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“Î¥É ·¥²ÖÉ¨¢¨¸É¸±¨Ì ÔËË¥±Éμ¢ Ö¢²Ö¥É¸Ö μ¤´μ° ¨§ ¢ ¦´¥°Ï¨Ì ¶·μ¡²¥³ ¢
¸¶¥±É·μ¸±μ¶¨¨ ±¢ ·±μ´¨¥¢, É. ¥. ³¥§μ´μ¢, · ¸¸³ É·¨¢ ¥³ÒÌ ± ± ¸¢Ö§ ´´Ò¥ ¸μ-
¸ÉμÖ´¨Ö ±¢ ·±  ¨  ´É¨±¢ ·±  (¶·μ¸É¥°Ï¨¥ ¤¢ÊÌÎ ¸É¨Î´Ò¥ ¸¨¸É¥³Ò). ˆ§ÊÎ¥´¨¥
ÔÉ¨Ì ÔËË¥±Éμ¢ ¶μ§¢μ²Ö¥É Ê¸É ´μ¢¨ÉÓ £· ´¨ÍÒ ¶·¨³¥´¨³μ¸É¨ ´¥·¥²ÖÉ¨¢¨¸É-
¸±μ° ¶μÉ¥´Í¨ ²Ó´μ° ³μ¤¥²¨ ¨ ¢ÒÎ¨¸²¨ÉÓ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ¶· ¢±¨. ‚ ÔÉμ³
¸²ÊÎ ¥ ´¥μ¡Ìμ¤¨³μ ¶·¨¢²¥± ÉÓ ¤²Ö ¨§ÊÎ¥´¨Ö ¸¶¥±É·μ¸±μ¶¨¨ ³¥§μ´μ¢ ·¥²ÖÉ¨-
¢¨¸É¸±¨¥ Ê· ¢´¥´¨Ö, ´ ¶·¨³¥· ±¢ §¨¶μÉ¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö. �μÔÉμ³Ê ¢
¤ ´´μ° · ¡μÉ¥ ³Ò ¨¸¸²¥¤Ê¥³ ±· ¥¢Ò¥ § ¤ Î¨ ¤²Ö ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢-
´¥´¨Ö [1] ¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ · §²¨Î´Ò³¨ ¶μÉ¥´Í¨ ² ³¨ ¨ ¶·μ¢μ¤¨³
¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ¶μ²ÊÎ¥´´ÒÌ ·¥Ï¥´¨° ¤²Ö ¢ÒÖ¢²¥´¨Ö ·¥²ÖÉ¨¢¨¸É¸±¨Ì
ÔËË¥±Éμ¢.

�·μ¢¥¤¥³ ¨¸¸²¥¤μ¢ ´¨¥ ·¥Ï¥´¨° ±· ¥¢ÒÌ § ¤ Î ¤²Ö ¸²¥¤ÊÕÐ¥£μ
Ê· ¢´¥´¨Ö:

[Eε − Hε − V (r)]ψ(r) = 0, (1)

£¤¥

Eε =
2
ε2

[√
1 + ε2q2 − 1

]
=

2q2√
1 + ε2q2 + 1

, Hε =
2
ε2

[
ch

(
iε

d

dr

)
− 1

]
,

ε Å ¡¥§· §³¥·´Ò° ¶ · ³¥É·, V (r) Å ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö.

� §² £ Ö μ¶¥· Éμ· ch
(

iε
d

dr

)
¢ ·Ö¤, Ê· ¢´¥´¨¥ (1) ³μ¦´μ ¸¢¥¸É¨ ± ¤¨ËË¥-

·¥´Í¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ ¡¥¸±μ´¥Î´μ£μ ¶μ·Ö¤± . �·¨ ε → 0, Eε → q2, Hε →

− d2

dr2
, (1) ¶¥·¥Ìμ¤¨É ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  [2]

[
d2

dr2
− V (r) + q2

]
ψ(r) = 0. (2)

