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�·μÉμ´-¢μ¤μ·μ¤´ Ö ·¥ ±Í¨Ö ¢ ÔËË¥±É¨¢´μ-¤¢ÊÌÎ ¸É¨Î´μ° ³μ¤¥²¨

‚ ¶·¥¤² £ ¥³μ° ³μ¤¥²¨ ¶μ²´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¶·μÉμ´ , ´ ²¥É ÕÐ¥£μ ´ 
 Éμ³ ¢μ¤μ·μ¤ , ¨ ¶·μÉμ´ , Ö¢²ÖÕÐ¥£μ¸Ö Ö¤·μ³ ÔÉμ£μ  Éμ³ , ¸Î¨É ¥É¸Ö ¸Ê³³μ°
±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ Ö¤¥·´μ£μ ¶μÉ¥´Í¨ ²  �¨¤  ¨ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´-
Í¨ ²  ’μ³ ¸ Ä”¥·³¨, ¶μ·μ¦¤¥´´μ£μ ±Ê²μ´μ¢¸±¨³ ¢§ ¨³μ¤¥°¸É¢¨¥³ Ô²¥±É·μ´  ¸
Ö¤·μ³  Éμ³  ¢μ¤μ·μ¤ . � °¤¥´  Ö¢´ Ö ´¨§±μÔ´¥·£¥É¨Î¥¸± Ö  ¸¨³¶ÉμÉ¨±  ¸¥Î¥-
´¨Ö ¶·μÉμ´-¢μ¤μ·μ¤´μ° ·¥ ±Í¨¨ ¸ μ¡· §μ¢ ´¨¥³ ¤¥°É·μ´ , ¨ ¶μ± § ´μ, ÎÉμ ÔÉμ
¸¥Î¥´¨¥ ¢μ§· ¸É ¥É μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´μ Ô´¥·£¨¨ ¸Éμ²±´μ¢¥´¨Ö ¶·μÉμ´  ¸
 Éμ³μ³ ¢μ¤μ·μ¤  ¢ ¥¥ ´Ê²¥¢μ³ ¶·¥¤¥²¥.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. 	μ£μ²Õ¡μ¢ 
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Proton-Hydrogen Reaction in Effective Two-Body Model

In the suggested model the total interaction of proton and hydrogen atom is
assumed to be the sum of the short-range nuclear Reid potential and the long-
range ThomasÄFermi potential caused by the Coulomb interactions of electron with
hydrogen nucleus. As is shown, in this model the cross-section of the proton-
hydrogen reaction with generation of the deuteron increases as inverse power of the
collision energy in its zero limit.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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� ¸ÉμÖÐ Ö · ¡μÉ  Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ ¶·μ¤μ²¦¥´¨¥³ ´ Ï¥£μ ¶·¥¤Ò-
¤ÊÐ¥£μ ¨¸¸²¥¤μ¢ ´¨Ö Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ¶·μÉμ´   Éμ³μ³ ¢μ¤μ·μ¤  [1]. ‡¤¥¸Ó
¸μÌ· ´¥´Ò ¢¸¥ μ¡μ§´ Î¥´¨Ö, ¢¢¥¤¥´´Ò¥ ¢ ¶·¥¶·¨´É¥ [1], ¨ ¨¸¶μ²Ó§ÊÕÉ¸Ö μ¶·¥-
¤¥²¥´¨Ö, ¶·¨´ÖÉÒ¥ ¢ ¨§¢¥¸É´ÒÌ ³μ´μ£· Ë¨ÖÌ [2Ä12].

Š ± ¨§¢¥¸É´μ,  Éμ³ ¢μ¤μ·μ¤  H Ö¢²Ö¥É¸Ö ¸¢Ö§ ´´Ò³ ¸μ¸ÉμÖ´¨¥³ ¤¢ÊÌ · §-
´μ¨³¥´´μ § ·Ö¦¥´´ÒÌ Î ¸É¨Í: Ô²¥±É·μ´  e− ¨ ¶·μÉμ´ -Ö¤· . �¡μ§´ Î¨³ ÔÉμÉ
¶·μÉμ´ ¸¨³¢μ²μ³ p′,   ¶·μÉμ´, ´ ²¥É ÕÐ¨° ´   Éμ³ ¢μ¤μ·μ¤ , Å ¸¨³¢μ-
²μ³ p. ‡ ¤ Î  ¸Éμ²±´μ¢¥´¨Ö ¶·μÉμ´  ¸  Éμ³μ³ ¢μ¤μ·μ¤  μÉ´μ¸¨É¸Ö ± ±² ¸¸Ê
§ ¤ Î, ´ ¨¡μ²¥¥ ¸²μ¦´μ³Ê ¤²Ö ± Î¥¸É¢¥´´μ£μ ¨ Î¨¸²¥´´μ£μ  ´ ²¨§ . ‚ ¸μ-
¢·¥³¥´´μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ · ¸¸¥Ö´¨Ö ¤²Ö ¸¨¸É¥³ ´¥¸±μ²Ó±¨Ì Î ¸É¨Í [2]
¨¸¸²¥¤μ¢ ´¨¥ ÔÉμ£μ ±² ¸¸  § ¤ Î ´¥§ ¢¥·Ï¥´μ. ‚ Î ¸É´μ¸É¨, ´¥¨§¢¥¸É´Ò ±μμ·-
¤¨´ É´Ò¥  ¸¨³¶ÉμÉ¨±¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸¨¸É¥³Ò É·¥Ì § ·Ö¦¥´´ÒÌ Î ¸É¨Í
¢ μ¸μ¡ÒÌ μ¡² ¸ÉÖÌ ±μ´Ë¨£Ê· Í¨μ´´μ£μ ¶·μ¸É· ´¸É¢ , μ¶·¥¤¥²Ö¥³ÒÌ ´ ¶· -
¢²¥´¨¥³ · ¸¸¥Ö´¨Ö ¶ ·Ò Î ¸É¨Í ¢¶¥·¥¤. �¥¨§¢¥¸É´Ò ¨ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨
¢μ²´μ¢μ° ËÊ´±Í¨¨ · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ ´  ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ ¤¢ÊÌ Î ¸É¨Í ¢
¶·¥¤¥²¥ ´Ê²¥¢μ° Ô´¥·£¨¨ ¸Éμ²±´μ¢¥´¨Ö. …Ð¥ ³¥´¥¥ ¨§ÊÎ¥´´μ° Ö¢²Ö¥É¸Ö § -
¤ Î  · ¸¸¥Ö´¨Ö § ·Ö¦¥´´μ° Î ¸É¨ÍÒ ´  ¸¢Ö§ ´´μ³ ±μ³¶²¥±¸¥ É·¥Ì ¨ ¡μ²¥¥
§ ·Ö¦¥´´ÒÌ Î ¸É¨Í. � ¶·¨³¥·, ¸Éμ²±´μ¢¥´¨¥ ¶·μÉμ´  ¸ ÉÖ¦¥²Ò³  Éμ³μ³.

ˆ§-§  ¶¥·¥Î¨¸²¥´´ÒÌ É·Ê¤´μ¸É¥° ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ´¥ μ¸² ¡¥¢ ¥É ¨´É¥-
·¥¸ ± ÔËË¥±É¨¢´μ-¤¢ÊÌÎ ¸É¨Î´Ò³ ³μ¤¥²Ö³ ¸Éμ²±´μ¢¥´¨Ö § ·Ö¦¥´´μ° Î ¸É¨ÍÒ
¸ ´¥°É· ²Ó´Ò³  Éμ³μ³. �¤´  ¨§ É ±¨Ì ³μ¤¥²¥° ¶·¥¤²μ¦¥´  ¢ ´ Ï¥° ¶·¥¤Ò¤Ê-
Ð¥° · ¡μÉ¥ [1], ¶μ¸¢ÖÐ¥´´μ° Ê¶·Ê£μ³Ê · ¸¸¥Ö´¨Õ ¶·μÉμ´   Éμ³μ³ ¢μ¤μ·μ¤ .
�É  ¦¥ ³μ¤¥²Ó ¨¸¶μ²Ó§Ê¥É¸Ö ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¤²Ö μ¶¨¸ ´¨Ö ¨  ´ ²¨§ 
´¥Ê¶·Ê£μ£μ ¸Éμ²±´μ¢¥´¨Ö ¶·μÉμ´  ¸  Éμ³μ³ ¢μ¤μ·μ¤ , ¢ ·¥§Ê²ÓÉ É¥ ±μÉμ·μ£μ
¶·μ¨¸Ìμ¤¨É ¶·μÉμ´-¢μ¤μ·μ¤´ Ö ·¥ ±Í¨Ö ¸ μ¡· §μ¢ ´¨¥³ ¤¥°É·μ´ .

�μ¸É ´μ¢±  ·¥Ï ¥³μ° § ¤ Î¨ É ±μ¢ : ¢ · ³± Ì ÔËË¥±É¨¢´μ-¤¢ÊÌÎ ¸É¨Î´μ°
§ ¤ Î¨ ¨¸¸²¥¤μ¢ ÉÓ Ê¶·Ê£μ¥ ¨ ´¥Ê¶·Ê£μ¥ S-¢μ²´μ¢μ¥ ¸Éμ²±´μ¢¥´¨¥ ¶ ¤ ÕÐ¥£μ
¶·μÉμ´  p ´  ¶·μÉμ´¥ p′, Ö¢²ÖÕÐ¨³¸Ö Ö¤·μ³  Éμ³  ¢μ¤μ·μ¤ ,   § É¥³ ¢Ò¢¥¸É¨
Ö¢´ÊÕ ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê ¸¥Î¥´¨Ö É ±μ£μ ¸Éμ²±´μ¢¥´¨Ö.

‚ · §¤. 1 ¶μ¸²¥ Ëμ·³Ê²¨·μ¢±¨ ¶·¥¤² £ ¥³μ° ³μ¤¥²¨ ¤ ¥É¸Ö ¥¥ ±¢ ´Éμ¢μ-
³¥Ì ´¨Î¥¸±¨°  ´ ²¨§, ¢ ·¥§Ê²ÓÉ É¥ ±μÉμ·μ£μ ¶·¥¤¸± §Ò¢ ÕÉ¸Ö μ¸´μ¢´Ò¥ μ¦¨-
¤ ¥³Ò¥ ·¥§Ê²ÓÉ ÉÒ. ‚ · §¤. 2 ¶¥·¥Î¨¸²ÖÕÉ¸Ö ¨ μ¡¸Ê¦¤ ÕÉ¸Ö ¸ Ë¨§¨Î¥¸±μ°
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ÉμÎ±¨ §·¥´¨Ö ±²ÕÎ¥¢Ò¥ ¤²Ö ´ Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° Ê· ¢´¥´¨Ö ¨ ¸μμÉ´μÏ¥-
´¨Ö. ’·¥É¨° · §¤¥² ¶μ¸¢ÖÐ¥´ ¢Ò¢μ¤Ê ¨ ¨¸¸²¥¤μ¢ ´¨Õ S-¢μ²´μ¢μ° ËÊ´±Í¨¨
pH-· ¸¸¥Ö´¨Ö ¨ ¸¥Î¥´¨Ö pH-·¥ ±Í¨¨ ¢ ¶·¥¤¥²¥ ´Ê²¥¢μ° Ô´¥·£¨¨ ¸Éμ²±´μ¢¥´¨Ö
¶·μÉμ´  ¸  Éμ³μ³ ¢μ¤μ·μ¤ ; ¢ Î¥É¢¥·Éμ³ ¸´ Î ²  ¨§² £ ¥É¸Ö ´μ¢Ò° ³¥Éμ¤ ¶μ-
¸É·μ¥´¨Ö ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì ¶·¥¤¸É ¢²¥´¨° S-¢μ²´μ¢μ° ËÊ´±Í¨¨ · ¸¸¥Ö´¨Ö
¶μÉ¥´Í¨ ²μ³, ¨³¥ÕÐ¨³ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê ¶μ²Ö·¨§ Í¨μ´´μ£μ
É¨¶ ,   § É¥³ ÔÉμÉ ³¥Éμ¤ ¶·¨³¥´Ö¥É¸Ö ¤²Ö ¶μ¸É·μ¥´¨Ö ¨  ´ ²¨§  ¶μ¢¥¤¥´¨Ö
¸¥Î¥´¨Ö pH-·¥ ±Í¨¨ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ ¸Éμ²±´μ¢¥´¨Ö ¶·μÉμ´  ¸  Éμ³μ³
¢μ¤μ·μ¤ . ‚ · §¤. 5 ¶·¥¤¸É ¢²¥´Ò ³¥Éμ¤Ò ¨ ·¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨°. ‚ § -
±²ÕÎ¥´¨¨ ¸Ê³³¨·ÊÕÉ¸Ö μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

1. Œ�„…‹œ ˆ …… �†ˆ„�…Œ›… ‘‹…„‘’‚ˆŸ

� Î´¥³ ¸ μ¶¨¸ ´¨Ö μ¸´μ¢´ÒÌ μ¡μ§´ Î¥´¨°. �Ê¸ÉÓ � Å ¶μ¸ÉμÖ´´ Ö �² ´± ,
e ¨ me Å μÉ·¨Í É¥²Ó´Ò° § ·Ö¤ ¨ ³ ¸¸  Ô²¥±É·μ´ ; |e| ¨ mp Å § ·Ö¤ ¨ ³ ¸¸ 
¶·μÉμ´ ; aB ¨ R Å ¡μ·μ¢¸±¨¥ · ¤¨Ê¸Ò Ô²¥±É·μ´  ¨ ¸¨¸É¥³Ò {p, p} ¤¢ÊÌ
¶·μÉμ´μ¢. „²Ö μÍ¥´μ± ¨ ¢ÒÎ¨¸²¥´¨° ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö:

me = 0,5110034 ŒÔ‚, mp = 1836,15152 me ≈ 938,2796696 ŒÔ‚,

�
2

mp
≈ 41,49996 ŒÔ‚ · ”³2, e2 = 1,4399758 ŒÔ‚ · ”³,

aB ≡ �
2

mee2
= 52917,706 ”³, R ≡ �

2

mpe2
= aB

me

mp
≈ 28,81990 ”³.

‚¸Õ¤Ê ¤ ²¥¥ ¸¨³¢μ² ³¨ r, k ¨ E = (�k)2/mp μ¡μ§´ Î¥´Ò · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê
¶·μÉμ´ ³¨, ¢μ²´μ¢μ¥ Î¨¸²μ ¨ Ô´¥·£¨Ö ¸Éμ²±´μ¢¥´¨Ö ¶·μÉμ´μ¢ ¢ ¨Ì ¸¨¸É¥³¥
Í¥´É·  ³ ¸¸.

�¶¨Ï¥³ ¨§¢¥¸É´ÊÕ ¨ ¤μ¢μ²Ó´μ ·¥ ²¨¸É¨Î¥¸±ÊÕ ³μ¤¥²Ó ´¨§±μÔ´¥·£¥É¨-
Î¥¸±μ£μ ¸Éμ²±´μ¢¥´¨Ö ¤¢ÊÌ ¶·μÉμ´μ¢ ¢ ¢ ±ÊÊ³¥ [3]. ‚ ÔÉμ° ³μ¤¥²¨ ¢§ ¨-
³μ¤¥°¸É¢¨¥ ³¥¦¤Ê ¶·μÉμ´ ³¨ ¢ ¨Ì 1S0-¸μ¸ÉμÖ´¨¨ ¸Î¨É ¥É¸Ö ¸Ê¶¥·¶μ§¨Í¨¥°
V ≡ V c + V s μÉÉ ²±¨¢ ÕÐ¥£μ ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  V c(r) ≡ e2/r ¨
Ö¤¥·´μ£μ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ²  V s(r) �¨¤  ¸ ³Ö£±¨³ ±μ·μ³ [13]:

V s(r) = [g(x)/x]{V1 + g3(x)[V4 + V7g
3(x)]},

g(x) ≡ exp (−x), x ≡ r/rπ ;
(1)

V1 = −10,463 ŒÔ‚, V4 = −1650,6 ŒÔ‚,

V7 = 6484,2 ŒÔ‚, rπ ≡ (10/7) ”³.

C ·μ¸Éμ³  ·£Ê³¥´É  r ¶μÉ¥´Í¨ ² �¨¤  ³μ´μÉμ´´μ Ê¡Ò¢ ¥É ´  ¨´É¥·¢ ²¥ (0, rs
2),

¢ ÉμÎ±¥ r � rs
1 ≈ 0,6402 ”³ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ¢ ÉμÎ±¥ r = rs

2 ≈ 0,8449 ”³
¤μ¸É¨£ ¥É ¸¢μ¥£μ ³¨´¨³ ²Ó´μ£μ §´ Î¥´¨Ö V s(rs

2) = V s
min ≈ −97,2308 ŒÔ‚,

2



  § É¥³ ³μ´μÉμ´´μ ¢μ§· ¸É ¥É, ¸Ìμ¤Ö¸Ó ± ´Ê²Õ ¢ ¶·¥¤¥²¥ r/rπ → ∞. �¡¸Ê¦-
¤ ¥³Ò° ¶μÉ¥´Í¨ ² ¨³¥¥É  ¸¨³¶ÉμÉ¨±¨

V s(r) ∼ V s
0 /r, V s

0 ≈ 6890 ŒÔ‚ · ”³, r/rπ → 0;
(2)

V s(r) ∼ V s
∞ exp (−r/rπ)/r, V s

∞ ≈ −14,9 ŒÔ‚ · ”³, r/rπ → ∞,

¢ μ¡² ¸É¨ r � r1 ≈ 0,64 ”³ Ö¢²Ö¥É¸Ö μÉÉ ²±¨¢ ÕÐ¨³ (V s > 0),   ¢ μ¡² ¸É¨
r > r1 Å ¶·¨ÉÖ£¨¢ ÕÐ¨³ (V s < 0) ¶μÉ¥´Í¨ ²μ³.

‚ ·¥§Ê²ÓÉ É¥ ´¥Ê¶·Ê£μ£μ ¸Éμ²±´μ¢¥´¨Ö ¤¢ÊÌ ¶·μÉμ´μ¢ ¢ ¢ ±ÊÊ³¥ §  ¸Î¥É
¸² ¡μ£μ · ¸¶ ¤  μ¤´μ£μ ¨§ ¶·μÉμ´μ¢ ´  ´¥°É·μ´ n, ¶μ§¨É·μ´ e+ ¨ Ô²¥±É·μ´´μ¥
´¥°É·¨´μ νe ¨ ¶μ¸²¥¤ÊÕÐ¥£μ § Ì¢ É  ´¥°É·μ´  (β+-§ Ì¢ É) ¤·Ê£¨³ ¶·μÉμ´μ³
¢ ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥ Å Ö¤·μ ¤¥°É·μ´  d+ Å ¶·μ¨¸Ìμ¤¨É ¶μ¤¡ ·Ó¥·´ Ö
Ö¤¥·´ Ö ·¥ ±Í¨Ö p + p → d+ + e+ + νe. ‘¥Î¥´¨¥ É ±μ° pp-·¥ ±Í¨¨ ¶·¨´ÖÉμ
¶·¥¤¸É ¢²ÖÉÓ ¢ ¢¨¤¥ [4]

σpp(E) =
exp (−2πη)

E
Spp(E), Spp(E) = τΛ2

pp(E),
(3)

τ ≈ 4,855 · 10−22 ±Ô‚ · ”³2.

‚ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¨ η ≡ 1/(2kR) Å ¶ · ³¥É· ‡μ³³¥·Ë¥²Ó¤ ,    ´ ²¨É¨-
Î¥¸± Ö ËÊ´±Í¨Ö Λpp(E) Ô´¥·£¨¨ ´ §Ò¢ ¥É¸Ö Ö¤¥·´μ-±Ê²μ´μ¢¸±¨³ ³ É·¨Î´Ò³
Ô²¥³¥´Éμ³.

‚ ¨³¶Ê²Ó¸´μ³ ¶·¨¡²¨¦¥´¨¨ [4] ¶μ £ ³¨²ÓÉμ´¨ ´Ê β+-§ Ì¢ É  [5] ÔÉμÉ
Ô²¥³¥´É ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¨´É¥£· ²  ¶¥·¥±·ÒÉ¨Ö 3S1-±μ³¶μ´¥´ÉÒ ud(r)
· ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¤¥°É·μ´  ¨ S-¢μ²´μ¢μ° · ¤¨ ²Ó´μ° ËÊ´±Í¨¨
pp-· ¸¸¥Ö´¨Ö upp(r; k):

Λpp(E) = [8π r3
d k2C2

0 (η)]−1/2

∫ ∞

0

upp(r; k)ud(r) dr, (4)

£¤¥ rd Å · ¤¨Ê¸ ¤¥°É·μ´ ,   C2
0 (η) Å ±Ê²μ´μ¢¸±¨° ¡ ·Ó¥·´Ò° ³´μ¦¨É¥²Ó:

C2
0 (η) ≡ [2πη/(exp (2πη − 1))].

