿ—……—��ƒ� �…‡���’���

	 §· ¡μÉ ´´Ò¥ ¶·μ£· ³³Ò ¶μ§¢μ²ÖÕÉ ¶·μ¨§¢μ¤¨ÉÓ ¸¨´É¥§ ¨ · ¸¸Î¨ÉÒ¢ ÉÓ
³´μ£μÖÎ¥¥Î´Ò¥ ·¥§μ´ Éμ·Ò, ¨¸¶μ²Ó§ÊÖ μÉ· ¡μÉ ´´ÊÕ ³¥Éμ¤¨±Ê μ¶É¨³¨§ Í¨-
μ´´μ£μ ¶μ¨¸±  ¶ · ³¥É·μ¢, ¶·¨ ±μÉμ·ÒÌ ·¥ ²¨§Ê¥É¸Ö ·¥§μ´ ´¸. ‚ ± Î¥¸É¢¥
¨²²Õ¸É· Í¨¨ ´  ·¨¸. 8 ¶·¨¢¥¤¥´ ·¥§Ê²ÓÉ É · ¸Î¥É  É·¥Ì§¢¥´´μ° Í¥¶μÎ±¨ ¨§
É· ¶¥Í¨¥¢¨¤´ÒÌ ·¥§μ´ Éμ·μ¢. ƒ¥μ³¥É·¨Î¥¸±¨° Ë ±Éμ· (¸²¥¤μ¢ É¥²Ó´μ, ¨ ¤μ-
¡·μÉ´μ¸ÉÓ) É ±μ° Í¥¶μÎ±¨ ¡²¨§μ± ± £¥μ³¥É·¨Î¥¸±μ³Ê Ë ±Éμ·Ê μ¤´μ° ÖÎ¥°±¨.
�¤´ ±μ ¢¥²¨Î¨´  Ê¸±μ·ÖÕÐ¥° ¸¨²Ò Ez int ¶·¨³¥·´μ ¢ 2Ä2,5 · §  ¡μ²ÓÏ¥, Î¥³
Ê μ¤´μ° ÖÎ¥°±¨, ¶·¨ μ¤¨´ ±μ¢μ° ¢Ìμ¤´μ° ³μÐ´μ¸É¨.
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�·¨ ¢μ§¡Ê¦¤¥´¨¨ ¶ÖÉ¨§¢¥´´μ° Í¥¶μÎ±¨ ¢μ§³μ¦´Ò · §²¨Î´Ò¥ ·¥¦¨³Ò [8].
�μÔÉμ³Ê, ± ± μ± § ²μ¸Ó, · ¸Î¥É Ê¦¥ ¶ÖÉ¨§¢¥´´μ° ÖÎ¥°±¨ ¢Ò§Ò¢ ¥É §´ Î¨-
É¥²Ó´Ò¥ § É·Ê¤´¥´¨Ö ¢ ´ Ìμ¦¤¥´¨¨ Ê¸²μ¢¨°, ¶·¨ ±μÉμ·ÒÌ ¢μ§¡Ê¦¤ ¥É¸Ö ´Ê¦-
´ Ö ³μ¤ . � ¶·¨³¥·, ¶μ²ÊÎ¥´´Ò° ´ ³¨ ¶·¨ · ¸Î¥É Ì ·¥¦¨³, ¶·¥¤¸É ¢²¥´´Ò°
´  ·¨¸. 9, μ± § ²¸Ö É·¥Ì³μ¤μ¢Ò³.

	 ¡μÉÒ ¶μ ´ Ìμ¦¤¥´¨Õ ¨ ¨¸¸²¥¤μ¢ ´¨Õ ´Ê¦´ÒÌ ·¥¦¨³μ¢ ¢μ§¡Ê¦¤¥´¨Ö
É ±¨Ì ³´μ£μÖÎ¥¥Î´ÒÌ ·¥§μ´ Éμ·μ¢ ¶·μ¤μ²¦ ÕÉ¸Ö, ·¥§Ê²ÓÉ ÉÒ ÔÉ¨Ì · ¸Î¥Éμ¢
¡Ê¤ÊÉ ¶·¥¤¸É ¢²¥´Ò ¢ ¤ ²Ó´¥°Ï¥³.