�μÔÉμ³Ê μ¸μ¡ÊÕ  ±ÉÊ ²Ó´μ¸ÉÓ ¶·¨μ¡·¥É ÕÉ ³¥Éμ¤Ò ¶μ¨¸±  É ±¨Ì ·¥Ï¥´¨°
±· ¥¢μ° § ¤ Î¨ {ψn,En}qus ¤²Ö Ê· ¢´¥´¨Ö (1), ±μÉμ·Ò¥ ¶·¨ ε → 0 ¸É·¥³ÖÉ¸Ö
± ·¥Ï¥´¨Ö³  ´ ²μ£¨Î´μ° ±· ¥¢μ° § ¤ Î¨ {ψn,En}Schr ¤²Ö Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  (2). ’μ£¤  μÉ²¨Î¨¥ ÔÉ¨Ì ·¥Ï¥´¨° ¶·¨ ε �= 0 ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ
± ± ·¥²ÖÉ¨¢¨¸É¸±¨° ÔËË¥±É.
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�¨¸. 1. ‚¨¤ ¶μÉ¥´Í¨ ²μ¢

‚ ¶·¥¤Ò¤ÊÐ¨Ì ´ Ï¨Ì · ¡μÉ Ì [3Ä5] ¨¸¸²¥¤μ¢ ²¨¸Ó ±· ¥¢Ò¥ § ¤ Î¨ ¤²Ö
±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö (1) · §²¨Î´Ò³¨ ³¥Éμ¤ ³¨. ‚ ¤ ´´μ° · ¡μÉ¥
¨¸¸²¥¤Ê¥³ ±· ¥¢ÊÕ § ¤ ÎÊ ¤²Ö Ê· ¢´¥´¨Ö (1) ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ μ¶¥· Éμ· 
¸¤¢¨£  exp

(
±iε d

dr

)
f(r) = f(r ± iε). �·μ¢¥¤¥´ ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ·¥-

Ï¥´¨° ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö (1) ¸ ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´-
£¥·  (2) ¸ ¤¨¸±·¥É´Ò³ ¸¶¥±É·μ³ ¢ ¶μÉ¥´Í¨ ²Ó´ÒÌ Ö³ Ì ¤¢ÊÌ É¨¶μ¢ (¸³. ·¨¸. 1),
  É ±¦¥ ¢ ¡¥¸±μ´¥Î´μ £²Ê¡μ±μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³¥.

‚Ò¡¨· Ö ¶ · ³¥É·Ò δ1 ¨ δ2 · §²¨Î´Ò³ μ¡· §μ³, ³¥´Ö¥³ Ï¨·¨´Ê ¡ ·Ó¥· 
((δ1 + δ2) μ¶·¥¤¥²Ö¥É Ï¨·¨´Ê ¡ ·Ó¥· ) (·¨¸. 1, ¡). „ ²¥¥ ¶·¨ δ1 = δ2 ³Ò
´ §μ¢¥³ ¶μÉ¥´Í¨ ² ¸¨³³¥É·¨Î´Ò³,   ¶·¨ δ1 �= δ2 Å ´¥¸¨³³¥É·¨Î´Ò³.

‚ ¦´μ° ³μ¤¥²Ó´μ° ¸¨¸É¥³μ° Ö¢²Ö¥É¸Ö ¸¨³³¥É·¨Î´ Ö ¶·Ö³μÊ£μ²Ó´ Ö ¤¢μ°-
´ Ö ¶μÉ¥´Í¨ ²Ó´ Ö Ö³ . ’ ± Ö ¸¨¸É¥³  ¶·¨³¥´Ö¥É¸Ö ¤²Ö ³μ¤¥²¨·μ¢ ´¨Ö
¸¢μ°¸É¢ μ¡Ñ¥±Éμ¢, ¨³¥ÕÐ¨Ì ¤¢¥ Ê¸Éμ°Î¨¢Ò¥ ±μ´Ë¨£Ê· Í¨¨ (¤¢  ³¨´¨³Ê³ 
¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨), ´ ¶·¨³¥· ³μ²¥±Ê²Ò  ³³¨ ±  NH3 ¨ É. ¤.

�¸´μ¢´μ° μ¸μ¡¥´´μ¸ÉÓÕ ¸¨³³¥É·¨Î´ÒÌ ¤¢μ°´ÒÌ ¶μÉ¥´Í¨ ²Ó´ÒÌ Ö³ Ö¢²Ö-
¥É¸Ö ´ ²¨Î¨¥ ¢ ´¨¦´¥° Î ¸É¨ ¨Ì ¸¶¥±É·  ¤Ê¡²¥É´ÒÌ Ô´¥·£¥É¨Î¥¸±¨Ì Ê·μ¢´¥°,
¶·¨Î¥³ Î¥³ ³¥´ÓÏ¥ Ô´¥·£¥É¨Î¥¸± Ö Ð¥²Ó ³¥¦¤Ê Ê·μ¢´Ö³¨ ¢ ¤Ê¡²¥É Ì, É¥³
¡μ²ÓÏ¥ ¢Ò¸μÉ  ¨ Ï¨·¨´  ¡ ·Ó¥· , · §¤¥²ÖÕÐ¥£μ Ö³Ò.