Šμ³¶μ´¥´É  ud(r) ËÊ´±Í¨¨ ¤¥°É·μ´ , ¢ÒÎ¨¸²¥´´ Ö ¶μ  ²£μ·¨É³Ê, μ¶¨¸ ´-
´μ³Ê ¢ · ¡μÉ¥ [13] ¤²Ö 3S1−3D1-¶μÉ¥´Í¨ ²  �¨¤  ¸ ³Ö£±¨³ ±μ·μ³, ¨§μ¡· -
¦¥´  ´  ·¨¸. 1 ¸¶²μÏ´μ° ±·¨¢μ°. ”Ê´±Í¨Ö ud(r) · ¢´  ´Ê²Õ ¢ ÉμÎ±¥ r = 0,
¨³¥¥É ²μ± ²Ó´Ò° ³ ±¸¨³Ê³ ¢ ÉμÎ±¥ rd

1 ≈ 2,65 ”³ ¨ Ô±¸¶μ´¥´Í¨ ²Ó´μ ¡Ò-
¸É·μ Ê¡Ò¢ ¥É ¶·¨ Ê¢¥²¨Î¥´¨¨ μÉ´μÏ¥´¨Ö ¥¥  ·£Ê³¥´É  ± ±μ´¸É ´É¥ rd =
4,314621509 ”³, ±μÉμ·ÊÕ ¶·¨´ÖÉμ ´ §Ò¢ ÉÓ · ¤¨Ê¸μ³ ¤¥°É·μ´ :

ud(r) ∼ 0,87758 ”³−1/2 exp (−r/rd), r/rd → ∞. (5)
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�¨¸. 1. ‘¶²μÏ´ Ö ±·¨¢ Ö Å · ¤¨ ²Ó´ Ö 3S1-±μ³¶μ´¥´É  ud(r) ¢μ²´μ¢μ° ËÊ´±Í¨¨
¤¥°É·μ´ 

”Ê´±Í¨Ö upp(r; k) μ¶·¥¤¥²Ö¥É¸Ö ± ± ·¥Ï¥´¨¥ · ¤¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  [

�
2

mp
∂2

r + V (r) − E

]
upp(r; k) = 0, r > 0,

c £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨

upp(r; k) = O(ρ), ρ ≡ kr → 0;
upp(r; k) ∼ sin (ρ − η ln 2ρ + δ(k)), ρ → ∞,

£¤¥ δ(k) Å Ë §  · ¸¸¥Ö´¨Ö, ¶μ·μ¦¤¥´´ Ö ¶μÉ¥´Í¨ ²μ³ V = V c + V s.
ˆ¸Î¥·¶Ò¢ ÕÐ¨°  ´ ²¨§ Ô´¥·£¥É¨Î¥¸±μ° § ¢¨¸¨³μ¸É¨ ³ É·¨Î´μ£μ Ô²¥-

³¥´É  (4) �¨¤  (1) ¤ ´ ¢ μ¡§μ·¥ [14]. ‚ μ¡² ¸É¨ Ô´¥·£¨° E < 20 ±Ô‚ ±¢ ¤· É
ÔÉμ£μ Ô²¥³¥´É   ¶¶·μ±¸¨³¨·Ê¥É¸Ö ²¨´¥°´μ° ËÊ´±Í¨¥° Ô´¥·£¨¨:

Λ2
pp(E) = Λ2

pp(0)(1 + λE) + O(E2),
(6)

Λ2
pp(0) = 7,0 ± 0,18, λ = 2,2 ŒÔ‚−1.

�Ï¨¡±¨ ¢ μ¶·¥¤¥²¥´¨¨ ¥¥ ±μÔËË¨Í¨¥´Éμ¢ Λ2
pp(0) ¨ λ ¶μ·μ¦¤ ÕÉ¸Ö ´¥μ¶·¥-

¤¥²¥´´μ¸ÉÖ³¨ (≈ 0,025) Ö¤¥·´μ£μ ´Ê±²μ´-´Ê±²μ´´μ£μ ¶μÉ¥´Í¨ ²  ¨ ¢±² ¤μ³
(≈ 0,02) μ¡³¥´´ÒÌ ³¥§μ´´ÒÌ Éμ±μ¢. ‚ ¸²ÊÎ ¥ Ö¤¥·´μ£μ ¶μÉ¥´Í¨ ²  �¨¤  (1)
´ ¨¡μ²¥¥ ÉμÎ´Ò¥ §´ Î¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö (6) ¢ÒÎ¨¸²¥´Ò  ¢Éμ-
· ³¨ μ¡§μ·  [14] ¨ · ¢´Ò

Λ2
pp(0) = 6,96072905, λ = 2,42552113 ŒÔ‚−1.

�μ¤·μ¡´μ¥ μ¶¨¸ ´¨¥ ¨¸¶μ²Ó§Ê¥³μ° ¤ ²¥¥ ÔËË¥±É¨¢´μ-¤¢ÊÌÎ ¸É¨Î´μ° ³μ-
¤¥²¨ ¸Éμ²±´μ¢¥´¨Ö ¶·μÉμ´  ¸  Éμ³μ³ ¢μ¤μ·μ¤  ¤ ´μ ¢ ´ Ï¥° ¶·¥¤Ò¤ÊÐ¥°
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· ¡μÉ¥ [1]. �μÔÉμ³Ê ´¨¦¥ ¶¥·¥Î¨¸²ÖÕÉ¸Ö ²¨ÏÓ μ¸´μ¢´Ò¥ μ¶·¥¤¥²¥´¨Ö ¨ ¶·¨-
¢μ¤ÖÉ¸Ö Éμ²Ó±μ ´¥μ¡Ìμ¤¨³Ò¥ Ëμ·³Ê²Ò.

Œ ¸¸  mH  Éμ³  ¢μ¤μ·μ¤  ¶μ² £ ¥É¸Ö · ¢´μ° ³ ¸¸¥ ¶·μÉμ´  mp. ‘Éμ²±-
´μ¢¥´¨¥ ¶·μÉμ´  ¸  Éμ³μ³ ¢μ¤μ·μ¤  ¨¸¸²¥¤Ê¥É¸Ö ¢ ¨Ì ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸.
‚ ÔÉμ° ¸¨¸É¥³¥ ¶μ μ¶·¥¤¥²¥´¨Õ r, k ¨ E Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ´ ²¥É ÕÐ¨³
¶·μÉμ´μ³ p ¨ ¶·μÉμ´μ³-Ö¤·μ³  Éμ³  ¢μ¤μ·μ¤  p′, ¢μ²´μ¢μ¥ Î¨¸²μ ¨ Ô´¥·£¨Ö
μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö ÔÉ¨Ì ¶·μÉμ´μ¢.

„²Ö  ´ ²¨§  É ±μ£μ ¸Éμ²±´μ¢¥´¨Ö ´¥μ¡Ìμ¤¨³μ ¸´ Î ²  ÊÎ¥¸ÉÓ ÔËË¥±É
Ô±· ´¨·μ¢±¨ Ô²¥±É·μ´μ³  Éμ³  ¢μ¤μ·μ¤  ¥£μ Ö¤·  Å ¶·μÉμ´  p′. � ¨¡μ²¥¥
¶·μ¸Éμ° ¸¶μ¸μ¡ ¶·¨¡²¨¦¥´´μ£μ ÊÎ¥É  ¢±²ÕÎ¥´¨Ö ÔÉμ£μ ÔËË¥±É  Å
§ ³¥´  ±Ê²μ´μ¢¸±μ£μ μÉÉ ²±¨¢ ´¨Ö V c ¢ ¶μ²´μ³ ¢§ ¨³μ¤¥°¸É¢¨¨ V = V c +
V � ³¥¦¤Ê ¶·μÉμ´ ³¨ Ô±· ´¨·μ¢ ´´Ò³ ³μ¤¥²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³ V �(r)
’μ³ ¸ Ä”¥·³¨.

� ¶μ³´¨³, ÎÉμ ¢ É¥μ·¨¨ ¶μÉ¥´Í¨ ²Ó´μ£μ · ¸¸¥Ö´¨Ö [2, 6], ¢ μÉ²¨Î¨¥ μÉ
É¥μ·¨¨ Ô²¥±É·¨Î¥¸É¢  [7], ¶μÉ¥´Í¨ ²Ó´ÊÕ Ô´¥·£¨Õ ¶·¨´ÖÉμ ´ §Ò¢ ÉÓ ¶μÉ¥´-
Í¨ ²μ³.

‚ ³μ¤¥²¨ ’μ³ ¸ Ä”¥·³¨ [8] Ô²¥±É·¨Î¥¸±¨° ¶μÉ¥´Í¨ ² ϕ(r)  Éμ³  ´  § -
¤ ´´μ³ · ¸¸ÉμÖ´¨¨ r μÉ ¥£μ Ö¤· , ¨³¥ÕÐ¥£μ § ·Ö¤ Z|e|, · ¢¥´ ¶·μ¨§¢¥¤¥´¨Õ
Ô²¥±É·¨Î¥¸±μ£μ ¶μÉ¥´Í¨ ²  Ö¤·  Z|e|/r ¨ Ô±· ´¨·ÊÕÐ¥° ËÊ´±Í¨¨ f(x) ¡¥§-
· §³¥·´μ£μ  ·£Ê³¥´É  x:

ϕ(r) =
Z|e|
r

f(x), x = r/d, d ≡
(

9π2

128Z

)1/3

aB.

�±· ´¨·ÊÕÐ Ö ËÊ´±Í¨Ö, ¶μ·μ¦¤¥´´ Ö ¢§ ¨³´Ò³ ±Ê²μ´μ¢¸±¨³ ¢μ§¤¥°¸É¢¨¥³
¢¸¥Ì Z Ô²¥±É·μ´μ¢  Éμ³  ´  ¥£μ Ö¤·μ, Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ´¥²¨´¥°´μ° ±· ¥¢μ°
§ ¤ Î¨

∂2
xf(x) = f(x)

√
f(x)/x, x > 0;

f(x) = 1, x = 0; f(x) ∼ 144/x3, x → ∞.

’ ±μ¥ ·¥Ï¥´¨¥ ³μ´μÉμ´´μ Ê¡Ò¢ ¥É ´  ¢¸¥° ¶μ²Êμ¸¨ x > 0. � £²Ö¤´μ¥ ¶·¥¤-
¸É ¢²¥´¨¥ μ ¥£μ § ¢¨¸¨³μ¸É¨ μÉ  ·£Ê³¥´É  x ¤ ¥É ·¨¸. 2.

„²Ö  Éμ³  ¢μ¤μ·μ¤  Z = 1. ‘²¥¤μ¢ É¥²Ó´μ, ¢ ³μ¤¥²¨ ’μ³ ¸ Ä”¥·³¨
Ô²¥±É·¨Î¥¸± Ö ¶μÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö V �(r) ¸¨¸É¥³Ò {p, H} μ¶·¥¤¥²Ö¥É¸Ö
Ëμ·³Ê² ³¨

V �(r) = |e|ϕ(r) =
e2

r
f(x), x = r/d, d ≈ 46850,2346977 ”³. (7)

„ ²¥¥, ± ± ¶·¨´ÖÉμ ¢ É¥μ·¨¨ ¶μÉ¥´Í¨ ²Ó´μ£μ · ¸¸¥Ö´¨Ö [2, 6], ËÊ´±Í¨Ö
V �(r) ´ §Ò¢ ¥É¸Ö ¶μÉ¥´Í¨ ²μ³ ’μ³ ¸ Ä”¥·³¨.
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�¨¸. 2. ‘¶²μÏ´ Ö ±·¨¢ Ö Å Ô±· ´¨·ÊÕÐ Ö ËÊ´±Í¨Ö ’μ³ ¸ Ä”¥·³¨ f(x), ¶·Ö³ Ö
²¨´¨Ö Å ËÊ´±Í¨Ö fas(x) ≡ 0

�μÉ¥´Í¨ ² ’μ³ ¸ Ä”¥·³¨ ¨³¥¥É ¸²¥¤ÊÕÐ¨¥  ¸¨³¶ÉμÉ¨±¨:

V �(r) ∼ e2/r, e2 ≈ 1,4399758 ŒÔ‚ · ”³, x = r/d → 0;
(8)

V �(r) ∼ βr−4, β ≡ 144 e2d3 ≈ 2,1323232 · 1016 ŒÔ‚ · ”³4, r/d → ∞.

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶·¥¤¥²¥ ³ ²ÒÌ · ¸¸ÉμÖ´¨° ÔÉμÉ ¶μÉ¥´Í¨ ² ¸É ´μ¢¨É¸Ö ±Ê-
²μ´μ¢¸±¨³ μÉÉ ²±¨¢ ´¨¥³ V c(r) = e2/r,   ¢ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨° Å
μÉÉ ²±¨¢ ÕÐ¨³ ¶μÉ¥´Í¨ ²μ³ ¶μ²Ö·¨§ Í¨μ´´μ£μ É¨¶  V p(r) = βr−4 ¸ ¤μ-
¢μ²Ó´μ ¡μ²ÓÏμ° ±μ´¸É ´Éμ° β.

’ ± ± ± ¶·μÉμ´Ò p ¨ p′ Å Éμ¦¤¥¸É¢¥´´Ò¥ Î ¸É¨ÍÒ, Éμ ¤ ²¥¥ ¸Î¨É ¥É¸Ö,
ÎÉμ ÔÉ¨ ¶·μÉμ´Ò ¢§ ¨³μ¤¥°¸É¢ÊÕÉ ¶μ¸·¥¤¸É¢μ³ ¸Ê³³Ò V (r) ≡ V �(r) + V s(r)
μÉÉ ²±¨¢ ÕÐ¥£μ ¨ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ²  ’μ³ ¸ Ä”¥·³¨ ¨ Ö¤¥·-
´μ£μ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ²  �¨¤ .

�¶¨Ï¥³ § ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ V (r) μÉ · ¸¸ÉμÖ´¨Ö r. ‘μμÉ´μÏ¥´¨Ö (2)
¨ (8) ¶μ·μ¦¤ ÕÉ ¸²¥¤ÊÕÐ¨¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ V (r):

V (r) ∼ V0/r, V0 = V s
0 + e2 ≈ 6891,42 ŒÔ‚ · ”³, r/rπ → 0;

(9)
V (r) ∼ β/r4, β ≡ 144e2d3 ≈ 2,132323 · 1016 ŒÔ‚ · ”³4, r/d → ∞.

�É  ËÊ´±Í¨Ö ¨³¥¥É ¤¢  ´Ê²Ö ¢ ÉμÎ± Ì r = r1 ≈ 0,6418 ”³ ¨ r = r3 ≈
3,4847 ”³ ¨ ¤¢  Ô±¸É·¥³Ê³ : ³¨´¨³Ê³ ¢ ÉμÎ±¥ r = r2 ≈ 0,8457 ”³ ¨ ²μ-
± ²Ó´Ò° ³ ±¸¨³Ê³ ¢ ÉμÎ±¥ r = r4 ≈ 5,6306 ”³. Œ¨´¨³ ²Ó´μ¥ ¨ ³ ±¸¨³ ²Ó-
´μ¥ §´ Î¥´¨Ö É ±μ¢Ò: V (r2) = Vmin ≈ −95,5527 ŒÔ‚, a V (r4) = Vmax ≈
204,0784 ±Ô‚. ”Ê´±Í¨Ö V (r) ³¥´ÓÏ¥ ´Ê²Ö ´  ¨´É¥·¢ ²¥ (r1, r3) ¨ ¡μ²ÓÏ¥
´Ê²Ö ´  ¨´É¥·¢ ²¥ (0, r1) ¨ ´  ¶μ²Êμ¸¨ r > r4. C ·μ¸Éμ³  ·£Ê³¥´É  r μ¡¸Ê¦¤ -
¥³ Ö ËÊ´±Í¨Ö ³μ´μÉμ´´μ Ê¡Ò¢ ¥É ´  ¶μ²Ê¨´É¥·¢ ²¥ (0, r2], § É¥³ ³μ´μÉμ´´μ

6



�¨¸. 3. ‘¶²μÏ´ Ö ±·¨¢ Ö Å ¸Ê³³  V ¶μÉ¥´Í¨ ²μ¢ �¨¤  (1) ¨ ’μ³ ¸ Ä”¥·³¨ (7);
¶·Ö³ Ö ²¨´¨Ö Å ËÊ´±Í¨Ö Vas(r) ≡ 0

¢μ§· ¸É ¥É ´  ¶μ²Ê¨´É¥·¢ ²¥ (r2, r4] ¨ ³μ´μÉμ´´μ Ê¡Ò¢ ¥É ´  ¶μ²Êμ¸¨ r > r4,
³¥¤²¥´´μ ¸Ìμ¤Ö¸Ó ± ´Ê²Õ ¢ ¶·¥¤¥²¥ r/d → ∞.

‘²¥¤μ¢ É¥²Ó´μ, ¶μÉ¥´Í¨ ² V (r) ¨³¥¥É ¸¨´£Ê²Ö·´μ¸ÉÓ ±Ê²μ´μ¢¸±μ£μ É¨¶ 
¢ ´ Î ²Ó´μ° ÉμÎ±¥ r = 0, ´  ¨´É¥·¢ ²¥ (r1, r3) Ö¢²Ö¥É¸Ö ¶·¨ÉÖ£¨¢ ÕÐ¨³
¶μÉ¥´Í¨ ²μ³ (V < 0),   ¢¸Õ¤Ê ¢´¥ ÔÉμ£μ ¨´É¥·¢ ²  Å μÉÉ ²±¨¢ ÕÐ¨³
(V > 0). ‡ ¢¨¸¨³μ¸ÉÓ ¶μÉ¥´Í¨ ²  V (r) μÉ · ¸¸ÉμÖ´¨Ö r ¶μÖ¸´Ö¥É ·¨¸. 3.

‚ μ¡² ¸É¨ ³ ²ÒÌ · ¸¸ÉμÖ´¨° r < 2 ”³ ¶μÉ¥´Í¨ ² V  ¶¶·μ±¸¨³¨·Ê-
¥É¸Ö ¶μÉ¥´Í¨ ²μ³ �¨¤ ,   ¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨° r > 5 ”³ Å ¶μ-
É¥´Í¨ ²μ³ ’μ³ ¸ Ä”¥·³¨. ƒ² ¢´ Ö μ¸μ¡¥´´μ¸ÉÓ ¶μÉ¥´Í¨ ²  V (r) § ±²ÕÎ -
¥É¸Ö ¢ Éμ³, ÎÉμ μ´ ¨³¥¥É μÉÉ ²±¨¢ ÕÐÊÕ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê:
V (r) ∼ V p(r) = βr−4, r/d → ∞, ¸ μ£·μ³´μ° ¢ ³ ¸ÏÉ ¡ Ì Ö¤¥·´μ° ¨  Éμ³´μ°
Ë¨§¨±¨ ±μ´¸É ´Éμ° β.

�¡¸Ê¤¨³ ¤¢  ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨Ì ¸²¥¤¸É¢¨Ö ¶·¥¤²μ¦¥´´μ° ³μ¤¥²¨:
¶·¥¤¸É ¢²¥´¨¥ ¸¥Î¥´¨Ö σ(E) ´¥Ê¶·Ê£μ£μ ¸Éμ²±´μ¢¥´¨Ö ¶·μÉμ´μ¢ p ¨ p′ ¨ ¥£μ
μ¦¨¤ ¥³μ¥ §´ Î¥´¨¥ ¢ ¶·¥¤¥²¥ E → 0.

