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Spin—Isospin Excitations in Nuclei and a Separable Approximation
for Skyrme Interactions

A finite rank separable approximation of Skyrme forces is applied to study
charge-exchange excitations in spherical nuclei. This approximation enables one to
reduce considerably the dimensions of the matrices that must be diagonalized to
perform QRPA calculations in large configuration spaces. Choosing as examples
the nuclei ?°Zr, '32Sn and '26:128:139Cd, we demonstrate an ability of the method
to study the Gamow-Teller and spin-dipole strength distributions. It is shown that
characteristics calculated within the approach are in a reasonable agreement with
available experimental data.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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INTRODUCTION

A study of the charge-exchange nuclear modes is an interesting problem not
only from the nuclear structure point of view, but it is very important for the
nuclear astrophysics applications. Many versions of the self-consistent approach
based on the Random Phase Approximation (RPA) or the quasiparticle RPA
(QRPA) were developed during last years, see, for example, [1-10]. A com-
parison of such calculations with recent experimental data demonstrates that model
mentioned above cannot reproduce correctly the strength distribution of the spin—
isospin resonances. It is necessary to take into account a coupling with more
complex configurations that results in shifting some strength up [11-13]. More-
over, the tensor forces can give an additional shift [10, 11]. It is much simpler
to include a coupling in QRPA calculations if one uses separable forces [12—-14].
This idea stimulated us to develop the finite rank separable approximation (FRSA)
for the Skyrme interactions [15, 16] that enables one to perform calculations in
the large configuration space. Applications of our method to study the low-lying
states and giant resonances within the QRPA and beyond are given in [15-18].
Recently, we have proposed an extension of our approach for the charge-exchange
nuclear excitations [19-21]. Before to investigate effects of the coupling we need
to be sure that the finite rank approximation for the Skyrme interactions is good
enough to reproduce main characteristics of such nuclear modes.

In this work we describe briefly our method for the charge-exchange exci-
tations and present our investigations of properties of the Gamow-Teller (G-T)
resonances and the spin-dipole (SD) resonances in some spherical nuclei.

1. THE METHOD

The starting point of the method is the HF-BCS calculation [22] of the
parent ground state, where spherical symmetry is imposed on the quasiparticle
wave functions. The continuous part of the single-particle spectrum is discretized
by diagonalizing the Skyrme HF Hamiltonian on a harmonic oscillator basis.
We work in the quasiparticle representation defined by the canonical Bogoliubov
transformation:

afy, = ujaf, + (=100, m, (1)



where jm denote the quantum numbers nljm. We use the Skyrme interaction [23]
in the p—h channel, while the pairing correlations are generated by the surface
peaked density-dependent zero-range force

Vpair(r1,12) =V (1 - @) d(ry —ra). 2)
(&

Here p(r1) is the particle density in the coordinate space, p. is equal to the
nuclear saturation density, the strength V{ is the parameter fixed to reproduce
the odd-even mass difference of nuclei in the study region. In order to avoid
divergences, it is necessary to introduce a cutoff in the single-particle space. This
cutoff limits the active pairing space above the Fermi level. We used a procedure
that is proposed in [16,24].

The residual interaction in the p—h channel Vs can be obtained as the second
derivative of the energy density functional with respect to the particle density p.
Following our previous paper [15], we simplify V.5 by approximating it by its
Landau—Migdal form. For Skyrme interactions all Landau parameters with [ > 1
are zero and they are functions of the coordinate r. We keep only the [ = 0 terms
in Vies and the expressions for Fjj, G, in terms of the Skyrme force parameters can
be found in [25]. The Coulomb and spin-orbit residual interactions are dropped.
Therefore, we can write the residual interaction in the isovector channel in the
following form:

Vies(r1,12) = No_l[Fé(rl) + Gé(ﬁ)a(l) . 0(2)}7(1)7(2)5 (r1 —r3), (3)

where () and 7(¥) are the spin and isospin operators, and Ny = 2kpm*/m2h>
with kr and m* standing for the Fermi momentum and nucleon effective mass
in nuclear matter.

In what follows we use the second quantized representation and Vies can be
written as

~ 1 ~ ~
Vies = 1 Z(V1234 —Viaa3) @ aj ad asaz := Vs + Vs, 4)
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where a (a;) is the particle creation (annihilation) operator and 1 denotes quan-
tum numbers (n1, 1, j1,m1). Following our method [15-18], the residual inter-
actions can be reduced to a finite rank separable form:
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where R is a large enough cutoff radius for a /V-point integration Gauss formula
with abscissas 7, and weights wy, [15].