�·μ¢¥¤¥³ ¨¸¸²¥¤μ¢ ´¨¥ ·¥Ï¥´¨° ±· ¥¢ÒÌ § ¤ Î ¤²Ö Ê· ¢´¥´¨Ö (1) ¶·¨
· §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  ε.

��‘’���‚Š� ‡�„�—ˆ

‘´ Î ²  ¶μ²ÊÎ¨³ ´¥μ¡Ìμ¤¨³Ò¥ Ëμ·³Ê²Ò ¤²Ö ¶·μ¢¥¤¥´¨Ö ¸· ¢´¨É¥²Ó´μ£μ
 ´ ²¨§  ·¥Ï¥´¨° ±· ¥¢ÒÌ § ¤ Î ¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (2) ¨ ±¢ §¨¶μÉ¥´-
Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö (1). ‡ É¥³ ¶·¨¢¥¤¥³ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.
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 . �¥Ï¥´¨Ö Ê· ¢´¥´¨° (1) ¨ (2) ¢ ¶·Ö³μÊ£μ²Ó´μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³¥ ¸

¡¥¸±μ´¥Î´μ° ¢Ò¸μ±μ° ¸É¥´±μ°, É. ¥. V (r) =
{

0, ¥¸²¨ r < r0,
∞, ¥¸²¨ r > r0.

„ ²¥¥ ¢¥§¤¥ r0 = π.
�¥Ï¥´¨Ö ¤μ²¦´Ò Ê¤μ¢²¥É¢μ·ÖÉÓ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ ψ(0) = 0, ψ(π) = 0.

‚´ÊÉ·¨ Ö³Ò ·¥Ï¥´¨¥ ¨Ð¥³ ¢ ¢¨¤¥

ψ(r) = A sin (αr), 0 � r � π. (3)

�·¨ ²Õ¡μ³ §´ Î¥´¨¨ α ·¥Ï¥´¨¥ (3) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ˜·¥¤¨´-
£¥·  (2), É. ¥. q2 = α2, ¶·¨Î¥³ ψ(0) = 0. ˆ§ Ê¸²μ¢¨Ö ψ(π) = 0 ´ Ìμ¤¨³
¶ · ³¥É· α, É. ¥. α = n. ’μ£¤  ¸¶¥±É· Ô´¥·£¨¨ ¡Ê¤¥É q2 = n2.

�μ¤¸É ¢²ÖÖ ·¥Ï¥´¨¥ (3) ¢ ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ (1), ¶μ²ÊÎ ¥³
¢Ò· ¦¥´¨¥

Eα =
2
ε2

(ch (αε) − 1) (4)

¨ ¨§ Ê¸²μ¢¨Ö ψ (π) = 0 ´ Ìμ¤¨³

En =
2
ε2

(ch (nε) − 1). (5)

¡. �¥Ï¥´¨Ö Ê· ¢´¥´¨° (1) ¨ (2) ¢ ¶·Ö³μÊ£μ²Ó´μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³¥ ±μ-
´¥Î´μ° £²Ê¡¨´Ò (·¨¸. 1,  ). „ ²¥¥ · ¸¸³ É·¨¢ ¥³ Éμ²Ó±μ ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö,
É. ¥. ¤¨¸±·¥É´Ò° ¸¶¥±É·. ’μ£¤  q2 = −E, £¤¥ E > 0, 0 < E < V0 ¨ V0 Å
£²Ê¡¨´  Ö³Ò.

�¥Ï¥´¨Ö ¨Ð¥³ ¢ ¢¨¤¥

ψ1(r) = A sin (αr), 0 �r � π,
(6)

ψ2(r) = B exp (−βr), π �r < ∞.

�¥Ï¥´¨Ö (6) Ê¤μ¢²¥É¢μ·ÖÕÉ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ ψ1(0) = 0 ¨ ψ2(r) →
r→∞

0.