‚Ò¢¥¤¥³ Ëμ·³Ê²Ê ¤²Ö ¸¥Î¥´¨Ö σ. �¥±Ê²μ´μ¢¸±¨³ ¶·¥¤¥²μ³ ´ §μ¢¥³ ¶·¥-
¤¥² ¡¥¸±μ´¥Î´μ ¡μ²ÓÏμ£μ ¡μ·μ¢¸±μ£μ · ¤¨Ê¸  R ¸¨¸É¥³Ò {p, p′}. Š ± Ê¶μ³¨-
´ ²μ¸Ó ¢ÒÏ¥, ¸¥Î¥´¨¥ pp-·¥ ±Í¨¨ (3) ¢ ¢ ±ÊÊ³¥ ¢ÒÎ¨¸²Ö¥É¸Ö ± ± ³ É·¨Î´Ò°
Ô²¥³¥´É μÉ £ ³¨²ÓÉμ´¨ ´  ¸² ¡μ£μ · ¸¶ ¤  ³¥¦¤Ê ËÊ´±Í¨Ö³¨ ±μ´¥Î´μ£μ ¨
´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö. ’ ±μ° £ ³¨²ÓÉμ´¨ ´ ´¨±μ¨³ μ¡· §μ³ ´¥ § ¢¨¸¨É ´¨ μÉ
¢¨¤  ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê ¶·μÉμ´ ³¨, ´¨ μÉ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ´ Î ²Ó´μ£μ
¸μ¸ÉμÖ´¨Ö, ±μÉμ·μ° ¢ ´ Ï¥³ ¸²ÊÎ ¥ Ö¢²Ö¥É¸Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö u · ¸¸¥Ö´¨Ö
¸Ê¶¥·¶μ§¨Í¨¥° V � + V s ¶μÉ¥´Í¨ ²  ’μ³ ¸ Ä”¥·³¨ ¨ Ö¤¥·´μ£μ ¶μÉ¥´Í¨ ² 
�¨¤ . �μÔÉμ³Ê ¨¸±μ³μ¥ ¸¥Î¥´¨¥ σ(E) ¤μ²¦´μ ¢ÒÎ¨¸²ÖÉÓ¸Ö ± ± ´¥±Ê²μ´μ¢-
¸±¨° ¶·¥¤¥² (R → ∞) ¸¥Î¥´¨Ö (3),   ¶·¨ ¢ÒÎ¨¸²¥´¨¨ É ±μ£μ ¶·¥¤¥²  μÉ
³ É·¨Î´μ£μ Ô²¥³¥´É  (4) ´Ê¦´μ ¸´ Î ²  § ³¥´¨ÉÓ ¢ ´¥³ ËÊ´±Í¨Õ upp · ¸-
¸¥Ö´¨Ö ¤¢ÊÌ ¶·μÉμ´μ¢ p ¨ p ¢ ¢ ±ÊÊ³¥ ËÊ´±Í¨¥° u · ¸¸¥Ö´¨Ö ¶·μÉμ´μ¢ p
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¨ p′. ‚Ò¶μ²´¨¢ É ±ÊÕ § ³¥´Ê ¨ ¶¥·¥°¤Ö ¢ Ëμ·³Ê² Ì (3) ¨ (4) ± ´¥±Ê²μ´μ¢-
¸±μ³Ê ¶·¥¤¥²Ê, ¶μ²ÊÎ¨³ ¨¸±μ³μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸¥Î¥´¨Ö ¶·μÉμ´-¢μ¤μ·μ¤´μ°
·¥ ±Í¨¨ σ(E) ¨ Ö¤¥·´μ-Ô±· ´¨·μ¢ ´´μ£μ ³ É·¨Î´μ£μ Ô²¥³¥´É  Λ(E):

σ(E) =
τ

E
Λ2(E), Λ(E) ≡ 1

[8π r3
d k2]1/2

∫ ∞

0

u(r; k)ud(r) dr. (10)

„ ²¥¥ ¸¨³¢μ² ³¨ V = V � +V s, V �, V s ¨ V p μ¡μ§´ Î ÕÉ¸Ö · ´¥¥ μ¶·¥¤¥-
²¥´´Ò¥ ¶μÉ¥´Í¨ ²Ò, Ê³´μ¦¥´´Ò¥ ´  ¢¥²¨Î¨´Ê mp/�

2. ‚¸¥ ¶¥·¥μ¶·¥¤¥²¥´´Ò¥
É ±¨³ μ¡· §μ³ ¶μÉ¥´Í¨ ²Ò ¨³¥ÕÉ · §³¥·´μ¸ÉÓ ”³−2. � ¶·¨³¥·, ¶μÉ¥´Í¨ ²
V �(r) μ¶·¥¤¥²Ö¥É¸Ö ± ±

V �(r) =
1

Rr
f(x), x = r/d, (11)

  ¢³¥¸Éμ Ëμ·³Ê² (9) ¨¸¶μ²Ó§ÊÕÉ¸Ö ¶·¥¤¸É ¢²¥´¨Ö

V (r) ∼ v0

r
, v0 ≡ mp

�2
V0 ≈ 166,058473 ”³−2, r/rπ → 0;

V (r) ∼ V p(r) =
α

r4
, (12)

α ≡ mp

�2
β =

144d3

R
≈ 5,138132 · 1014 ”³2, r/d → ∞.

	² £μ¤ ·Ö ÔÉ¨³ ¶·¥¤¸É ¢²¥´¨Ö³, ¶μÉ¥´Í¨ ² V (r) Ê¤μ¢²¥É¢μ·Ö¥É ±²ÕÎ¥¢Ò³ ¤²Ö
¸²¥¤ÊÕÐ¥£μ · §¤¥²  ´¥· ¢¥´¸É¢ ³

0 < V (r) � α/r4 , r > r3 ≈ 3,4847 ”³ . (13)

� ¤¨ ²Ó´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö u(r; k) Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ¶·μÉμ´  p ´ 
¶·μÉμ´¥ p′ ¸Î¨É ¥É¸Ö ·¥£Ê²Ö·´Ò³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 

[∂2
r + V (r) − k2] u(r; k) = 0, r > 0, (14)

c Ë¨§¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨

u(r; k) = O(ρ) , ρ ≡ kr → 0 ; u(r; k) ∼ sin [ρ + δ(k)] , ρ → ∞ . (15)

’ ± ± ± ¶μÉ¥´Í¨ ² V = V � + V s ¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨° Ö¢²Ö-
¥É¸Ö μÉÉ ²±¨¢ ÕÐ¨³ ¨, ¡μ²¥¥ Éμ£μ, ¸¨²Ó´Ò³ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¨³ ¡ ·Ó¥·μ³,
Éμ ¸²¥¤Ê¥É μ¦¨¤ ÉÓ, ÎÉμ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ · ¤¨ ²Ó´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö
u(r; k) ¡Ê¤¥É ¡Ò¸É·μ Ê¡Ò¢ ÉÓ ¶·¨ r → 0 ¢ Éμ° μ¡² ¸É¨ ´¥¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨°
(r < 10 ”³), ¢ ±μÉμ·μ° ²μ± ²¨§μ¢ ´  ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¤¥°É·μ´  ud, £· Ë¨±
±μÉμ·μ° ¶·¥¤¸É ¢²¥´ ´  ·¨¸. 1. �μÔÉμ³Ê ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ ³ ²Ò³ ¡Ê¤¥É ¨
³ É·¨Î´Ò° Ô²¥³¥´É Λ(E).
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2. �‘��‚�›… “��‚�…�ˆŸ

�·¥¤² £ ¥³Ò° ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì · §²μ¦¥´¨° ·¥-
£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö u(r; k) § ¤ Î¨ · ¸¸¥Ö´¨Ö (14), (15) ¨ ¸¥Î¥´¨Ö ¶·μÉμ´-
¢μ¤μ·μ¤´μ° ·¥ ±Í¨¨ (10) μ¸´μ¢ ´ ´  ²¨´¥°´μ° ¢¥·¸¨¨ ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±-
Í¨° ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ [6,14,15].

‚ ÔÉμ° Ë¨§¨Î¥¸±¨ ¶·μ§· Î´μ° ¢¥·¸¨¨ ¸´ Î ²  μ¶·¥¤¥²Ö¥É¸Ö ¡¥§· §³¥·´Ò°
 ·£Ê³¥´É ρ ≡ kr ¨ ¢¢μ¤ÖÉ¸Ö ¤¢¥ ´¥¨§¢¥¸É´Ò¥  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c(r; k)
¨ s(r; k), ¶μ¤Î¨´¥´´Ò¥ Éμ¦¤¥¸É¢Ê

(sin ρ) ∂rc(r; k) + (cos ρ) ∂rs(r; k) ≡ 0, r � 0. (16)

„ ²¥¥ ¨¸±μ³μ¥ ·¥Ï¥´¨¥ u § ¤ Î¨ · ¸¸¥Ö´¨Ö (14), (15) ¶·¥¤¸É ¢²Ö¥É¸Ö ¢
¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö N(k) ¨ ËÊ´±Í¨¨ U(r; k):

u(r; k) = N(k)U(r; k), U(r; k) ≡ c(r; k) sin ρ + s(r; k) cos ρ. (17)

‡ É¥³ ¢ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥·  (14) ¢μ²´μ¢ Ö ËÊ´±Í¨Ö u(r; k) § ³¥´Ö¥É¸Ö
É ±¨³ ¶·μ¨§¢¥¤¥´¨¥³ ¨ ¨¸¶μ²Ó§Ê¥É¸Ö Éμ¦¤¥¸É¢μ (16), ¡² £μ¤ ·Ö ±μÉμ·μ³Ê ¶·μ-
¨§¢μ¤´Ò¥ ÔÉμ° ËÊ´±Í¨¨ μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê² ³¨

∂ru(r; k) = k N(k)[c(r; k) cos ρ − s(r; k) sinρ],
(18)

∂2
ru(r; k) = k N(k) [∂rc(r; k) cos ρ − ∂rs(r; k) sinρ]−

− k2 u(r; k) = [V (r) − k2] u(r; k).

‚ ¨Éμ£¥ ¤²Ö ¨¸±μ³ÒÌ  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ¢Ò¢μ¤¨É¸Ö ¸¨¸É¥³  ¤¢ÊÌ ²¨´¥°-
´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¶μ·Ö¤± 

∂rc(r; k) = k−1V (r)U(r; k) cos ρ, ∂rs(r; k) = −k−1V (r)U(r; k) sinρ. (19)

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ±· É±μ μ¶¨¸ ´´ Ö ¢ÒÏ¥ ·¥¤Ê±Í¨Ö ¤¨ËË¥·¥´Í¨ ²Ó-
´μ£μ Ê· ¢´¥´¨Ö ¢Éμ·μ£μ ¶μ·Ö¤±  (14) ± ¸¨¸É¥³¥ ¤¢ÊÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨° ¶¥·¢μ£μ ¶μ·Ö¤±  (19) ¨§¢¥¸É´  ¢ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥-
´¨° [9] ± ± ³¥Éμ¤ ¢ ·¨ Í¨¨ ¶μ¸ÉμÖ´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢. ‚ ´ Ï¥³ ¸²ÊÎ ¥
É ±¨³¨ ±μÔËË¨Í¨¥´É ³¨ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨¨ c(r; k) ¨ s(r; k), Ê¤μ¢²¥É¢μ·ÖÕ-
Ð¨¥ Éμ¦¤¥¸É¢Ê (16).

—Éμ¡Ò ¨¸±μ³ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö u(r; k) ¨³¥²  Ë¨§¨Î¥¸±¨¥  ¸¨³¶Éμ-
É¨±¨ (15),  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ ¶μ¤Î¨´ÖÕÉ¸Ö ¢ ´ Î ²Ó´μ° ÉμÎ±¥ r = 0 £· -
´¨Î´Ò³ Ê¸²μ¢¨Ö³

c(r; k) = 1, s(r; k) = 0, r = 0, (20)

  Ë §  · ¸¸¥Ö´¨Ö δ(k) ¨ ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó N(k) μ¶·¥¤¥²ÖÕÉ¸Ö ± ±
¶·¥¤¥²Ó´Ò¥ ¶·¨ r → ∞ §´ Î¥´¨Ö δ(∞; k) ¨ N(∞; k) ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
ËÊ´±Í¨°

δ(r; k) ≡ arctg
[
s(r; k)
c(r; k)

]
, N(r; k) ≡ [c2(r; k) + s2(r; k)]−1/2. (21)
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�·¨ É ±μ³ μ¶·¥¤¥²¥´¨¨ ¤²¨´  · ¸¸¥Ö´¨Ö a ¨ ËÊ´±Í¨Ö ÔËË¥±É¨¢´μ£μ · -
¤¨Ê¸  K(E) ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³

a ≡ lim
k→0

tg δ(k)
k

= lim
k→0

[
lim

r→∞

s(r; k)
k c(r; k)

]
,

(22)

K(E) ≡ k ctg δ(k) =
[

lim
r→∞

k c(r; k)
s(r; k)

]
.

”Ê´±Í¨¨ (21) ¨³¥ÕÉ ¶·μ§· Î´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸². —Éμ¡Ò ¥£μ ¢ÒÖ¸´¨ÉÓ,
¢ ¸¨¸É¥³¥ Ê· ¢´¥´¨° (19) ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ¶μ²μ¦¨³ ¶μÉ¥´Í¨ ² V (r)
Éμ¦¤¥¸É¢¥´´μ · ¢´Ò³ ´Ê²Õ ¶·¨ ¢¸¥Ì r, ¡μ²ÓÏ¨Ì ´¥±μÉμ·μ£μ §´ Î¥´¨Ö rb,
É. ¥. ®μ¡·¥¦¥³¯ ¶μÉ¥´Í¨ ² V (r) ¢ ÉμÎ±¥ r = rb. ’μ£¤   ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨
¶·¨ ¢¸¥Ì r > rb, ¢ Éμ³ Î¨¸²¥ ¨ ¶·¨ r = ∞, ¡Ê¤ÊÉ ¶μ¸ÉμÖ´´Ò³¨ ¨ · ¢´Ò³¨ ¨Ì
§´ Î¥´¨Ö³ ¢ ÉμÎ±¥ r = rb, ¨ ¶μÔÉμ³Ê §´ Î¥´¨Ö ËÊ´±Í¨° (21) ¢ ÔÉμ° ÉμÎ±¥ μ± -
¦ÊÉ¸Ö · ¢´Ò³¨ Ë §¥ ¨ ´μ·³¨·μ¢μÎ´μ³Ê ³´μ¦¨É¥²Õ ¢ · ¸¸³μÉ·¥´´μ³ ¸²ÊÎ ¥
®μ¡·¥§ ´´μ£μ¯ ¶μÉ¥´Í¨ ² . ’μÎ±Ê rb ³μ¦´μ ¢Ò¡· ÉÓ ¶·μ¨§¢μ²Ó´Ò³ μ¡· §μ³.
‘²¥¤μ¢ É¥²Ó´μ, §´ Î¥´¨Ö μ¡¸Ê¦¤ ¥³ÒÌ ËÊ´±Í¨° (21) ¢ ²Õ¡μ° Ë¨±¸¨·μ¢ ´-
´μ° ÉμÎ±¥ r ¨³¥ÕÉ ¸³Ò¸² É ´£¥´¸  Ë §Ò ¨ ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö ¤²Ö
¶μÉ¥´Í¨ ²  V , ®μ¡·¥§ ´´μ£μ¯ ¢ ÔÉμ° ÉμÎ±¥.

Š ± ¶μ± § ´μ ¢ · ¡μÉ¥ [1], ¡² £μ¤ ·Ö ¡μ²ÓÏμ° ±μ´¸É ´É¥ α ¤ ²Ó´μ¤¥°-
¸É¢ÊÕÐ¥°  ¸¨³¶ÉμÉ¨±¨ (12) ¶μÉ¥´Í¨ ²  V , ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ ³μ¤Ê²Ó |δ(k)|
¶μ·μ¦¤ ¥³μ° ¨³ Ë §Ò · ¸¸¥Ö´¨Ö δ(k) ¶·¨´¨³ ¥É ¡μ²ÓÏ¨¥ ¶μ ¸· ¢´¥´¨Õ ¸ Î¨-
¸²μ³ π §´ Î¥´¨Ö. �É  Ë §  μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ËÊ´±Í¨Õ δ(r; k) c ÉμÎ´μ¸ÉÓÕ
¤μ ¸² £ ¥³μ£μ, ±· É´μ£μ Î¨¸²Ê π, ±μÉμ·μ¥ Ö¢²Ö¥É¸Ö ¶¥·¨μ¤μ³ ËÊ´±Í¨¨ tg (x).
�μÔÉμ³Ê ´¥μ¡Ìμ¤¨³μ ¤μ¶μ²´¨ÉÓ ¶·¨¢¥¤¥´´ÊÕ ¢ÒÏ¥ ²¨´¥°´ÊÕ ¢¥·¸¨Õ ³¥Éμ¤ 
Ë §μ¢ÒÌ ËÊ´±Í¨° ¶· ¢¨²μ³ ¢ÒÎ¨¸²¥´¨Ö Ë §Ò · ¸¸¥Ö´¨Ö ¢ ¸²ÊÎ ¥, ±μ£¤  ¥¥
³μ¤Ê²Ó ¶·¥¢ÒÏ ¥É Î¨¸²μ π. � ¶μ³´¨³, ÎÉμ ¶¥·¨μ¤¨Î¥¸± Ö ËÊ´±Í¨Ö tg (x)
´¥ ¨³¥¥É ±μ´¥Î´μ£μ ¶·¥¤¥²  ¶·¨ x =→ π/2 ± πn, n = 0, 1, . . . �μ μ¶·¥¤¥²¥-
´¨Õ (21) ËÊ´±Í¨¨ tg δ(r; k) ÔÉ¨ ÉμÎ±¨ Ö¢²ÖÕÉ¸Ö ´Ê²Ö³¨  ³¶²¨ÉÊ¤´μ° ËÊ´±-
Í¨¨ c(r; k), ¶μÔÉμ³Ê Ë §  · ¸¸¥Ö´¨Ö δ(rb; k) ¶μÉ¥´Í¨ ²μ³ V , ®μ¡·¥§ ´´Ò³¯
¢ ÉμÎ±¥ r = rb, μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê²μ°

δ(r; k) = arctg
(

s(r; k)
c(r; k)

)
+ πnb,

£¤¥ nb Å Î¨¸²μ ¢¸¥Ì ´Ê²¥° ËÊ´±Í¨¨ c(r; k) ´  μÉ·¥§±¥ [0, rb]. �μ²μ¦¨¢ rb =
∞, ¶μ²ÊÎ¨³ Ëμ·³Ê²Ê ¤²Ö ¢ÒÎ¨¸²¥´¨Ö Ë §Ò · ¸¸¥Ö´¨Ö δ(k) ®´¥ μ¡·¥§ ´´Ò³¯
¶μÉ¥´Í¨ ²μ³ V :

δ(k) = arctg
[

lim
r→∞

s(r; k)
c(r; k)

]
+ πnc, (23)

£¤¥ nc Å Î¨¸²μ ¢¸¥Ì ´Ê²¥°  ³¶²¨ÉÊ¤´μ° ËÊ´±Í¨¨ c(r; k) ´  ¶μ²Êμ¸¨ r > 0.
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3. ��…„…‹ �“‹…‚�‰ ��…�ƒˆˆ

ˆ¸¸²¥¤Ê¥³ ¶·¥¤¥² ´Ê²¥¢μ° Ô´¥·£¨¨ (kd → 0). �·¥¤¶μ²μ¦¨³, ÎÉμ ËÊ´±-
Í¨¨ c(r, k) ¨ s(r; k)/k ¸Ìμ¤ÖÉ¸Ö ¢ ÔÉμ³ ¶·¥¤¥²¥ ± μ¤´μ§´ Î´μ μ¶·¥¤¥²¥´´Ò³ ¨
¢¸Õ¤Ê μ£· ´¨Î¥´´Ò³ ËÊ´±Í¨Ö³ c0(r) ¨ s0(r). ˆ¸¶μ²Ó§ÊÖ ¨§¢¥¸É´Ò¥  ¸¨³¶Éμ-
É¨±¨ sin ρ ∼ ρ ¨ cos ρ ∼ 1 ¢ ¶·¥¤¥²¥ ρ ≡ kr → 0 ¨ ¶μ² £ Ö ¶μ μ¶·¥¤¥²¥´¨Õ

u0(r) ≡ lim
k→0

[u(r; k)/k],

¶¥·¥Ìμ¤¨³ ¢μ ¢¸¥Ì ¸μμÉ´μÏ¥´¨ÖÌ (14), (16)Ä(21) ± ¶·¥¤¥²Ê kd → 0. ‚ ·¥§Ê²Ó-
É É¥ ¶μ²ÊÎ¨³:

Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö ¶·¥¤¥²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ u0(r)[
∂2

r + V (r)
]

u0(r) = 0, r > 0 ; (24)

Ëμ·³Ê²Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨¨ u0(r)

u0(r) = N0 U0(r), U0(r) ≡ rc0(r) + s0(r), N0 = lim
r→∞

1
c0(r)

; (25)

¶·¥¤¸É ¢²¥´¨Ö ¤²Ö ¥¥ ¶·μ¨§¢μ¤´ÒÌ

∂ru0(r) = N0 c0(r), ∂2
ru0(r) = N0 ∂rc0(r) (26)

¨ ¸¨¸É¥³Ê ¤¢ÊÌ Ê· ¢´¥´¨°

∂rc0(r) = V (r)U0(r), ∂rs0(r) = −rV (r)U0(r), r > 0, (27)

¸ ¶·μ¸ÉÒ³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¢ ´ Î ²Ó´μ° ÉμÎ±¥ r = 0:

c0(r) = 1, s0(r) = 0, r = 0. (28)

—Éμ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ ¸¶· ¢¥¤²¨¢μ¸É¨ ¢Ò¸± § ´´μ£μ · ´¥¥ ¶·¥¤¶μ²μ¦¥´¨Ö,
¤μ± ¦¥³, ÎÉμ ¶μ²ÊÎ¥´´ Ö ±· ¥¢ Ö § ¤ Î  (27), (28) ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ¨ ¢¸Õ¤Ê
μ£· ´¨Î¥´´μ¥ ·¥Ï¥´¨¥.

�μ μ¶·¥¤¥²¥´¨Õ ËÊ´±Í¨Ö V (r), ¸μ¤¥·¦ Ð Ö¸Ö ¢ ¨¸¸²¥¤Ê¥³μ° ¸¨¸-
É¥³¥ (27), ¨³¥¥É ¶μ²Õ¸ ¶¥·¢μ£μ ¶μ·Ö¤±  Éμ²Ó±μ ¢ ÉμÎ±¥ r = 0,   ¶·μ¨§¢¥-
¤¥´¨¥ rV (r) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ³ ²μ° μ±·¥¸É´μ¸É¨ [0, r0] ·Ö¤μ³ ’¥°²μ·  ¸
Í¥´É·μ³ ¢ ÔÉμ° ¦¥ ÉμÎ±¥. ‘μ£² ¸´μ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [9]
ÉμÎ±  r = 0 Ö¢²Ö¥É¸Ö ·¥£Ê²Ö·´μ° μ¸μ¡μ° ÉμÎ±μ° ¸¨¸É¥³Ò (27) ¨ ¶μÔÉμ³Ê ¶μ¤-
Î¨´¥´´Ò¥ ÔÉμ° ¸¨¸É¥³¥ ËÊ´±Í¨¨ c0(r) ¨ s0(r) ´  μÉ·¥§±¥ [0, r0] μ¤´μ§´ Î´μ
¶·¥¤¸É ¢²ÖÕÉ¸Ö · ¢´μ³¥·´μ ¸Ìμ¤ÖÐ¨³¨¸Ö ·Ö¤ ³¨ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ ¨Ì  ·-
£Ê³¥´É . ‘²¥¤μ¢ É¥²Ó´μ, §´ Î¥´¨Ö c0(r0) ¨ s0(r0) ÔÉ¨Ì ËÊ´±Í¨° ±μ´¥Î´Ò¥.