The operators entering the normal products in Egs.(5), (6) are defined as
follows:
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fj(:;i ) are the single-particle matrix elements of the multipole operators,
B = i, i, () Gl Yol ), (10)
and gj(fj‘i ") are the single-particle matrix elements of the spin-multipole operators,
97 =, ()5, () Gl 1T ) (1)

In the above equations, (j,||i’Y||j,) is the reduced matrix element of the spher-
ical harmonics Yy, J = V2J + 1, Trym (7, 0) = [Y1, x o]}, The radial wave
functions u;(r) are related to the HF single-particle wave functions,

Uy (7’1)
™

Gim (1) = Vi g (11, 01). (12)

We introduce the phonon creation operators
o = D (X AT (g IM) — (=1)7"MYE A (Gugips J — M), (13)
Jndp
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where the index J denotes total angular momentum and M is its z-projection in
the laboratory system. One assumes that the ground state is the QRPA phonon
vacuum |0) and the excited states are defined as Q7,,,/0). Making use of the



linearized equation-of-motion approach one can get the QRPA equations [22]:

(5 Z) (v )=(v) 1

The A% ) G G1,33)
matrix is related to backward-going graphs. The dimension of the matrices A, B
is the space size of the two-quasiparticle configurations. The explicit solution
of the corresponding QRPA equations is described in detail elsewhere [21]. Our
approach enables one to reduce remarkably the dimensions of the matrices that
must be inverted to perform nuclear structure calculations in very large config-
uration spaces. It is shown that the matrix dimensions never exceed 4N x 4N
independently of the configuration space size. Our previous study of the FRSA
applied to charge-exchange excitations [21] enables us to conclude that a value
N = 45 for the number of Gauss points in the radial integrals is sufficient for the
desired accuracy in all nuclei with A < 208.
The excitation energies with respect to the parent ground state are

) matrix is related to forward-going graphs and the B

ET, =wsiF (M —N\p), (16)

where wj; denotes the QRPA energies in the 7% channels, A,, and A, being the
neutron and the proton chemical potentials, respectively.

2. RESULTS

First, we show the accuracy of the FRSA by comparing results obtained using
this separable approximation with those from a full treatment of the Skyrme-type
p—h residual interaction. We select the SD transitions in the 7_ and T channels
from the parent ground states of “°Zr and '32Sn as illustrative cases. For the
sake of simplicity the check is done within the Tamm—-Dancoff approximation
(TDA) without pairing effects. The RPA results would be similar because the
backward-going graphs are somewhat blocked in these charge-exchange channels,
and in any case we are just interested here in assessing the validity of the FRSA.

In this work, the calculations are done with the Skyrme parameter set
SGII [25] which was designed to give reasonable values for the spin—isospin
Landau parameters (Go = 0.01, G, = 0.50 at saturation density). The HF mean
field is first calculated in coordinate space, then the single-particle spectra nec-
essary for the TDA calculations (energies and wave functions) are obtained by
diagonalizing the HF mean field in a 12-shells harmonic oscillator basis and keep-
ing all states below 100 MeV. This is sufficient to exhaust the Ikeda sum rule
3(N — Z) [26] for the G-T strength as well as the SD sum rule [27,28]:
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where
Sz =Y [N, Z|OzIN F1,Z £ ;1) (18)

are the total SD transition strengths to the neighbouring daughter nuclei induced
by the operators
Ox = > ritz(D)om (i)Y (). (19)

1,1, L

All calculations are without any quenching factor. In the figures, the calcu-
lated strength distributions are folded out with a Lorentzian distribution of
1 MeV width.