�μ¤¸É ¢²ÖÖ (6) ¢ Ê· ¢´¥´¨¥ (2), ¶μ²ÊÎ ¥³ α =
√

V0 − E; β =
√

E.
ˆ§ Ê¸²μ¢¨° ´¥¶·¥·Ò¢´μ¸É¨ ËÊ´±Í¨¨ ¨ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ° ËÊ´±Í¨¨

ψ1(r)
∣∣
r=π

= ψ2(r)
∣∣
r=π

,
(7)

ψ′
1(r)

∣∣
r=π

= ψ′
2(r)

∣∣
r=π

¶μ²ÊÎ ¥³ É· ´¸Í¥´¤¥´É´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö ¤¨¸±·¥É´ÒÌ §´ Î¥´¨° E:

α cos (απ) + β sin (απ) = 0. (8)

�μ¤¸É ¢²ÖÖ ·¥Ï¥´¨Ö (6) ¢ Ê· ¢´¥´¨¥ (1), ´ Ìμ¤¨³

V0 − E =
2
ε2

(ch (αε) − 1), 0 �r � π, (9)

E =
2
ε2

(1 − cos (βε)), π �r < ∞. (10)
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“¸²μ¢¨¥ (9) ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö ²Õ¡μ£μ ε. ˆ§ Ê¸²μ¢¨Ö (10) ¶μ²ÊÎ ¥³ μ£· -
´¨Î¥´¨¥ ´  ¶ · ³¥É· ε:

0 � ε � 2√
E

. (11)

„²Ö Ê· ¢´¥´¨Ö (1) Ê¸²μ¢¨Ö ¸Ï¨¢ ´¨Ö (7) ³μ¤¨Ë¨Í¨·Ê¥³ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ψ1(r)
∣∣
r=π

= ψ2(r)
∣∣
r=π

,
(12)

Lψ1(r)
∣∣
r=π

= Lψ2(r)
∣∣
r=π

,

£¤¥

L =
1
ε

(
eε d

dr − 1
)

, L −→
ε→0

d

dr
. (13)

’μ£¤  É· ´¸Í¥´¤¥´É´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö ¤¨¸±·¥É´ÒÌ §´ Î¥-
´¨° E ¶·¨´¨³ ¥É ¢¨¤

C3 sin (απ) + C4α cos (απ) − C5β sin (απ) = 0, (14)

£¤¥

C3 =
cos (αε) − 1

ε
, C4 =

sin (αε)
αε

, C5 =
1
βε

(exp (−βε) − 1) , (15)

α =
1
ε

arcch
(

2
ε2

(V0 − E) − 1
)

, β =
1
ε

arccos
(

2
ε2

E − 1
)

.

�·¨Î¥³ ¶·¨ ε → 0 C3 → 0, C4 → 1 ¨ C5 → −1. ‘²¥¤μ¢ É¥²Ó´μ, É· ´¸Í¥´-
¤¥´É´μ¥ Ê· ¢´¥´¨¥ (14) ¶¥·¥Ìμ¤¨É ¢ Ê· ¢´¥´¨¥ (8). �Éμ μ§´ Î ¥É, ÎÉμ ·¥Ï¥´¨Ö
(¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨) ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢-
´¥´¨Ö ¸É·¥³ÖÉ¸Ö ± ·¥Ï¥´¨Ö³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .

¢. �¥Ï¥´¨Ö Ê· ¢´¥´¨° (1) ¨ (2) ¢ ¶·Ö³μÊ£μ²Ó´μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³¥ ¸
¡ ·Ó¥·μ³ (·¨¸. 1, ¡). „ ²¥¥ q2 = E ¨ μÉ¤¥²Ó´μ · ¸¸³ É·¨¢ ¥³ ¸²ÊÎ ¨, ±μ£¤ 
E < V0 ¨ E > V0.

�·¨ E < V0 ·¥Ï¥´¨Ö ¨Ð¥³ ¢ ¢¨¤¥

ψ1(r) = A1 sin (k(r − r1)), r1 �r � r2,

ψ2(r) = A2 exp (−κ(r − rc)) + B2 exp (κ(r − rc)), r2 �r � r3, (16)

ψ3(r) = A3 sin (k(r − r4)), r3 �r � r4.