ˆ¸¶μ²Ó§Ê¥³ ÔÉ¨ §´ Î¥´¨Ö ± ± £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö c0(r) = c0(r0) ¨ s0(r) =
s0(r0) ¤²Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° (27) ´  μÉ·¥§±¥ [r0, b], £¤¥ b Å ²Õ¡μ¥, ´μ ±μ-
´¥Î´μ¥ §´ Î¥´¨¥  ·£Ê³¥´É  r, ¶·¨ ±μÉμ·μ³ ¢Ò¶μ²´ÖÕÉ¸Ö ´¥· ¢¥´¸É¢  (13).

11



�  ²Õ¡μ³ É ±μ³ ±μ´¥Î´μ³ μÉ·¥§±¥ ËÊ´±Í¨Ö V ´¥¶·¥·Ò¢´ , ¸²¥¤μ¢ É¥²Ó´μ,
¶· ¢Ò¥ Î ¸É¨ ¸¨¸É¥³Ò (27) ¶μ¤Î¨´ÖÕÉ¸Ö Ê¸²μ¢¨Õ ‹¨¶Ï¨Í , ±μÉμ·μ¥ Ö¢²Ö-
¥É¸Ö ¤μ¸É ÉμÎ´Ò³ Ê¸²μ¢¨¥³ ¨§¢¥¸É´μ° É¥μ·¥³Ò �¨± ·  [9]. �μ ÔÉμ° É¥μ·¥³¥
¨¸¸²¥¤Ê¥³ Ö ±· ¥¢ Ö § ¤ Î  ´  ¢¸¥³ μÉ·¥§±¥ [r0, b] ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ¨ ´¥-
¶·¥·Ò¢´μ¥ ·¥Ï¥´¨¥. ‘²¥¤μ¢ É¥²Ó´μ, ¢ ÉμÎ±¥ r = b ËÊ´±Í¨¨ c0(r) ¨ s0(r)
¶·¨´¨³ ÕÉ ±μ´¥Î´Ò¥ §´ Î¥´¨Ö c0(b) ¨ s0(b).

�¸É ²μ¸Ó ¤μ± § ÉÓ, ÎÉμ ¸¨¸É¥³  Ê· ¢´¥´¨° (27) ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ¨
μ£· ´¨Î¥´´μ¥ ·¥Ï¥´¨¥ ´  ¢¸¥° ¶μ²Êμ¸¨ r > b, ¢ Éμ³ Î¨¸²¥ ¨ ¢ ¥¥ ¡¥¸±μ´¥Î-
´μ° ÉμÎ±¥ r = ∞. �·¨¸ÉÊ¶¨³ ± ¤μ± § É¥²Ó¸É¢Ê. �·¥¤¶μ²μ¦¨³, ÎÉμ §´ Î¥-
´¨Ö c0(b) ¨ s0(b) ¨§¢¥¸É´Ò ¨ Ö¢²ÖÕÉ¸Ö £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¤²Ö ¨¸¸²¥¤Ê¥³μ°
¸¨¸É¥³Ò (27) ¢ ÉμÎ±¥ r = b. ‘¢¥¤¥³ ÔÉÊ ¸¨¸É¥³Ê ± ¸¨¸É¥³¥, ´ ¨¡μ²¥¥ Ê¤μ¡´μ°
¤²Ö ¶·¨³¥´¥´¨Ö ³¥Éμ¤  ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¨ ¶·¨´Í¨¶  ¸¦¨-
³ ÕÐ¨Ì¸Ö μÉμ¡· ¦¥´¨° [10]. � ¶μ³´¨³, ÎÉμ ¶μÉ¥´Í¨ ² V (r) ¶μ¤Î¨´Ö¥É¸Ö
´¥· ¢¥´¸É¢ ³ (13). �μÔÉμ³Ê ´  ¢¸¥° ¶μ²Êμ¸¨ r > b ¸ÊÐ¥¸É¢Ê¥É μ£· ´¨Î¥´´ Ö
¨ ¤¨ËË¥·¥´Í¨·Ê¥³ Ö ËÊ´±Í¨Ö

B(r; b) ≡ exp

⎡
⎣ r∫

b

tV (t) dt

⎤
⎦ . (29)

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¸¨¸É¥³¥ (27) ¨¸±μ³Ò¥ ËÊ´±Í¨¨ c0(r) ¨ s0(r) ³μ¦´μ ¶·¥¤-
¸É ¢¨ÉÓ ¢ ¢¨¤¥

c0(r) = y1(r)B(r; b), s0(r) = y2(r)/B(r; b). (30)

’μ£¤  ¤²Ö ´μ¢ÒÌ ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° y1(r) ¨ y2(r) ¶μ²ÊÎ¨É¸Ö ¸¨¸É¥³ 
Ê· ¢´¥´¨°

∂ry1(r) = V (r)B−2(r; b) y2(r), ∂ry2(r) = −r2 V (r)B2(r; b) y1(r), r > b,

c £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ y1(r) = c0(b) ¨ y2(r) = s0(b) ¢ ´ Î ²Ó´μ° ÉμÎ±¥
r = b.

‡ ¶¨Ï¥³ ¶μ²ÊÎ¥´´ÊÕ ±· ¥¢ÊÕ § ¤ ÎÊ ¢ ¢¨¤¥ ¸¨¸É¥³Ò ¨´É¥£· ²Ó´ÒÌ
Ê· ¢´¥´¨°

y1(r) = y1(b) +

r∫
b

V (t)B−2(t; b) y2(t) dt,

(31)

y2(r) = y2(b) −
r∫

b

t2 V (t)B2(t; b) y1(t) dt.

�¥·¥°¤¥³ ± ¡μ²¥¥ Ê¤μ¡´μ³Ê μ¶¥· Éμ·´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ ¨ ¶μ¶ÊÉ´μ ¶μ-
²ÊÎ¨³ ¢¸¶μ³μ£ É¥²Ó´Ò¥ ³ ¦μ· ´É´Ò¥ μÍ¥´±¨, ±μÉμ·Ò¥ ´ ³ ¶μÉ·¥¡ÊÕÉ¸Ö ¶μ§¦¥.
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�Ê¸ÉÓ C0[b,∞) Å ¶·μ¸É· ´¸É¢μ ´¥¶·¥·Ò¢´ÒÌ ¨ μ£· ´¨Î¥´´ÒÌ ´  ¢¸¥° ¶μ²Ê-
μ¸¨ r > b ËÊ´±Í¨° g(t) ¸ ³¥É·¨±μ° [10]

ρ(g1, g2) ≡ max
t∈[b,∞)

|g1(t) − g2(t)|, ∀g1, g2 ∈ C0[b,∞).

‚ ÔÉμ³ ¶μ²´μ³ ³¥É·¨Î¥¸±μ³ ¶·μ¸É· ´¸É¢¥ μ¶·¥¤¥²¨³ ¤¢  ²¨´¥°´ÒÌ ¨´É¥-
£· ²Ó´ÒÌ μ¶¥· Éμ·  T1 ¨ T2 ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

¤²Ö ²Õ¡μ° ËÊ´±Í¨¨ g ¶μ²μ¦¨³

g1(r) ≡ T1 g(t) ≡
r∫

b

V (t)B−2(t; b) g(t) dt,

(32)

g2(r) ≡ T2 g(t) ≡
r∫

b

t2 V (t)B2(t; b) g(t) dt.

�·¨ É ±μ³ μ¶·¥¤¥²¥´¨¨ μ¡· §Ò T1g(t) ¨ T2g(t) ËÊ´±Í¨¨ g(t), Éμ¦¤¥¸É¢¥´´μ
· ¢´μ° ¥¤¨´¨Í¥, ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¨´É¥£· ² ³¨

T1(r; b) ≡
r∫

b

V (t)B−2(t; b) dt, T2(r; b) ≡
r∫

b

t2 V (t)B2(t; b) dt, (33)

  μ¡· §Ò T12g(t) ≡ T1T2g(t) ¨ T21g(t) ≡ T2T1g(t) Éμ° ¦¥ ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö
¤¢Ê±· É´Ò³¨ ¨´É¥£· ² ³¨

T12(r; b) ≡
r∫

b

V (t)B−2(t; b) dt

t∫
b

z2 V (z)B2(z; b) dz,

(34)

T21(r; b) ≡
r∫

b

t2V (t)B2(t; b) dt

t∫
b

V (z)B−2(z; b) dz.

�Í¥´¨³ ¨´É¥£· ²Ò (33). ‚ ¶¥·¢μ³ ¨´É¥£· ²¥ V (t) > 0, ¶μÔÉμ³Ê ËÊ´±-
Í¨Ö B−2(t; b) ¸μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ (29) ³¥´ÓÏ¥ ¥¤¨´¨ÍÒ. ‚μ ¢Éμ·μ³ ¨´-
É¥£· ²¥ ËÊ´±Í¨Ö B2(t; b) μ£· ´¨Î¥´  ¸¢¥·ÌÊ ËÊ´±Í¨¥° B2(r; b). ˆ¸¶μ²Ó§ÊÖ
ÔÉ¨ μÍ¥´±¨ ¨ ´¥· ¢¥´¸É¢μ V (t) � α/t4, ¶μ± §Ò¢ ¥³, ÎÉμ μ¡¥ ´¥¶·¥·Ò¢´Ò¥
ËÊ´±Í¨¨ T1(r; b) ¨ T2(r; b) μ£· ´¨Î¥´Ò ¸¢¥·ÌÊ ¶·¨ ¢¸¥Ì r � b:

T1(r; b) <

r∫
b

α

t4
dt =

α

3b3

(
1 − b

r

)
� α

3b3
,

(35)

T2(r; b) < exp (α/b2)

r∫
b

α

t2
exp (−α/r2) dt < exp (α/b2)

α

b

(
1 − b

r

)
.
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‘²¥¤μ¢ É¥²Ó´μ, ÔÉ¨ ËÊ´±Í¨¨ ¶·¨´ ¤²¥¦ É ³¥É·¨Î¥¸±μ³Ê ¶·μ¸É· ´¸É¢Ê
C0[b,∞).

�Í¥´¨³ ¨´É¥£· ²Ò (34). ’ ± ± ± ¢ ¨´É¥£· ²¥ T12(r; b) ¨ ¢ ¶μ± § É¥²¥
Ô±¸¶μ´¥´ÉÒ (29) ËÊ´±Í¨Ö V (r) ¶μ²μ¦¨É¥²Ó´ Ö ¨ μ£· ´¨Î¥´  ¸¢¥·ÌÊ ËÊ´±-
Í¨¥° α/r4, Éμ B−2(t; b)B2(z; b) � 1 ¶·¨ ²Õ¡μ³ z � t. �μÔÉμ³Ê ¢¥·´Ò
¸²¥¤ÊÕÐ¨¥ μÍ¥´±¨:

T12(r; b) <

r∫
b

α

t4
dt

t∫
b

z2 α

z4
dz = γ12

[
1 − 4

b3

r3
+ 3

b4

r4

]
, γ12 ≡ α2

12b4
. (36)

„²Ö μÍ¥´±¨ ¨´É¥£· ²  T21(r; b) ¸´ Î ²  § ³¥É¨³, ÎÉμ ¢¸²¥¤¸É¢¨¥ μ¶·¥¤¥²¥´¨Ö
ËÊ´±Í¨¨ B(r; b) ¨³¥¥É ³¥¸Éμ · ¢¥´¸É¢μ

B2(t; b)B−2(z; b) = B2(t; z) = exp

⎡
⎣2

t∫
z

xV (x) dx

⎤
⎦ ,

±μÉμ·μ¥, ¡² £μ¤ ·Ö ´¥· ¢¥´¸É¢Ê V (x) � α/x4, ¤ ¥É Ë ±Éμ·¨§μ¢ ´´ÊÕ μÍ¥´±Ê

B2(t; b)B−2(z; b) < exp (α/t2) exp (−α/z2).

ˆ¸¶μ²Ó§ÊÖ ÔÉÊ μÍ¥´±Ê ¨ ´¥· ¢¥´¸É¢μ V (x) � α/x4, ¶μ²ÊÎ ¥³ ¸μμÉ´μÏ¥´¨¥

T21(r; b) <
α

2b

r∫
b

t−2 exp [α(1/b2 − 1/t2)] dt − α

2b2

(
1 − b

r

)
.

�Éμ ¸μμÉ´μÏ¥´¨¥ ¨ ´¥· ¢¥´¸É¢  1/t2 � 1/(t3b)1/2 ¶μ·μ¦¤ ÕÉ ¤μ¢μ²Ó´μ £·Ê-
¡Ò¥, ´μ § Éμ ¢Ò· ¦¥´´Ò¥ ¢ É¥·³¨´ Ì Ô²¥³¥´É ·´ÒÌ ËÊ´±Í¨° μÍ¥´±¨

T21(r; b) <
α

2b2
+

α

2br

(
1 −

√
b

r

)
� γ21 ≡ α

b2
. (37)

ˆÉ ±, ËÊ´±Í¨¨ T1(r; b), T2(r; b), T12(r; b) ¨ T21(r; b) ´¥¶·¥·Ò¢´Ò ¨ μ£· -
´¨Î¥´Ò ´  ¢¸¥³ ¡¥¸±μ´¥Î´μ³ ¶μ²Ê¨´É¥·¢ ²¥ r � b ¨ ¶μÔÉμ³Ê ¶·¨´ ¤²¥¦ É
¶·μ¸É· ´¸É¢Ê C0[b,∞). ‘²¥¤μ¢ É¥²Ó´μ, μ¶¥· Éμ·Ò T1 ¨ T2, μ¶·¥¤¥²¥´´Ò¥
Ëμ·³Ê² ³¨ (32), μÉμ¡· ¦ ÕÉ ÔÉμ ¶·μ¸É· ´¸É¢μ ¸ ³μ ¢ ¸¥¡Ö. �ÉμÉ Ë ±É ¶μ-
§¢μ²Ö¥É § ¶¨¸ ÉÓ ¸¨¸É¥³Ê (31) ¢ μ¶¥· Éμ·´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¢ ¢¨¤¥ ¸¨¸É¥³Ò

y1(r) = y1(b) + T1 y2(t), y2(r) = y2(b) − T2 y1(t). (38)

„²Ö ±· É±μ¸É¨ § ¶¨¸¨ ¢¢¥¤¥³ ¤¢¥ ËÊ´±Í¨¨ f1 ¨ f2:

f1(r) ≡ y1(b) + y2(b)T1(r; b), f2(r) ≡ y2(b) − y1(b)T2(r; b) (39)
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¨ ¢ ¶·μ¸É· ´¸É¢¥ C0[b,∞) μ¶·¥¤¥²¨³ ¤¢  μ¶¥· Éμ· 

A1g(t) ≡ f1(r) − T1T2g(t), A2g(t) ≡ f2(r) − T2T1g(t),
(40)

∀g(t) ∈ C0[b,∞).

‚ ¸¨²Ê μÍ¥´μ± (35) ËÊ´±Í¨¨ f1 ¨ f2 ´¥¶·¥·Ò¢´Ò ¨ μ£· ´¨Î¥´Ò:

ρ(f1, 0) � |y1(b)| + |y2(b)|
α

3b3
< ∞,

(41)
ρ(f2, 0) � |y2(b)| + |y1(b)|

α

b
< ∞, r � b.

	² £μ¤ ·Ö ÔÉ¨³ ´¥· ¢¥´¸É¢ ³, μÍ¥´± ³ (36), (37) ¨ μ¶·¥¤¥²¥´¨Ö³ (40), μ¡· §Ò
A1g(t) ¨ A2g(t) ²Õ¡μ° ËÊ´±Í¨¨ ¶·μ¸É· ´¸É¢  C0[b,∞) ¶μ¤Î¨´ÖÕÉ¸Ö ¸μμÉ-
´μÏ¥´¨Ö³

ρ(A1g(t), 0) < ρ(f1, 0) + ρ(g, 0)
α2

12b4
< ∞,

ρ(A2g(t), 0) < ρ(f2, 0) + ρ(g, 0)
α

b2
< ∞

¨ ¶μÔÉμ³Ê ¶·¨´ ¤²¥¦ É ÔÉμ³Ê ¦¥ ¶·μ¸É· ´¸É¢Ê. ‘²¥¤μ¢ É¥²Ó´μ, ³μ¦´μ ¶·μ-
¨É¥·¨·μ¢ ÉÓ ¸¨¸É¥³Ê (38) ¨ ¢ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨ÉÓ ¸¨¸É¥³Ê ¤¢ÊÌ Ê· ¢´¥´¨°

y1(r) = A1y1(r), y2(r) = A2y2(r). (42)

�É  ¸¨¸É¥³  Ö¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ Ê¤μ¡´μ° ¤²Ö ¤ ²Ó´¥°Ï¨Ì ¨¸¸²¥¤μ¢ ´¨°, ¶μ-
Éμ³Ê ÎÉμ μ¡  ¥¥ Ê· ¢´¥´¨Ö ¨³¥ÕÉ μ¤¨´ ±μ¢Ò° ¢¨¤ ¨ ¸¢Ö§ ´Ò ¤·Ê£ ¸ ¤·Ê-
£μ³ Éμ²Ó±μ ¶μ¸ÉμÖ´´Ò³¨ ¨ ¶μ ¶·¥¤¶μ²μ¦¥´¨Õ ¨§¢¥¸É´Ò³¨ ±μ´¸É ´É ³¨ y1(b)
¨ y2(b), ¸μ¤¥·¦ Ð¨³¨¸Ö ²¨ÏÓ ¢ ËÊ´±Í¨ÖÌ (39). �μÔÉμ³Ê ¶¥·¢μ¥ Ê· ¢´¥´¨¥
³μ¦´μ ¨¸¸²¥¤μ¢ ÉÓ ´¥§ ¢¨¸¨³μ μÉ ¢Éμ·μ£μ μ¤´¨³ ¨ É¥³ ¦¥ ³¥Éμ¤μ³.

ˆ¸¸²¥¤Ê¥³ ¶¥·¢μ¥ Ê· ¢´¥´¨¥. ‚Ò¡¥·¥³ §´ Î¥´¨¥ ¶ · ³¥É·  b ´ ¸Éμ²Ó±μ
¡μ²ÓÏ¨³, ÎÉμ¡Ò ±μ´¸É ´É  γ12 ¢ μÍ¥´±¥ (36) μ± § ² ¸Ó ³¥´ÓÏ¥ ¥¤¨´¨ÍÒ. „²Ö
ÔÉμ£μ ¶μ²μ¦¨³

b = b1, b1 > (12)−1/4
√

α ≈ 1,21789 · 107 ”³.

�·¨ É ±μ³ Ê¸²μ¢¨¨ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê μ¡· § ³¨ A1g1 ¨ A1g2 ²Õ¡ÒÌ ËÊ´±-
Í¨° g1 ¨ g2 ¶·μ¸É· ´¸É¢  C0[b,∞) · ¢´μ · ¸¸ÉμÖ´¨Õ ³¥¦¤Ê μ¡· § ³¨ T1T2g1

¨ T1T2g2, ´μ ³¥´ÓÏ¥ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ÔÉ¨³¨ ¦¥ ËÊ´±Í¨Ö³¨:

ρ(A1g1, A1g2) = ρ(T1T2g1, T1T2g2) < γ12 ρ(g1, g2), γ12 < 1.

‘²¥¤μ¢ É¥²Ó´μ, ¢ ÔÉμ³ ¶·μ¸É· ´¸É¢¥ μ¶¥· Éμ·Ò A1 ¨ T1T2 Ö¢²ÖÕÉ¸Ö ¸¦¨³ -
ÕÐ¨³¨ μÉμ¡· ¦¥´¨Ö³¨ [10]. �μÔÉμ³Ê ¶¥·¢μ¥ Ê· ¢´¥´¨¥ ¸¨¸É¥³Ò (42) ¨³¥¥É
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´  ¶μ²Ê¨´É¥·¢ ²¥ r � b1 ¥¤¨´¸É¢¥´´μ¥ ´¥¶·¥·Ò¢´μ¥ ¨ ¢¸Õ¤Ê μ£· ´¨Î¥´´μ¥
·¥Ï¥´¨¥ y1(r), ±μÉμ·μ¥ ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ³¥Éμ¤μ³ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨-

¡²¨¦¥´¨° [10]. „²Ö ÔÉμ£μ Ê¤μ¡´μ μ¶·¥¤¥²¨ÉÓ ´ Î ²Ó´Ò° Ô²¥³¥´É y
(0)
1 ¨É¥-

· Í¨μ´´μ° ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ {y(m)
1 (r)}∞m=0 ± ± y

(0)
1 (r) ≡ f1(r),   ± ¦¤Ò°

¥¥ ¶μ¸²¥¤ÊÕÐ¨° Ô²¥³¥´É y
(m+1)
1 (r) ¶μ² £ ÉÓ · ¢´Ò³ μ¡· §Ê A1y

(m)
1 ¶·¥¤Ò¤Ê-

Ð¥£μ Ô²¥³¥´É  y
(m)
1 :

y
(0)
1 (r) ≡ f1(r),

(43)

y
(m+1)
1 (r) = A1y

(m)
1 (t) = f1(r) +

m+1∑
k=1

(−T1T2)kf1(t), m = 0, 1, . . .