‡�Š‹�—…�ˆ…

	¨¸. 10. 
¸±¨§´Ò° Î¥·É¥¦ ¶μ²μ¢¨´±¨ ·¥-
§μ´ Éμ· 

‚ ·¥§Ê²ÓÉ É¥ · ¸Î¥Éμ¢ ¡Ò² ¶μ-
²ÊÎ¥´ É·¥¡Ê¥³Ò° ¶·μË¨²Ó ¡ §μ-
¢μ° ¤¥É ²¨, Ô¸±¨§ ±μÉμ·μ° ¶μ± § ´
´  ·¨¸. 10.

ˆ§£μÉμ¢²¥´¨¥ ÔÉ¨Ì ¤¥É ²¥° ¶² -
´¨·Ê¥É¸Ö ³¥Éμ¤μ³ £¨¤·μÊ¤ ·´μ° ÏÉ ³-
¶μ¢±¨, £¤¥ ·μ²Ó ¶Ê ´¸μ´  ¢Ò¶μ²´Ö¥É
¦¨¤±μ¸ÉÓ. ’ ±μ° ¶μ¤Ìμ¤ ¨¸±²ÕÎ ¥É
¢μ§³μ¦´μ¸ÉÓ ®É· ¢³¨·μ¢ ´¨Ö¯ · ¡μ-
Î¥° ¶μ¢¥·Ì´μ¸É¨ ·¥§μ´ Éμ· , ± ± Î¥-
¸É¢Ê ±μÉμ·μ° ¶·¥¤ÑÖ¢²ÖÕÉ¸Ö ±· °´¥
¦¥¸É±¨¥ É·¥¡μ¢ ´¨Ö. Š Éμ³Ê ¦¥
¶·¨ ¶·¨³¥´¥´¨¨ ¤ ´´μ° É¥Ì´μ²μ£¨¨
ÏÉ ³¶μ¢ Ö μ¸´ ¸É±  ¢ 2Ä4 · §  ¤¥Ï¥-
¢²¥ ¨´¸É·Ê³¥´É ²Ó´ÒÌ ÏÉ ³¶μ¢.

‘μ¥¤¨´¥´¨¥ ¡ §μ¢ÒÌ ¤¥É ²¥° ¶·¥¤-
² £ ¥É¸Ö μ¸ÊÐ¥¸É¢¨ÉÓ ³¥Éμ¤μ³ Ô²¥±-
É·μ´´μ-²ÊÎ¥¢μ° ¸¢ ·±¨. 
É  É¥Ì´μ²μ-
£¨Ö ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö Ö¢²Ö¥É¸Ö ´ ¨-
¡μ²¥¥ ¶·¨¥³²¥³μ°, É ± ± ± ¤ ¥É ´ ¨-
²ÊÎÏ¨¥ ·¥§Ê²ÓÉ ÉÒ ¶μ ± Î¥¸É¢Ê ¸¢ ·-
´μ£μ Ï¢  ¨ ¨¸±²ÕÎ ¥É ¥£μ § £·Ö§´¥´¨¥
¶μ¸Éμ·μ´´¨³¨ Ô²¥³¥´É ³¨.

„²Ö Ô±¸¶¥·¨³¥´É ²Ó´μ£μ ¨¸¸²¥-
¤μ¢ ´¨Ö Ô²¥±É·μ¤¨´ ³¨Î¥¸±¨Ì Ì · ±-
É¥·¨¸É¨± ·¥§μ´ Éμ·  ¶μ¤£μÉμ¢²¥´μ
É¥Ì´¨Î¥¸±μ¥ § ¤ ´¨¥ ´  ¸μ§¤ ´¨¥
±·¨μ£¥´´μ£μ ¨ ‚—-¸É¥´¤μ¢. ‚ Ìμ¤¥ · -
¡μÉÒ ¶² ´¨·Ê¥É¸Ö ¨§£μÉμ¢¨ÉÓ ¨ ¶·μÉ¥-
¸É¨·μ¢ ÉÓ É·¨ μ¶ÒÉ´ÒÌ μ¡· §Í  μ¤´μ-
ÖÎ¥¥Î´μ£μ ·¥§μ´ Éμ· .
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