�·¨ Î¨¸²¥´´μ³ ·¥Ï¥´¨¨ ¶ · ³¥É·Ò § ¤ Î¨ ¢Ò¡¨· ¥³ ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

r1 = 0, r4 = π, rc =
π

2
, r2 = rc − δ1, r3 = rc + δ2.
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�¥Ï¥´¨Ö (16) Ê¤μ¢²¥É¢μ·ÖÕÉ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ ψ1(0) = 0 ¨ ψ3(π) = 0.
�μ¤¸É ¢²ÖÖ (16) ¢ (2), ´ Ìμ¤¨³ k =

√
E, κ =

√
V0 − E.

ˆ§ Ê¸²μ¢¨° ´¥¶·¥·Ò¢´μ¸É¨ ËÊ´±Í¨¨ ψ(r) ¨ ¥¥ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ° ¢
ÉμÎ± Ì

r = r2 ψ1(r)
∣∣
r=r2

= ψ2(r)
∣∣
r=r2

, ψ′
1(r)

∣∣
r=r2

= ψ′
2(r)

∣∣
r=r2

¨ (17)

r = r3 ψ2(r)
∣∣
r=r3

= ψ3(r)
∣∣
r=r3

, ψ′
2(r)

∣∣
r=r3

= ψ′
3(r)

∣∣
r=r3

¶μ²ÊÎ ¥³ É· ´¸Í¥´¤¥´É´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö ¤¨¸±·¥É´ÒÌ §´ Î¥´¨°
Ô´¥·£¨¨ E

det W = 0, (18)

£¤¥ W Å ³ É·¨Í  4 × 4 ¸μ ¸²¥¤ÊÕÐ¨³¨ Ô²¥³¥´É ³¨:

w11 = sin
(
k

(π

2
− δ1

))
, w12 = − exp (κδ1),

w13 = − exp (−κδ1), w14 = 0;

w21 = k cos
(
k

(π

2
− δ1

))
, w22 = k exp (kδ1),

w23 = −k exp (−kδ), w24 = 0;
w31 = 0, w32 = exp (−κδ2),

w33 = exp (κδ2), w34 = sin
(
k

(π

2
− δ2

))
;

w41 = 0, w42 = −κ exp (−κδ2),

w43 = κ exp (κδ2), w44 = − cos
(
k

(π

2
− δ2

))
.

�μ¤¸É ¢²ÖÖ (16) ¢ (1), ¢ÒÎ¨¸²Ö¥³

E =
2
ε2

(ch (kε) − 1), (19)

V0 − E =
2
ε2

(1 − cos (κε)). (20)

ˆ§ (20) ¶μ²ÊÎ ¥³ μ£· ´¨Î¥´¨¥ ´  ¶ · ³¥É· ε: 0 � ε � 2√
V0 − E

. “¸²μ-

¢¨Ö ¸Ï¨¢ ´¨Ö (17) ³μ¤¨Ë¨Í¨·Ê¥³ É ± ¦¥, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¶Ê´±É¥ ¡
(¸³. (12), (13)). ’μ£¤  É· ´¸Í¥´¤¥´É´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö ¤¨¸±·¥É-
´ÒÌ §´ Î¥´¨° E ¶·¨´¨³ ¥É ¢¨¤

detM = 0, (21)
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£¤¥ M Å ³ É·¨Í  4 × 4 ¸μ ¸²¥¤ÊÕÐ¨³¨ Ô²¥³¥´É ³¨:

m11 = sin
(
k

(π

2
− δ1

))
, m12 = − exp (κδ1),

m13 = − exp (−κδ1), m14 = 0;
m21 = U1, m22 = −C5 κ exp (κδ1),
m23 = −C6 κ exp (−κδ2), m24 = 0;
m31 = 0, m32 = exp (−κδ2),

m33 = exp (κδ2), m34 = sin
(
k

(π

2
− δ2

))
;

m41 = 0, m42 = C5 κ exp (−κδ2),
m43 = C6 κ exp (κδ2), m44 = −U3;

C3 =
cos (kε) − 1

ε
, C4 =

sin (kε)
kε

,

C5 =
1
κε

(exp (−κε) − 1), C6 =
1
κε

(exp (κε) − 1);

U1 = C3 sin
(
k

(π

2
− δ1

))
+ C4 k cos

(
k

(π

2
− δ1

))
,

U3 = −C3 sin
(
k

(π

2
− δ2

))
+ C4 k cos

(
k

(π

2
− δ2

))
.