ˆ¸¶μ²Ó§ÊÖ μÍ¥´±Ê (36) ¨ ¶¥·¢μ¥ ´¥· ¢¥´¸É¢μ (41), μÍ¥´¨¢ ¥³ ¸±μ·μ¸ÉÓ ¸Ìμ¤¨-

³μ¸É¨ ρ(y1, y
m
1 ) ÔÉμ° ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ± ¥¥ ¶·¥¤¥²Ó´μ³Ê Ô²¥³¥´ÉÊ y

(∞)
1 (r),

É. ¥. ± ·¥Ï¥´¨Õ y1(r):

ρ(y1, y
(m)
1 ) = ρ(y(∞)

1 , y
(m)
1 ) �

∞∑
k=m+1

ρ((−T1T2)kf1, 0) <

< γm+1
12 ρ(f1, 0) <

(
α2

12b4
1

)m+1 [
|y1(b)| + |y2(b)|

α2

3b3
1

]
. (44)

�´ ²¨§ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (42) ¢Ò¶μ²´¨³ ¶μ Éμ° ¦¥ ¸Ì¥³¥, ÎÉμ
¨ ¶·¥¤¸É ¢²¥´´μ¥ ¢ÒÏ¥ ¨¸¸²¥¤μ¢ ´¨¥ ¥¥ ¶¥·¢μ£μ Ê· ¢´¥´¨Ö.

‘´ Î ²  ¢Ò¡¥·¥³ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ¥ §´ Î¥´¨¥ b2 ¶ · ³¥É·  b, É ±μ¥,
ÎÉμ¡Ò ±μ´¸É ´É  γ21 ¢ μÍ¥´±¥ (36) μ± § ² ¸Ó ³¥´ÓÏ¥ ¥¤¨´¨ÍÒ. „²Ö ÔÉμ£μ
¶μ²μ¦¨³

b = b2 >
√

α ≈ 2,26674 · 107 ”³.

„ ²¥¥, ¨¸¶μ²Ó§ÊÖ μÍ¥´±Ê (37), ¶μ± §Ò¢ ¥³, ÎÉμ μ¶¥· Éμ·Ò A2 ¨ T2T1

Ö¢²ÖÕÉ¸Ö ¸¦¨³ ÕÐ¨³¨ μÉμ¡· ¦¥´¨Ö³¨ ¢ μ¡² ¸É¨ r � b. „¥°¸É¢¨É¥²Ó´μ,

ρ(A2g1, A2g2) = ρ(T2T1g1, T2T1g2) < γ21 ρ(g1, g2), γ12 < 1,

∀g1, g2 ∈ C0[b,∞).

�μÔÉμ³Ê ´  ¢¸¥³ ¶μ²Ê¨´É¥·¢ ²¥ r � b ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´μ¥ ´¥¶·¥·Ò¢´μ¥
¨ μ£· ´¨Î¥´´μ¥ ·¥Ï¥´¨¥ y2(r).

�¶·¥¤¥²¨³ ¨É¥· Í¨μ´´ÊÕ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ {y(m)
2 (r)}∞m=0. �μ²μ¦¨³

y
(0)
2 (r) = f2(r),

(45)

y
(m+1)
2 (r) = A2y

(m)(t)f2(r) +
m+1∑
k=1

(−T2T1)kf2(t), m = 0, 1, . . .
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‘ ¶μ³μÐÓÕ μÍ¥´±¨ (37) ¨ ¢Éμ·μ£μ ´¥· ¢¥´¸É¢  (41) μÍ¥´¨³ ¸±μ·μ¸ÉÓ ¸Ìμ¤¨-

³μ¸É¨ ρ(y2, y
(m)
2 ) ÔÉμ° ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ± ·¥Ï¥´¨Õ y2(r):

ρ(y2, y
(m)
2 ) = ρ(y(∞)

2 , y
(m)
2 ) �

∞∑
k=m+1

ρ((−T2T1)kf2, 0) <

< γm+1
21 ρ(f2, 0) <

( α

b2

)m+1 (
|y2(b)| + |y1(b)|

α

b

)
. (46)

ˆÉ ±, ¸¨¸É¥³  Ê· ¢´¥´¨° (42) μ¤´μ§´ Î´μ · §·¥Ï¨³  ´  ¶μ²Êμ¸¨ r > b ¢
³¥É·¨Î¥¸±μ³ ¶·μ¸É· ´¸É¢¥ C0[b,∞). ‚ ¸¨²Ê ¸¢Ö§¥° (30) ¨¸Ìμ¤´ Ö ¸¨¸É¥³  (27)
¨³¥¥É ´  ÔÉμ° ¦¥ ¶μ²Êμ¸¨ ¥¤¨´¸É¢¥´´μ¥ ´¥¶·¥·Ò¢´μ¥ ¨ ¢¸Õ¤Ê μ£· ´¨Î¥´´μ¥
·¥Ï¥´¨¥, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.

’¥¶¥·Ó ¸Éμ¨É ¸Ëμ·³Ê²¨·μ¢ ÉÓ ´¥¸±μ²Ó±μ ¢Ò¢μ¤μ¢, ¢ ¦´ÒÌ ¤²Ö Î¨¸²¥´´μ£μ
¨´É¥£·¨·μ¢ ´¨Ö ±· ¥¢μ° § ¤ Î¨ (27), (28).

Š ± ¡Ò²μ ¶μ± § ´μ, μ¡¥ ¨É¥· Í¨μ´´Ò¥ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ (43) ¨ (45)
¸Ìμ¤ÖÉ¸Ö · ¢´μ³¥·´μ, ¥¸²¨  ·£Ê³¥´É r ¶·¥¢ÒÏ ¥É ¤μ¢μ²Ó´μ ¡μ²ÓÏÊÕ ¢ Ö¤¥·-
´μ³ ³ ¸ÏÉ ¡¥ · ¸¸ÉμÖ´¨° ¢¥²¨Î¨´Ê b ¶μ·Ö¤±  ¤¢ÊÌ¸μÉ  ´£¸É·¥³μ¢:

r > b ≡ max (b1, b2) =
√

α ≈ 227 
A.

‘²¥¤μ¢ É¥²Ó´μ, ¨³¥´´μ ¢ ÔÉμ° μ¡² ¸É¨ ËÊ´±Í¨¨ c0(r) ¨ s0(r) ¸É ´μ¢ÖÉ¸Ö ¡²¨§-
±¨³¨ ± ¸¢μ¨³ ¶·¥¤¥²Ó´Ò³ ¶·¨ r → ∞ §´ Î¥´¨Ö³. �μÔÉμ³Ê ¤²Ö ¢ÒÎ¨¸²¥´¨Ö
¶·¨¡²¨¦¥´¨° c0(rmax) ¨ s0(rmax) ¶·¥¤¥²Ó´ÒÌ §´ Î¥´¨° ÔÉ¨Ì ËÊ´±Í¨° ¸²¥¤Ê¥É
Î¨¸²¥´´μ ¨´É¥£·¨·μ¢ ÉÓ Ê· ¢´¥´¨Ö (27) ´  μÉ·¥§±¥ [0, rmax], ¤²¨´  ±μÉμ·μ£μ
¤μ¢μ²Ó´μ ¢¥²¨± : rmax 
 b =

√
α. —Éμ¡Ò ¨§¡¥¦ ÉÓ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ É·Ê¤´μ-

¸É¥°, Ê¤μ¡´¥¥ ¶¥·¥°É¨ ¢ Ê· ¢´¥´¨ÖÌ (27) ± ¡¥§· §³¥·´μ° ¶¥·¥³¥´´μ° x = r/d
¨ Î¨¸²¥´´μ ¨´É¥£·¨·μ¢ ÉÓ ¶μ²ÊÎ¥´´ÊÕ ¸¨¸É¥³Ê ¢ μ¡² ¸É¨ x � xmax, ¢¥·Ì´ÖÖ
£· ´¨Í  ±μÉμ·μ° Ö¢²Ö¥É¸Ö ´¥ ¸Éμ²Ó ¡μ²ÓÏ¨³ Î¨¸²μ³ xmax > b/d ≈ 484 ¶μ
¸· ¢´¥´¨Õ ¸μ §´ Î¥´¨¥³ rmax.

‘μ£² ¸´μ μÍ¥´± ³ (44) ¨ (46) ¸±μ·μ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ-
¸É¨ (43) μ¶·¥¤¥²Ö¥É¸Ö ±¢ ¤· Éμ³ ³ ²μ£μ ¶ · ³¥É·  α/b2,   ¸±μ·μ¸ÉÓ ¸Ìμ-
¤¨³μ¸É¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ (45) Å ¶¥·¢μ° ¸É¥¶¥´ÓÕ ÔÉμ£μ ¦¥ ¶ · ³¥É· .
‘²¥¤μ¢ É¥²Ó´μ, ¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨°  ·£Ê³¥´É  r ¶¥·¢ Ö ¶μ¸²¥¤μ¢ -
É¥²Ó´μ¸ÉÓ ¸Ìμ¤¨É¸Ö £μ· §¤μ ¡Ò¸É·¥¥ ¢Éμ·μ°. �μÔÉμ³Ê ¶·¨ Î¨¸²¥´´μ³ ¨´É¥£·¨-
·μ¢ ´¨¨ ¸¨¸É¥³Ò (27) ¸²¥¤Ê¥É μ¦¨¤ ÉÓ, ÎÉμ ¸ ·μ¸Éμ³  ·£Ê³¥´É  ¢ÒÎ¨¸²Ö¥³ Ö
ËÊ´±Í¨Ö c0(r) ¡Ê¤¥É ¸Ìμ¤¨ÉÓ¸Ö ± ¸¢μ¥³Ê ¶·¥¤¥²Ó´μ³Ê §´ Î¥´¨Õ c0(∞) £μ· §¤μ
¡Ò¸É·¥¥, Î¥³ ¢ÒÎ¨¸²Ö¥³ Ö ËÊ´±Í¨Ö s0(r) ± ¥¥ ¶·¥¤¥²Ó´μ³Ê §´ Î¥´¨Õ s0(∞).

Š ± ¡Ò²μ ¤μ± § ´μ, ±· ¥¢ Ö § ¤ Î  (27), (28) ¨³¥¥É ´  ¢¸¥° ¶μ²Êμ¸¨ r > 0
¥¤¨´¸É¢¥´´μ¥ ¨ ¢¸Õ¤Ê μ£· ´¨Î¥´´μ¥ ·¥Ï¥´¨¥. �μÔÉμ³Ê ¤²¨´  · ¸¸¥Ö´¨Ö a,
μ¶·¥¤¥²¥´´ Ö ¶¥·¢μ° ¨§ ¤¢ÊÌ Ëμ·³Ê² (22), μ£· ´¨Î¥´  ¨ ¥¥ ³μ¦´μ ¢ÒÎ¨¸-
²¨ÉÓ ± ±

a = − lim
r→∞

s0(r)
c0(r)

. (47)

17



�μ Éμ° ¦¥ ¶·¨Î¨´¥ ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ  ·£Ê³¥´É  r � 0, ¢ Éμ³ Î¨¸²¥
¨ ¢ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¥ r = ∞, ¸É ·Ï¥¥ ¸² £ ¥³μ¥ ´¨§±μÔ´¥·£¥-
É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±¨ · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ u(r; k) · ¢´μ ¶·μ¨§-
¢¥¤¥´¨Õ k u0(r), ¢ ±μÉμ·μ³ ËÊ´±Í¨Ö u0(r) ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê² ³ (25).
ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ Ëμ·³Ê²Ò ¨ ¶·¥¤¸É ¢²¥´¨¥ (47), ¶μ²ÊÎ ¥³  ¸¨³¶ÉμÉ¨±Ê ËÊ´±-
Í¨¨ u0(r) ¢ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì §´ Î¥´¨° ¥¥  ·£Ê³¥´É :

u0(r) = N0 [ rc0(r) + s0(r)] =
c0(r)
c0(∞)

[
r +

s0(r)
c0(r)

]
∼ (r − a);

r/b → ∞, b =
√

α.

‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Ö u0 ¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨° ¸É ´μ¢¨É¸Ö
²¨´¥°´μ°. ‚ ÔÉμ° μ¡² ¸É¨ ËÊ´±Í¨Ö ¤¥°É·μ´  Ê¡Ò¢ ¥É ¶μ § ±μ´Ê (5) ´ -
¸Éμ²Ó±μ ¡Ò¸É·μ, ÎÉμ ¶·μ¨§¢¥¤¥´¨¥ u0(r)ud(r) Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥°, ¨´É¥£·¨-
·Ê¥³μ° ¢ μ¡² ¸É¨ 0 � r � ∞. �μÔÉμ³Ê ¢ ¨´É¥£· ²¥ (10) ³μ¦´μ § ³¥´¨ÉÓ
ËÊ´±Í¨Õ u(r; k) ¥¥  ¸¨³¶ÉμÉ¨±μ° k u0(r) = k N0 U0(r) ¨ ¶μ²ÊÎ¨ÉÓ ¶¥·¢Ò°
Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´Ò° ·¥§Ê²ÓÉ É ´ ¸ÉμÖÐ¥° · ¡μÉÒ Å Ëμ·³Ê²Ò ¤²Ö ¢ÒÎ¨-
¸²¥´¨Ö ¸É ·Ï¥£μ Î²¥´  ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±¨ ¸¥Î¥´¨Ö ¶·μÉμ´-
¢μ¤μ·μ¤´μ° ·¥ ±Í¨¨ ¢ ¸²ÊÎ ¥ Ô±· ´¨·μ¢±¨ ’μ³ ¸ Ä”¥·³¨:

σ(E) ∼ τ
Λ2

0

E
, k

√
α → 0; Λ0 ≡ N0

[8π r3
d]1/2

∞∫
0

U0(r)ud(r) dr. (48)

�¡μ¡Ð¨³ ÔÉμÉ ·¥§Ê²ÓÉ É. �·¥¤¶μ²μ¦¨³, ÎÉμ ¢³¥¸Éμ ¶μÉ¥´Í¨ ²  ’μ³ ¸ Ä
”¥·³¨ (11) ÔËË¥±É Ô±· ´¨·μ¢±¨ Ö¤·   Éμ³  ¢μ¤μ·μ¤  ÊÎ¨ÉÒ¢ ¥É¸Ö ´¥±μÉμ·Ò³
¶μÉ¥´Í¨ ²μ³ V �(r), Ê¡Ò¢ ÕÐ¨³ ¢ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨° r ¡Ò¸É·¥¥,
Î¥³ ¶μÉ¥´Í¨ ² ¶μ²Ö·¨§ Í¨μ´´μ£μ É¨¶  V p(r) ∼ α/r4. ’μ£¤ , ± ± ´¥É·Ê¤´μ
¶·μ¢¥·¨ÉÓ, ¢¸¥ ¤ ´´Ò¥ ¢ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ¤μ± § É¥²Ó¸É¢  ¨ ¨Ì ±μ´¥Î´Ò°
·¥§Ê²ÓÉ É Å ¶·¥¤¸É ¢²¥´¨¥ (48) Å ¡Ê¤ÊÉ ¢¥·´Ò. ‘²¥¤μ¢ É¥²Ó´μ, ¸¥Î¥´¨¥
¶·μÉμ´-¢μ¤μ·μ¤´μ° ·¥ ±Í¨¨ ¶·¨ ²Õ¡μ° ¡μ²¥¥ ¸² ¡μ° ¢ Ê± § ´´μ³ ¢ÒÏ¥ ¸³Ò-
¸²¥ Ô±· ´¨·μ¢±¥ ¡Ê¤¥É μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´μ Ô´¥·£¨¨ ¸Éμ²±´μ¢¥´¨Ö ¶·μ-
Éμ´  ¸  Éμ³μ³ ¢μ¤μ·μ¤  ¢ ¥¥ ´Ê²¥¢μ³ ¶·¥¤¥²¥. �ÉμÉ ¢Ò¢μ¤ ¶·¥¤¸É ¢²Ö¥É¸Ö Ë¨-
§¨Î¥¸±¨ ´ ¨¡μ²¥¥ ¨´É¥·¥¸´Ò³ ¢ Î ¸É´μ³ ¸²ÊÎ ¥ Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥³μ° ¸² ¡μ°
Ô±· ´¨·μ¢±¨ „¥¡ Ö [4], § ±²ÕÎ ÕÐ¥°¸Ö ¢ § ³¥´¥ ±Ê²μ´μ¢¸±μ£μ μÉÉ ²±¨¢ ´¨Ö
V c(r) = (1/Rr) ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³ V D(r; rD) ¸ ¤μ¢μ²Ó´μ
¡μ²ÓÏμ° ¶μ ¸· ¢´¥´¨Õ ¸ · ¤¨Ê¸μ³ ¤¥°É·μ´  rd ±μ´¸É ´Éμ° rD:

V �(r) = V D(r) ≡ 1
Rr

exp (−r/rD).
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4. �ˆ‡Š���…�ƒ…’ˆ—…‘Šˆ… ��‡‹�†…�ˆŸ

� Ï  μÎ¥·¥¤´ Ö § ¤ Î  Å μ¶·¥¤¥²¨ÉÓ ¢ Ö¢´μ³ ¢¨¤¥ ¸²¥¤ÊÕÐ¥¥, ¡μ²¥¥ ¡Ò-
¸É·μ Ê¡Ò¢ ÕÐ¥¥ ¸² £ ¥³μ¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · §²μ¦¥´¨Ö ¸¥Î¥´¨Ö σ(E).
„²Ö ·¥Ï¥´¨Ö ÔÉμ° § ¤ Î¨ ¤μ¸É ÉμÎ´μ ¶μ²ÊÎ¨ÉÓ ¡μ²¥¥ ¶μ¤·μ¡´ÊÕ, Î¥³ ¶·¥¤-
¸É ¢²¥´¨¥ u(r; k) ≈ kN(0)u0(r), ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê ¢μ²´μ-
¢μ° ËÊ´±Í¨¨ u(r; k) = N(k)U(r; k). ‚Ò¢μ¤ É ±μ°  ¸¨³¶ÉμÉ¨±¨ ¢Ò¶μ²´¨³
¢ ¤¢  ÔÉ ¶ : ¸´ Î ²  ´ °¤¥³ · ¢´μ³¥·´ÊÕ ¶μ  ·£Ê³¥´ÉÊ r ´¨§±μÔ´¥·£¥É¨Î¥-
¸±ÊÕ  ¶¶·μ±¸¨³ Í¨Õ ´¥´μ·³¨·μ¢ ´´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ U(r; k) ¢ μ¡² ¸É¨
±μ´¥Î´ÒÌ §´ Î¥´¨° ÔÉμ£μ  ·£Ê³¥´É ,   § É¥³ ¢Ò¢¥¤¥³ ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ
 ¸¨³¶ÉμÉ¨±Ê ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö N(k).

‚ ¶·¥¤¥²¥ kd → 0 ¶ · ³¥É· 1/k ¸¨¸É¥³Ò Ê· ¢´¥´¨° (19) ¡¥¸±μ´¥Î´μ
¢μ§· ¸É ¥É. �μÔÉμ³Ê Î¨¸²¥´´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ ÔÉμ° ¸¨¸É¥³Ò ¸ Ìμ·μÏ¥°
ÉμÎ´μ¸ÉÓÕ ¸É ´μ¢¨É¸Ö ¸²μ¦´μ° ¢ÒÎ¨¸²¨É¥²Ó´μ° § ¤ Î¥°. Š·μ³¥ Éμ£μ, ¤ ¦¥
¥¸²¨ ·¥Ï¥´¨Ö ÔÉμ° ¸¨¸É¥³Ò Ê¤ ¥É¸Ö ¢ÒÎ¨¸²¨ÉÓ, Éμ, ¨¸¶μ²Ó§ÊÖ ¥£μ ¨ Ëμ·-
³Ê²Ò (17) ¨ (21), ´¥¢μ§³μ¦´μ ¶μ²ÊÎ¨ÉÓ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ · §²μ¦¥´¨Ö ¢μ²-
´μ¢μ° ËÊ´±Í¨¨ u(r; k). —Éμ¡Ò ¶·¥μ¤μ²¥ÉÓ ÔÉ¨ É·Ê¤´μ¸É¨, ¶·¥¤² £ ¥É¸Ö ¶μ-
¸É·μ¨ÉÓ ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° c(r; k) ¨ s(r; k) ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ · §-
²μ¦¥´¨Ö ¢ ¢¨¤¥ ¸Ê³³, ¢ ±μÉμ·ÒÌ  ·£Ê³¥´É r μÉ¤¥²¥´ μÉ ¶ · ³¥É·  k,   § É¥³,
¨¸¶μ²Ó§ÊÖ É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö ¨ Ëμ·³Ê²Ò (17) ¨ (21), ¶μ²ÊÎ¨ÉÓ · ¢´μ³¥·´ÊÕ
¶μ  ·£Ê³¥´ÉÊ r ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê ¢μ²´μ¢μ° ËÊ´±Í¨¨ u(r; k).