We compare the SD sum rule (17) calculated in FRSA and with the full
SGII force [21]. To compare our calculations with experimental data in °Zr we
choose the energy interval £ < 50 MeV for the 7_ channel and F < 26 MeV
for the T, channel [7,28]. The FRSA sum rules are quite close to those of
the full calculations. The calculated values S_, S, agree well with experi-
mental data [7,28] in °°Zr. The SD sum rule (17) is an integral character-
istic and it is less sensitive to the details than the SD strength distribution.
The calculated 7_ and T strength distributions in various J”™ channels are
shown in Figs.1 and 2, for the 99Zr case. The excitation energies refer to
the ground state of the parent nucleus °Zr. The experimental strength distribu-
tions [7,28] for the T_ and T’y channels are results of the multipole decomposition
analysis done for the ?°Zr (p,n) ?°Nb and %°Zr (n,p) °°Y reactions, respectively.
From Figs. 1 and 2, it can be seen that the FRSA reproduces the essential fea-
tures of the SD strength distributions with a downward shift about 0.9 MeV in
the positions of the high energy peaks for the 7_ and 7% channels. Thus, the
p—h interaction in the FRSA is slightly weaker than the original interaction. The
difference between the full calculation and the FRSA is small in global compar-
ison with the experimental data. There is the missing of significant part of the
experimental strength distribution in the region above the main peaks. One can
expect a redistribution of strength if the coupling of the 1p—1h configurations to
more complex 2p—2h configurations is taken into account [11,13,29]. The p-h
interaction of the form Eqgs. (5), (6) allows one to simplify the calculation of such
couplings, and this study is now in progress. It is worth mentioning that the SD
strength distributions in °°Zr are rather well studied within the 1p—1h configura-
tion space (for example, see [6,7,9]). The effect of the tensor correlations on the
SD strength distributions is studied in [30].

We have done a similar check of the FRSA in the case of the parent nucleus
1328n. A perfect agreement is obtained between the r.h.s. of Eq. (17) and the Lh.s.
calculated either in FRSA or full Skyrme TDA [21]. The SD strength distributions
summed over the three J™ components in both 7_ and 77 channels are shown
in Fig.3. As can be seen from Fig. 3, the FRSA treatment changes slightly the
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Fig. 1. Spin-dipole strength distributions in the 7_ channel of the parent nucleus *°Zr.
The results with the FRSA for the p—h interaction (dashed lines), and with the full p—h
interaction (solid lines) are shown. The black dots correspond to the experimental data

energies of the peaks in !32Sb. However, we find that the general structure
remains the same. The two low-lying peaks are due to the 27 excitations. The
main configuration of the peak at £ = 2.0 MeV (1.5 MeV in the FRSA case) is

7 117!
{ﬂlgiulh? } At the same time, the leading contribution of the peak at £ =

17t
9.1 MeV (8.8 MeV in FRSA) comes from the configuration {ﬂlhgulgi }

The peak around F = 17.9 MeV is related with the collective 07,17, and
27~ states. The peak energy is moved downward by about 0.5 MeV in FRSA. The
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Fig. 2. The same as in Fig. 1, for the 7y channel

main features of the high-energy broad bump are well reproduced by the FRSA.
For the T, channel, the Pauli blocking of the neutron excess in '*2Sn is the
reason why there is only one sharp peak in the strength distribution, and the S,
value is much smaller than the S_ value. The J™ = 0, 1, and 2~ states in
the daughter nucleus '32In are concentrated in the sharp peak at £ = 14.1 MeV
which is shifted downward by 0.5 MeV if one uses the FRSA. The 0~ and 1~

9 97!
states are due to the {lllhiﬂ'lgi } configuration. The main configurations of

2

One can thus conclude that the FRSA can reliably be used for the study of
charge-exchange modes in the ?°Zr as well as 132Sn regions.

—1 -1
the 2~ state are the {Vlhgwlgg } and {1/2fg7rlgg }
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Fig. 3. The spin-dipole strength distributions summed over J" = 07,17,27 in both T+
channels in '3?Sn. The same notations as in Figs. 1 and 2

There is a relation between the N = 82 shell closure and the A ~ 130 peak
of the solar r-process abundance distribution [31]. The N = 82 isotones below
13281 are important for stellar nucleosynthesis, see, e.g., [32-35]. It is interesting
to study the properties of the G-T and SD states in '26~130Cd within the QRPA.

We use the isospin-invariant surface-peaked pairing force (2), with the value
po = 0.16 fm—3 of the nuclear saturation density corresponding to the SGII force.
The strength Vo = —870 MeV fm? is fitted to reproduce the experimental pairing
energies [21]. The definition of the pairing force (2) involves the energy cutoff
of the single-particle space to restrict the active pairing space. We use the soft
cutoff at 10 MeV above the Fermi energies as proposed in [16,24].

Figure 4 shows the evolution of the G-T strength distributions in 126-128:130Cq,

One can see that the major part of the strength is concentrated in the peaks at
E =14.9, 14.3, and 13.8 MeV for '26Cd, 28Cd, and '3°Cd, respectively. The
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Fig. 4. The G-T strength distributions in '29Cd (solid line), '*®Cd (dashed line), *3°Cd
(dotted line)
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largest contribution in the peaks comes from the configuration Wlhivlh?}.