�·¨ ε → 0 Ê· ¢´¥´¨¥ (21) ¶¥·¥Ìμ¤¨É ¢ Ê· ¢´¥´¨¥ (18) ¨ ¨Ì ¸¶¥±É·Ò ¸μ¢¶ -
¤ ÕÉ.

�·¨ E > V0 ·¥Ï¥´¨Ö ¨Ð¥³ ¢ ¢¨¤¥

ψ1(r) = A1 sin (k(r − r1)), r1 �r � r2,

ψ2(r) = A2 sin (−κ(r − rc)) + B2 cos (κ(r − rc)), r2 �r � r3, (22)

ψ3(r) = A3 sin (k(r − r4)), r3 �r � r4.

�¥Ï¥´¨Ö (22) Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³:

ψ1(0) = 0, ψ3(π) = 0.

�μ¸É ¢²ÖÖ (22) ¢ (2), ¶μ²ÊÎ ¥³ k =
√

E, κ =
√

E − V0.
ˆ§ Ê¸²μ¢¨° ´¥¶·¥·Ò¢´μ¸É¨ ËÊ´±Í¨¨ ψ(r) ¨ ¥¥ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ° ¢

ÉμÎ± Ì

r = r2 ψ1(r)
∣∣
r=r2

= ψ2(r)
∣∣
r=r2

, ψ′
1(r)

∣∣
r=r2

= ψ′
2(r)

∣∣
r=r2

¨ (23)

r = r3 ψ2(r)
∣∣
r=r3

= ψ3(r)
∣∣
r=r3

, ψ′
2(r)

∣∣
r=r3

= ψ′
3(r)

∣∣
r=r3
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¶μ²ÊÎ ¥³ É· ´¸Í¥´¤¥´É´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö ¤¨¸±·¥É´ÒÌ §´ Î¥´¨°
Ô´¥·£¨¨ E

detP = 0, (24)

£¤¥ P Å ³ É·¨Í  4 × 4 ¸μ ¸²¥¤ÊÕÐ¨³¨ Ô²¥³¥´É ³¨:

p21 = k cos
(
k

(π

2
− δ1

))
, p22 = −κ cos (κδ1),

p23 = −κ sin (κδ1), p24 = 0;

p31 = 0, p32 = sin (κδ2), p33 = cos (κδ2), p34 = sin
(
k

(π

2
− δ2

))
;

p41 = 0, p42 = κ cos (κδ2),

p43 = −κ sin (κδ2), p44 = −k cos
(
k

(π

2
− δ2

))
.

�μ¤¸É ¢²ÖÖ ·¥Ï¥´¨Ö (22) ¢ Ê· ¢´¥´¨¥ (1), ¨³¥¥³

E =
2
ε2

(ch (kε) − 1),
(25)

E − V0 =
2
ε2

(ch (κε) − 1).

“¸²μ¢¨Ö ¸Ï¨¢ ´¨Ö (23) ³μ¤¨Ë¨Í¨·Ê¥³ É ± ¦¥, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì ¶Ê´±-
É Ì. ’μ£¤  É· ´¸Í¥´¤¥´É´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö ¤¨¸±·¥É´ÒÌ §´ Î¥-
´¨° E ¶·¨´¨³ ¥É ¢¨¤

detQ = 0, (26)

£¤¥ Q Å ³ É·¨Í  4 × 4 ¸μ ¸²¥¤ÊÕÐ¨³¨ Ô²¥³¥´É ³¨:

q11 = sin
(
k

(π

2
− δ1

))
, q12 = sin (κδ1),

q13 = − cos (κδ1), q14 = 0;
q21 = U1, q22 = −U2,

q23 = U3, q24 = 0;
q31 = 0, q32 = sin (κδ2),

q33 = cos (κδ2), q34 = sin
(
k

(π

2
− δ2

))
;

q41 = 0, q42 = U5,

q43 = U6, q44 = −U4;

C3 =
cos (kε) − 1

ε
, C31 =

cos (κε) − 1
ε

,

C4 =
sin (kε)

kε
, C41 =

sin (κε)
κε

;
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U1 = C3 sin
(
k

(π

2
− δ1

))
+ C4k cos

(
k

(π

2
− δ1

))
,

U2 = −C31 sin (κδ1) + C41κ cos (κδ1),
U3 = C31 cos (κδ1) + C41κ sin (κδ1);

U4 = −C3 sin
(
k

(π

2
− δ2

))
+ C4k cos

(
k

(π

2
− δ2

))
,

U5 = C31 sin (κδ2) + C41κ cos (κδ2),
U6 = C31 cos (κδ2) + C41κ sin (κδ2).