�·¨¸ÉÊ¶¨³ ± ·¥Ï¥´¨Õ ÔÉμ° § ¤ Î¨. ‘´ Î ²  μ¶¨Ï¥³ ¸É·μ¥´¨¥ ·¥Ï¥-
´¨Ö {c, s} ¸¨¸É¥³Ò Ê· ¢´¥´¨° (19) ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°. ‡ ³¥É¨³, ÎÉμ
¢ ÔÉμ° ¸¨¸É¥³¥ μÉ ¶ · ³¥É·  k § ¢¨¸ÖÉ Éμ²Ó±μ  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ ¨ ËÊ´±-
Í¨¨ sin ρ ¨ cos ρ. �μ¸²¥¤´¨¥ ¶·¥¤¸É ¢¨³Ò ¢ ¢¨¤¥ ·Ö¤μ¢ ’¥°²μ·  ¸ Í¥´É·μ³ ¢
ÉμÎ±¥ ρ = 0. ‚ É ±¨Ì ·Ö¤ Ì ¶ · ³¥É· k μÉ¤¥²¥´ μÉ  ·£Ê³¥´É  r,   § ¢¨¸¨³μ¸ÉÓ
± ¦¤μ£μ ¸² £ ¥³μ£μ μÉ k μ¶¨¸Ò¢ ¥É¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° Í¥²μ° ¸É¥¶¥´ÓÕ kn:

sin ρ = k

[
r − 1

6
k2r3 +

1
120

k3r4 − 1
5040

k4r5 + . . .

. . . +
(−1)n

(2n + 1)!
r2n+1 k2n + . . .

]
,

(49)

cos ρ = 1 − 1
2
k2r2 +

1
24

k4r4 − 1
720

k6r6 + . . . +
(−1)n

(2n)!
(kr)2 + . . .

„μ± ¦¥³, ÎÉμ  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c(r; k) ¨ s(r; k) Ö¢²ÖÕÉ¸Ö ·Ö¤ ³¨
É ±μ£μ ¦¥ É¨¶ .

”Ê´±Í¨¨ c(r; k) ¨ s(r; k) ¡Ê¤¥³ ¨¸± ÉÓ ¸μμÉ¢¥É¸É¢¥´´μ ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¨Ì
¡¥¸±μ´¥Î´ÒÌ ·Ö¤μ¢ ¶μ Î¥É´Ò³ ¨ ´¥Î¥É´Ò³ ¸É¥¶¥´Ö³ ¶ · ³¥É·  k:

c(r; k) =
∞∑

n=0

k2ncn(r), s(r; k) = k
∞∑

n=0

k2nsn(r). (50)
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„²Ö ¸μ±· Ð¥´¨Ö § ¶¨¸¨ ¶·¨³¥³ ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

An(r) ≡ r cn(r) + sn(r), n = 0, 1, 2, . . . (51)

‚ μ¶·¥¤¥²¥´¨¨ (17) ËÊ´±Í¨¨ U(r; k) § ³¥´¨³ ËÊ´±Í¨¨ sin ρ ¨ cos ρ ¨Ì
·Ö¤ ³¨ (49),   ËÊ´±Í¨¨ c ¨ s Å ¨Ì ¨¸±μ³Ò³¨ · §²μ¦¥´¨Ö³¨ (50). ‚ ·¥§Ê²Ó-
É É¥ ¤²Ö ËÊ´±Í¨¨ U(r; k) ¶μ²ÊÎ¨³ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´μ£μ ·Ö¤ 
¶μ ´¥Î¥É´Ò³ ¸É¥¶¥´Ö³ ¶ · ³¥É·  k:

U(r; k) = k
[
U0(r) + k2U1(r) + k4U2(r) + . . . + k2nUn(r) + . . .

]
. (52)

‚ ÔÉμ³ ·Ö¤Ê ËÊ´±Í¨¨ Un(r) ¸ ´μ³¥·μ³ n = 0, 1, 2 ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³

U0(r) = A0(r), U1(r) = A1(r) −
r2

6
[ A0(r) + 2s0(r)],

(53)

U2(r) = A2(r) −
r2

6
[A1(r) + 2s1(r)] +

r4

120
[A0(r) + 4s0(r)].

’¥¶¥·Ó ¢ ¸¨¸É¥³¥ Ê· ¢´¥´¨° (19) ¨ ¥¥ £· ´¨Î´ÒÌ Ê¸²μ¢¨ÖÌ (20) § ³¥´¨³
ËÊ´±Í¨¨ sinρ ¨ cos ρ ¨Ì ·Ö¤ ³¨ (49),   ËÊ´±Í¨¨ c(r; k) ¨ s(r; k) Å ·Ö-
¤ ³¨ (50). �μ²ÊÎ¨¢Ï¨¥¸Ö ¢Ò· ¦¥´¨Ö § ¶¨Ï¥³ ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´ÒÌ ¶μ²¨´μ-
³μ¢ ¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³ ¶ · ³¥É·  k. 	² £μ¤ ·Ö ²¨´¥°´μ° ´¥§ ¢¨¸¨³μ¸É¨ ¸¨-
¸É¥³Ò {k2n}∞n=0 ¸É¥¶¥´´ÒÌ ËÊ´±Í¨° k2n, ÔÉ¨ ¶μ²¨´μ³Ò ¡Ê¤ÊÉ Éμ¦¤¥¸É¢¥´´μ
· ¢´Ò³¨ ´Ê²Õ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¢¸¥ ¨Ì ®±μÔËË¨Í¨¥´ÉÒ¯, § ¢¨¸Ö-
Ð¨¥ ²¨ÏÓ μÉ ¶¥·¥³¥´´μ° r, · ¢´Ò ´Ê²Õ. �·¨³¥´¨¢ ÔÉμ ¶· ¢¨²μ, ¢Ò¢μ¤¨³
·¥±Ê··¥´É´ÊÕ ¶μ ¨´¤¥±¸Ê n Í¥¶μÎ±Ê ¸¨¸É¥³ Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° cn ¨ sn ¨
¶μ± §Ò¢ ¥³, ÎÉμ ËÊ´±Í¨Ö c0(r) ¢ ÉμÎ±¥ r = 0 · ¢´  ¥¤¨´¨Í¥,   ¢¸¥ μ¸É ²Ó´Ò¥
ËÊ´±Í¨¨ cn(r) ¨ sn−1(r), n = 1, 2, . . . , ¢ ÔÉμ° ¦¥ ÉμÎ±¥ μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó.
�μ²ÊÎ¥´´ Ö É ±¨³ μ¡· §μ³ ·¥±Ê··¥´É´ Ö Í¥¶μÎ±  ±· ¥¢ÒÌ § ¤ Î ´¥ ¸μ¤¥·¦¨É
¢μ²´μ¢μ¥ Î¨¸²μ k ¨ ¶μÔÉμ³Ê ´ §Ò¢ ¥É¸Ö Ô´¥·£μ´¥§ ¢¨¸¨³μ°. �μÖ¸´¨³ ¸É·μ¥-
´¨¥ ÔÉμ° Í¥¶μÎ±¨. „²Ö ÔÉμ£μ ¢Ò¶¨Ï¥³, ¨¸¶μ²Ó§ÊÖ μ¡μ§´ Î¥´¨Ö (51), ¥¥ É·¨
¶¥·¢ÒÌ (n = 0, 1, 2) ¸¨¸É¥³Ò.

”Ê´±Í¨¨ c0 ¨ s0 ¶μ¤Î¨´ÖÕÉ¸Ö Ê¦¥ ¨¸¸²¥¤μ¢ ´´μ° μ¤´μ·μ¤´μ° ¸¨¸É¥³¥
Ê· ¢´¥´¨° (27) ¸ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ (28). ‘μ¢μ±Ê¶´μ¸ÉÓ {c1, s1} ËÊ´±-
Í¨° c1 ¨ s1 Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ´¥μ¤´μ·μ¤´μ° ¸¨¸É¥³Ò Ê· ¢´¥´¨°

∂rc1(r) = V (r)
{

A1(r) −
r2

3
[2A0(r) + s0(r)]

}
,

(54)

∂rs1(r) = −r V (r)
{

A1(r) −
r2

3
[A0(r) + s0(r)]

}
.
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�É  ¸¨¸É¥³  ¸μ¤¥·¦¨É ·¥Ï¥´¨¥ {c0, s0} ¶·¥¤Ò¤ÊÐ¥° ¸¨¸É¥³Ò (27). ”Ê´±-
Í¨¨ c2 ¨ s2 Ê¤μ¢²¥É¢μ·ÖÕÉ ´¥μ¤´μ·μ¤´μ° ¸¨¸É¥³¥ Ê· ¢´¥´¨°

∂rc2(r) = V (r)
{

A2(r) −
r2

3
[2A1(r) + s1(r)] +

r4

15
[2A0(r) + 3s0(r)]

}
,

(55)

∂rs2(r) = −rV (r)
{

A2(r) −
r2

3
[A1(r) + s1(r)] +

2r4

45
[A0(r) + 2s0(r)]

}
.

…¥ ¶· ¢ Ö Î ¸ÉÓ ¸μ¤¥·¦¨É ·¥Ï¥´¨Ö {c0, s0} ¨ {c1, s1} μ¡¥¨Ì ¶·¥¤Ò¤ÊÐ¨Ì
¸¨¸É¥³: ¸¨¸É¥³Ò (27) ¨ ¸¨¸É¥³Ò (54).

� °¤¥³ ¸É ·Ï¨¥ ¸² £ ¥³Ò¥  ¸¨³¶ÉμÉ¨± ËÊ´±Í¨° cn(r) ¨ sn(r), n =
0, 1, 2, ¢ ¶·¥¤¥²¥ ³ ²ÒÌ (r/rπ → 0) ¨ ¡μ²ÓÏ¨Ì (r/d → ∞) §´ Î¥´¨°  ·-
£Ê³¥´É  r. „²Ö ÔÉμ£μ ¶·¨³¥´¨³ ¨§¢¥¸É´Ò° ¢ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨° [9] ¸¶μ¸μ¡, μ¸´μ¢ ´´Ò° ´  Ì · ±É¥·¨¸É¨Î¥¸±¨Ì Ê· ¢´¥´¨ÖÌ.

‘´ Î ²  ¨¸¸²¥¤Ê¥³ ¸²ÊÎ ° r/rπ → 0, ±μ£¤  ¸μ£² ¸´μ ¶¥·¢μ° ¨§ ¤¢ÊÌ Ëμ·-
³Ê² (12) ËÊ´±Í¨Ö V (r) ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê V (r) → v0/r. ‚ ¸¨¸É¥³ Ì (27),
(54) ¨ (55) ¶μ²μ¦¨³ V (r) = v0/r,   ¢¸¥ ¨¸±μ³Ò¥ ËÊ´±Í¨¨ § ³¥´¨³ ¨Ì §´ Î¥-
´¨Ö³¨ ¢ ÉμÎ±¥ r = 0. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ Ì · ±É¥·¨¸É¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö

∂rc0(r) = v0, ∂rs0(r) = −v0r;

∂rc1(r) = −2
3

v0r, ∂rs1(r) = −1
3
v0r

3;

∂rc2(r) =
2
15

r4, ∂rs2(r) = − 2
45

v0r
5

¸ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ c0(r) = 1, s0(r) = 0 ¨ cn(r), sn(r) = 0, n = 1, 2, ¢
ÉμÎ±¥ r = 0. ˆ¸¶μ²Ó§ÊÖ ·¥Ï¥´¨Ö ¶μ²ÊÎ¥´´ÒÌ ±· ¥¢ÒÌ § ¤ Î, ¤μ± §Ò¢ ¥³, ÎÉμ
¢ ¶·¥¤¥²¥ r/rπ → 0:

c0(r) ∼ 1 + v0r, s0(r) ∼ −v0

2
r2;

c1(r) ∼ −2v0

9
r3, s1(r) ∼

v0

12
r4;

c2(r) ∼
2v0

75
r5, s2(r) ∼ − v0

135
r6.

(56)

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¸²ÊÎ ° r/d → ∞, ±μ£¤  ¸μ£² ¸´μ ¢Éμ·μ° ¨§ ¤¢ÊÌ Ëμ·-
³Ê² (9) ËÊ´±Í¨Ö V (r) ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê V (r) ∼ α/r4. ‚ ¶· ¢ÒÌ Î ¸ÉÖÌ
¸¨¸É¥³ (27), (54) ¨ (55) ¶μ²μ¦¨³ V (r) = α/r4 ¨ μ¸É ¢¨³ Éμ²Ó±μ ´ ¨¡μ-
²¥¥ ¡Ò¸É·μ · ¸ÉÊÐ¨¥ ¢ ¨¸¸²¥¤Ê¥³μ³ ¶·¥¤¥²¥ ¸² £ ¥³Ò¥. ‚ É ±¨Ì ¸² £ ¥³ÒÌ
ËÊ´±Í¨¨ c0(r) ¨ s0(r) § ³¥´¨³ ¨Ì ±μ´¥Î´Ò³¨ §´ Î¥´¨Ö³¨ c0(∞) ¨ s0(∞)
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¢ ÉμÎ±¥ r = ∞. ‚¢¥¤Ö μ¡μ§´ Î¥´¨¥ p ≡ αc0(∞), § ¶¨¸Ò¢ ¥³ ¶μ²ÊÎ¥´´Ò¥
Ì · ±É¥·¨¸É¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¢ μ¡² ¸É¨ r 
 d ¢ ¢¨¤¥

∂rc1(r) = −2p

3r
, ∂rs1(r) = −p

3
; ∂rc2(r) =

2p

15
r, ∂rs2(r) = −2p

45
r2.

ˆ¸¶μ²Ó§ÊÖ ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨°, ¤μ± §Ò¢ ¥³, ÎÉμ ¢ ¶·¥¤¥²¥ r/d → ∞
ËÊ´±Í¨Ö c0(r) ¸Ìμ¤¨É¸Ö ± ±μ´¸É ´É¥ c0(∞) ¡Ò¸É·¥¥, Î¥³ ËÊ´±Í¨Ö s0(r) ¶·¨-
¡²¨¦ ¥É¸Ö ± ±μ´¸É ´É¥ s0(∞),   ËÊ´±Í¨¨ cn(r) ¨ sn(r) c ¨´¤¥±¸μ³ n = 1, 2
´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ÕÉ:

c0(r) = c0(∞) − p

2r2
+ O

( α

r3
s0(∞)

)
,

s0(r) = s0(∞) +
p

r
+ O

( α

r2
s0(∞)

)
; (57)

c1(r) ∼ −2p

3
ln(r/d), s1(r) ∼

p

3
r; c2(r) ∼

p

15
r2, s2(r) ∼ − 2p

135
r3.

—¨¸²¥´´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ ¸¨¸É¥³ (54) ¨ (55) ¸ÊÐ¥¸É¢¥´´μ § É·Ê¤´Ö-
¥É¸Ö ¡Ò¸É·Ò³ ·μ¸Éμ³ ¨¸±μ³ÒÌ ËÊ´±Í¨° ¶·¨ Ê¢¥²¨Î¥´¨¨ ¨Ì  ·£Ê³¥´É  r.
—Éμ¡Ò ¶·¥μ¤μ²¥ÉÓ ÔÉÊ É·Ê¤´μ¸ÉÓ, ¶·¥¤² £ ¥É¸Ö ¢¢¥¸É¨ ´μ¢Ò¥ ´¥¨§¢¥¸É´Ò¥
ËÊ´±Í¨¨ Cn(r) ¨ Sn(r), · ¢´Ò¥ ËÊ´±Í¨Ö³ cn(r) ¨ sn(r), n = 1, 2, ¶μ¤¥-
²¥´´Ò³ ´  ËÊ´±Í¨¨  ·£Ê³¥´É  r, ¸μ¤¥·¦ Ð¨¥¸Ö ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì  ¸¨³¶Éμ-
É¨± Ì (57):

C1(r; k) ≡ c1(r; k)/ ln (r/d), S1(r; k) ≡ s1(r; k)/r;

C2(r; k) ≡ c2(r; k)/r2, S2(r; k) ≡ s2(r; k)/r3.
(58)

�μ¤¸É ¢¨³ ËÊ´±Í¨¨ cn ¨ sn, ¢Ò· ¦¥´´Ò¥ ¨§ · ¢¥´¸É¢ (58) Î¥·¥§ ËÊ´±Í¨¨ Cn

¨ Sn, ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¨¸É¥³Ò (54), (55) ¨ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö (56). “¶·μ-
¸É¨¢ ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö, ¤²Ö ËÊ´±Í¨° C1 ¨ S1 ¶μ²ÊÎ¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

∂rC1(r) = − 1
r ln (r/d)

C1(r) +
r

ln (r/d)
V (r)

{
C1 ln (r/d) + S1(r)−

− r

3
[A0(r) + s0(r)]

}
,

(59)
∂rS1(r) = −1

r
S1(r) + rV (r)

{
C1(r) ln (r/d) + S1(r)−

− r

3
[2A0(r) + s0(r)]

}
¨  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö

C1(r) ∼ −2
9

v0r
3

ln (r/d)
, S1(r) ∼

v0

12
r3, r/rπ → 0; (60)
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  ¤²Ö ËÊ´±Í¨° C2 ¨ S2 ¢Ò¢¥¤¥³ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

∂rC2(r) = −2
r

C2(r) + rV (r)
{

C2(r) + S2(r)−

− 1
3
[2C1(r) ln r + 3S1(r)] +

1
15

r [2A0(r) + 3s0(r)]
}

,

(61)

∂rS2(r) = −3
r

S2(r) + rV (r)
{

C2(r) + S2(r)−

− 1
3
[C1(r) ln r + 2S1(r)] +

2
45

r [A0(r) + 2s0(r)]
}

¸  ¸¨³¶ÉμÉ¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨

C2(r) ∼
2v0

75
r3, S2(r) ∼ − v0

135
r3, r/rπ → 0. (62)

�¡¸Ê¦¤ ¥³Ò¥ ËÊ´±Í¨¨ Cn(r) ¨ Sn(r), n = 1, 2, ¢ ¶·¥¤¥²¥ r/rπ → 0 ¸μ-
£² ¸´μ ¸μμÉ´μÏ¥´¨Ö³ (60) ¨ (62) μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó,   ¢ ¶·¥¤¥²¥ r/d → ∞,
± ± ¸²¥¤Ê¥É ¨§ μ¶·¥¤¥²¥´¨° (58), ¸É ´μ¢ÖÉ¸Ö ¶μ¸ÉμÖ´´Ò³¨, ¶·μ¶μ·Í¨μ´ ²Ó-
´Ò³¨ ¢¥²¨Î¨´¥ p = α c0(∞):

C1(r) ∼ −2p

3
, S1(r) ∼

p

3
; C2(r) ∼

p

15
, S2(r) ∼ − 2p

135
; r/d → ∞.

�·¨³¥´¨¢ ³¥Éμ¤Ò, ¶μ¤·μ¡´μ ¨§²μ¦¥´´Ò¥ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ´¥-
¸²μ¦´μ ¤μ± § ÉÓ, ÎÉμ, ¡² £μ¤ ·Ö ¸μμÉ´μÏ¥´¨Ö³ (12) ¨ (13), μ¡¥ ±· ¥¢Ò¥
§ ¤ Î¨ (59), (60) ¨ (61), (62) μ¤´μ§´ Î´μ · §·¥Ï¨³Ò ¢ ±² ¸¸¥ ´¥¶·¥·Ò¢´μ
¤¨ËË¥·¥´Í¨·Ê¥³ÒÌ ËÊ´±Í¨°, μ£· ´¨Î¥´´ÒÌ ´  ¢¸¥° ¶μ²Êμ¸¨ r > 0. �μ-
ÔÉμ³Ê, ¡² £μ¤ ·Ö ¸¢Ö§Ö³ (58), ¸¨¸É¥³Ò Ê· ¢´¥´¨° (54) ¨ (55) ¸ É·¨¢¨ ²Ó´Ò³¨
£· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¢ ´ Î ²Ó´μ° ÉμÎ±¥ r = 0 ¨³¥ÕÉ ¥¤¨´¸É¢¥´´Ò¥ ´¥-
¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³Ò¥ ·¥Ï¥´¨Ö, μ£· ´¨Î¥´´Ò¥ ´  ²Õ¡μ³ ±μ´¥Î´μ³
μÉ·¥§±¥ 0 � r � b < ∞, ´μ ¡¥¸±μ´¥Î´μ ¢μ§· ¸É ÕÐ¨¥ ¢ ¶·¥¤¥²¥ r/b → ∞
¶μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ¶· ¢¨² ³ (57). ‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨¨ (53) μ¡² ¤ ÕÉ
É¥³¨ ¦¥ ¸¢μ°¸É¢ ³¨: ÔÉ¨ ËÊ´±Í¨¨ μ£· ´¨Î¥´Ò ´  ²Õ¡μ³ ±μ´¥Î´μ³ μÉ·¥§±¥,
´μ ¢¸²¥¤¸É¢¨¥ Ê¶μ³Ö´ÊÉÒÌ ¶· ¢¨² ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ÕÉ ¶·¨ Ê¢¥²¨Î¥´¨¨
 ·£Ê³¥´É  r:

Un(r) ∼ (−1)n r2n+1

(2n + 1)!
c0(∞), r/d → ∞. (63)

�μ ¨´¤Ê±Í¨¨ ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¨ ¢¸¥ μ¸É ²Ó´Ò¥ ËÊ´±Í¨¨ cn, sn ¨ Un

¸ ´μ³¥·μ³ n > 3 μ£· ´¨Î¥´Ò ´  ²Õ¡μ³ ±μ´¥Î´μ³ μÉ·¥§±¥, ´μ ¡¥¸±μ´¥Î´μ
¢μ§· ¸É ÕÉ ¢ ¶·¥¤¥²¥ r/d → ∞,   ËÊ´±Í¨Ö Un ¸ ²Õ¡Ò³ ´μ³¥·μ³ n ¨³¥¥É
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 ¸¨³¶ÉμÉ¨±Ê (63). �μÔÉμ³Ê ¡¥¸±μ´¥Î´Ò¥ ·Ö¤Ò (50) ¨ (52) ³μ¦´μ  ¶¶·μ±¸¨-
³¨·μ¢ ÉÓ ¶μ¤¸Ê³³ ³¨ ¨Ì É·¥Ì ¸² £ ¥³ÒÌ Éμ²Ó±μ ¶·¨ Ê¸²μ¢¨¨ ρ � 1, · ¢´μ-
¸¨²Ó´μ³ Ê¸²μ¢¨Õ r � 1/k. ’μÎ´μ¸ÉÓ É ±μ°  ¶¶·μ±¸¨³ Í¨¨ ¨³¥¥É ÉμÉ ¦¥
¶μ·Ö¤μ±, ÎÉμ ¨ Î¥É¢¥·Éμ¥ ¸² £ ¥³μ¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ·Ö¤ . ‡ ¶¨Ï¥³ ¤μ± -
§ ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¢ ¢¨¤¥  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì (ρ → 0) · ¢¥´¸É¢

c(r; k) = c0(r) + k2c1(r) + k4c2(r) + O(ρ6),

s(r; k) = k[s0(r) + k2s1(r) + k4s2(r) + O(ρ6)], (64)

U(r; k) = k[U0(r) + k2U1(r) + k4U2(r) + O(ρ6)].