About 99% of the G-T strength distribution is located below 30 MeV with re-
spect to the parent ground state. Taking into account the QRPA tensor correlations
within our approach [37] can improve the results. The tensor correlations can
shift up about 10% of the G-T strength to the higher energy region in the case
of 99Zr and 2“8Pb [10,36,37].

The evolution of the SD strength in the 7_ channel of the three J™ compo-
nents is shown in Fig.5. A comparison of the calculated SD sum rule with the
right-hand side of Eq.(17) shows that the SD sum rule is exhausted with a good
accuracy [21]. The slight increase in the S_ value and the noticeable decrease
in the Sy value when the mass number grows. It is worth mentioning that the
ratio 5 : 3 : 1 of the three J™ components of the S_ — S value is fulfilled in our
calculations. As can be seen from Fig.4, for the T channel the fragmentation
of the SD strength distributions increases with the value of J. The distributions
are shifted to lower energies as one goes from '26Cd to '3°Cd. In particular,
the peak energy of the J™ = 0~ mode of the SDR is 26.4, 25.7, and 25.0 MeV
in 126Cd, '28Cd, and '30Cd, respectively, and many configurations contribute
to these structures. For the 17 excitations, the shift of the main sharp peak is
about 1 MeV. At the same time, the contribution of the leading configuration

11 11
{7‘(’22.71/1}17} is decreasing from 54% for 126Cd to 45% for 13°Cd. The spec-

trum of the 27 states is fragmented in a wide energy range. There are two peaks
in the strength distribution at lower energies. These low-energy excitations are
of noncollective nature. In all three nuclei, the lowest peak is mainly due to the
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Fig. 5. Spin-dipole strength distributions of the 7 channel in *2°Cd (solid line), ***Cd
(dashed line), **°Cd (dotted line)

7 11
configuration {wlgﬁylh?}, while the dominant configuration of the second

. 11 7 . . . .
one is {wlhgulgi}. It is worth pointing out that these configurations induce

the low-energy peaks obtained in '32Sn, as is discussed above. Most of the 2~
strength is concentrated in the two peaks around 17.5(16.4) and 23.8(22.6) MeV
in 126Cd(*3°Cd). Thus, the three J™ modes of the SDR in 126:128:130C( keep to
the energy hierarchy E(27) < E(17) < E(07) as already found in %°Zr [6,7,9].

The general behavior of the sharp peaks in the 7% strength distribution is
displayed in Fig.6. With increasing mass number, the peak energy is moved
upward from 14.0 MeV in '?6Cd to 14.8 MeV in 3°Cd. As expected, the
Pauli blocking effect leads to a small contribution to the SD sum rule (17).

10
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Fig. 6. The same as in Fig. 5, for the 7'\ channel

The peaks in the 0~ and 1~ distributions have a noncollective structure with a

9 9
dominant configuration lllhiﬂ'lgi . In the case of the 27 states, the leading

5 9 9 9
configurations are {V?f 577195 } and {Vlhiﬂ'lgi } The situation is similar

to the 1328n case. The structure peculiarities of the SD strength distributions are
related with the shell structure in this region of nuclei.

CONCLUSION

A finite rank separable approximation of Skyrme-type forces, which was
proposed in our previous work, is applied to study the charge-exchange nuclear
modes. The suggested approach enables one to reduce remarkably the dimensions

11



of the matrices that must be inverted to perform nuclear structure calculations in
very large configuration spaces.

As an illustration we present results of HF-TDA calculations for the Gamow—
Teller and spin-dipole resonances in °°Zr and '32Sn. The values calculated within
FRSA are very close to those that were calculated with the full Skyrme interac-
tion. A comparison of our results with experimental data and other theoretical
calculations demonstrates that the method gives a good description of properties
of the charge-exchange excitations.

We have studied the G-T and spin-dipole strength distributions of the parent
nuclei 126:128:130C(d in the 7', and T_ channels by performing QRPA calculations
with the FRSA and the Skyrme parametrization SGII. Similarly to the case of
907Zr we find that the peak energies of the spin-dipole distributions in these Cd
isotopes obey the energy hierarchy E(27) < E(17) < E(07).

An inclusion of the tensor terms of the Skyrme interaction and taking into
account the coupling of the QRPA states with more complex components of the
wave functions are in progress now.
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Ionnuc no B meu 16 19.12.2011.
®Dopm 1 60 X 90/16. Bym r odcern 4. Ileu b odceTH 4.
Yen. neu. n. 1,18, Yu.-uzn. i, 1,59, Tup x 310 ax3. 3 x 3 Ne 57532.
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