�·¨ ε → 0 Ê· ¢´¥´¨¥ (26) ¶¥·¥Ìμ¤¨É ¢ Ê· ¢´¥´¨¥ (24) ¨ ¨Ì ¸¶¥±É·Ò
¸μ¢¶ ¤ ÕÉ.

�…‡“‹œ’�’› —ˆ‘‹…���ƒ� ˆ‘‘‹…„�‚��ˆŸ

ˆ§ ·¨¸. 2 ¢¨¤´μ, ÎÉμ ¶·¨ ε → 0 ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ±¢ §¨¶μÉ¥´Í¨ ²Ó-
´μ£μ Ê· ¢´¥´¨Ö ¸É·¥³ÖÉ¸Ö ± ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .
‚ É ¡²¨Í¥ ¶·¨¢¥¤¥´  · §´μ¸ÉÓ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°.

�¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ Ê·μ¢´¥° Ô´¥·£¨¨ μÉ ¶ -
· ³¥É·  ε ¤²Ö ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò ±μ´¥Î-
´μ° £²Ê¡¨´Ò

Equs
n ESchr

n Equs
n ÄESchr

n

−0,875 −8,9189 8,0439
−20,71 −25,8533 5,1433
−38,73 −41,38 2,65
−54,18 −55,23 1,05
−67,17 −67,31 0,14
−77,84 −77,57 −0,27

−86,35 −85,99 −0,36

−92,84 −92,55 −0,29

−97,39 −92,24 −0,15

−100,1058 −100,0605 −0,0453

ˆ§ ·¨¸. 3 ³μ¦´μ § ±²ÕÎ¨ÉÓ, ÎÉμ ¤²Ö ¸¨³³¥É·¨Î´μ£μ ¶μÉ¥´Í¨ ²  ( Ä¢)
¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ± ± ËÊ´±Í¨Ö μÉ δ ¶·¨ ³ ²μ³ §´ Î¥´¨¨ ε (ε = 0,0001)
¶μ¶ ·´μ ¶·¨¡²¨¦ ÕÉ¸Ö ¤·Ê£ ± ¤·Ê£Ê,   ¸ Ê¢¥²¨Î¥´¨¥³ ε ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
¸´ Î ²  ¶·¨¡²¨¦ ÕÉ¸Ö ¤·Ê£ ± ¤·Ê£Ê, § É¥³ Ê¤ ²ÖÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£ . �´ ²μ-
£¨Î´Ò¥ § ¢¨¸¨³μ¸É¨ ¶·¨¢¥¤¥´Ò ¤²Ö ´¥¸¨³³¥É·¨Î´μ£μ ¶μÉ¥´Í¨ ²  (£Ä¥). �¨¸. 4
¨²²Õ¸É·¨·Ê¥É ¢ÒÏ¥¶·¨¢¥¤¥´´Ò¥ § ¢¨¸¨³μ¸É¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¤²Ö ¸²Ê-
Î Ö ¢ÒÏ¥ ¶μÉ¥´Í¨ ²Ó´μ£μ ¡ ·Ó¥· . ”¨§¨Î¥¸±¨¥ ¶ · ³¥É·Ò Ê± § ´Ò ´ ¢¥·ÌÊ
·¨¸Ê´±μ¢.
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�¨¸. 3. ‡ ¢¨¸¨³μ¸ÉÓ Ê·μ¢´¥° Ô´¥·£¨¨ μÉ δ ¤²Ö ¸²ÊÎ Ö ´¨¦¥ ¶μÉ¥´Í¨ ²Ó´μ£μ ¡ ·Ó¥· :
 Ä¢ Å ¤²Ö ¸¨³³¥É·¨Î´μ£μ ¶μÉ¥´Í¨ ² ,   £Ä¥ Å ¤²Ö ´¥¸¨³³¥É·¨Î´μ£μ ¶μÉ¥´Í¨ ² 