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ Ö¤¥·´μ-Ô±· ´¨·μ¢ ´´Ò° ³ É·¨Î´Ò° Ô²¥³¥´É Λ(E),
μ¶·¥¤¥²¥´´Ò° ± ± ¨´É¥£· ² (10). ’ ± ± ± ¢ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨°
¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¤¥°É·μ´  Ê¡Ò¢ ¥É ¶μ § ±μ´Ê (5),   ²Õ¡ Ö ËÊ´±Í¨Ö Un(r)
¨³¥¥É ¢ ÔÉμ³ ¶·¥¤¥²¥  ¸¨³¶ÉμÉ¨±Ê (63), Éμ ¶·¨ ²Õ¡μ³ n = 1, 2, . . . ¸ÊÐ¥¸É¢Ê¥É
¨´É¥£· ²

λn =
1

[8πr3
d]1/2

∞∫
0

Un(r)ud(r) dr. (65)

�μÔÉμ³Ê ¢ ¨¸¸²¥¤Ê¥³μ³ ¨´É¥£· ²¥ (10) ³μ¦´μ § ³¥´¨ÉÓ ¢μ²´μ¢ÊÕ ËÊ´±-
Í¨Õ u(r) ¶·μ¨§¢¥¤¥´¨¥³ N(k)U(r; k), ¢ ±μÉμ·μ³ ËÊ´±Í¨Ö U(r; k) ¶·¥¤¸É -
¢²¥´  ¥¥ · §²μ¦¥´¨¥³ (64). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö ´¥Ö¢´ Ö ´¨§±μÔ´¥·£¥É¨-
Î¥¸± Ö  ¸¨³¶ÉμÉ¨±  ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö

Λ(E) = N(k)[λ0 + k2λ1 + k4λ2 + O((kr6)6)], kr6 → 0, (66)

£¤¥ ¢¥²¨Î¨´  r6 ¨³¥¥É · §³¥·´μ¸ÉÓ · ¸¸ÉμÖ´¨Ö ¨ μ¶·¥¤¥²¥´  Ëμ·³Ê²μ°

r6 ≡

⎧⎨
⎩ c0(∞)

7! [8πr3
d]1/2

∞∫
0

r7 ud(r) dr

⎫⎬
⎭

1/6

.

�¸¨³¶ÉμÉ¨±  (66) ¸É ´¥É Ö¢´μ°, ¥¸²¨ ¢ ´¥° § ³¥´¨ÉÓ ³´μ¦¨É¥²Ó N(k)
¥£μ Ö¢´μ°  ¸¨³¶ÉμÉ¨±μ° ¢ Éμ³ ¦¥ ¶·¥¤¥²¥ kd → 0. ’ ± ± ± ËÊ´±Í¨¨ cn(r)
¨ sn(r) ´¥μ£· ´¨Î¥´Ò ¢ ¶·¥¤¥²¥ r/d → ∞, Éμ ¢ μ¶·¥¤¥²¥´¨ÖÌ (21) ´¥²Ó§Ö
¨¸¶μ²Ó§μ¢ ÉÓ ¶·¨¡²¨¦¥´¨Ö (64), ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ Ë §Ò
· ¸¸¥Ö´¨Ö δ(k) ¨ ³´μ¦¨É¥²Ö N(k) ¶·¨ kd → 0.

„²Ö ·¥Ï¥´¨Ö ¢μ§´¨±Ï¥° ¶·μ¡²¥³Ò ¶·¥¤²μ¦¨³ ¸¶¥Í¨ ²Ó´Ò° ³¥Éμ¤.
� Î´¥³ ¸ Éμ£μ, ÎÉμ ¶·¥¤¸É ¢¨³  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c(r; k) ¨ s(r; k) ¢

¢¨¤¥ ¸Ê³³

c(r; k) = c0(r) + C(r; k), s(r; k) = k [s0(r) + S(r; k)]. (67)
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‡ ³¥´¨³  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ É ±¨³¨ ¸Ê³³ ³¨ ¢ ¨¸Ìμ¤´ÒÌ Ê· ¢´¥´¨ÖÌ (27)
¨, ¨¸¶μ²Ó§ÊÖ ÉμÉ Ë ±É, ÎÉμ ¸² £ ¥³Ò¥ c0(r) ¨ s0(r) Ê¤μ¢²¥É¢μ·ÖÕÉ · ´¥¥ ¨¸-
¸²¥¤μ¢ ´´Ò³ Ê· ¢´¥´¨Ö³ (27), ¶μ²ÊÎ¨³ ¤²Ö ËÊ´±Í¨° C(r; k) ¨ S(r; k) ¸²¥¤Ê-
ÕÐÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨°:

∂r(r; k) = V (r)
[
(r; k)

sin ρ

k
+ S(r; k) cos ρ

]
cos ρ−

− V (r)
[
c0(r)

2ρ − sin 2ρ

2k
+ s0(r)(sin ρ)2

]
,

(68)∂rS(r; k) = −V (r)
[

C(r; k)
sinρ

k
+ S(r; k) cos ρ

]
sinρ

k
+

+ V (r)
[
c0(r)

ρ2 − (sin ρ)2

k2
+ s0(r)

2ρ − sin 2ρ

2k

]
.

‚ ÉμÎ±¥ r = 0 ËÊ´±Í¨¨ c(r; k), c0(r) ¨ s(r; k), s0(r) · ¢´Ò ¸μμÉ¢¥É¸É¢¥´´μ
¥¤¨´¨Í¥ ¨ ´Ê²Õ, ¶μÔÉμ³Ê ¢ ÔÉμ° ¦¥ ÉμÎ±¥ μ¡¥ ¨¸±μ³Ò¥ ËÊ´±Í¨¨ C(r; k)
¨ S(r; k) ¤μ²¦´Ò ¡ÒÉÓ · ¢´Ò³¨ ´Ê²Õ:

C(r; k) = 0, S(r; k) = 0, r = 0. (69)

�´ ²¨§ ¶μ²ÊÎ¥´´μ° ±· ¥¢μ° § ¤ Î¨ (68), (69) ¤μ¢μ²Ó´μ ¸²μ¦¥´, ´μ ¶·¨´-
Í¨¶¨ ²Ó´μ ´¨Î¥³ ´¥ μÉ²¨Î ¥É¸Ö μÉ ¶·¥¤¸É ¢²¥´´μ£μ ¢ÒÏ¥ ¨¸¸²¥¤μ¢ ´¨Ö § -
¤ Î¨ (27), (28) ¨, ¡μ²¥¥ Éμ£μ, ¶·¥¤¸É ¢²Ö¥ÉcÖ ¨´É¥·¥¸´Ò³ ¸±μ·¥¥ ¤²Ö ¶² ´¨-
·Ê¥³μ° μÉ¤¥²Ó´μ° ¸Ê£Ê¡μ ³ É¥³ É¨Î¥¸±μ° · ¡μÉÒ, ¶μ¸¢ÖÐ¥´´μ° ´¨§±μÔ´¥·-
£¥É¨Î¥¸±¨³  ¸¨³¶ÉμÉ¨± ³ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° · ¸¸¥Ö´¨Ö ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¨³
¶μÉ¥´Í¨ ²μ³. �μ ÔÉ¨³ ¶·¨Î¨´ ³ ´¨¦¥ ¶μÖ¸´ÖÕÉ¸Ö ²¨ÏÓ μ¸´μ¢´Ò¥ ÔÉ ¶Ò ¢Ò-
¢μ¤  Ö¢´ÒÌ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨± ËÊ´±Í¨° C(r; k) ¨ S(r; k) ¨
¶·¨¢μ¤ÖÉ¸Ö μ±μ´Î É¥²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

‘´ Î ²  ¢³¥¸Éμ ¨´É¥£· ²  (29) ¢¢μ¤¨É¸Ö ¨´É¥£· ²

D(r; b, k) ≡ 1
2k

r∫
b

[V (t) sin 2kt] dt. (70)

‡ É¥³ ¢³¥¸Éμ ¶·¥¤¸É ¢²¥´¨Ö (30) ¨¸¶μ²Ó§Ê¥É¸Ö ¶μ¤¸É ´μ¢± 

C(r; k) = z1(r; k)D(r; 0, k), S(r; k) = z2(r; k)/D(r; 0, k). (71)

’ ±μ° ¶μ¤¸É ´μ¢±μ° ¸¨¸É¥³  Ê· ¢´¥´¨° (19) ¸¢μ¤¨É¸Ö ± ¸¨¸É¥³¥ ¤¨ËË¥·¥´Í¨-
 ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¨¸±μ³ÒÌ ËÊ´±Í¨° z1 ¨ z2. �μ²ÊÎ¥´´ Ö ¸¨¸É¥³  § ¶¨-
¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ ¸¨¸É¥³Ò ¤¢ÊÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ÔÉ¨Ì ¦¥ ËÊ´±Í¨°.
‚ ·¥§Ê²ÓÉ É¥ ¶¥·¢μ° ¨É¥· Í¨¨ É ± Ö ¸¨¸É¥³  ¸¢μ¤¨É¸Ö ± ´ ¨¡μ²¥¥ Ê¤μ¡´μ°
¤²Ö ¤ ²Ó´¥°Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° ¸¨¸É¥³¥ ¤¢ÊÌ ´¥§ Í¥¶²ÖÕÐ¨Ì¸Ö ¤·Ê£ ¸ ¤·Ê£μ³
¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶· ¢Ò³¨ Î ¸ÉÖ³¨ g1 ¨ g2:

gi(r; b, k) = Ji1(r; b, k) + J12(r; b, k), i = 1, 2, b = 0,
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£¤¥ Î¥ÉÒ·¥ ¨´É¥£· ²  Jij ¸μ¤¥·¦ É ¶¥·¥³¥´´ÊÕ z ≡ kt ¨ μ¶·¥¤¥²¥´Ò
Ëμ·³Ê² ³¨

J11(r; b, k) ≡
r∫

b

V (t) c0(t)
2z − sin 2z

2k
D−2(t; 0, k) dt,

J12(r; b, k) ≡
r∫

b

V (t) s0(t)(sin z)2 D−2(t; 0, k) dt,

(72)

J21(r; b, k) ≡
r∫

b

V (t) c0(t)
z2 − (sin z)2

k2
D2(t; 0, k) dt,

J22(r; b, k) ≡
r∫

b

V (t) s0(r)
2z − sin 2z

2k
D2(t; 0, k) dt.

„ ²¥¥ ´¥§ Í¥¶²ÖÕÐ¨¥¸Ö ¨´É¥£· ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨° z1 ¨ z2 § -
¶¨¸Ò¢ ÕÉ¸Ö ¢ μ¶¥· Éμ·´μ³ ¶·¥¤¸É ¢²¥´¨¨,   ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö ¨¸¸²¥-
¤ÊÕÉ¸Ö ³¥Éμ¤μ³ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°. ‚ ·¥§Ê²ÓÉ É¥ ¤μ± §Ò¢ ÕÉ¸Ö
¤¢  ¸²¥¤ÊÕÐ¨Ì ÊÉ¢¥·¦¤¥´¨Ö. �·¨ ²Õ¡μ³ ±μ´¥Î´μ³ §´ Î¥´¨¨  ·£Ê³¥´É  r ¨
¶ · ³¥É·  b ËÊ´±Í¨¨ z1 ¨ z2 ¨ ¨´É¥£· ²Ò (72) Ê¡Ò¢ ÕÉ ¢ ¶·¥¤¥²¥ kd → 0
± ± O ((kd)2). ‘É ·Ï¨¥ ¸² £ ¥³Ò¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨± §´ Î¥-
´¨° z1(r = ∞; k) ¨ z2(r = ∞; k) ÔÉ¨Ì ËÊ´±Í¨° ¢ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¥
r = ∞ μ¶·¥¤¥²ÖÕÉ¸Ö ¸É ·Ï¨³¨ ¸² £ ¥³Ò³¨ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨±
¸Ê³³ g1(r; b, k) ¨ g2(r; b, k) ¨´É¥£· ²μ¢ (72) c ´¨¦´¨³ ¶·¥¤¥²μ³ b, Ê¤μ¢²¥É¢μ-
·ÖÕÐ¨³ Ê¸²μ¢¨Ö³ b >

√
α ¨ kb � 1, ¨ ¢¥·Ì´¨³ ¶·¥¤¥²μ³ r = ∞. „²Ö ¢Ò¢μ¤ 

Ö¢´ÒÌ  ¸¨³¶ÉμÉ¨± É ±¨Ì ¨´É¥£· ²μ¢ ¶μ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨° ¨Ì  ·£Ê-
³¥´É  t ËÊ´±Í¨¨ c0(t) ¨ s0(t) § ³¥´ÖÕÉ¸Ö ¨Ì ±μ´¥Î´Ò³¨ §´ Î¥´¨Ö³¨ c0(∞)
¨ s0(∞),   ËÊ´±Í¨Ö V (t) Å ¥¥  ¸¨³¶ÉμÉ¨±μ° α/t4. �μ²ÊÎ¥´´Ò¥ ¨´É¥£· ²Ò
¨´É¥£·¨·ÊÕÉ¸Ö ¶μ Î ¸ÉÖ³ ¨ ¢Ò· ¦ ÕÉ¸Ö ¢ Ö¢´μ³ ¢¨¤¥ Î¥·¥§ ¨§¢¥cÉ´Ò¥ ËÊ´±-
Í¨¨ Å ¨´É¥£· ²Ó´Ò° ±μ¸¨´Ê¸ Ci(bk) ¨²¨ ¨´É¥£· ²Ó´Ò° ¸¨´Ê¸ Si(bk). �É¨
ËÊ´±Í¨¨  ¶¶·μ±¸¨³¨·ÊÕÉ¸Ö ±μ´¥Î´Ò³¨ ¸Ê³³ ³¨ ¨Ì · §²μ¦¥´¨° ¶·¨ ³ ²μ³
§´ Î¥´¨¨  ·£Ê³¥´É  bk. „ ²¥¥ É ± Ö  ¶¶·μ±¸¨³ Í¨Ö ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö Éμ£μ,
ÎÉμ¡Ò ¶μ Ëμ·³Ê² ³ (70) ¨ (71) μ¶·¥¤¥²¨ÉÓ ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê
ËÊ´±Í¨° C ¨ S,   § É¥³ ¶·¨³¥´¨ÉÓ Ëμ·³Ê²Ò (67) ¨ ¢ ·¥§Ê²ÓÉ É¥ ¤μ± § ÉÓ,
ÎÉμ ¶·¨ Ê¸²μ¢¨ÖÌ b >

√
α ¨ kb → 0 ¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö c(∞; k) ¨ s(∞; k)

 ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° c(r; k) ¨ s(r; k) ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨¥ Ö¢´Ò¥ ´¨§±μÔ´¥·£¥-
É¨Î¥¸±¨¥  ¸¨³¶ÉμÉ¨±¨:

c(∞; k) = (1/3) c0(∞)[3 + 2 α k2 ln (kb) + O ((kb)2)],
(73)

s(∞; k) = (1/3) c0(∞) k {πα + a [2α k2 ln (kb) − 3] + O ((kb)2)}.
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’¥¶¥·Ó, ¨¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨Ö (21) ¨ ¶·¥¤¸É ¢²¥´¨Ö (73), ¢μ¸¶·μ¨§¢μ¤¨³
¤ ¢´μ ¨§¢¥¸É´ÊÕ ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê [16] ËÊ´±Í¨¨ ÔËË¥±É¨¢-
´μ£μ · ¤¨Ê¸ 

K(E) ≡ k ctg δ(k) = −1
a
− π

3
α

a2
k − 4

3
α

a
k2 ln (bk) + O ((bk)2),

(74)
b >

√
α, kb → 0,

¨ ¢¶¥·¢Ò¥ ¶μ²ÊÎ ¥³ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ´μ·³¨·μ¢μÎ´μ£μ ³´μ-
¦¨É¥²Ö N(k) ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  V (r) ¸ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥°  ¸¨³¶ÉμÉ¨-
±μ° α/r4:

N(k) = N0

[
1 − 2

3
α k2 ln (kb) + O ((kb)2)

]
,

(75)

N0 =
1

c0(∞)
; b >

√
α, kb → 0.

‡ ³¥´¨¢ ¢ Ëμ·³Ê²¥ (66) ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó N(k) É ±¨³ · §²μ¦¥-
´¨¥³, ¶μ²ÊÎ¨³ ¢Éμ·μ° Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´Ò° ·¥§Ê²ÓÉ É ´ Ï¥° · ¡μÉÒ Å Ö¢-
´ÊÕ ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê Ö¤¥·´μ-Ô±· ´¨·μ¢ ´´μ£μ ³ É·¨Î´μ£μ
Ô²¥³¥´É 

Λ(E) = N0

[
1 − 2

3
α k2 ln (kb) + O ((kb)2)

]
×

× [λ0 + k2 λ1 + k4 λ2 + O ((kr6)2)], kd → 0. (76)

ˆ¸¶μ²Ó§ÊÖ ÔÉÊ  ¸¨³¶ÉμÉ¨±Ê ¨ μ¶·¥¤¥²¥´¨Ö (10), (65), ¢Ò¢μ¤¨³ Ö¢´μ¥ ´¨§±μ-
Ô´¥·£¥É¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸¥Î¥´¨Ö ¶·μÉμ´-¢μ¤μ·μ¤´μ° ·¥ ±Í¨¨ ¢ ´ Ï¥°
ÔËË¥±É¨¢´μ-¤¢ÊÌÎ ¸É¨Î´μ° ³μ¤¥²¨:

σ(E) = τ
N2

0

E

[
1 − 4

3
α k2 ln (kb) + O ((kb)2)

]
×

× [λ2
0 + 2k2 λ0 λ1 + k4 (λ2

1 + 2λ0λ2) + O ((kr6)2) ], kd → 0. (77)

‘· ¢´¨³ ¶μ²ÊÎ¥´´μ¥ Ö¤¥·´μ-Ô±· ´¨·μ¢ ´´μ¥ ¸¥Î¥´¨¥ (77) ¸ Ö¤¥·´μ-±Ê²μ-
´μ¢¸±¨³ ¸¥Î¥´¨¥³ (3). …¸²¨ Ô´¥·£¨Ö E Ê³¥´ÓÏ ¥É¸Ö, Éμ Ö¤¥·´μ-±Ê²μ´μ¢¸±μ¥
¸¥Î¥´¨¥ ¡Ò¸É·μ ¸Ìμ¤¨É¸Ö ± ´Ê²Õ,   ¥£μ ±μÔËË¨Í¨¥´É S(E)  ¶¶·μ±¸¨³¨·Ê¥É¸Ö
²¨´¥°´μ° ËÊ´±Í¨¥° Ô´¥·£¨¨ (6). �ËË¥±É Ô±· ´¨·μ¢±¨ Ö¤·   Éμ³  ¢μ¤μ·μ¤ 
¥£μ Ô²¥±É·μ´μ³ ¶·μÖ¢²Ö¥É¸Ö ¢ Éμ³, ÎÉμ Ö¤¥·´μ-Ô±· ´¨·μ¢ ´´μ¥ ¸¥Î¥´¨¥ · ¸É¥É
¢ ¶·¥¤¥²¥ ´Ê²¥¢μ° Ô´¥·£¨¨ E,   ¥£μ ³´μ¦¨É¥²Ó Λ2(E) Ö¢²Ö¥É¸Ö ´¥ ´ ²¨É¨Î¥-
¸±μ° ËÊ´±Í¨¥° Ô´¥·£¨¨.
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5. Œ…’�„› ˆ �…‡“‹œ’�’› ‚›—ˆ‘‹…�ˆ‰

�±· ´¨·ÊÕÐ Ö ËÊ´±Í¨Ö f ¨ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¤¥°É·μ´  ud ¢ÒÎ¨¸²Ö²¨¸Ó
¶μ  ²£μ·¨É³ ³, ¶·¥¤²μ¦¥´´Ò³ ¢ · ¡μÉ Ì [1] ¨ [13].

�μÖ¸´¨³ ¸ÊÐ¥¸É¢¥´´Ò¥ ¤¥É ²¨ ¢Ò¶μ²´¥´´μ£μ Î¨¸²¥´´μ£μ  ´ ²¨§  ¨ ¶·¨-
¢¥¤¥³ ¥£μ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

� ¶μ³´¨³, ÎÉμ ¸μ£² ¸´μ ¶·¥¤¸É ¢²¥´¨Ö³ (12) ¶μÉ¥´Í¨ ² V (r) ¨³¥¥É ¶μ-
²Õ¸ ¶¥·¢μ£μ ¶μ·Ö¤±  ¢ ÉμÎ±¥ r = 0 ¨ ³¥¤²¥´´μ Ê¡Ò¢ ¥É ¶·¨ r/d → ∞.
‡ ³¥É¨³, ÎÉμ ¸¨¸É¥³  Ê· ¢´¥´¨° (27) ¶μ¤¸É ´μ¢±μ°

c̃0(x) = c0(r), Ṽ (x) = d2V (r), s̃0(x) = s0(r)/d;

Ũ0 ≡ x c̃0 + s̃0; x = r/d,

¸¢μ¤¨É¸Ö ± ¸¨¸É¥³¥ Ê· ¢´¥´¨° ¢ ¡¥§· §³¥·´μ° ¶¥·¥³¥´´μ° x:

∂xc̃0(x) = Ṽ (x)Ũ0(x), ∂xs̃0(x) = −xṼ (x) Ũ0(x), x > 0. (78)

—Éμ¡Ò ¨§¡¥¦ ÉÓ  ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥· Í¨° ¸ μÎ¥´Ó ³ ²¥´Ó±¨³¨ ¨²¨ ¡μ²Ó-
Ï¨³¨ Î¨¸² ³¨ ¨ ÊÎ¥¸ÉÓ ¢¸¥ μ¸μ¡¥´´μ¸É¨ ¶μÉ¥´Í¨ ²  V ¨ ¢ μ¡² ¸É¨ ³ ²ÒÌ, ¨
¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨°, ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨° c0 ¨ s0 ¢Ò¶μ²´Ö²¨¸Ó ¶μ
¸²¥¤ÊÕÐ¥° ¸Ì¥³¥.

‘´ Î ²  £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¤²Ö ËÊ´±Í¨° c0(r) ¨ s0(r) ¸¤¢¨£ ²¨¸Ó ¨§
¶μ²Õ¸  r = 0 ËÊ´±Í¨¨ V (r) ¢ ÉμÎ±Ê r = r0 = 10−7 ”³. ‡´ Î¥´¨Ö c0(r0) ¨
s0(r0) ¢ ÔÉμ° ÉμÎ±¥ μ¶·¥¤¥²Ö²¨¸Ó ¶¥·¢μ° ¨É¥· Í¨¥° ¸¨¸É¥³Ò (27):

c0(r0) = 1 +

r0∫
0

V (t) dt, s0(r0) = −
r0∫
0

t2 V (t)dt. (79)

„ ²¥¥ ´  μÉ·¥§±¥ [r0, rmax], £¤¥ rmax = 100 ”³, ¸É·μ¨² ¸Ó · ¢´μ³¥·´ Ö
¸¥É± 

Δr : r0 < r1 < r2 < . . . rn−1 < rn = rmax, hr ≡ (rmax − r0)/n, n = 104.
(80)

‡ É¥³, ÎÉμ¡Ò ÊÎ¥¸ÉÓ ¸ Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ ¸É·μ¥´¨¥ ¸² £ ¥³μ£μ V s ËÊ´±-
Í¨¨ V ¢ μ¡² ¸É¨ ³ ²ÒÌ · ¸¸ÉμÖ´¨° (r � rmax = 100 ”³), ¸¨¸É¥³  Ê· ¢´¥-
´¨° (19) c ´ °¤¥´´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ (79) Î¨¸²¥´´μ ¨´É¥£·¨·μ¢ ² ¸Ó
³¥Éμ¤μ³ �Ê´£¥ÄŠÊÉÉ  ¶ÖÉμ£μ ¶μ·Ö¤±  [11] ´  ¸¥É±¥ Δr.

‚ÒÎ¨¸²¥´´Ò¥ §´ Î¥´¨Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ¨ ¨Ì ¶¥·¢ÒÌ ¶·μ¨§¢μ¤-
´ÒÌ § ¶μ³¨´ ²¨¸Ó ¨ ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¶·¨¡²¨¦¥´´ÒÌ §´ Î¥-
´¨° S5,3(r) ¨ ∂rS5,3(r), ∂2

rS5,3(r) ¢μ²´μ¢μ° ËÊ´±Í¨¨ (25) ¨ ¥¥ ¶·μ¨§¢μ¤-
´ÒÌ (26) ¢ Ê§² Ì ¸¥É±¨ Δr. �É¨ ¶·¨¡²¨¦¥´´Ò¥ §´ Î¥´¨Ö ¸Î¨É ²¨¸Ó ±μÔËË¨-
Í¨¥´É ³¨ ¸¶² °´  S5,3(r) ¶ÖÉμ£μ ¶μ·Ö¤±  ¨ ¤¥Ë¥±É , · ¢´μ£μ É·¥³ [12]. ’ ±μ°
¨´É¥·¶μ²ÖÍ¨μ´´Ò° ¸¶² °´ ¡²¨§μ± ± ¢ÒÎ¨¸²¥´´μ³Ê ¶·¨¡²¨¦¥´¨Õ ËÊ´±Í¨¨ u
¸ ÉμÎ´μ¸ÉÓÕ O(h5

r) = O(10−10) ¢ ²Õ¡μ° ÉμÎ±¥ μÉ·¥§±  [r0, rmax].

28



„ ²¥¥, ÎÉμ¡Ò ¸ Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ ÊÎ¥¸ÉÓ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐÊÕ  ¸¨³¶Éμ-
É¨±Ê ËÊ´±Í¨¨ V , ¸¨¸É¥³  (78) Î¨¸²¥´´μ ¨´É¥£·¨·μ¢ ² ¸Ó É¥³ ¦¥ ³¥Éμ¤μ³
�Ê´£¥ÄŠÊÉÉ  ¶ÖÉμ£μ ¶μ·Ö¤± , ´μ Ê¦¥ ´  · ¢´μ³¥·´μ° ¸¥É±¥

Δx : x0 < x1 < x2 < . . . xn−1 < xn = xmax, hx ≡ (xmax − x0)/n,

§ ¤ ´´μ° ´  ±μ´¥Î´μ³ μÉ·¥§±¥ [x0, xmax], £¤¥ x0 ≡ rmax/d,   xmax = 104. ‚Ò-
Î¨¸²¥´´Ò¥ · ´¥¥ §´ Î¥´¨Ö c0(rmax) ¨ s0(rmax) ¨¸¶μ²Ó§μ¢ ²¨¸Ó ± ± £· ´¨Î´Ò¥
Ê¸²μ¢¨Ö c̃0(x0) = c0(rmax) ¨ s̃(x0) = s(rmax)/d ¢ ÉμÎ±¥ x = x0.

‚ ¨Éμ£¥ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¡Ò²μ Ê¸É ´μ¢²¥´μ, ÎÉμ ¢Ò¡μ·

r0 = 10−7 ”³, rmax = 100 ”³, x0 = rmax/d ≈ 0,0021345,

xmax = 104, n = 104

¶μ§¢μ²Ö¥É ¤μ¸É¨ÎÓ Ï¥¸É¨§´ Î´μ° ÉμÎ´μ¸É¨ ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨° c0(r) ¨ s0(r)
´  μÉ·¥§±¥ 0 � r � d·104: Ï¥¸ÉÓ §´ Î Ð¨Ì Í¨Ë· ÔÉ¨Ì ËÊ´±Í¨° ´¥ ¨§³¥´ÖÕÉ¸Ö
´¨ ¶·¨ Ê³¥´ÓÏ¥´¨¨ Ê± § ´´μ£μ §´ Î¥´¨Ö r0, ´¨ ¶·¨ Ê¢¥²¨Î¥´¨¨ Ê± § ´´ÒÌ
§´ Î¥´¨° rmax, xmax ¨ n.

�ÉμÉ Ë ±É ¨³¥¥É ¢ ¦´μ¥ ¸²¥¤¸É¢¨¥: ¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö c0(∞) ¨ s0(∞)
ËÊ´±Í¨° c(r) ¨ s(r) ¸ Ï¥¸É¨§´ Î´μ° ÉμÎ´μ¸ÉÓÕ  ¶¶·μ±¸¨³¨·ÊÕÉ¸Ö ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨³¨ ¢ÒÎ¨¸²¥´´Ò³¨ §´ Î¥´¨Ö³¨ c̃(xmax) ¨ s̃(xmax), ¶μÔÉμ³Ê ¤²Ö ¢ÒÎ¨-
¸²¥´¨Ö ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö N0 c Ï¥¸É¨§´ Î´μ° ÉμÎ´μ¸ÉÓÕ ¤μ¸É ÉμÎ´μ
¢ ¥£μ μ¶·¥¤¥²¥´¨¨ (25) ¶μ²μ¦¨ÉÓ c0(∞) = c̃(xmax).

„μ¸É¨£´ÊÉ Ö ÉμÎ´μ¸ÉÓ ¢ÒÎ¨¸²¥´¨Ö · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ u0(r)
μ¶·¥¤¥²Ö² ¸Ó ¸²¥¤ÊÕÐ¨³ ¸¶μ¸μ¡μ³. ‚ ± Î¥¸É¢¥ μÉ´μ¸¨É¥²Ó´μ° ´¥¢Ö§±¨ Ê· ¢-
´¥´¨Ö ˜·¥¤¨´£¥·  (24) ¨¸¶μ²Ó§μ¢ ² ¸Ó ËÊ´±Í¨Ö D(r; u0), μ¶·¥¤¥²¥´´ Ö Ëμ·-
³Ê²μ°

D(r; u0) ≡
|∂2

ru0(r)|
|V (r)u0(r)| + ε

, ε = 10−14.

‚ ÔÉμ° Ëμ·³Ê²¥ ËÊ´±Í¨Ö u0(r) § ³¥´Ö² ¸Ó ¥¥ ¨´É¥·¶μ²ÖÍ¨μ´´Ò³ ¶·¨¡²¨¦¥-
´¨¥³ S5,3. �μ²ÊÎ¥´´ Ö ´¥¢Ö§±  D(r; S5,3) ¢ÒÎ¨¸²Ö² ¸Ó ´  É·¥Ì · §´ÒÌ ¸¥É± Ì,
¸μ¤¥·¦ ¢Ï¨Ì 105 Ê§²μ¢, ´¥ ¸μ¢¶ ¤ ¢Ï¨Ì ¸ Ê§² ³¨ ¸¥É±¨ (80), ´μ ¶·¨´ ¤²¥-
¦ Ð¨Ì μÉ·¥§±Ê [r0, rmax]. �± § ²μ¸Ó, ÎÉμ ´  ÔÉμ³ μÉ·¥§±¥ ´¥¢Ö§±  D(r; S5,3)
´¥ ¶·¥¢ÒÏ ¥É ¢¥²¨Î¨´Ò ¶μ·Ö¤±  O(10−6). ‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Õ u0(r)
Ê¤ ²μ¸Ó ¢ÒÎ¨¸²¨ÉÓ ¶μ ±· °´¥° ³¥·¥ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ Ï¥¸É¨ §´ Î Ð¨Ì Í¨Ë·.

‚ÒÎ¨¸²¥´´Ò¥ §´ Î¥´¨Ö Ö¤¥·´μ-Ô±· ´¨·μ¢ ´´ÒÌ ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨ ¶μ²-
´μ£μ ¸¥Î¥´¨Ö Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ¶·¨ ´Ê²¥¢μ° Ô´¥·£¨¨ ¤μ¢μ²Ó´μ ¡μ²ÓÏ¨¥:

a ≈ 2,19345 · 107 ”³, σtot(0) ≡ 4πa2 ≈ 6,04059 · 1015 ”³2.

„μ¸É¨£´ÊÉ Ö ÉμÎ´μ¸ÉÓ ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨¨ u0(r) μ± § ² ¸Ó ¢¶μ²´¥ ¤μ-
¸É ÉμÎ´μ° ¤²Ö  ¶¶·μ±¸¨³ Í¨¨ ³¥Éμ¤μ³ ƒ Ê¸¸  ¸ Ï¥¸É¨§´ Î´μ° ÉμÎ´μ¸ÉÓÕ
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³ É·¨Î´μ£μ Ô²¥³¥´É  (48) ¨´É¥£· ²μ³ ¸ Éμ° ¦¥ ¶μ¤Ò´É¥£· ²Ó´μ° ËÊ´±Í¨¥°,
´μ ¸ ±μ´¥Î´Ò³ ¢¥·Ì´¨³ ¶·¥¤¥²μ³, · ¢´Ò³ 100 ”³. ‚ÒÎ¨¸²¥´´μ¥ §´ Î¥´¨¥
±μÔËË¨Í¨¥´É  Λ2

0 ≈ 4 · 10−131 ´ ¸Éμ²Ó±μ ³ ²μ, ÎÉμ ·μ¸É ¸¥Î¥´¨Ö ¶·μÉμ´-
¢μ¤μ·μ¤´μ° ·¥ ±Í¨¨ ¸É ´μ¢¨É¸Ö § ³¥É´Ò³ ¢ μ¡² ¸É¨ ¸¢¥·Ì´¨§±¨Ì Ô´¥·£¨°
E < τΛ2

0 ≈ 2 · 10−152 ±Ô‚.
Š ± μÉ³¥Î ²μ¸Ó ¢ · §¤. 1, ³ ²μ¥ §´ Î¥´¨¥ ±¢ ¤· É  Λ2

0 = Λ2(0) Ö¤¥·´μ-
Ô±· ´¨·μ¢ ´´μ£μ ³ É·¨Î´μ£μ Ô²¥³¥´É  ¢ ¶·¥¤¥²¥ ´Ê²¥¢μ° Ô´¥·£¨¨ Ö¢²Ö¥É¸Ö
¸²¥¤¸É¢¨¥³ ¡μ²ÓÏμ° ¢¥²¨Î¨´Ò ±μ´¸É ´ÉÒ β = 144e2d3 ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥°
 ¸¨³¶ÉμÉ¨±¨ (8) ¶μÉ¥´Í¨ ²  ’μ³ ¸ Ä”¥·³¨ (7). �ÉμÉ ¢Ò¢μ¤ ¶μ¤É¢¥·¦¤ ÕÉ ¨
·¥§Ê²ÓÉ ÉÒ ´ Ï¨Ì ¤μ¶μ²´¨É¥²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨°, ¢Ò¶μ²´¥´´ÒÌ ¶μ ¸²¥¤ÊÕÐ¥°
¸Ì¥³¥.

‘´ Î ²  ¢ ¸Ê³³¥ V (r) = V �(r) + V s(r) ¶μÉ¥´Í¨ ² ’μ³ ¸ Ä”¥·³¨ (11)
§ ³¥´Ö²¸Ö ¶μÉ¥´Í¨ ²μ³

V �(r; Z) ≡ 1
Rr

f(Z1/3r/d), d =
(

9π2

128

)1/3

aB,

¨³¥ÕÐ¨³  ¸¨³¶ÉμÉ¨±Ê

V �(r; Z) ∼ α(Z)
r4

, α(Z) = 144
d3

RZ
, r/d → ∞.

‚ ´¥° ±μ´¸É ´É  α(Z) Ê¡Ò¢ ¥É ¸ ·μ¸Éμ³ Z ¨ ¶μÔÉμ³Ê ÔËË¥±É Ô±· ´¨·μ¢±¨
Ê¸¨²¨¢ ¥É¸Ö.

‡ É¥³ ¶·¨ ± ¦¤μ³ ´ ¶¥·¥¤ § ¤ ´´μ³ §´ Î¥´¨¨ Z ¢ÒÎ¨¸²Ö²¸Ö ±μÔËË¨-
Í¨¥´É Λ2

0(Z). �¸´μ¢´μ° ¢Ò¢μ¤ ¢Ò¶μ²´¥´´ÒÌ ¢ÒÎ¨¸²¥´¨° É ±μ°: ±μÔËË¨-
Í¨¥´É Λ2

0(Z) ¢μ§· ¸É ¥É ¸ Ê¢¥²¨Î¥´¨¥³ Î¨¸²  Z. � ¶·¨³¥·, ¢μ§· ¸É ÕÐ¥°
¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ Z = 1, 102, 104, 108, 1012 ¸μμÉ¢¥É¸É¢Ê¥É ¸²¥¤ÊÕÐ Ö · ¸ÉÊ-
Ð Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ:

Λ2
0(Z) ≈ 4 · 10−131, 1 · 10−58, 1 · 10−25, 2 · 10−4, 0,24.

‡�Š‹�—…�ˆ…

�·μ¸Ê³³¨·Ê¥³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° · ¡μÉÒ.
‚ · §¤. 1Ä4 · §¢¨É  ²¨´¥°´ Ö ¢¥·¸¨Ö ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨° ¢ ±¢ ´Éμ¢μ°

³¥Ì ´¨±¥. �·¥¤²μ¦¥´μ μ¶·¥¤¥²¥´¨¥ (23) Ë §Ò · ¸¸¥Ö´¨Ö,  ¡¸μ²ÕÉ´ Ö ¢¥²¨-
Î¨´  ±μÉμ·μ° ¶·¥¢ÒÏ ¥É Î¨¸²μ π. ‘μ§¤ ´  ¸¨³¶ÉμÉ¨Î¥¸±¨° ³¥Éμ¤ ¨¸¸²¥¤μ¢ -
´¨Ö ±μμ·¤¨´ É´ÒÌ ¨ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨± ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö
S-¢μ²´μ¢μ° § ¤ Î¨ · ¸¸¥Ö´¨Ö ˜·¥¤¨´£¥·  (14), (15) ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ² , ¨³¥-
ÕÐ¥£μ ¸¨²Ó´ÊÕ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê ¶μ²Ö·¨§ Í¨μ´´μ£μ É¨¶  (9).
Œ¥Éμ¤ μ¸´μ¢ ´ ´  ¨´É¥£· ²Ó´μ³ ¨ μ¶¥· Éμ·´μ³ ¶·¥¤¸É ¢²¥´¨ÖÌ (31) ¨ (38)
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (27), ¶·¥¤¸É ¢²¥´¨ÖÌ  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°
¢ ¢¨¤¥ ·Ö¤μ¢ (50), ·¥±Ê··¥´É´ÒÌ Í¥¶μÎ± Ì Ô´¥·£μ´¥§ ¢¨¸¨³ÒÌ ±· ¥¢ÒÌ § -
¤ Î (27), (28) ¨ (59)Ä(62), ´  ¶·¥¤¸É ¢²¥´¨ÖÌ (67) ¨ Ê· ¢´¥´¨ÖÌ (68).
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�É¨³ ³¥Éμ¤μ³ ¢μ¸¶·μ¨§¢¥¤¥´  ¤ ¢´μ ¨§¢¥¸É´ Ö ´¨§±μÔ´¥·£¥É¨Î¥¸± Ö  ¸¨³-
¶ÉμÉ¨±  ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  (74) ¨ ¢¶¥·¢Ò¥ ¢ · ³± Ì ¨¸¶μ²Ó§μ-
¢ ´´μ° ÔËË¥±É¨¢´μ-¤¢ÊÌÎ ¸É¨Î´μ° ³μ¤¥²¨ ¢Ò¢¥¤¥´Ò Ö¢´Ò¥ ´¨§±μÔ´¥·£¥É¨-
Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö (75) · ¤¨ ²Ó´μ° ¢μ²´μ¢μ°
ËÊ´±Í¨¨ · ¸¸¥Ö´¨Ö ¶·μÉμ´   Éμ³μ³ ¢μ¤μ·μ¤ , Ö¤¥·´μ-Ô±· ´¨·μ¢ ´´μ£μ ³ -
É·¨Î´μ£μ Ô²¥³¥´É  (76) ¨ ¸¥Î¥´¨Ö ¶·μÉμ´-¢μ¤μ·μ¤´μ° ·¥ ±Í¨¨ (48), (77). �μ-
± § ´μ, ÎÉμ ¢¸²¥¤¸É¢¨¥ Ô±· ´¨·μ¢±¨ Ö¤·   Éμ³  ¢μ¤μ·μ¤  ¥£μ Ô²¥±É·μ´μ³ É -
±μ¥ ¸¥Î¥´¨¥ ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ¥É ¢ ¶·¥¤¥²¥ ´Ê²¥¢μ° Ô´¥·£¨¨ ¸Éμ²±´μ¢¥-
´¨Ö ¶·μÉμ´  ¸  Éμ³μ³ ¢μ¤μ·μ¤  ¶μ ¤μ¢μ²Ó´μ ¶·μ¸Éμ³Ê § ±μ´Ê: μ´μ ¶·μ¶μ·Í¨-
μ´ ²Ó´μ μ¡· É´μ° Ô´¥·£¨¨ ¨Ì ¸Éμ²±´μ¢¥´¨Ö. „²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´É 
¶·μ¶μ·Í¨μ´ ²Ó´μ¸É¨ ¢ · §¤. 5 ¶·¥¤²μ¦¥´ ¨ ·¥ ²¨§μ¢ ´ ¶·μ¸Éμ° ¨ ´ ¤¥¦´Ò°
 ²£μ·¨É³, ¶μ§¢μ²ÖÕÐ¨° ±μ´É·μ²¨·μ¢ ÉÓ ÉμÎ´μ¸ÉÓ · ¸Î¥É .
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