„²Ö ¸· ¢´¥´¨Ö ·¥Ï¥´¨° ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¸ ·¥Ï¥´¨Ö³¨
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ³Ò ¶·¨¢μ¤¨³ ·¥Ï¥´¨Ö ¸ ¤¢Ê³Ö ¨ É·¥³Ö Ê§² ³¨ ¶·¨
E < V0 (¸³. ·¨¸. 5Ä7). ˆ§ ·¨¸. 5 ¢¨¤´μ, ÎÉμ ·¥Ï¥´¨Ö ¸ ¤¢Ê³Ö Ê§² ³¨ ¶· ±É¨-
Î¥¸±¨ ¸μ¢¶ ¤ ÕÉ,   ·¥Ï¥´¨Ö ¸ É·¥³Ö Ê§² ³¨ μÉ²¨Î ÕÉ¸Ö. �¨¸. 6, 7 ¤¥³μ´¸É·¨-
·ÊÕÉ, ÎÉμ ¤ ¦¥ ¶·¨ ³ ²μ³ ε = 0,0001 ¤²Ö ¸¨³³¥É·¨Î´μ£μ ¨ ´¥¸¨³³¥É·¨Î´μ£μ
¶μÉ¥´Í¨ ²μ¢ μ¡  É¨¶  ·¥Ï¥´¨Ö μÉ²¨Î ÕÉ¸Ö.

„²Ö ¸²ÊÎ Ö E > V0 ¶·¨ ³ ²ÒÌ ε ·¥Ï¥´¨Ö ¶· ±É¨Î¥¸±¨ ¸μ¢¶ ¤ ÕÉ (¶·¨
²Õ¡ÒÌ δ1 ¨ δ2). �É²¨Î¨¥ ´ ¡²Õ¤ ¥É¸Ö ¶·¨ Ê¢¥²¨Î¥´¨¨ ε (·¥Ï¥´¨Ö ´¥ ¶·¨-
¢μ¤ÖÉ¸Ö).
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ˆ¸¸²¥¤μ¢ ´Ò ·¥Ï¥´¨Ö ±· ¥¢ÒÌ § ¤ Î ¤²Ö Ê· ¢´¥´¨° (1) ¨ (2), ¨ ¶·μ¢¥¤¥´
¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ¶μ²ÊÎ¥´´ÒÌ ·¥Ï¥´¨° ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö
¸ ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢
§ ¤ Î¨. �¨¦¥ ¶¥·¥Î¨¸²¥´Ò ´¥±μÉμ·Ò¥ ¨§ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢:

1) ¶·¨ ε → 0 ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¸É·¥-
³ÖÉ¸Ö ± ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (¤²Ö · ¸¸³ É·¨¢ ¥³ÒÌ
¶μÉ¥´Í¨ ²μ¢). „²Ö ¶μÉ¥´Í¨ ²  ¸ ±μ´¥Î´μ° £²Ê¡¨´μ° ¶·¨ Ê¢¥²¨Î¥´¨¨ ε ¸μ¡-
¸É¢¥´´Ò¥ §´ Î¥´¨Ö (¶μ  ¡¸μ²ÕÉ´μ³Ê §´ Î¥´¨Õ) Ê³¥´ÓÏ ÕÉ¸Ö;

2) ·¥Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨ ¸ · §´Ò³ ±μ²¨Î¥¸É¢μ³ Ê§²μ¢ ¶μ-· §´μ³Ê ¢¥¤ÊÉ
¸¥¡Ö ¢ § ¢¨¸¨³μ¸É¨ μÉ ¶ · ³¥É·  ε (¸³. ·¨¸. 5);

3) ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¨ Ê¢¥²¨Î¥´¨¨ Ï¨·¨´Ò
¡ ·Ó¥·  (δ1 ¨ δ2) ¶μ¶ ·´μ ¶·¨¡²¨¦ ÕÉ¸Ö ¤·Ê£ ± ¤·Ê£Ê. ‘μ¡¸É¢¥´´Ò¥ §´ Î¥-
´¨Ö ¤²Ö ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¸ Ê¢¥²¨Î¥´¨¥³ ε ¶μ¶ ·´μ ¸´ Î ² 
¶·¨¡²¨¦ ÕÉ¸Ö ¤·Ê£ ± ¤·Ê£Ê, § É¥³ Ê¤ ²ÖÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£ .

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ £· ´Éμ¢ �””ˆ º10-01-
00467- , 11-01-00278- .
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